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ABSTRACT

Estimating a Class of Triangular Simultaneous
Equations Models Without Exclusion Restrictions

This paper provides a control function estimator to adjust for endogeneity in the triangular
simultaneous equations model where there are no available exclusion restrictions to generate
suitable instruments. Our approach is to exploit the dependence of the errors on exogenous
variables (e.g. heteroscedasticity) to adjust the conventional control function estimator. The
form of the error dependence on the exogenous variables is subject to restrictions, but is not
parametrically specified. In addition to providing the estimator and deriving its large-sample
properties, we present simulation evidence which indicates the estimator works well.
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1 Introduction

Instrumental variables (IV) is a method commonly employed in empirical ap-
plications for estimating models with endogenous regressors. However, while
there is general agreement that IV is appropriate for a large class of mod-
els with endogeneity, there is frequently disagreement about the exclusion
restrictions imposed in specific empirical applications. In fact, the difficulty
in obtaining instruments has generated a rapidly growing and important lit-
erature related to inference in the presence of weak instruments (see, for
example, Staiger and Stock 1999).

When the primary equation of interest contains an endogenous regressor,
it is well known that IV is equivalent to an OLS regression that includes an
additional regressor to control for endogeneity. Commonly, this additional
variable or control is the reduced form residual for the endogenous regressor.
In the linear case, as the control is a linear combination of the endogenous
regressor and exogenous variables, the model is only identified in the presence
of at least one exclusion restriction.

In the above case the control’s impact, as reflected by the residual’s coef-
ficient, is a constant that is estimated along with the parameters of interest.
As a result, without further information, identification requires an exclusion
restriction. However, when the error distribution depends on the exogenous
variables, it is possible and in some sense natural to develop a control whose
impact is not constant. In particular, as elaborated on below, we assume a

2 We then develop a

generalized form of heteroscedasticity for both errors.
"feasible" control whose impact is not constant and show that the model is
identified without exclusion restrictions.

As discussed in section 3, other papers have explored identification via

! This control function approach is equivalent to two-stage-least-squares.

%Identification results are provided for both nonparametric and semiparametric speci-
fications of the conditional variance functions. To obtain reasonable results at moderate
sample sizes, most of this paper focuses on the semiparametric case.



second moments (e.g. Vella and Verbeek 1997, Rummery et al 1999, Sentana
and Fiorentini 2001, Rigobon 2003 and Lewbel 2004). For the model that we
consider, identification depends on there being heteroscedasticity in one or
both equations of interest and that it "differs" across equations in a manner
made precise below. The estimator is then based on estimating a semipara-
metric model of heteroscedasticity in each equation.  For the structural
equation of interest, such heteroscedasticity must be estimated simultane-
ously with the model’s parameters as consistent residuals are unavailable.
We do this in a setting where the conditional variance of each error is an
unknown function of an index which needs to be estimated. While this semi-
parametric treatment of the unknown functions complicates the analysis, it
avoids the reliance on parametric assumptions for identification.?

In the following section we outline the model. In section 3 we discuss the
estimation method and how to implement it. Formal results are stated in
section 4. This section also outlines the proof strategy for obtaining these
results. Section 5 provides simulation evidence and section 6 concludes. The

Appendix contains detailed proofs of all theorems and intermediate lemmas.

2 Model and Identification Sources

With 6, and 7, as vectors of true parameter values, consider the following

linear triangular model:

Yii = Xibo + Yailao +u; = Z;0, + v, (1)
You = Xim, + v, (2)

where Yi; and Y5 are continuous endogenous variables; X; is a vector of

variables that are mean-independent of the error components u; and v;. We

3In the Appendix, we provide an identification result for both nonparametric and semi-
parametric models of heteroscedasticity.



further assume that these errors are correlated. We use the terms primary
and secondary to refer to the first and second equations respectively. The
main objective of estimation is to conduct inference on 6,, the vector of true
parameter values in the primary equation. Notice that the model allows
the same X's in both equations without imposing any restrictions on the
parameter values.

When the errors do not depend on X, the (linear) relation between errors

is captured by the following unconditional population regression:

a, = argminFE [u — av]” = a, = cov (u,v) /Var(v).
a
By construction, ¢ = u—a,v is uncorrelated with v and therefore uncorrelated

with Z, which provides the basis for the controlled regression:
Y’li = Zﬂo + ayv; + €;.

Provided that the matrix [Z v ] has full column rank, the OLS estimator
for this regression is consistent and would be implemented in practice by
replacing v; by the corresponding residual. However, in the absence of an
exclusion restriction this full rank condition is not satisfied.

When the distribution of the errors depends on the X-variables, obtain
the (linear) conditional relation between the errors by the following condi-

tional population regression:*

A, (X;) = argminFE [u; — Av; | X;]* =
A

A (X;) = cov(u,v; | X;) /Var(v ]| X;).

In this case, ¢; = u; — A, (X;) v; is uncorrelated with v; conditioned on X,

4We would like to thank Whitney Newey for this interpretation of the control.



which provides the basis for the controlled regression:
Y’M = ZZ-HO + AO(Xi)Ui + &;.

Let R be the matrix with i row: R; = [Z; A,(X;)v;] and assume that A,
depends on X;, which would be reasonable when the error distributions
depend on X;. In this case, the matrix R will have full column rank and
identification will follow without exclusion restrictions.

As A,(X;) is unknown, it must be estimated and restrictions must be
imposed to obtain identification. Here, we explore the restrictions implied

by a generalized form of heteroscedasticity. To this end, assume:
J— * J— *
Ui = Puily; Vi = Oyily
where

S2 = Var (u)|X;)
S2 = Var (v] X;)

Further, there is a constant relation between unscaled error components:’
po = E (uivi|X;) = E (ujvy) .

Subject to the above restrictions, for observation i the error components can
arbitrarily depend on X;. With the correlation p, constant, the control is
given as:

Ao(Xi)Ui = 0o [Sui/sm'] V.

Before discussing how to implement the above control, note that if the

®Note that Bollerslev (1990) also employs a constant correlation assumption in a time-
series context.



scaling functions are known or can be consistently estimated, then identifica-
tion holds if these scaling functions "differ" in that for observation i, Sy;/ Sy
depends on X;. As a specialized interpretation, view u; and v} as unob-
served variables with non-constant impacts that depend on the endogenous
variables. These impacts differ and are functions of X; given by S,; and
Sui respectively. For this type of error structure, parametric forms of con-
ditional variance functions have been employed in a variety of applications,
and we expect there will be a number of others where it will be relevant and
reasonable.

Other papers exploit second moment information as a source of identi-
fication. Vella and Verbeek (1997) and Rummery et al (1999) develop an
estimation procedure based on the rank order of an individual’s position in
the reduced form residual distribution for subsets of the data. The vari-
able determining the selection of subsets is also assumed to be responsible
for the heteroscedasticity. In the context of normal factor models, Sentana
and Fiorentini (2001) examine heteroscedasticity as a source of identification.
Rigobon (2003) formulates a model in which there are two known regimes.
The parameters of interest and the covariance between the equations’ er-
rors do not depend on the regime indicator. However, the error variances
do depend on the known regime indicator. Employing an error covariance
restriction similar to that in Rigobon, Lewbel (2004) examines a model of
heteroscedasticity with second moment information depending on a known
vector of variables Z. As Z may coincide with X, for comparative purposes
we focus on this case and without loss of generality take F(X) = 0. He then

considers a model in which:
E (Xuv;) = E [X;E (uv3] X;)] = 0; E (X;07) # 0.

The model considered here differs in several respects from those above.
First, for the model outlined earlier, F (u;v;|X;) depends on X; . Conse-

quently, while the first restriction above may hold in special cases, it will not



hold in general for the model considered here. Second, with the conditional
covariance and variance functions depending on X;, here the conditional vari-
ance of each error is modeled as an unknown function of an index.

In a different model, Klein and Vella (2004) we also exploit heteroscedas-
ticity to estimate a triangular treatment model where the endogenous regres-
sor is binary. To flexibly model both the shape and conditional variance
for the error distribution in the binary model, a double index formulation is
employed. In so doing, with the estimated binary response probability as
an instrument, the model is "well-identified" without exclusion restrictions.
While the treatment paper is related to this paper, the identification and
estimation strategies are fundamentally different from those employed here.

Finally note that the use of instruments in the absence of exclusion re-
strictions is not limited to cases of heteroscedasticity. Dagenais and Dagenais
(1997) and Lewbel (1999) also discuss estimation of models where there are
endogenous regressors and no exclusion restrictions. They show that when
there is measurement error of a specific form one is able to use instruments
based on the higher powers of the included variables. The model and esti-

mator presented below both differ from the approaches in these papers.

3 The Estimator: Implementing Strategies

3.1 The Secondary Equation

Before presenting the main results, this section outlines and motivates the
estimation strategy. From the above discussion, we will require residuals and
the conditional variance function for the secondary equation. Accordingly,
first obtain consistent estimates of the secondary equation’s conditional mean

parameter values by regressing Y, on X to get 7. We then estimate the



residuals as:’
v=Y, — XT.
To estimate S,, we impose a single index structure:”

So. =B [} | Xi] = E[v} | i (5,)] ,
where 1,; (6,) = Xy; + X2;0,. Next, estimate J, using semiparametric least

squares with ©? as the dependent variable (see Ichimura, 1993). Namely:
< 2
§ = arg min %Z[@f—E 02| i (6 } ,
gmin} (87 | Li (9))

where 7; is a trimming function that restricts X; to a compact set depending

on sample quantiles. Employing the estimated index:

ggz =E <7/)\z2 | L (3)>

where E is a non-parametric estimator for the indicated conditional expec-

tation. Employing the above initial estimator gvi, we then repeat the above

process in a GLS step.® For notational convenience below, denote the vector
NV

/
of parameter estimates as: 7 = (7r (51) . As our focus will be on the primary

equation, we will refer to these parameters as nuisance parameters.

3.2 The Primary Equation

As consistent residuals are not available for the primary equation, the condi-

tional variance function for this equation and the parameters of interest are

6These residuals could be obtained in a more general nonparametric or semiparametric
regression.

T As discussed below, identification also holds under a nonparametric formulation.

8While it is possible to avoid a GLS step, we have found that the estimator for S,;
based on g1 g is improved and that there is a corresponding improvement in the estimates
of the primary equation of interest.



estimated simultaneously. In so doing, we distinguish two cases according
to whether or not the conditional variance function has an index structure.
Identification arguments for the primary equation do not depend on whether
or not an index structure is imposed on the conditional variance function for
the secondary equation. However, for the primary equation, identification
arguments are quite different depending on whether or not an index struc-
ture is imposed on its conditional variance function. As will become clear
below, while the index case can be expected to perform better in practice, it
is more difficult to formulate and analyze an estimator for this case. Begin-
ning with a nonparametric formulation for the conditional variance function,

let Z; = [X;, Ys;] and define:

u; (0) = (Y — Z;0)

S (07 = E[u?(0) | X/]

With 8 = (0, p) and i = 1, ..., N observations, let:

AB) = |80 /5]
M (8) = Wb+ A (B)d,
Q@) = &S a Y- me)

An estimator for the primary equation is now defined as:

8= arggninQ (B3)-

Conditioning on X;, assume that the conditional correlation between w;
and v} is constant. Theorem 2a then provides consistency and identification
results for this nonparametric case under a full rank condition. For this case,
the conditional variance function from the secondary equation may be taken

as known, and it is therefore irrelevant (for theoretical purposes) whether or



not it satisfies an index condition. However, the structure of the conditional
variance function in the primarily equation does have a critical impact on
the identification argument.

To obtain reliable parameter estimates at moderate sample sizes, the
remainder of this paper imposes an index structure on both conditional vari-
ance functions. For reasons discussed below, identification becomes more
difficult in an index formulation for the conditional variance function of the
primary equation. In this case, the following index restriction holds at the

true parameter values:

Euf(0.) | Xi] = E[u}| Li(b)],
L (bo) X1 + Xo;b,.

For whatever objective function that is employed, for purposes of identifi-
cation it is important that the set of potential minimizers satisfy an index
restriction. As an example of an objective function that implies this re-
striction, for illustrative purposes suppose that we knew 6,. In this case, for
the primary equation it would only remain to estimate the index parameter
values of the conditional variance function. =~ Employ SLS as was done for

the secondary equation to obtain:
b=argminS, S = AZ% [uz 6,) — E ((wi|Lui (b) )r
) - N i | Ui \Yo i 1wt .
It can be shown that S is uniformly close to

1 2 2 2
NEZTZ. [u2 — B (u?|1: (b) )]

Let b* be a minimizing value of this objective function. As a necessary

condition for a minimum, it can be shown that the following index restriction

10



must be satisfied:”

E ( UZZ (00) |Im (b*) ) =F ( UJ? (90) |X ) =FE ( uf (90) |Im (b0> ) .

With this restriction holding away from the truth, the set of potential min-
imizers is sufficiently reduced so as to enable an identification argument.
With 6, being unknown, identification becomes problematic as it is diffi-
cult to impose an index restriction away from the truth. To illustrate both
the problem and a solution, return to the objective function employed to ob-
tain nonparametric identification, with the appropriate modifications made
to accommodate an index structure. In examining this case, for purposes
of exposition, throughout we take N to be large and discuss the problem in

terms of population objective functions. Let

Sii (0,0) = E (uzz (0) [ Lui (b)> .

Then, similar to the strategy for the nonparametric case above, write ||Q|| =
YQ?/N and with o = (0, b, p) define:

Q@) = QM) = |7 [Ya = M|
o = argmin F [@Q; (o)].

IWrite:
B ([u? — B (| (07) )] 1) =
E([u2-F (u2X)]"1X) +
([F (1X) = B (2L 0") )]?).
The second term above attains a minimum of zero when b* = b,. Therefore, for any

minimum, b* :
E(u}|X) =E (uf|L,; (b))

on a set where 7 # 0.

11



With an orthogonality condition holding between Y; —M; («,) and [M; (o) — M; («,)],

it can be shown that for any candidate for a minimum, o*, must satisfy:
M, (o) — M (a,) = 0.
In other words:
Zi (0" = 00) + [p"Sui (07,0%) — pySui (0o, b5)] v/ Si = 0.

With additional information relating S,; (6%, b*) to Sy; (6,,b,) , the identifica-
tion strategy would be greatly simplified. For example, if minimizing values
satisfied: S, (6*,0%) = S, (0., b,), then identification would readily follow. In
this case, let R be the matrix with i row: R; = [X; Yai  (Swi (00, bo) /Svi) vi |.
From above:

0" -0, ] e

p*_po

R

Accordingly, identification would follow from a full (column) rank assumption
on R.

While it does not appear possible to guarantee the strong index restric-
tion: Sy (0%,6%) = Sui (0,,b,) apriori as in the above example, it is possible
to modify the objective function so as to ensure that the set of minimizers

is sufficiently restricted to yield identification. To this end, let:

S (0,0) = B (u (0) [Lui (b) , Ls)
Q2 (e,b,p) = Q(MQ) = H%[Yi _M2]H'

Then, with a = (6, b, p) consider the "overall" population objective function:

Q(a) = Q1 () +Q2().

12



Denote a* as a minimizer for @ (o). In the Appendix it is shown that «,,
the vector of true parameter values, is a minimizer not only for ) but also
separately for ()1 and Q5. It follows that o must also minimize each of these
component objective functions.  As a result, o* must satisfy minimizing
conditions implied by minimizing each separate objective function. Taken
together, we show below that these restrictions and a full rank condition
suffice to establish that «, is the unique minimizer.

To indicate the nature of these restrictions, in an argument similar to that
above we show that o* must satisfy the restrictions: My (a*) = My (o), k =
1,2. Therefore, with X} = [1,; (b*), L] :

(Ra) Dz (0* -0 ) [P Sui (Q*’ b*) PoSui ( 05 bO)] Ui/svi =0
(Rb) + Z; (0% — 6o) + [p*Sy; (67,07) — poSui (0o, b0)] v/ Swi = 0
(Re) = B [uf (07) | L (b)) = E [uf (07) |X]],

where the index restriction in (Rc) follows by differencing the first two restric-
tions and employing the definitions of S}, and S,;. In Theorem 2b below,
we show these restrictions in conjunction with a full rank assumption are
sufficient to provide identification.

From the above discussion, we are motivated to formulate the following

estimator for the primary equation under an index structure. Recall that

Sui (0,0 = E[u?(0)|1, ()]
Sf,i = F [vf

As defined in the next section, let S%; (6, b), Su; (0,b), and S,; be estimators
for the above functions obtained from semiparametric regressions. Obtain Qj
from @), by replacing known functions with the above estimators, k = 1, 2.

Then, with a = [0, p, b], the estimator for the primary equation is now defined

13



as:10
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4 Assumptions, Definitions, and Results

In obtaining asymptotic results, we make the following assumptions:

A1 The vector (Y1, Ya;, X;, u;, v;) is i.i.d distributed over i, with the variables
X, being bounded.!!

A2 The parameter vector: v = (7,6, 9,b, p) is in a compact parameter space,

O, where 7, is in the interior of ©.

A3 Write the error components as:

u = Sut, S?=Var(u|X)
v = S, S?=Var(v|X);

Assume:

E(u|X)=E (X)) =0

P, = E (u'v*|X) = E (u*v*), 0 < p, < 1.2

A4 Let f be the density of either u? or v2. Assume there exists ¢ > 0 such

10Tt would be interesting to explore a variance minimizing weighting for these objective
functions. However, this extension is beyond the scope of the present paper.

'While it is possible to handle the unbounded case, uniform convergence arguments are
simplified under this assumption.

121f the errors are not sufficiently different (p, = 1), we are unable to identify the
parameters. If p, = 0, the main parameters of interest are identified, but the index
parameters of the primary equation are not identified by the estimator for the primary
equation. Identification of index parameters from squared (primary-equation) residuals
would hold when p, = 0.

14



that for ¢t > ¢, : f satisfies the tail condition:!?

Fy<t/[+e2]" 020,

1\
ot

A5 Write X; = [Xy; Xy X34, where X; and Xy; are continuous variables
that are not functionally related. Assume that [,; depends on Xj;
and that [,; depends on Xy;. Then, without imposing any exclusion re-
strictions on variables entering the indices, write the normalized linear

indices as:

Li(by) = X+ [Xo X3,
Xoi + [ X1 Xsi] d,.

<
—~
[=%)
Q
N
Il

Sz (60, b,)
S2(6,) = E(v(m,)*|X) =FE[v(m)? | Li(6,)] > 0.

Il
e
—
IS
S
>
S
S—
©
>
|
e
r
IS
—
>
S
S—
©
S’\c
—~
S
S
SN—
—_

For X in a compact set, these functions and their first six derivatives
are uniformly bounded. Further, each index depends on a continuous

variable.

A6 Referring to (A5), assume that the joint conditional density g(z1, za|z3)
is bounded away from zero on the interior of its support and has

bounded derivatives up to the sixth order.

AT For estimating expectations and densities, assume that the kernel func-

13This assumption, which guarantees that both u? and v? have at least 4 moments, is
stronger than is needed. We require uniform convergence results involving sample means
whose elements u? and v2, may be unbounded random variables. As in Ichimura (1993),
we can reduce the required order of the kernel if we assume that at least the 3¢ moment
of these variables is bounded. Under the stronger tail assumption employed here, we can
simplify the proofs in addition to lowering the order of the required kernel.

15



tion, K, is a symmetric density with up to 4 bounded derivatives.

A8 Let R be a matrix with i row: [X;, Ya;, (Sui/Sui)vi] and assume that

R has full column rank.

As noted above in a footnote, (A4) is stronger than is needed. This
assumption simplifies uniform convergence proofs pertaining to unbounded
random variables and makes it possible to reduce the required order of the
kernels employed. If the standardized errors u* and v* are independent of
X, then it is possible to relax this assumption significantly.!* Most of the
remaining assumptions are somewhat standard, with the last assumption re-
quired for identification (see Theorem 2 of this section). In addition to these
assumptions, we need to define the estimators and a bias reduction device
used to establish asymptotic normality. In defining the kernels used below,
we are motivated to employ kernels that provide the required degree of bias
reduction, perform reasonably well in finite samples, and for which tedious
detail in the resulting proofs is minimized. @We have found that twicing
kernels (see Newey et. al. (2004)) satisfy these objectives under an appropri-

ate trimming sequence.®.

Assumptions (A4-5) are useful in obtaining bias
expansions for the components of a nonparametric expectations estimator.
For example, the denominator of an expectations estimator involves the joint
density of an index. Derivatives of this density need to be bounded up to

the sixth order. Assumption (A6) guarantees that this is the case.

14Tn this case, a variance function can be recovered up to a multiplicative constant
(which is all that is required) with minimal assumptions on higher moments as follows.
Let W = u?/™ or v¥/™ and estimate the variance function up to a multiplicative constant
as:

[E (W)} "

1514 is possible to follow a mixed strategy with single index components being estimated
under locally-smoothed kernels. Under this strategy, double index components would be
estimated with a twicing kernel. While the finite sample performance of the estimator
might be improved under this strategy, the resulting proofs would be significantly longer.

16



D1 Let {W;, I;} bei.i.d., where I; is a single index upon which W; depends.
Then, the estimator for the expectation of W, conditioned on I; is

given by:

BWIE) = 3 5 5 [~ ) /B3 5 K (0 = 1)/
J#i J#

where, with k(w) a standard normal:
K (w) = 2k(w) — /k(w —v)k(v)dv.
With s as the standard deviation of I, the window h is given by h = sN™",

1/8 <r < 2/15.16

D2 Let {W;, I;,I5,} beii.d., where [;; and I are indices upon which W;
depends. Then, the estimator for the expectation of W, conditioned

on (Iy;, Iy,) is given by

Zﬁél NI;Z;LQK [(Ilz - Ilj)/h ] [(IZZ - 123)/h2]
> i Wi B (T — 1) /1) Ko [(Ioi — Toj) /B

E (Wil L, I) =
where with K7(w) given as in (D1):

K( )—2K1 /Kl —UKl( )d

16The lower limit on 7 is required for bias control. Namely, for this kernel, numerator
and denominator of the conditional expectation each has a bias uniformly of order h*, and
we require that the bias vanish faster than N~!/2. The tight upper bound is required to
establish uniform convergence of a second derivative when the conditional expectation is
being applied to an unbounded random variable. This condition can be relaxed under
either a kernel of higher order than K; or under a more restrictive tail condition than that

n (A4).

17



With s as the standard deviation for Iy, set hy = s N7, 1/12 <r <
1/10.

To insure that various estimated denominators are bounded away from
zero in large samples, we employ a trimming function that restricts the com-
ponents of X to a compact set depending on estimated sample quantiles. As
a result, the trimming function should be viewed as being estimated. !” This

trimming function is given in (D3).

D3 Indicator Trimming. Let ¢, and ¢, be lower and upper population
quantiles for X;,, k =1, ..., K. Let g, be the vector of these quantiles.
With z: 1xK, define P ={z : ¢, < xp <&, k=1,..,K}. With X, =

(X1, ... Xik], define the trimming indicator:
Tiz = Ti(QO)E {XlEP}

With ¢ as a vector of sample quantiles, the estimated trimming function

is given as: 7, = 7; (q).

D4 Y,-Model. Let 7 be the GLS estimator from the regression of Y5 on
X .'® Define the residual:

V=Y, — X

"For one of the gradient components (Lemma GA), estimated trimming may be taken
as known under a result due to Pakes and Pollard (1989). In other gradient components
(Lemma GB), under standard convergence arguments estimated trimming may be taken
as known.

I8First, obtain OLS residuals 9;. Second, obtain I,; (5) , from the SLS estimator of d,.
Next, define estimate S2; :
$2 = F <v2 | I, (5)) .

Reweighting observations in the Y5 model provides the GLS estimator of m,. All of the
results in this paper hold using the OLS estimator of 7,. The finite sample properties
of the estimator for the Y7 model are improved by employing the GLS estimator for the
secondary equation.

18



The estimated index parameters of the conditional error variance are
then given by:

N 2

S [ B (02 1 (9)] /N,

=1

6 = argminR (6), R(6)
0

where E is a nonparametric estimated expectation defined above. With
n = (7%,3) estimating 1, = (m,,0,), we refer to 7 as the (nuisance)

vector of estimates for the secondary equation.

In estimating the model above, the monte-carlo results were improved
under a two-stage trimming strategy similar to but less complicated than
that in Klein and Spady (1993). Namely, in the first stage obtain estimates
under X-trimming as described above with 7; = 7,;. In a second-stage, re-
estimate the model with index trimming and minimal (for technical reasons)
X-trimming. By targeting the problem at its source, such index trimming
provides a better control for small values of the index density.! In either
case, as argued below, the trimming function can be taken as known.

Employing the above definitions, it is now possible to define the

estimated conditional variance from the Y;—Model.

D5 Estimated Conditional Variance. With § given in (D4) and with

expectations estimated under the kernel in (D1):

52 = ‘E (@E\Lﬂ (5))‘

9Tn the first stage, we trimmed on the basis of the .975 upper and .025 lower sample
quantiles of the continuous X-variables. In the second stage, let 7;, denote trimming on
the basis of the .975 and .025 index sample quantiles. Denote 7, as a trimming function
under "minimal" X-trimming, where the .995 upper and .005 lower quantiles formed the
basis for such trimming. The trimming function employed in the second stage is then
given by the product: 7;, T;.. As an alternative to minimal X-trimming, it is possible to
modify the expectations estimator as in Klein and Spady (1993).

19



Notice that absolute values are employed above. While the estimated
expectation is positive under "regular" kernels, it can be negative under
higher order kernels. While this is not a problem asymptotically, in any
finite sample there can be a small fraction of observations for which the
estimated expectation is negative. In estimating the primary, Y;-model, we
will smoothly trim out observations for which this problem occurs.?’ For

this purpose, we employ the following smooth trimming function.
D6 Smooth Trimming. With 62 = £ (@gum (5)) , define:

TG =T (&?) = [1 + exp ( — an&?)}_l , a, = Ln(N)?.

The function above will tend to 0 as 7 becomes negative and to 1
otherwise. As this function approximates an indicator, its derivative must
become high in a neighborhood of zero. To control for the magnitude of
the derivative, the slowly increasing sequence a,, is selected above. Note that
this trimming function is based on the estimated index obtained from esti-
mating the secondary equation and does not depend on any of the unknown

parameter values for the primary equation.

D7 Y;-Model. With the Y;— model given as:

Yi=[X Yilb,+u=20,+u,

20When trimming is based on an estimated linear index, the lemma in Pakes and Pollard
applies to indicator trimming. However, when the trimming involves nonparametric
expectations, it does not appear that the required Euclidean property of this lemma holds
for indicator trimming. Moreover, we have found trimming to be important for those few
but influential observations where estimated variance functions are negative. Accordingly,
a smooth trimming function is employed to control for this problem.
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define u (0) =Y, — Z6 and let:

$(0) = |B(u2(0) |1 1))

A

Si2(@) = |E(w0)I1.0).1)

where the first, single-index component is obtained under the kernel in
(D1) and the second, double-index component is obtained under the
kernel in (D2). Let:

S’ui (o k) = S'M (), k=1, S'M (a; k) = 5”; (), k=2
Then, for £ =1, 2:

]\;[ik(H,b,p) = Z9+p[5‘i/5'm] Vs,

~

N 2
Qu(0.b,p) = 3 Fui Vi~ M| /N.
Then, with o = (0,0, p) and Q = Q1 + Q5 :

& = argmin Q (o).

As with the secondary equation, trimming is based on a two-stage
process. Namely, 7; is obtained under X-trimming in the first stage at
the same levels as for the secondary equation (see the discussion following
(D4) above). In the second stage, 7; is a product of index and minimal
X-trimming trimming similar to that for the secondary equation discussed
above.

Employing the above assumptions and definitions, the Appendix pro-
vides all proofs for asymptotic results. In the remainder of this section,

we summarize these results and provide a brief outline of the proof strategy.
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Beginning with the secondary equation (Yo—Model), Theorem 1 provides the

large sample results for the estimators of the nuisance parameters.

Theorem 1 (The Y;-Model). Under the above assumptions and defi-
nitions, estimates of regression and index parameters satisfy the characteri-

zations:

VN[t —m,] = VN Z exi/N (a)

N
\/N[Zs—ao] = VN esi/N +0,(1), (b)
i=1
where €,; and 5 each are 7.7.d. with 0 expectation and finite variance.

The first result above is immediate and the second follows from a standard
Taylor series argument and Ichimura (1993). This second result also follows
from the same type of U-statistic arguments used to establish asymptotic
normality for estimator of the primary equation .

For the Y;—Model, Theorem 2 below provides the consistency /identification

result.

Theorem 2 (Consistency: the Y;-Model). With «, = (0,, p,, b,) and

o= (@, D, 5), under the above assumptions and definitions:

A D
a — Q.

To outline the consistency argument, which is provided in detail in the
Appendix, recall from (D7) that:

& = argmin Q ().

Referring to (D7), obtain My, (o) from Mj;, (a) by replacing all estimated
functions with their uniform probability limits. Then, define @ («) by re-
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placing Mj, (a) in Q (o) with Mjy, (). It can be shown that

Q (@) = Q(a)| and |Q (a) — E[Q (o]

each converge in probability, uniformly in « to zero. Consistency follows
if £[Q («)] is uniquely minimized at «,. From an orthogonality condition
between Yy; — My (o) and [Myy (o) — Mg ()], any minimizing value of
EQ must satisfy:

M; (o) — My (o) =0, k=1,2.

Clearly, o = o, is a minimizer. Under a constant correlation assumption,
in the appendix we establish identification (uniqueness) when the matrix
(X, Y5, (S./S,)v] has full column rank. The theorem in the appendix pro-
vides this result for both nonparametric and semiparametric specifications of
conditional variance functions.

Theorem 3 below, which is proved in the appendix, provides the normality

result.

Theorem 3 (Normality: the Y;—Model). Under the assumptions

and definitions above:

VN[a—a,] % 2, Z°N(0,%).

To outline the argument, note that under a standard Taylor series argu-
ment for the gradient?! to the objective function and a uniform convergence
argument for the Hessian, normality will follow if the normalized gradient is
asymptotically distributed as normal. To establish this result, in the Appen-
dix it is established that the gradient has an i.i.d. sample mean characteriza-

tion to which a standard central limit applies. To outline the argument, for

21'With all estimating expectations functions converging uniformly to positive functions,
this expansion is valid on a set with probability approaching one.
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expositional purposes, neglect first-stage estimation, which matters,??> but
poses no technical difficulties. With w;;, = %iSVaMz»k termed a weight

function, define:

VNG, = —\/Nz%i[yu }wzk/N_’_\/_ZT’L[ ik — z]wzk/N
= VNG () + VNGp (a,), k=1,2.

\/NGA \/N[GA1+G'A2]; \/NGBE \/N[GBl-i-éBg].

The normalized gradient to the objective function is then given by:

VNG = VNG, + VNG

For the A-component, from results in Pakes and Pollard (1989) and
mean-square convergence arguments, Lemma GA shows that the estimated

trimming (7;) and weight (w;;) functions may be taken as known. Accord-
ingly:

\/_GAk Oéo = 27—1 Yii — My, wzk +Op(]->

With
eai = Ti [Yii — Myi] [wi + wiz)

it then follows that:
\/_GA—\/_€A+Op , 5A—ZEA2/N

For the B-component, Lemma 5 shows that the estimated trimming and

weight functions may be taken as known:

VNG = VNS 71 [ — Ma] wae/ N + 0,(1).

22Gee Newey and McFadden (1994).
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Lemmas 5 and GB of the Appendix establishes that v/ N G gy is close in prob-
ability to a linear combination of U-statistics. From a standard projection
argument, it is then possible to characterize this gradient component in the
same form as the A-component.?> Namely in the Appendix we define a vec-
tor £p; which is i.i.d. with expectation zero and finite variance components.

Then, with £g as the corresponding sample mean, we show that:
VNGp=VNeg+o,(1).

With first-stage estimation uncertainty having a similar i.i.d. characteriza-

tion, asymptotic normality follows.

5 Simulation Evidence

To analyze the finite sample performance of the estimator we examine the
following setting. We simulated the following model where the same exoge-
nous variables appear in the conditional means and the conditional variances
of both endogenous variables. The two indices underlying the heteroscedas-
ticity are also highly correlated. Moreover, we use the same functional form

for the heteroscedasticity in each equation. The model has the form:

Yii = 1+xu+xe+ Yo +u

Yoo = l1+zu+xe+u

u; = 14exp(.2%xy; +.6%x9) *u

v; = 14exp(.6*xy; +.2%x9) %]

u* = .33xv; + N(0,1) and v] ~ N(0,1).

We generate x1; and z9; as standard normal random variables and then trans-

form x9; into a chi-squared variable with 1 degree of freedom. We then esti-

23See Serfling (1980) and Powell, Stock, and Stoker (1989).
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mated the model by OLS and the control function procedure developed here,
which we denote CF in the tables. The simulation results for n = 1000 and
100 replications are reported in Table 1.

An examination of Table 1 reveals a number of interesting features of the
simulations. First, consider the OLS estimates noting that the entries in the
Table represent the mean value from the 100 replications with the standard
deviation of the replications reported in parentheses under the estimate. The
OLS estimates for the main equation’s parameters in this specification are
severely biased with respect to their true values of 1 indicating that there is
a large degree of endogeneity in this model. The estimates for each of the z’s
are approximately .86, indicating a bias of around 14 percent, while the bias
on the coefficient for the endogenous regressor is approximately 14 percent.

Column 2 shows results for the control function procedure. First consider
the estimates of the parameters for the conditional mean of the main equa-
tion as these are our major focus. The average values of the coefficients for
the 2’s and Y5 are all close to 1 indicating that the inclusion of the control
function is accounting for the endogeneity bias. Moreover, while there is
more variability in the estimates, in comparison to the OLS estimates, the
estimates, as indicated by their standard deviations, are generally quite pre-
cise. Second, consider the auxiliary parameter estimates which are obtained
in the estimation process. The parameter p corresponds to the coefficient on
the control function. The true value is .3134 and thus the average estimate of
.298 is reasonable. The parameter ¢ is the parameter in the index generating
the heteroscedasticity in the secondary equation. The average estimate is
.377 which is reasonably close to the true value of .33, noting that it has a
relatively large standard deviation. The parameter b is the coefficient in the
index generating heteroscedasticity in the main equation. The average point
estimate of .245 is reasonable relative to the true value of .33, but again there
is a very large standard deviation associated with this estimate. Recall that

this estimate is obtained simultaneously with the slope coefficients and its
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imprecision reflects that it is difficult to estimate this parameter accurately
while simply minimizing the squared residuals for this model.

If conditional variance parameters in the primary equation are of direct
interest, then as described below, it is possible to exploit other sources of
information to increase their precision. One approach which we employed was
to employ the residual from the primary equation using the final estimates.
Using this squared residual as the dependent variable, we obtained the SLS
estimator as was done for §. The average estimate for b from this approach
is reported as by in Table 1. We see that there is a notable improvement
with an average estimate of .358 and a large increase in the precision of the
estimate. This would suggest that this additional step produces worthwhile
gains.

Though not reported here, we also considered several variants on the es-
timator presented. Here, we have explored the case in which the conditional
variance of the errors is characterized by a single index. However, suppose
that the entire distribution of each error is characterized by a single index
(as is the case in the simulations). Under this more restrictive index as-
sumption, it may be possible to develop a modified version of the estimator
presented here with better finite sample performance (especially for index

24 We have also examined several "GLS" variants of the CF

parameters).
method presented here. While these resulted in a noticeable improvement
in the estimates, we judged the improvement not sufficient to warrant any

further (albeit minor) lengthening of the Appendix.*®

24When the entire distribution of the errors depends on a single index, any function of the
squared residual will satisfy a single index assumption. Accordingly, in an SLS regression,
there will be many ways of estimating the index parameters. For the multiplicative
heteroscedasticity employed in the monte-carlo, the (trimmed) log transform of the squared
residual would appear to a natural transformation to employ.

25We examined estimators based on consistent residuals from the primary equation to
estimate the conditional variance parameter in a manner similar to that employed for the
secondary equation. Not surprisingly, as the information on the conditional variance is
largely contained in the residuals, the resulting estimator for the index parameter had a
much smaller variance that obtained from the control method reported here. Indeed,
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Table 1: Simulation Results

OLS CF
constant .858 1.003
(.122) (.201)
1 .858 1.003
(.120) (.210)
T .866 1.011
(.121) (.203)

Y, 1.137 993
(.108) (.119)

p 298
(.110)

b .245
(.435)

bsis .358
(.193)

o 377
(.245)

it would be interesting to combine this moment information with that in the first-order
conditions to the minimization problem defined here. We have not explored this possibility
in the present paper.
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6 Conclusion

We have examined a triangular simulatenous model where there are no
available exclusion restrictions to employ as instruments but where we allow
for generalized forms of heteroscedasticity with the model’s errors depending
on the explanatory variables. We have shown that the model is identified
and have formulated a method for estimating it. We have also established
that the estimator is consistent and asymptotically distributed as normal.
In a monte-carlo study the estimator for the parameters of interest in the
primary equation performed quite well in finite samples. As indicated pre-
viously, there is scope for further improvements in the estimator for the
index parameters. Such improvements would come from fully exploring in-
dex structure in the monte-carlo (see footnote 24) or from making use of all
available moment information (see footnote 25).

We have focused on the linear structure in part because it is most often
used in practice. More importantly, in the absence of other information, it
is this structure for which identification fails without exclusion restrictions.
Nevertheless, it would seem relatively straight-forward to extend the model to
allow nonlinear functions of the exogenous variables to enter both primary
and secondary equations. With a control modified to reflect conditional
mean rather than linear dependence of u on v, it may also be possible to

allow for nonlinearities in the endogenous variables.
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7 Appendix

7.1 Intermediate Lemmas

The Appendix is organized into a section on intermediate lemmas and a
main section providing consistency and asymptotic normality of the pro-
posed estimator for both primary and secondary equations. We begin with
convergence rates for the components of the expectations estimator. In
the primary equation, recall that u (6,) = Y1; — Z;0, and that 7, denotes the

true regression coefficients for the secondary equation. Let
_ 2 _ 2 2
T = VU; (71'0) = V; Or U; (9) 3

where the error in the primary equation, u; (0), is defined for an arbitrary
value of the parameter vector.

To provide convergence results for estimated conditional expectations of
the above squared errors and for estimated index densities, for m = 1,2
let W, = Xi + X979, v = (71,79) = (0,7), and W = (Wp,Ws,). With
Wy = x1 + X297, as a conditioning value for W,,, and with A = (0, ), define

w (A) as the conditioning vector. Then, define:
a(w(A); A s) =g (w) E(rg|W =w), s=0,1,

where g(w) is the density for W and v = (v,7,). For s = 0,1 and m =

1,.., M = dim(W), write the estimator for a as:

(0 )i 8) = D5 K (0~ W) /1]

j=1

For M = 1, K; is the twicing kernel in (D1) while for M = 2, K is the

30



(double) twicing kernel in (D2). Note that

a(w (M)A 1) /a(w(A);\0) = f/g

estimates a conditional expectation of the form shown in (D1-2). Define the
derivative operator:
d A\ — 8 ~ . 0/A\ _ ~
VS (a) = o with V3 (a) = a.
Employing the above notation, the following lemma provides convergence

results useful for analyzing the gradient.

Lemma 1 Assume that a(w) has bounded derivatives to order 4 for M
= dim(W) = 1 and to order 6 for M = 2. Then, for d = 1,2, s = 0,1 and

for X in a compact set:

. - Calw ) ) — OM®): M=1
a) : sup(Bla(whs)] —alwrm)) { O(h2): M =2
b) sgp‘E [Vl (w; A, 5)] — Via (w; A, s)]" = 0 (B?), d=1,2

c) S;lpE ([ Vi& (w; A\, s) — E (Vg& (w; A, 5)) }2> =0 <m) .

Proof of Lemma 1 . Noting that the kernels in (D1-2) are higher order
kernels, the proof for the squared bias readily follows from standard Taylor

series arguments; the variance result is standard.

To establish consistency and to analyze the Hessian matrix, we require
convergence uniform in the parameters. The following lemma provides these

results.
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Lemma 2 (Uniform Convergence). Under the assumptions and

definitions in section 4, for s = 0,1 and d = 0,1, 2:

A = sup }Vﬁfd (w;7y,s) — EVﬁf& (w; 7y, s)| =0, (1).
z,Y

Proof of Lemma 2. Here, we provide the result for d = 0, s = 1,
M = dim(W) = 1, and 1y = u? (0).The proofs for other cases are similar
and somewhat simpler when 75; = v (7,). Write

u? (0) = uf (0,) — 2u; (0,) Z; (0 — 0,) + (0 —0,) ZZ; (0 —0,).
With 6 in a compact set, the argument for all three terms is quite similar.
Below, we provide the argument for the first term. Following Ichimura

(1993), define:
1: |u2(0,)] < N®

tj = .
0: Otherwise
and write:
al 1
b= Do) | oK = W)
j=1

an = Et;u(0,)| Wy =w]g(w).

Similarly, define ao and aog, by replacing t; with (1 —¢;). Then, with A
defined as above, A < A; + Ay + Az, where:

Ay = suplay — E(a1)]; Ay = suplagl; Az = sup|E (ao)]-
2,y 20l 204

The proof then follows by showing Ay, =o, (1), k¥ = 1,2,3. Since N™“hA,
is bounded, from Hoeffding’s inequality (see Lemma 1 of Klein and Spady
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(1993)):
Ay =0, (hN~121) =0, (1)
for the selected window and « sufficiently small. For the second term:
N
A, < <c2 (1=t (6,)/ <hN>) ,

Jj=1

where c is a positive and finite constant. The above expression converges to

its expectation. From the tail-assumption on ry;, this expectation tends to

1 [ w L[~ o

A similar argument shows that Az =o, (1).

Z€ro as:

Lemma 3. Assume:
502 SN =0, (V). 8= Y BN = 0, (V).
where s +¢t > 1. Then,
VN b /N = o,(1).
Proof of Lemma 3. The result follows from Cauchy’s inequality:

VNY adbi/N| < VNSYS)

In the remainder of this intermediate section, we use the above lem-
mas to characterize the gradient to the objective function for the primary
equation. Asymptotic normality for the estimator of the primary equation

will then follow from this characterization. To preview the argument, we
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require the following notation. Denote 7 as the vector of estimated parame-
ters from the Ys-equation (including estimated parameters of the conditional
error variance). Write o, = (6., p,,b.) for the vector of true parameter
values from the Y;-model (including correlation and conditional variance pa-
rameter values). Refer to the averaged objective function for the primary
equation (Y;—model) shown in (D7). Taken with respect to o let G (av; 7))
and H (ao;7) be the corresponding gradient and Hessian when estimated
variance functions are positive.

With estimated conditional variance functions converging uniformly to
positive functions, the following Taylor series expansion is valid on a set with

probability approaching one:
VN [a = ag] = —H (a¥57) " VNG (i), (1)

ate o). Obtain H («;n) from H by replacing all estimated nonparamet-
ric expectations by their probability limits in H. Uniformly in the parame-
ters, it can be shown that ‘ﬁ (asm) — H (a;n)‘ and |H (o;n) — EH (a;m)|
each converge in probability to zero. Therefore, once consistency is estab-
lished, H (a*;#) will converge in probability to H, = EH (a,;7,). Asymp-
totic normality will then follow if the gradient component is asymptotically
normal.
To analyze the gradient, recall from (D7) that:

. Sui (o3 k)
Mo (o) = [X: Yol 0+ p, 200 ) ®
Svi (770)
Sui (040)
Mi Ao,y 1, = Xz Yz 00 + V; = Moi-
( n ) [ 2 ] Svi (770>

From (D7) , recall that 7, is a smooth trimming function for observations

where S,; < 0. Denote w;;, = T [VaMik (aoym,)|, Wy = [ty + Wi2], and

~

Ge = |VG, (90,b0;77+)] [ —mn,]. Then, the gradient with respect to « at
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Q, 1s given as:

é (Oéo; 77) = é (Oéo; 770) + GC = CA:A + GB + é07 (3)
GA = — Z%i Y1 — My w; /N, w; = [Wi1 + Wio]
N
Gp = Gp1+Gp, Gpp = Zf'i |:Mzk (0407770) — M, wik/N-
i=1

Lemmas GA and GB below provide appropriate characterizations for
VN G 4 and VN G - The characterization of the remaining component will
immediately follow from the characterization of the first-stage estimator, 7,
in Theorem 1 of the next section. All asymptotic results hold if trimming

6 Below we

is based on X throughout or on X and estimated indices.?
will show that known trimming functions may replace estimated trimming
functions in a number of terms. In one critical term (see Lemma GA below),
this result will follow from Pakes and Pollard (1989, Lemma 2.17, p. 1037).
In other cases, we will employ results on convergence rates for indicators in

Klein (1993), which are based on inequalities due to Jim Powell.

Lemma GA (First Gradient Component). With M;, (o, 7,) defined
in (2) above:
[ Wi+ p, (Veém (v; k)) i/ Sui |
Vol (o) = | (Sueoh)/Su) v

Po (ngui (vo; k)) Ui/gvi'

Recalling that w; = 7; [w;1 + ;2] ,define w; by replacing all estimated func-

26 As stated in the assumptions section, we have found that the finite sample performance
is improved when X-trimming is followed by trimming based on estimated indices (with
minimal X-trimming maintained for technical reasons).
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tions with their probability limits. With 7,, = 7; (q,), let:
N
€1 = —Tio [Y1i — Moyi]wi; 1 = Z€1i/N-
i=1

Then, for G4 in (3):

WGAE _N_1/2ZTio[}/1i_Moi}wi:\/NEA—i_Op(l)-

Proof of Lemma GA. With 7; = 7;(§), VNG, is the sum of the

following three terms:

A Nﬁl/ZZ[lei_Moi][%i_’rio]wi

B = N71/2Z[Y,li_Moi][7A—i_Tio]{wi_wi]
C = N_1/2Z[Y1i—Moi]7'io[lDi—wi]-

The proof will follow if each of these terms is o, (1). Employing a similar
strategy to that in Klein (1993), denote ¢, as a vector of population quantiles
(see (D1), Section 4) and let N. = (q:|¢— q,| <€), € = o(1). Then, A
= 0,(1) if

A* = ifUpN_l/2 Z [Yii — Moi} [7i (q) — T (g0)] wi = 0p(1)

for all ¢ = 0(1).2" From Pakes and Pollard (1989, Lemma 2.17, p. 1037),
A* = 0,(1).

For the term B, note that 7, = 7, (¢) and 7;, = 7; (¢,) , where |§ — q,| =
0, (N~*). Letting N5 = (q:|q— ¢,| <), 06 = o(IN"*) it suffices to show

271f uniformity holds for o € N for all ¢ = o(1), then uniformity holds over o, (1)
neighborhoods of ¢,.
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that for all 6 = o(N7°) :

> Vi — Mol [7i (@) — 71 (g0)] [th; — wil| = 0,(1).

B* = supN /2
Ns

Let 77 (¢q) be an indicator defined on the union of the sets on which the

indicators 7; (¢) and 7; (¢,) are defined. Then, it suffices to show that:

> Vi = My [ () — 71 (g0)] 75 () [t — wi| = 0,(1).

B* = supN /2
Ny

From Cauchy’s inequality (see Lemma 3):

B* < N!?BB:,

BE = s [ M ()~ (@) V]
B, = ?vljp [Z 7 (q) [; — wi]g /N] 1/2.

From Klein (1993), with indicators approximated by smooth functions, it can
be shown that for any fixed e arbitrarily small : B} = o, (N75"%). It also
can be shown that B} = o, (N~!/277¢) | which completes the argument for
B.28

Turning to C, the analysis is similar to that in Klein and Spady (1993),
with the result following from a mean-square convergence argument. To

illustrate the argument, with r; = [Yi; — M,;]v;, the second component of

28When ¢ is a X sample quantile, s = 1/2 — «.
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the weight vector generates the following component of C:

g . S .
— —1/2 A ui ut
C, = NV g Tioli |Tis— — Tisq
Sm' Svi
1/2 <7_isSui - TisSui) Suz (Tissvi - Tissz)
= N E Tioli = — Tis _S x
S’L}i v S’L}i

= D1+D2.

With the analysis for both of these terms being similar, focus on D;. From

Lemmas 1 and 3:

Dy = Dy —Dis+0,(1),

Dll = N_I/QZTiori x

D12 = N71/2 Z Tioli —Sm (Tzf _ TiS):| Sm' .

For Dy, from a Taylor series on 7;, and Lemmas 1 and 3:

Tis <‘§m - Suz)
Dy = N"V23 " rr; S +0p (1)

On a set with probability approaching 1, from a Taylor series expansion of

L N1/2
(ng) about S?, and Lemmas 1 and 3:

D11 = N71/2 Z TioTiTis (Sﬁl — Sﬁz) / (QSMSM) + 0p (1)
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Employing the ratio form of 5’31 and Lemmas 1 and 3:
D _ N—1/2 T |:A7, Ai - S2i| % Tis
H ZT " f/g “ Gi 2SuiSm'
= Drl +0p (1> )
Diy = NTVEY wir [ fu— 082 i/ (201500

+ 0, (1)

With the above term being linear in estimated functions and with r; having

expectation conditioned on X of 0, it can be shown that
E[(D;)?] —o.

With 7,5 being a smoothed indicator with derivative controlled by ay, the

analysis for D;s is similar.

To simplify Gp = Gp1 + Gpo, the second gradient component in (3),
Lemma 4 below shows that the estimated trimming and weight functions

may be taken as known.

Lemma 4. With w;, and w;, defined as in Lemma GA and with all

terms evaluated at true parameter values:
NG = VN Y i [ Wi — My wa/N + 0, (1),

where G gy, is a gradient given in (3).

Proof of Lemma 4. Referring to 7;w; as an estimated weight, the

difference in terms with estimated and true weights is given as:
Ak = N1/2 Z [Mz — Mm} [%lw,k — Tiowik] /N, k= 1, 2.

The result follows from repeated application of Lemmas 1 and 3, a Taylor se-

ries arugment for the smooth trimming component of w;;, and a convergence
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rate for indicators in Klein (1993).

To further simplify G5, Lemma 5 below shows that the components of
G p can be written as a linear combination of estimated functions. As this
form will be a U-statistic, standard projection arguments will complete the

characterization of this gradient term.

Lemma 5. Referring to Lemma 4 and the definition of M;;, in (2):

NY2Qp, = NY? Zﬂ'vi (Sul (aoéfl) B Sm) _ g: (SMS_MS_M) wik/N

= N'2Ty, — N'Ty,.
For the single index case, (D1) provides the ratio form for 52, (a,;1) and

52 . In the double index case, (D2) provides the ratio form for S2; (c,;2).
Accordingly, write:

Sei(aoik) = fri(oik) /Gui (o K))

S = foi/Goi

Define:

1 Sui
i = |:291i (%;k‘) SviSui:| = {2921‘51”‘5@@} '
Then, on a set with probability tending to one:
N1/2éBk — N1/2T* N1/2T 4+ 0, (1)
Tl*k Z T; [flz (Oéo; k?) - gli (Oéo; k) 512”] aliwik/N
ZTZ |:f2z 921 } a2iwik/N-

*
T2k
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Proof of Lemma 5: For the term 77, from Lemmas 1 and 3:

gui o;k _Suz g

+0,(1).

1/2
On a set with probability approaching 1, Taylor expand [S (cvo; k:)} about

S2. and employ Lemmas 1,3 to obtain:

Nl/lek = N1/2 Z Ti ( 0407 ) Siz) wlk?/N + Op (1>

= N1/2ZT1‘ (—
N1/2ZT1‘ <—

which completes the argument. The proof for T, is identical.

Tis
QSUZS’U’L

Q> Kvw

S?) 2sTs wir/N + 0, (1)

o | [9u (@i k)| Tis
SW) {glz ((ao, ))} 2Suzsmwlk/N o (),

LQ> Kvw

From Lemma 5, Gy is a U-statistic to which standard projection argu-
ments apply to complete the required characterization for this term. Lemma

GB below provides this result.

Lemma GB (U-Statistic Projection): Referring to Lemma 5, write
the trimming indicator as 7; = 7;7,;, the product of index and X-trimming
indicators. Then, with indices I,; and I,; evaluated at the true parameter

values:??

NY2GQp = NY?Gpp+o0,(1), (a)
Gpr = Z [u} — S2] E [riai;wi| I; (k)] /N —
Z [Uf - ng] E [Tia%wik|]vi] /N7
29Within the expectations, the indices are naturally evaluated at true parameter values.

Though not theoretically necessary, for reasons argued earlier, we have adopted a strategy
of re-estimating the model and trimming on the basis of estimated indices.

41



where I; (k) = I,; for k = 1 and (I, ;) for k = 2. With ep; as the i term
of Gp1 + Gpsy it then follows that:

N'2Gp = N'"?[Gpi + Gpa] = N'? ) "epi/N = N'ep. (b)

Proof of Lemma GB. For k =1 (the argument for £ = 2 is identical),

refer to Lemma 5 and write:

*
Tll

Z Ti |:flz (o;1) = Gui (o3 1) 512“] Tia1;Ww;1 /N

— 1 .. .
- N (N —1) ZZ'O:J" Pij = [ujzkl [, 5] — ka1 [4, ] ng} TiQ1;W;1
i g

_ (Z) Sl + 63 /2= U,

As the above expression is a U-statistic with expectation 0, from standard

projection arguments:

VN [UN - UN} — 0, (1),

2
Un = NZE( [P:j"i‘p;i]/Q‘Yli’Zi)

- Z [uf — S%] E [riarswir| L] /N,

i

which follows because pj; has conditional expectation of o(N -l ?) from the
higher order kernel and pj; has the conditional expectation shown above.
Employing the same argument, 77 has a similar form. The characterization
for G p1 follows. The analysis of G g2 is similar to that for 631, which
completes the argument for (a). The required form in (b) now directly

follows from (a).
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7.2 Main Results

Recall that the third gradient component for the second stage estimator
depends on 7), the estimator for the nuisance parameter vector from the Y;-
model. To analyze such first-stage estimation uncertainty, Theorem 1 below

characterizes the components of 7) .

Theorem 1: First Stage Consistency and Characterization. De-

fine:
v? (1) = (Yo — Xim)”,
where
E [} (1) | L (6,)] = E[Yi(m) | XJ].
Define
R(d;m) = %2%#?(6;7&, 7 (6m) = 0f (1) = B [vf (m) | L (8)]

0(r) = argminR (d;7),
5

@ = [ (055 () )

]1/2

2
S
1

With 7, as the OLS estimator for 7, let:
X7 =X/ Sy, (Fois); X7 = X/ S, (7).

Then, with Q = plim (X* X*/N) and with e,; = X;"v}, the GLS estimator

7

of 7, m, satisfies:

VN [f = 7] =Q'VN eni/N+0,(1). (a)
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N
- — 1 2(8. ~ . — 2 (A 2 (A
R(6;7) = TN ;w (8;7), 72 (8; ) =02 (7) — E [02 (7) ] L (9)]
w, = .g.@. ), wi = w; — E [wg| L (6,)]
1 - T’LO a(srl 09 7TO ) wz —_— w’L w’L V1 o
82 82
Ry = plim {3585' (50;7r0)} Ry = plim {3 55 (50;7%)} )

The estimator for the index parameters, 0 (#), satisfies:*

VN [5 - 50] — RN [Z vy (803 o) WS /N + Roy 7t — wo]} +0,(1). (b)

Proof of Theorem 1. The proof for (a) is immediate. For (b),
accounting for estimation uncertainty in 7, the proof follows from Ichimura

(1993) or from the intermediate lemmas above.?!

Recall from (1-3) at the beginning of the Appendix that the second stage
estimator has three gradient components, with the first two being charac-
terized in Lemmas GA and GB above. Lemma GC characterizes the third

gradient component.

Lemma GC. Referring to (1-3) and employing the notation in Theorem
1, define:

-1
Q Eri

Eqi = hm VG 607 bO) o
C b ( n ( U >> <_R1_11 [Tz‘ (50; 71'0) ’w:‘ + Rglgil&ri] )

30This characterization holds under a more general semiparametric formulation of the
Ys>-model. Here, to emphasize identification issues, we have focused on the case where the
Y5 model is linear with an unknown conditional variance function.

3'With the weight redefined for the second-stage estimator, first and second-stage gra-
dients have a similar structure. Consequently, the intermediate lemmas used to prove
Theorem 3 could also be employed to prove Theorem 1.
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Then: v
\/Néo = \/NEC + 0p(1), Eo = ZSCi/N'
i=1

Proof of Lemma GC. The proof follows from (1-2), Theorem 1, and a

standard uniform convergence result.

Theorem 2: Second Stage Consistency and Identification. = With
Z; = [X; Ya], let R be the matrix with i*" row:

[Zi ( Sui (007 bO) /Svi) Ui] .

Then, the model is identified under the constant correlation assumption if

R has full column rank and the correlation parameter satisfies:

0<|p,| <1

The proof for the above theorem is given separately for the case where
Sui (05, b,) is obtained nonparametrically (case A) and the case in which a

single index structure is imposed (case B).

Proof of Theorem 2A (Nonparametric Case). Let:

w (0) = Yu—20, Z=[X Ya]; Su(0)° = E [u; (6)° | X/]
N, = Z6+p|2 (0)] 0;

Qo) = 23wt [V M) /N @ (@) = [Q(0) ~ Q (o)
& = argmin@Q (o) = argmin Q* (av) .

Replace estimated functions in Q* () with their uniform probability lim-
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its to obtain Q* (o) = [Q (a) — Q (a,)].** It can be shown that sup‘@* (a) — Q* (o)
is, 0,(1), uniformly in «. Further, the function Q* («) converges uniformly

in the parameters to its expectation:
Q" (o) 2 E[Q* ()] = E[Q(a) — Q () ], uniformly in a.

With
Sui (0,0)

v

Ml(Oé)EZZ€+p|: }Ui&MoiEMi(O‘o)a

write Yy, — M; = [Y1; — M,;| — [M; — M,;] . Tt can be shown that

EQ*(a)=E) 7;[M; — My]* /N.

i=1

With M; — M,; = 0 at the true parameter values, consistency follows if this
minimum is unique. If the minimum is not unique, it must be the case that
M; — M,; = 0 at all potential minimizing parameter values. Then, for any

minimizer, (6%, p*)
Zz' (0* - 00) + [p*Suz (0*) - poSui (60)] Ui/Svi = 0, (2A1)
from which it follows that:

P*Qsii (07) (%2/531) = P?)Siz‘ (90) (U’?/S?)z)
=20, Sui (‘90) (Ui/Svi) Z; (0* - 00)
+ (0" —0,) Z/Z; (6* —0,) .

32The function Q* is introduced to avoid convergence arguments for:

1 2
NZ[Yi_Moi] :
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Taking an expectation conditioned on X :

p*2S12“ ((9*> = 252 (00) — 2poSui (00) Sm' (92 — 920) (2A2)

Oul

+ (0" —0,)E[ZZ; | Xi] (0" —0,).

From the definition of SZ (6) :

= E[(ui(8,) = Zi (60" = 6,))" | Xi]
o) = 2E(u;vi| X;) (03 — 02)
+(0" = 0,) E[ ZZ; | X;] (6" = 6,)
= 55 (05) = 2p,Sui (65) Sui (65 — 02)
+(0"=0,) E[ ZZ: | Xi] (0" —0,) .

SZ(0) = E[(Yi-Z#) | Xi] (2A.3)
(u
S (0

Differencing the expressions in (2A.2) and (2A.3):

P50 (07) = Sii (07) = poSui (80) — Si (0o) - (2A.4)

OU/L

Note that p** < 1, because p*> = 1 implies p? = 1, which violates an iden-
tifying assumption. Let r = [(1 — p2) /(1 — p*2)]"/* and substitute (2A.4)
into (2A.1) to obtain:

[Zi (Sm(@o)/sm)%][ f_eo ]:0.
P — 2P

Under a full rank assumption, § = 6, and p*r = p,. Since 6 = 0,, from
(2A.3), Su; (0,) = Sui (07) . Consequently, from (2A.4), r = 1. With p*r = p,,
it follows that p* = p,.

Proof of Theorem 2B (The Index Case). In addition to the notation

introduced above, recall that estimated conditional variance functions are
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given as:

>
*
—
>
=
[\
I

g
—~
>
S
~—
I

Write estimated response functions as:

~

My = Zi+ pS:; (0,0)9: /S

Let o = (0,b, p) and

Then, with Q* (a) = Q (a) — Q (av,), the estimator is given as:

& = argmin@) («) = arg minQ* ().

Similar to the argument above, with Q* (o) = E [@ () — @ ()]

~

sup | Q" (o) — Q" ()| = 0,(1).

It can be shown that for £ =1, 2:

EQ" (o) = EQ(a)— EQ(a,) = EA; + EAs,

N
EA, = EY 7i[My— M]" /N,
=1
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where

Mli (Oé) = Zle + pSm (Oé) Ui/Svi
Mgl‘ (Oé) Zze + pS;Z (Oé) Ui/Sm"

At the true parameter values, My, (a,) — My = 0, k = 1,2. Therefore, both
(21 and (), are separately minimized at the true parameter values. With
o* as a candidate for a minimum, ); and () must also be separately be

minimized at o*. It then follows that:
My (o) — My =0, k=1,2.
For k = 2, from the above restriction:
Z; (07 = 0,) + [p" S5 (@) = poSui ()] vi/ Swi = 0. (2B.1)

Multiply (2B.1) by wv;, take an expectation conditioned on X;, divide by
Syi # 0, and solve for p,S.; () v; /Sy to obtain:

poSui (ao) = Sm' (9; - 020) + p*S’:Z (Oé*> .

Noting that the r.h.s. only depends on X through [I, I; (b*)], for p, # 0, it
follows that:

St () = B[Sy () |1y 1; (b7)], m =1, 2.
Returning to (2B.1), solve for p*S¥, (a*) (v?/S?2) to obtain:

P28 (o) (vP/Sh) = paShi (o) (v7/S3) — (2B.3)

o™Mur

26,501 (00) (v3/ Sus) Zi (6 — 0,) +
(0"~ 0,) 2,2, (6~ 6,).
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Letting:

B (Xz) = 2poSui (ao) Svi (02 - 920)
C (Xz) = (Q* - 90>/E [Z;Zz’]u (b*) ) ]v] (9* - 80) )

employ (2B.2) and take an expectation in (2B.3) conditioned on I, (b*) and
I, to obtain:

p*2SE (07, 0%)% = p2S2, (8,) — B(X;) + C (X,). (2B.4)

O’U/L

Proceeding with a strategy similar to the nonparametric case above, from

the definition of S, (a*) :

Sk (a)? [Y Z0)* | L(b"), 1) (2B.5)
[(u (9 00))" | L(b"), L]

[S2, (a |1 (b"), Li] — 2E(uiv; | L(b%), 1) (03 — 02,)

C

(Xi).

E
= F
E
+

From the constant correlation assumption and (2B.2):

E(uivi ’ Xz) = poSui (90) Sm' = (2B6)
E(ui (00) Ui | Iu<b*)7 ]?)> = poE [Suz (90) |Iu(b*)7 [U] Svi
= poSui (‘90) Svi-

Substituting (2B.2) and (2B.6) into (2B.5):
Se (0%,0%) = 52, (0,) — B(X,) + C (X)) (2B.7)
Differencing (2B.4) and (2B.7) :

P (07,0°) = S5 (07,0) = pS3; (60) — S (6) - (2B.8)
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Note that p*2 = 1 = p? = 1, which contradicts an identification assumption.
With p*2 £ 1, let r = [(1— p2) /(1 — p*2)]"/? and from (2B.4) write:

S (07,6%) = 1S (6,). (2B.9)

Employing an argument identical to that in the nonparametric case, it now
follows from (2B1), a full rank condition, and the above results that 6* = 0,
and p* = p,.

Since 0" = 0,, p* = p,, and My; = My,

Sei (00,07) = E[ui(8,)° | L, (b), Iv)] = E [ui (6,)° | L (b")]
= ng (90) =F [uz (90>2 | Iu (bo)} .

It can now follows that b* = b, (Ichimura 1993).

Theorem 3 : Asymptotic Normality of the Second Stage Esti-

mator. Employing notation in Lemmas GA-C, let:
€ = €ai T EBi tEci

From (1-3) of the previous section and with H, = E [H (a;n,)]:

o

VN[a—a)) 57, 7~ N(0,H'E(e¢}) H, ') .

Proof of Theorem 3. With a™ ¢ (&,a,), in a set with probability
tending to 1, from (1-3):

VN[ —a) =~ [f(a*0)] [VE (Gt 6ot )]

. . AP
For the Hessian term, from standard uniform convergence arguments: H —

o1



H,. For the gradient, from Lemmas GA-C:
N
VN (GA +Gp+ Gc) =Nz, 2= &/N.
i=1

The result now follows.
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