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1 IntrodutionOne of the most widely aepted stylized fats in maroeonomis is the existene of di�erenttypes of fritions in the labor markets suh as geographial and skill mismathes betweenvaanies and unemployed workers, labor searh osts and the existene of asymmetri and/orinomplete information among the market partiipants. Following the seminal ontributionsby Diamond (1982), Mortensen (1982) and Pissarides (1985), a large body of literaturebased on the searh-theoreti framework has investigated the role suh types of fritions forthe short- and long-run dynamis of unemployment, see also Pissarides (2000).A partiularity of models in this modeling approah is that the strutural or natural unem-ployment therein arises solely due the existene of suh fritions, and not from a persistentlylow level of aggregate demand, as a more Keynesian perspetive would onsider. Aordingly,the impliit poliy reommendation of this type of models is the redution of suh fritions,either through diret ation or indiret inentives to the labor market partiipants, and notthe implementation of more expansive �sal and monetary poliies. This view is however notunontested: in many non-neolassial frameworks, long-term unemployment an be in�u-ened by urrent eonomi onditions, as the wide literature around the endogenous NAIRUdisussion has shown. A partiularly interesting ontribution whih brings together the searhtheoreti and the Keynesian approahes within an stohasti multi-setoral approah is dis-ussed in Aoki and Yoshikawa (2011). There, a speial fous is put on the modelling ofworkers' heterogeneity through the use of unemployed pools, whih are lusters of workersof a similar type, and the use of the onept of ultrametri distane to model, among otherthings, the probability that a worker laid o� in a setor i may be hired in a setor j. Inthis ontext unemployment movements are derived from fritions in the labor market, butAoki and Yoshikawa also demonstrate that � through Okun's law� a large fration of ylialunemployment is due to demand and output �utuations.The main aim of our paper is also to investigate employment and unemployment movementsin heterogeneous labor markets. We in partiular refer to two segments of the labor mar-kets where employment is given by ontratual agreements of with di�erent time horizon.Yet, to math the empirially observable aggregate �utuations redit driven investment isintrodued. We thus highlight the importane of the redit hannel in a full-�edged model ofthe real setor with Keynesian quantity adjustment proesses and a wage and prie Phillipsurve, representing what is usually alled the dynamis of the supply-side. We have a sim-ple form of Okun's law as link between the goods and the labor market and the loan rate,�rms' indebtedness and (indiretly) the state of liquidity of the eonomy as arguments in theinvestment funtion. The theory of prie in�ation is of an advaned Tobinian type (Tobin ,1975) and augmented by the Chiarella and Flashel (2000) onept of an in�ation limatewhih provides inertia to the proess of goods prie in�ation. The loan rate governing theeonomy is set by the asset holders, while the supply of new loans is generated endogenously2



and follows the loan demand of �rms. The model exhibits at least six important feedbakhannels, two on the side of quantities, two nominal ones and two within the proesses thatgenerate and diret redit. This give rise to potentials for instability as well as stability.Our framework is onstruted in suh way so that simpli�ed, lower dimensional versions ofthe model an be obtained by setting parameters desribing spei� feedbak e�ets fromone setor to another equal to zero. Starting from a low dimensional sub-dynamis, we showstability of the full 7D model through a `asade of stable matries' approah if the feedbakhains are su�iently tranquil in their transmission mehanisms. Yet, this variety of feedbakhannels will overthrow the stability of it by way of so-alled Hopf-bifurations if they beomesu�iently strong, and will sooner or later generate ylial explosiveness around the balanedgrowth path if not tamed by behavioral non-linearities far o� the steady state.The remainder of this paper is organized as follows. In setion 2 we set up the baseline theo-retial framework, deriving its unique steady state as well as its intensive form representationin setion 3. We disuss the onditions for loal stability of the system's steady state, loalstability properties in setion 4, and analyze the model's potentials for instability and ylesthrough numerial simulation in setion 5. Setion 6 draws some onluding remarks fromthis study.2 The Baseline Framework2.1 The Household SetorThe �rst module desribes the onsumption behavior of the household setor re�eting ourtwo segments of the labor market.So there are worker households of type I and II. Moreover,there are pure asset holders (indexed by c) who also provide the �ow savings into �nanialassets. Workers of type II do not save, due to the low inome they are reeiving relative toworkers of type I. We do not allow for redit �ows to type II of workers, the inlusion ofwhih ould be used to model aspets of the subprime risis of 2008. Moreover, the savingsof workers of type I are held as deposits in workers' banks with a 100% reserve ratio (as itis often assumed when no multiplier e�ets are onsidered). As there is no expliit system ofunemployment bene�ts in this formulation of the household setor, we just assume that thegovernment expenditures onsidered in the model do over suh bene�ts (through the term
Gr in subsetion 2.3).We denote by T n

w = tnwK the taxes net of interest paid by the workers from their real inome
ωLd � with ω = w/p representing the real wage � and by T n

c = tncK the taxes net of interestpaid by the apitalists on their real pro�ts ρgeK, where ρge is the expeted gross rate of pro�t(inluding interest rate payments) de�ned as
ρge =

Y e − ω1L
d
1 − ω2L

d
2 − rΛ/p− δK

K3



where Y e is the expeted level of sales, ω1 and ω2 are the real wage for workers of type Iand II, respetively, with Ld
1 and Ld

2 being the orresponding labor demands by the �rms, ris the real loan interest rate and Λ is the �rms' level of debt. We assume that workers oftype I onsume their disposable inome with the propensity cw (and save the remainder inthe form of saving deposits), while apitalists onsume with propensity cc. Aordingly, totalreal private onsumption is thus given by1
C = cw(ω1L

d
1 + α2ω1L

d
2 − tnwK) + cc(ρ

geK − tncK), α2 ∈ (0, 1) (1)Compared to Chiarella and Flashel (2000) and subsequent work, a novel feature of thepresent model is that the real loan rate is assumed to depend negatively on the output gap �measured as the deviation of the apaity utilization u (to be de�ned below) from its steadystate level � (as sreening beomes less ostly in an eonomi boom), and positively both onin�ation and on the nominal rate of interest paid on short-term bonds (with respet to whiha Taylor rule will be formulated later on), that is
r = r̄ − ru(u− uo) + rpp̂+ ri(i− ī). (2)The other new feature of the urrent framework is that we onsider two types of labor supplies,

L1 and L2 given by
L̇1 = (γu1 e1 − γd1 (1− e1))L1 + γL1 (3)
L̇2 = (γd1 (1− e1)− γu1 e1)L1 + γL2 (4)as they pertain to the segmented but interonneted two labor markets: the market for regularworkers and the market for low inome or atypial workers, respetively.As Figure 1 illustrates, this interonnetedness is here modeled by the given portion γd ofworkers who leave the �rst labor market (in a downward diretion `d') into the seond one(measured relative to the level of unemployed workers in the �rst labor market) and theportion γu of workers who are moving up in the inome ladder by entering the �rst labormarket out of the seond one (again measured relative to the level of employed workers e1L1in the �rst labor market, e1 being the employment rate). Of ourse, the opposite happenswith respet to the labor supply on the seond labor market. We have assumed that atypialor low-inome workers reeive a onstant fration α2 of the wage for normal work and thatthey do not save, as a onsequene of their low inome streams.231We exlude the interest payments of the government as exerising a feedbak on onsumption by theassumed taxation rules (a standard assumption in maroeonomi theorizing) and reserve this feedbak hannelfor a later extension of the model.2It should be lear that if the two labor markets were not interonneted, the number of both types ofworkers would grow at an exogenous rate, given by the trend growth term in investment.3At this point, the reader may also wonder what happens with the past savings of workers who were of type4
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Figure 1: Segmented Labor Markets: Workfore and Unemployment Flows.2.2 The Entrepreneurial SetorWe assume a prodution tehnology with �xed oe�ients and denote by yp = onst. theoutput-apital ratio whih determines the potential output Y p = ypK of �rms. The utilizationrate of apital is denoted by u = Y/Y p = y/yp, where y = Y/K is the atual output-apitalratio. Labor demand by �rms is determined by output Y and average labor produtivity x,the rate of growth of whih we assume to be a given magnitude here, but in priniple may beassumed to depend positively on both the infrastruture/apital stok ratio and on the laborshare v, i.e.
Ld
i = Y/xi, ei = Ld

i /Li, x̂ = x̂i = x(I/K, v), i = 1, 2, x′ > 0 (5)Eq.(6) desribes the hange in the apital stok, aptured by an investment funtion featuringseveral hannels that in�uene demand for new apital outlays:
K̂ = iρ(ρ

ge − ρgeo )− ir(r − p̂− r̄) + io(u− uo)− iλ(λ− λo) + γ (6)Investment demand depends (i) positively on gross pro�ts (and thus does not distinguishwhether pro�ts arue to apital stok or redit owners); (ii) negatively on the the real loanrate (the real borrowing osts); (iii) negatively on the rate of utilization of apital, beauseof a Kalekian retardation e�et, and (iv) negatively on �rms' debt to apital ratio λ. Inaddition, we onsider investment demand as inorporating an exogenous trend term γ, whihalso determines all other trend terms onsidered in this model.I and, due to any reason, beome workers of type II (at least temporarily). Impliitly, we are just assuminghere that workers of type I when they beome workers of type II leave their past savings untouhed as longas they work with a ontrat of type II (while interest is taken away from term through the assumed taxationrule by whih � and beause of the absene of any wealth e�ets � the in�uene of bonds in onsumption issuppressed). 5



Changes in inventories, and thus the evolution of the �rms' savings, are given by4
Ṅ i = Sf = Yf = Y − Y e. (7)Intended investment I is �naned by net pro�ts in the amount
Πn

r = p(I + Ṅ − Ṅ i)− Λ̇d, (8)as well as � and primarily � by new loans (via the implied Walras' law of �ows whih onsol-idate all aggregate of the budget equations), whih are assumed to be fully supplied in theamount demanded by �rms, i.e.
Λ̇d = (αo

f + α1
f (λo − λ))pI, (9)with windfall pro�ts (or losses) Y d − Y e, de�ned as

Y d − Y e = C + I +G+ δK − Y e, (10)representing an additional third potential �naning soure.2.3 The Government SetorGovernment expenditures (whih inlude unemployment bene�ts that are totally onsumed)onern infrastruture investment Gi (keeping the ratio to the growing apital stok onstant),the expenditure of the remaining taxes on soial seurity and government onsumption, de-noted by Gr, and anti-ylial �sal poliy onsumption Gc, whih is assumed here to be theonly government expenditure type that is truly allowed to be debt �naned (through the issueof risky assets, here perpetuities), with the government using debt to �nane its additionalexpenditure in the bust, and reduing it in the boom. This anti-ylial behavior is �utu-ating around trend level of state expenditure γK. It is impliitly assumed that governmentares about the unemployed in one form or another by means of its resoures Gr.
Gi = Ṙi + δRi, Ṙi = K̂Ri (11)
Gc = γK − gc(u− uo)Y

e, (12)
pGc = Ḃ + ppḂp − iBcb → Ḃp, Ḃ = αgppḂp (13)
pGr = T n

w+c − (iBw+ca +Bp + si∗B∗

ca)− pGi = tnwpK + tnc pK − pGi (14)We assume with respet to monetary poliy a quite simple Taylor rule, aording to whihthe monetary authorities simply raise the interest rate above a given level ī if domesti priesare higher than their steady state value and vie versa, i.e.
i = ī+ ip(p− p̄), (15)4We note the assumption that investment is not in�uened by the state of Tobin's q = pk/p, i.e., the assetmarkets, see e.g. ?, do not yet exerise an in�uene on the behavior of the real setor of the eonomy, whihonly depends on the loan rate setting of the banks run by the asset holders.6



This �xing of the rate of interest i at eah moment of time only demands that i is treatedas given and that money supply M is endogenous and adjusted to the money demand ofasset holders via open market operations in the form of short-term government bonds B.The reader may of ourse ask here why there is no goods-prie in�ation (or de�ation) in thesteady state of the model so that we an indeed use p̄ as steady state prie level in the abovemonetary poliy rule. This will be implied by the assumed loan rate funtion as we will showin the next setion.2.4 Dynamis: Goods- and labor-market adjustment proessesLet us now disuss the modules of our theoretial framework that generate its laws of motions.
Y d = C + I + δK +G, G = Gi +Gc +Gr (16)
Nd = αndY e, αnd > 0 (17)
Ṅ i = γNd + βn(N

d −N), βn > 0, (18)
Y = Y e + Ṅ i, (19)
Ẏ e = γY e + βye(Y

d − Y e), (20)
Ṅ = Y − Y d = S − I, (21)Eq. (16) de�nes the aggregate demand funtion of the eonomy. The remaining equations rep-resent the Metzlerian extension of the dynami multiplier proess, as introdued into modelsof the KMG variety in Chiarella and Flashel (2000).The wage-prie dynamis is of the kind onsidered e.g. by Chiarella and Flashel (2000) andFlashel and Krolzig (2006), where ŵ and p̂ denote wage- and prie in�ation and where πcrepresents the in�ationary limate the eonomy is working in. Note that ē1 is not the NAIRUrate of employment in this model, see the setion on its steady state. We have two demandpressure terms on the labor �rst market, one inside and one outside of �rms through theexternal labor market. Moreover, a better state in the seond labor market leads to higherwage laims of the workers in the �rst labor market. Finally, we have a Blanhard and Katz(1999) type of error orretion term whih provides a moderating in�uene of wage shareinreases on the in�ation rate of nominal wages.

ŵ1 = βw1(e1 − ē1) + βw2e2 + βwu(u− uo)− βwv(v1 − v1o) + κwp̂

+(1− κw)π
c + x̂ (22)

w = (1 + α2)w1, ŵ = ŵ1 = ŵ2, v1 = w/p/x1

p̂ = βpu(u− uo) + κp(ŵ − x̂) + (1− κp)π
c (23)

π̇c = βπc
c
(p̂− πc), (24)with w = (1 + α2)w1, ŵ = ŵ1 = ŵ2, and v1 = w/p/x1.7



The new equation in the wage-prie dynamis is a two-level type of Okun's law
êi = βe(u− ū) + γ − x̂− L̂i i = 1, 2 (25)whih here links the utilization of the apital stok u (used as proxy for the utilization rate ofthe two types of workers employed by �rms) and trend growth, βe(u−ū)+γ, to the reruitmentrates on the external labor markets. These reruitment rates are however lowered throughlabor produtivity growth x̂ whih depends positively on the infrastruture-apital ratio I/K,whih is a given magnitude in the present model. Okun's Law thus re�ets absorption as wellas dismissal e�ets in the reruitment poliy of �rms (wherefrom the growth rates of laborsupply have to be deduted in order to arrive at the growth in employment rates.The use of these two laws of motion allows to dismiss the law of motion for the state variable

l = L/K of the KMG models of Chiarella and Flashel (2000) and represents a onvenientshort-ut that makes the representation of the dynamis similar to the original Goodwin(1967) representation of the growth yle of apitalist eonomies.5 Note moreover that thesystem is not a pure supply side model as the one of Goodwin (1967), but driven by a businessyle subsystem of the onsidered Keynes-Metzler type (whih determines the variable u ateah moment in time). Further, total labor supply is adjusting passively to the needs of �rmsas expressed through the trend term in their investment behavior. Finally, the term ē1 ineq.(22) is not the steady state level of regular employment, but an exogenous, in�ationarybarrier on wage growth.3 Intensive form and balaned growth path3.1 Intensive formThe model developed above implies the following laws of motion for the state variables ye =
Y e/K (expeted total sales as a ratio of apital stok), ν = N/K (inventories to apital ratio,i.e. the business yle quantity adjustment proess), and the debt to apital ratio λ = Λ/pK:

ẏe = βye(y
d
t (·)− ye)− i( · )ye, (26)

ν̇ = y − ydt (·)− [i( · ) + γ]ν, (27)
λ̇ = [αo

f + α1
f (λo − λ)](i( · ) + γ)− [i( · ) + γ + p̂]λ (28)The laws of motion of the wage-prie spiral, now reformulated for the open eonomy aseand now also inluding �rms' reruitment poliies and the law of motion for the in�ationary5We impliitly use the variable Lw

1 for the workfore of �rms in order to de�ne the rate of employment as
e1 = Lw

1 /L1, but avoid to use as state variable the rate of utilization of this workfore by Ld

1/L
w

1 , an expressionwhih is here proxied by the variable u. 8



limate, read on the intensive form level:
v̂ = κ[(1− κp)(βw1(e1 − ē1) + βw2e2 − βwv(v1 − v1o))

+((1− κp)βwu − (1− κw)βpu)(u− uo)] (29)
ê1 = βe(u− ū)− x̂− (γu1 e1 − γd1 (1− e1)) (30)
ê2 = βe(u− ū)− x̂− (γd1 (1− e1)− γu1 e1)

e2x2
e1x1

(31)
π̇c = βπc(p̂ − πc) (32)
p̂ = πc + κ[βpu(u− uo) + κp(βw1(e1 − ē1) + βw2e2 + βwu(u− uo)] (33)

−κβwv(v − vo))]The postulated wage-prie dynamis ontains an in�ation aelerating mehanism of the type�rst disussed in Tobin (1975). This feedbak hain between the in�ation rate and theunderlying in�ationary limate provides an advaned view of the proess of in�ation in a twoPhillips urve framework in whih both wage and prie dynamis are taken into aount. The2D wage-prie dynamis, together with the 2D Metzlerian desription of the business yledynamis, and the 2D Goodwin (1967)-style interation between inome distribution andemployment form the 6D dynamis of the eonomy we are onsidering in this paper.The stati elements that are needed to omplete the desription of the intensive form of themodel are:.
y = (1 + γαnd)ye + βn(αndye − ν), u = y/yp (34)

ρge = ye − δ − (1 + α2

x1
x2

)v1y (35)
r = r̄ − ry(u− uo) + rpp̂− riip(p − p̄) (36)
yd = cw

((

1 + α2

x1
x2

)

v1y − tnw

)

+ cc(ρ
ge − tnc ) + tnw + tnc + γ − gc(y/y

p − uo) (37)
+iρ(ρ

ge − ρgeo )− ir(r − p̂− r̄) + io(u− uo)− iλ(λ− λo) + δ + γ (38)3.2 Balaned growthThe following set of equations desribe the interior steady state �or balaned growth path�of the marodynamis we study in this paper. Due to the postulated taxation rules, the
9



�nanial side does not in�uene the balaned growth path.
πc
o = 0 = p̂o (39)
yo = uoy

p, uo = ū+ x̂/βe (40)
yeo = yo/(1 + γαnd) (41)
νo = αndyeo (42)
ro = r̄ (43)
po = p̄ (44)
K̂o = γ (45)
λo = αfo (46)
ρgeo = yeo − δ − (1 + α2)

(

x1
x2

)

v1oyo (47)
e1o =

γd

γd + γu
, e2o =

βw1(ē1 − e1o)

βw2

(48)
v1o =

(1− cc)(y
e
o − δ − tnc )− (1− cw)t

n
w − 2γ

(

cw

(

1 + α2
x1

x2

)

− cc

)

yo
(49)The main state variables are (intensive-form) expeted sales ye and inventories ν, togetherwith the Tobin (1975) in�ation-aelerating mehanism in the in�ation rate p̂ and in�ation-ary limate πc, and �nally the Goodwin (1967) distributive yle in the labor share v andaggregate employment rate e. As it is lear after a ombined look at equations (45), (40),the demand side only explains inome distribution but not the trend growth rate of the eon-omy whih, in the sense of Keynes, is determined by exogenous animal spirits.6 The steadystate rate of employment of type-1 workers (48) balanes �ows into and �ows out of regularemployment, and thus ompares diretly with the �ow vision of (un)employment found inPissarides (2000). Atypial employment is instead determined residually, and therefore de-pends positively on the wage in�ation barrier ē1 while negatively on the regular employmentrate.Next, onsider the share of wages of regular employees in equation (49). Higher tax rateson asset-holders and workers both redue v1o beause asset taxes redue pro�ts and thereforeinvestment on the one hand, while higher wage inome taxes lower onsumption. On the otherhand, the e�et of an inrease in both the propensity to onsume of asset-holders and thatof workers is ambiguous, beause it ultimately depends on parameter values. Typially, indemand-driven models the spending multiplier inreases in marginal propensities to onsume,but here we are not onsidering only aggregate demand but also inome distribution.6It is beyond the sope of this paper to provide theoretial grounds to γ, the animal spirits term, espeiallyonsidering the role of (pure) unertainty over the longer run in the future development of apitalism.10



3.3 Feedbak hannelsThe feedbak hannels of the dynamis are summarized in tables 1-4. To begin with wenote that two real aelerator proesses on the market for goods are given by the Keynes-Metzler quantity adjustment proess and a level-oriented Harrodian multiplier-aeleratorproess. These aelerator proesses are weak if the parameters βn, iu are su�iently small.In partiular the �rst aelerator proess will play no role in the analysis this paper is foussedon.The two real aelerator proesses on the market for goods, the Keynes-Metzler and the Har-rodian one have already been mentioned. We onsider the inventory mehanism �rst. Aninrease in expeted sales inreases intended inventory by �rms. Goods making up these in-ventories will be produed, so output will inrease. Aggregate disposable inome will inreaseas a result, and demand and expetations about sales will be revised upward. Conerning theHarrodian dynamis, an inrease in the utilization of apital stok will push the non-trendomponent of investment demand (the aelerator). Hene, aggregate demand will rise andso will expeted sales, thus reinforing the upward trend in utilization. Table 1 below outlinesthese feedbak hains.Table 1: Metzlerian and Harrodian aelerator mehanisms1. Metzlerian inventory aelerator:
↑ ye

+
7−→ ni +

7−→ y
+

7−→ yd
+
7−→↑↑ ye2. Harrodian investment aelerator:

↑ u
+

7−→ i(·, ·, ·, ·)
+

7−→ yd
+
7−→ ye

+
7−→ y

+
7−→↑↑ uNext, we look at the dynami e�ets on output and in�ation of an inrease in expetedsales via the loan rate. If expeted sales inrease, the loan rate is pushed down throughthe inrease in utilization as desribed in the loan rate setting equation. This re�ets thatsreening proesses of �rms beome heaper when eonomi ativity and the utilization of theapital stok inreases. Then, following the dereases in the loan rate through this �nanialaelerator, investment demand will rise eteris paribus, thus inreasing aggregate demand,bringing about an upward revision of sales expetation, and ultimately inreasing output. Thisis a positive feedbak hain whih may lead to sreening yles from this partial perspetive.The analysis of this redit hannel is related to the work of Bernanke and Gertler in partiular,see Bernanke and Gertler (1995) for example. Similarly, the proess of higher in�ation lowersthe loan rate in real terms, thus again inreasing the non-trend omponent of investment11



demand. Consequently, aggregate demand will rise, and so will expeted sales. Utilizationwill inrease, and the in�ationary pressure will be reinfored beause of the ombined e�et ofgoods markets� and labor markets� dynamis. These two proesses are summarized in Table2.Table 2: Destabilizing Minsky- and Tobin-type loan-rate hannels on the real andthe nominal level of the dynamis3. Expeted-sales/Loan-rate aelerator:
↑ ye

−

7−→ r
+

7−→ i(·, ·, ·, ·)
+

7−→ yd
+
7−→ ye

+
7−→↑↑ y4. In�ation/Loan-rate aelerator (rp < 1):

p̂ ↑
−

7−→ r − p̂
+

7−→ i(·, ·, ·, ·)
+

7−→ yd
+
7−→ ye

+
7−→ u

+
7−→ p̂ ↑↑ [↑ πs +

7−→↑ p̂]Next, we look at two di�erent e�et of hanges in the prie level. On the one hand, alower aggregate prie level dereases the interest rate set by the entral bank (mirroring theonventional Keynes e�et). Through the loan rate setting equation, the loan rate will fall,thus pushing up investment demand, aggregate demand, expeted sales, and in turn utilizationand thus provides a hek to the prie level dereases through both goods�market and labor�market pressures. By ontrast, and on the other hand, a lower prie level inreases the amountof outstanding debt in real term, thus depressing investment, aggregate demand, and salesexpetations, and ultimately resulting in lower utilization and further de�ationary pressures.This is nothing but Irving Fisher's debt-de�ation spiral. Table 3 summarizes the stabilizingKeynes-e�et and the destabilizing Fisher-e�et in our model of Keynesian marodynamis.The latter e�et is partiular disastrous in the ase of prie de�ation, sine monetary poliyis then inapable of stopping suh spiral.Finally, we onsider below the interation of workers and �rms within the wage-prie spi-ral (their on�it about inome distribution) with either wage� or pro�t�led goods demandregimes, oupled with those reperussions between the labor market and the goods marketwhih are at the heart of the distributive yle. The ase of a positive response of wage sharegrowth on eonomi ativity is denoted as a labor market-led wage-adjustment proess, whilethe ase of a negative reation of the wage share growth to higher eonomi ativity is denotedas goods market-led. As disussed e.g. by Proaño et al. (2011) the extent to whih the wageadjustment proess is labor-market or goods-market led, ombined with the harateristisof the demand regime of the eonomy, determines whether real wage and wage-share adjust-ments have stabilizing or destabilizing e�ets. Wage adjustments will be stabilizing if the12



Table 3: De�ation, redit-driven Keynes e�et and Fisher debt e�et5. `Keynes'-type stabilizing prie-level e�et:
↓ p(↓ i)

−

7−→ r
+
7−→ i(·, ·, ·, ·)

+
7−→ yd

+
7−→ ye

+
7−→ u

+
7−→↑↑ p6. Fisher debt-de�ation ampli�er:

↓ p
+

7−→ λ
−

7−→ i(·, ·, ·, ·)
−

7−→ yd
−

7−→ ye
−

7−→ u
−

7−→↓↓ pnegative response of investment to hanges in real wages outweighs the positive response ofonsumption, and if wages are more �exible to labor demand pressures than pries to goodsmarket pressures (or both vie versa). Conversely, if investment reats less than onsumptionto hanges in real wages and wages are more �exible than pries, or both vie versa, then realwage adjustments will be destabilizing. These �ndings learly show that empirial analysisis needed in this matter and may lead to di�erent results depending on the ountry and thetime period under onsideration. These e�ets are summarized in table 4.4 Loal stability analysisWe �rst onsider the loal asymptoti stability properties of the resulting dynamial system,before investigate the likeliness of loal explosiveness and the resulting for global stabilizers.Proposition 1. The interior steady state of the dynamial system is loally asymptotiallystable if inventory adjustment is su�iently sluggish (βn small), iu su�iently small, ry suf-�iently small, ir su�iently small, iλ su�iently small, goods market adjustment su�ientlyfast (βye large enough), �sal poliy su�iently ative and the wage-prie spiral su�ientlyinative (and the seond labor market only weakly in�uential). The distintion wage-led vs.pro�t-led is not of real importane in this ontext. Fisal and monetary poliy an be used tostabilize the eonomy.Sketh of proof: We �rst set the parameters βe, βn, βπc , iλ equal to zero and onsider thethen resulting 3D dynamis in the state variables v, ye, p in this order. As sign struture ofthe Jaobian of the dynamis at the steady state we get in this ase:
J =







∂v/∂v ∂v/∂ye ∂v/∂p

∂ye/∂v ∂ye/∂ye ∂ye/∂p

∂p/∂v ∂p/∂ye ∂p/∂p






=







− + 0

± − −

− + 0
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Table 4: Wage-prie spiral and inome distribution1. `Rose (1967)'-type stabilizing real-wage / aggregate demand interation(pro�t-led i(v1) dominates s(v1), labor-market-led ase ŵ(u) dominates p̂(u)):
↑ v1

−

7−→ Y d +
7−→ Y e +

7−→ Y
+
7−→ u

+
7−→ v1, i.e :↓ v12. `Rose (1967)'-type stabilizing real-wage / aggregate demand interation(wage-led i(v1) dom.ted by s(v1), goods-market-led ase ŵ(u) dom.ted by p̂(u)):

↑ v1
+

7−→ Y d +
7−→ Y e +

7−→ Y
+
7−→ u

−

7−→ v1, i.e :↓ v13. `Rose (1967)'-type destabilizing real-wage / aggregate demand interation(pro�t-led i(v1) dominates s(v1), goods-market-led ase ŵ(u) dom.ted by p̂(u)):
↑ v1

−

7−→ Y d +
7−→ Y e +

7−→ Y
+

7−→ u
−

7−→ v1, i.e :↑↑ v14. `Rose (1967)'-type destabilizing real-wage / aggregate demand interation(wage-led i(v1) dom.ted by s(v1), labor-market-led ase ŵ(u) dominates p̂(u)):
↑ v1

+
7−→ Y d +

7−→ Y e +
7−→ Y

+
7−→ u

+
7−→ v1, i.e :↑↑ v1This sign struture easily implies the validity of the Routh-Hurwitz onditions for loal asymp-toti stability if the term J12 is positive (or negative) and su�iently lose to zero. In thisase the dynamis of the wage share is weakly labor market led (or weakly goods market led).The generally umbersome last Routh-Hurwitz ondition is then obviously ful�lled, sine thisensures that the negative of the 3D determinant is dominated by the negative of the produtof the trae and the prinipal minors of order 2.We note that the sign of J21, i.e., the question of whether the eonomy is wage led or pro�t-leddoes not matter in suh a situation. Note moreover that the subdynamis in the state variables

v, ye represents a demand driven Goodwin (1967) growth yle model, the distributive yleof Barbosa-Filho and Taylor (2006) in fat, see also Proaño et al. (2011), with terms inthe diagonal of the Jaobian being negative, i.e., the dual Keynesian fores are stabilizingthe wage-led ase if su�iently pronouned. In addition the Keynes-e�et in the investmentfuntion helps to improve the stability if the wage-led feedbak e�et beomes stronger.Making the parameters βe positive gives � after suitable row operations � for the determinant
14



of the resulting 4D situation (in the order v, p, ye, e) the qualitative expression:
|J | =

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 +

+ 0 0 0

0 − 0 0

0 0 + 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

.This determinant is obviously positive. This implies that the 4th eigenvalue must be negativefor small βe, sine the stability of the 3D system is not disturbed thereby (due to the ontinuousdependene of eigenvalues on the parameters of the dynamis).Repeating the same for βn (and the order v, p, ye, e, ν) gives
|J | =

∣

∣

∣
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∣

∣

∣

∣

∣

∣

∣

0 0 0 + 0

+ 0 0 0 0

0 − 0 0 0

0 0 + 0 0

0 0 0 0 −

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣whih then obviously provides a negative determinant and thus again a negative eigenvalue(in plae of a zero root) and thus the stability of the steady state if βn is hosen su�ientlysmall. This simple result of only a negative entry in the diagonal of the resulting enlargeddeterminant also holds in the 6D ase when βπe beomes positive and also when iλ beomespositive and the full 7D system is onsidered. This ompletes the proof of the proposition.The reader should note that the results on the alternating signs of the determinants of the4D, 5D, 6D and 7D ases hold independently of the stability onditions for the 3D ase andare thus ompletely general in nature. Using the law of motion for the prie level p, the lastrow of the full 7D dynamis an be redued to (0, 0, 0, 0, 0, 0,−) by row operations whih donot hange the sign of the full 7D determinant whih therefore must be negative.At this point it should be stated that this proposition shows that onvergene towards balanedgrowth is not what an be expeted from the Keynesian marodynamis onsidered in thispaper. Indeed, even though we were able to show the resulting 6D subsystem is loallyasymptotially stable under ertain onditions revealed through the appliation of the asadesof matries approah (see in partiular Chiarella et al. (2006)), suh harateristis of thesystem should not be onsidered as neessarily given. Further, it should be lear to the readerthat the true extent of suh stability onsiderations an only be investigated by means ofnumerial methods, sine global analytial methods are not available here. Nonetheless, theimportane of the proposition is that it helps when simulating the dynamis, sine one anlook by its help for basins of asymptoti stability �rst, and then start analyzing the dynamibehavior of the system when suh onditions are relaxed.77Of ourse, global boundedness and thus the persisteny of persistent osillations an be further ensuredby adding appropriate behavioral nonlinearities to the model as in Chiarella and Flashel (2000) and laterrelated work. 15



5 Numerial simulations of the modelThis setion illustrates some of the properties of the model with numerial simulation. Nu-merial simulations were produed using E&F Chaos software, whih was developed at theCenter for Nonlinear Dynamis and Finane (CeNDEF) at the Faulty of Eonomis andBusiness, Universiteit van Amsterdam, see Diks et al. (2008).8The alibration goes as follow. Capaity utilization uo and potential output yp are set at 1 inthe steady state. This implies that output yo is normalized to 1 at the steady state. Inventoriesare assumed away νo = 0 in the following simulations by setting αnd = 0. Expeted outputis therefore equal to output yeo = yo = 1. The debt to apital ratio λo is also normalized tounity.The simulation onsiders the ase of a polarized distribution of inome in whih both type ofworkers onsumed their entire inomes, in ontrast to apitalists households. The propensityto onsume of apitalist cc is zero, while the propensity to onsume of regular worker cw is 1.Workers pays 10 perent of taxes (net of interest) tnw, while asset-holders pays 20 perent oftaxes (net of interest) on their real pro�ts. This produes a labour share of inome equal to62 perent in line with historial average. The labour share of inome is distributed equallybetween workers of type I and workers of type II. γd, γu and the speeds of adjustment inthe labour market βw1 and βw2 are set to 0.09, 0.01, 1.8 and 0.3 respetively. This leads toemployment rates, normalized by the labour fore of eah type of labour, of 90 perent inthe type I labour market e1o and 60 perent in the type II labour market e2o. Lastly, priesare normalized to 1 and the in�ation rate is zero at the steady states. Nominal wages arerelatively more �exible than prie with βw1 = 1.8, βw2 = 0.3, βwu = 1.1, βpu = 1, while theost push elements are symmetri κw = κp = 0.5. The sensitivity of investment to pro�tabilityis iρ = 1, whih produes a pro�t-led demand regime. Given the relative �exibility of nominalwages, the wage-prie aggregate demand feedbak loop is stable. Monetary poliy has a strongstabilizing e�et on apital aumulation with ir = 0.5, while the Kalekian retardation e�etis moderate io = 0.3. Lastly, the Fisher e�et is small as iλ = 0.3.Figures 1 to 4 display the adjustment of expeted output, the labour share and labour demandof type I following a 5 perent shok on expeted output. In �gure 2 and 4, v1 is onlythe wage share of employment e1 and Y/xi is to be viewed as employment funtions, notprodutivity indexes, whih as isolated magnitudes are meaningless in the onsidered jointoutput situation. The di�erene between �gures 1-2 and �gures 3-4 is that noise has beenadded in the simulations orresponding to the latter set of �gures. The amplitude and phaselength in �gures 1 to 4 are quite satisfying from an empirial point of view with business yletaking plae over a 7 years period of time.98This tool for the numerial analysis of dynami period models as well as ontinuous-time ODE systemsan be downloaded from the webpage of the CeNDEF.9We have added a sinh-nonlinearity to both the �sal and the monetary poliy rule whih are thus assumed16
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Figure 3: Partial phase plot
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Figure 4: Time series: Adding noise  0.29
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Figure 5: Limit yle: Adding noiseFurther, �gure 6 illustrates the �utuations of the employment rates of workers of type Iand II, and the resulting aggregate employment rate e, together with the evolution of ye.As it an be learly observed in this �gure, our model does not only generate an endogenousemployment rate, but this resulting variable losely follows the evolution of aggregate demand,along the Keynesian view on the linkage between the goods and the labor markets.As next we analyze how the dynamis of the system are a�eted by eteris paribus parameterinreases. The most relevant of these bifuration diagrams are illustrated in �gures 7-9.These bifuration diagrams � whih in ontinuous time should only plot loal maxima andminima, but not all points after a transient phase of here 30 years � demonstrate the strongeonomi viability of the generated yle mehanism whih however beomes larger when thespeed of adjustment of the labor fore (βe), i.e., hiring and �ring is inreased for both e1, e2.Inreasing the negative impat of the debt to apital ratio iλ is somewhat stabilizing the yle,to be weak around the steady state, but gather fore the more the system departs from it. This is the basisof the persistent �utuations the hosen numerial example reates.17
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Figure 6: Flutuations in the total employment rate and its onstituent parts
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Figure 7: Bifuration diagram: Varyinghiring and �ring speeds in the �rst labormarket
 0.56

 0.58

 0.6

 0.62

 0.64

 0.66

 0.68

 0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

e2t

be

bifurcation diagram

Figure 8: Bifuration diagram: Varyinghiring and �ring speeds in the seond labormarketwhile the e�et of the in�ation rate on the loan rate is not. In all ases it is demonstratedthat the dynamis are bounded over large ranges of parameter values.6 ConlusionsIn this paper we set up a dynami maro model representing detailed goods market dy-namis, heterogeneous labor markets, dual and ross-dual adjustment proesses, as well asounter-ylial government poliies. The ore of the resulting Keynesian marodynamis isgiven by redit-�naned investment behavior and redit supplies setting the loan rate. Aswe have shown a variety of mostly destabilizing feedbak hains an arise. The framework isonstruted in suh way so that simpli�ed, lower dimensional versions of the model an beobtained by setting parameters desribing spei� feedbak e�ets from one setor to another18
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Figure 9: Bifuration diagram: Varyingleverage e�ets
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Figure 10: Bifuration diagram: Varyingloan rate aelerationequal to zero. Starting from suh a low dimensional sub-dynamis, we show stability of thefull 7D model through a `asade of stable matries' approah if the feedbak hains are suf-�iently tranquil in their transmission mehanisms. However, loal stability is the departurepoint for the numerial investigation of loal explosiveness and the fores that an bound suha behavior. Naturally, when then maro �utuations arise not only aggregate employmentwill �utuate but also � to a di�erent extent � the employment in our two spei�ed seg-ments of the labor market. Our modeling devie may help us to understand why through theimplementation of �labor market and strutural reforms� � originally aimed to redue labormarket fritions, as for example the ones implemented in Germany during the 2000s � haveresulted in quite an unpleasant outome. The type of liberalization poliies implemented aslabor market reforms has led to an inreasing fration of the labor fore being employed inlow-inome segment of the labor market with the employment being highly volatile.
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