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Abstract

The origins of this thesis lie in the present author’s study of the asymptotic behavior of the weighted
p-Laplacian evolution equation, which is one of the bench marks of nonlinear evolution equations and
used to model many physical phenomena, such as the evolution of fluvial landscapes. Due to these
modeling aspects, it is of great interest to add randomness to such an equation. In this thesis, we
investigate two different ways of doing that: We literally add a pure-jump noise to a nonlinear semigroup
and derive an existence, uniqueness and asymptotic theory for the resulting process; and secondly, we
replace the weight function occurring in the p-Laplacian evolution equation by a random quantity.
Hereby, the first approach will be set up for arbitrary nonlinear semigroups, and the applicability of our
results will be demonstrated at hand of the p-Laplacian evolution equation; and the latter approach is

written specifically for the p-Laplacian case.
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Chapter 1

Introduction

The purpose of this thesis is to present new insights into the existence/uniqueness and asymptotic theory
of some deterministic and random nonlinear partial differential equations. Even though the different
results obtained here are to some extend connected, they are not as intertwined as it seems on a first
glance. Particularly, we may consider the same objects in many chapters of this thesis, but in each
chapter we shoot at them from different angles; and by doing so we cover a variety of mathematical
areas, including: Classical functional analysis, the theory of nonlinear semigroups and abstract Cauchy
problems, random variables taking values in (separable) Banach spaces, and Markov processes taking
values in infinite-dimensional spaces.

In this introduction, we do not intend to give a precise and rigorous outline of the results which we will
obtain, but we would rather like to: Explain why we consider these objects as well as their connection
to one another, and roughly explain the type of results we shall prove.

In general three different topics are covered by this thesis:

e Asymptotic results for the strong solution of a weighted p-Laplacian evolution equation with

Neumann boundary conditions acting on an L!-space. (Chapter [3)

e Existence, Uniqueness and asymptotic results for a class of stochastic processes which arise by
exposing a nonlinear semigroup to time-discrete big-jump noise. For this class of processes, we
coin the term ” ACPRM-process”, where ACPRM is an acronym for abstract Cauchy problem
driven by a random measure. (Chapters and @

e Existence, uniqueness and asymptotic results for the strong solution of a randomized weighted
p-Laplacian evolution equation with Neumann boundary conditions acting on an L!-space. (Chap-
ter [7))

The above list covered all chapters, except for Chapter 2] and Chapter 8] The former is a general intro-
duction to the existence/uniqueness theory of abstract Cauchy problems (Section [2.1)) and to ACPRM-

processes (Section [2.2)), and in the latter chapter, we briefly summarize our results and outline how they
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might be extended.

As mentioned, in this thesis we employ techniques from many mathematical fields. Therefore, to
make the reader’s life as pleasant as possible, the present author tried to write the respective chapters
as self-contained as possible. More accurately, the chapters/sections depend upon each other in the

following way:

e Section [2.1]is needed in every chapter of this thesis. And it is of extreme relevance to Chapters
and |7l In particular, we use some notations/definitions from nonlinear semigroup theory in this

introduction. One finds precise definitions of all these quantities in Section [2.1
e Section 2.2 builds the foundation for Chapters and [6} and it is irrelevant to Chapters 3] and

e Chapter[3]is of extreme importance to Chapter[7] Moreover, the p-Laplacian semigroup introduced
in Chapter [3] serves as an example in the chapters dealing with ACPRM-processes, that means
it is relevant to Sections [£.4] [5.3] and [6.4} but it is irrelevant to any other section in Chapters [] [5]
and [6]

e Chapters [6] and [7] are entirely independent of each other.

In conclusion, reading Chapter [2| suffices to understand most parts of this thesis, and additionally read-
ing Chapter [3| suffices to understand all of them.

In the next three sections of this introduction, we will have a closer look at each of the central topics
covered by this thesis. These sections are about conveying why we consider the objects we consider,
and briefly outlining our results. Particularly, we will try to keep the amount of formulas to a necessary
minimum. Note that each chapter (except for Chapters [2f and [§]) starts with a section called ”Outline

& Highlights”, where one finds a rigorous description of the proven results.

1.1 The weighted p-Laplacian evolution Equation

The weighted p-Laplacian evolution equation with Neumann boundary conditions is the central object
of Chapter [3] It is given by

u'(t) = div (y|Vu(t)[P~2Vu(t)) on S,
Y| Vu(t)|P=2Vu(t) - T =0 on 95, (1.1)
u(0) = v,

for a.e. ¢t € (0,00); where p € (1,00)\ {2}, S C R” is a sufficiently regular set, n € N\ {1}, v: S — (0, 00)
is a weight function fulfilling some technical conditions, Y is the unit outer normal on 9S, and v : S — R
is an integrable initial.

From the applied point of view, the solution u can be used to model diffusion processes: One has some



initially given quantity v = u(0) which changes over time due to an external force v and the resulting
quantity at time ¢ is u(t). For example, as B. Birnir and J. Rowlett demonstrated in [BR], the solution u
of ([1.1)) can be used to describe the evolution of a fluvial landscape v (for example a hill) which changes

over time due to rain that determines the water depth ~.

Moreover, F. Andreu, J. Mazén, J. Rossi and J. Toledo employed the following technique in [3] to
show that ([1.1) has in some sense a unique solution: They introduced a certain p-Laplace operator A,,

and then use nonlinear semigroup theory to prove that the initial value problem
0 € u'(t) + Apu(t), for a.e. t € (0,00), u(0) =wv, (1.2)

has a unique strong solution, where A, is the closure of A,. In fact, the general results from nonlinear

semigroup theory used by them, are also stated in Section 2:1]

Now, let us give a brief outline of Chapter [3f To this end, let B(.S) denote the Borel o-Algebra
on S and let A denote the n-dimensional Lebesgue measure. Moreover, for any ¢ € [1,00], we de-
note by L9(S) := L9(S;B(9), \;R) the usual Lebesgue spaces. In addition, for any v € L'(9), let
Ta,(-)v:[0,00) — L'(S), be the unique strong solution of . In the sequel we refer to the family of
mappings (T4, (t))¢>0 as p-Laplacian semigroup, or the semigroup associated to A,.

In Chapter we will prove that tlgrolo Ta,(t)v = (v)g in LI(S), for all v € LI(S) and ¢ € [1,00), where

(v)g = ﬁ J vdX. Moreover, we will strengthen these results in many ways:
3

e We will prove an L°°-LP-contraction principle for ”large” p and sufficiently integrable initials.

e We will derive that the solution extincts in finite time for ”small” p and sufficiently integrable

initials.
e We will derive further decay estimates of polynomial order.

Hereby, ”large” means that p is in a sub-interval of (2, 00) and ”small” that p is in a sub-interval of (1, 2).
The concrete shape of the sub-interval, might vary from one result to another and usually depends on
the dimension n and (in some sense) on how close 7 is to zero. Of course, throughout an actual theorem,

the precise shape of the sub-interval is given.

Chapter [3] is the only part of this thesis which is not concerned with probability theory at all, but
solely deals with the aforementioned asymptotic results. In all chapters subsequent to Chapter [3] we deal
with two different ways of adding randomness to either a general (time-continuous, contractive) semi-
group or specifically to the p-Laplacian semigroup. The former approach leads to ACPRM-Processes,
where the p-Laplacian evolution equation is the most important example we consider, and the latter
leads to the randomized p-Laplacian evolution equation. Consequently, this equation is the glue that

holds the chapters of this thesis together and connects them to one another.
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1.2 Abstract Cauchy Problems driven by a random Measure
(ACPRM)

ACPRM-processes are the central object of Chapters [4 [5] and [} Before rigorously defining them, let
us give an intuitive explanation of what an ACPRM-Process is.

Imagine one has some physical phenomena that starts at a state v and is in the state T(¢t)v after
t € [0,00) units of time. Hereby, we will assume that v is an element of some (separable) Banach space
V.1l - lv), and that (T'(t))¢>0, where T'(¢) : V. — V for all ¢ > 0, is a (time-continuous, contractive)
semigroup on V. Now, one gets an ACPRM-process by disturbing this semigroup in the following way:
After a random amount of time «; the semigroup is exposed to the random shock 7;, then after as
random units of time the semigroup is exposed to the random shock 73, and so on. In fact, we also
allow that the initial state v € V' is no longer deterministic but might be random as well.

For instance, if the considered semigroup is our p-Laplacian semigroup, then the shocks 7y, s, ... could
model changes in vegetation (caused due to rain showers, or drought periods), occurring at the random
times o, g, ... . This is an important generalization, since the weight function - considered in (1.1]) is
neither time-dependent, nor random. Consequently, does not allow for any changes in vegetation;

particularly, it does not allow that these changes occur at random times and have random intensities.

To be able to better describe what we intend to do with ACPRM-Processes, let us formalize the
above procedure: To this end, let (Q, F,P) be a complete probability space and let (V|| - ||y) be a

separable Banach space. In addition, let (8,,)men, where §,, : 2 — (0,00), be a sequence of real-valued

m

random variables, and introduce «;, := Y Sk for all m € N as well as ag := 0. Moreover, let (1) men,
k=1

where 7, : 2 — V, be a sequence of V-valued random variables. Furthermore, let x : 2 — V be another

V-valued random variable and let (T'(¢));>0, where T'(¢) : V — V for all ¢ > 0, be a time-continuous,

contractive semigroup on V. Now, introduce the sequence (X3 m)men, by Xz,0 := = and
Xgom = T(am - O‘m—l)xx,m—l + N = T(Bm)xzc,m—l + N Ym € N.

Finally, introduce the stochastic process X, : [0,00) x 2 — V by

Xo(t) = Y T((t = m) ) Fam) Lan,amin) (), VE >0, (1.3)

m=0

where ()4 := max(-,0).

Particularly throughout running text, we may call a stochastic process which is given by for some
not closer specified ((Bm)men; (m)men, €, T) an ACPRM-process. Throughout mathematical results
and/or when it is of importance what ((8m)men, (m)men, z,T) we consider, we call (x4 m)men, the

sequence and X, : [0,00) x Q — V the process generated by ((Bm)men, (Mm)men, x, T) in V.

Note that the process X, indeed models the aforementioned scenario: For a fixed w € ), we have
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X, (t,w) = T(t)x(w) for all t € [0, a1 (w)), then at al (w), we have X, (a1 (w),w) = T(a1(w))z(w) +n1 (w),
and until time as(w), we get X, (t,w) =T(t — g (w (T( w)+n1(w )) for all t € [a1(w), az(w)),

and so on.

In this thesis, we intend to do two different things with ACPRM-Processes: We demonstrate that
these processes may arise as a solution of a random differential equation (Chapter , and we study the

asymptotic properties of such processes (Chapters [5| and @

Before outlining this in more detail, the following is worth emphasizing: The assumptions regarding
(T(t))t=0, (Bm)men, (Mm)men and z, differ from one of the Chapters[4] [B| [6] to another one. Particularly,
in Chapter |4} the considered semigroup must be (in some sense) connected to a multi-valued operator,
whereas the considered semigroup in Chapters [f] and [6] does not need to be connected to a multi-valued
operator at all. Moreover, the results in Chapter [f] are of a functional analytic nature, whereas the

results in Chapters [f] and [6] are more of a probability theoretic one.

Now, let us briefly address the results of Chapter [df Roughly speaking, Chapter [4] deals with ex-
tending the classical existence/uniqueness theory for deterministic abstract Cauchy problems to those
driven by a random measure; more precisely: An abstract Cauchy problem is an equation (or in fact an

inclusion) of the form
0 € u'(t) + Au(t), for a.e. t € (0,00), (1.4)

where A : V — 2V is a multi-valued operator and 2V is the power-set of V. We are going to extend this

theory to random equations of the form
n(t, z)Ne(dt ® z) € dX (t) + AX (t)dt, (1.5)

where Ng is the random counting measure induced by a finite point process O, n: (0,00) X Z x Q2 =V
is a (jointly measurable) drift function, (Z, Z) is a measurable space and X is a V-valued stochastic
process supposed to fulfill in some sense. We call an equation of the form abstract Cauchy
problem driven by a random measure.

We will set up the notions of mild and strong solution for such an equation, will demonstrate that it
has, under appropriate assumptions on the involved quantities, a mild/strong solution, and that such
solutions are unique, in the sense that two processes which are solutions and are almost surely equal at
t = 0, are indistinguishable of each other. Moreover, we will see that if there is a mild/strong solution
of , then this solution is the process generated by ((8m)men; (Mm)men,z,T) in V, where: The
sequence (B )men Will depend on the point process ©, the sequence (7, )men will depend on © and
the drift 7, and: The semigroup (7'(t));>0 must be such that T'(-)v is, for any v € V, a mild solution
of the (deterministic) abstract Cauchy problem . Rigorously stating all other assumptions on the

involved quantities and outlining the results in any more detail is fairly technical, requires to introduce



much more notations, and is therefore postponed to Chapteifd]

In Chapters [5] and [6] we will study conditions guaranteeing that an ACPRM-process fulfills two of
the most classical results in probability theory: The strong law of large numbers (SLLN) and the central

limit theorem (CLT). That means we will derive conditions such that

t

lim E/F(XI(T))dT =v

t—oo ¢
0
with probability one and
t
tlgglo % /F(Xx(T))dT —tv | =Y,
0

in distribution, where: F' belongs to some class of functionals, v is an element of the image space of F’
and Y is a centered Gaussian random variable taking values in the image space of F.

In Chapter 5] we will obtain these results, by assuming (among some technical conditions) that the
underlying semigroup (7'(¢));>o extincts in finite time. Of course, this will also require some assump-
tions regarding the underlying random variables. Moreover, we will be able to prove these results for
vector-valued functionals F', which are in a certain sense sub-linear; in particular, we obtain the SLLN
and the CLT for X, itself. These results will be proven by exploiting classical results from the theory
of random variables taking values in separable Banach spaces.

In Chapter [6] we will derive distributional conditions on the involved random variables ensuring that X,
is a time-homogeneous Markov process. Particularly, this does not require any asymptotic assumptions
on the semigroup. Moreover, we exploit Markov process techniques to prove an SLLN and a CLT for
real-valued, Lipschitz continuous functionals, if the underlying semigroup fulfills a polynomial decay

assumption.

Moreover, each of the Chapters and [6] concludes with a section called ”Examples”, where we
illustrate the results in each of these sections at hand of the p-Laplacian semigroup and at least one

real-valued semigroup.

Finally, let us point out that there are some related works, for example [28] (and the references
therein) which also deals with evolution inclusions exposed to noise, but there the considered noise
has a more complicated structure, but the assumptions regarding Banach spaces are more restrictive
and rely on the classical variational framework formulated in Gelfand-Triplets, whereas this thesis treats
arbitrary separable Banach spaces and does not rely on a variational approach, but a classical semigroup

approach.



1.3 The randomized weighted p-Laplacian evolution Equation

The purpose of Chapter m is two-fold: Firstly, we will extend the existence/uniqueness theory for the
(deterministic) weighted p-Laplacian evolution equation considered in Chapter [3[ to weight functions
which are no longer deterministic, but random. Secondly, we will derive asymptotic results for the

solution of this equation.

That means instead of the deterministic PDE (1.1]), we would like to study the randomized PDE

U'(t)(w) = div (9(w)|VU () (w)[P72VU (t)(w)) on S,
g(W)|VU () (w)[P~2VU (t)(w) - T = 0 on 95, (1.6)
U(0)(w) = v(w),

for P-a.e. w € Q and a.e. t € (0,00), where: (2, F,P) is a complete probability space, p € (1,00) \ {2},
S C R™ is a sufficiently regular set, n € N\ {1}, g : Q@ — L!(S) is a random weight function fulfilling

some technical conditions, Y is the unit outer normal on 95, and v : Q — L!(9) is an integrable initial.

As mentioned, the deterministic problem can be used to model the evolution of a fluvial land-
scape, in which case the weight function v considered there, models a water depth occurring due to rain.
In this case, it is reasonable to assume that this water depth is not precisely known, which motivates
why we would like to replace it by a random quantity. This naturally leads to the randomized PDE
, which does not just enable us to consider a random weight function, but as a side effect also a

random initial.

The technique employed to demonstrate that has a unique solution is as follows: We introduce
a random p-Laplace operator A} acting on the space of Bochner integrable functions LY(Q,LY(S)) :=
L'(Q, F,P; L'(S)), and then show that its closure, which will be denoted by A7, is densely defined and
m-accretive. By the results form nonlinear semigroup theory introduced in Section this will yield
that

0 € U'(t)+ AU(t), for ae. t € (0,00), U(0) =, (1.7)

has a unique mild solution for any initial v € L'(Q,;L'(S)). So let, for any v € LY(Q;L'(9)),
Tra(-)v 1 [0,00) — LY(€% LY(S)) denote the unique mild solution of (L.7). After the existence/uniqueness
of mild solutions has been established, we proceed by deriving a useful relation between the deterministic
p-Laplacian semigroup and (7} (t)):>0. Then we exploit this relation to demonstrate that T, (-)v is not
only a mild solution of but also a strong one.

Moreover, this connection also enables us to derive some basic asymptotic properties of this randomized
semigroup. Finally, we will use differential inequality techniques to establish bounds for the tail function

of ||Tia(t)v — (v)||%2(5), where v : Q@ — L1(9), with v € L*(S) a.s., has to be (in some sense) sufficiently

7



integrable.



Chapter 2

Nonlinear Semigroup Theory and

Preliminaries

2.1 Nonlinear Semigroup Theory

In this section, we give a brief introduction to nonlinear semigroup theory, with a focus on their con-
nection to abstract Cauchy problems. Hereby, we do not intend to give a complete survey of this topic,
but focus solely on the results needed in this thesis. In particular, we do not prove any new, so far
unknown, results here.

The inquisitive reader is referred to [8] for a very comprehensive introduction to nonlinear semigroup

theory, and to the appendix of [2] for a more concise one.

This section is structured as follows: At first, we are going to define what a semigroup is, then we
will introduce the concepts of mild and strong solutions of abstract Cauchy problems, and discuss when
such a problem has a unique mild/strong solution. Afterwards, we are going to dive into the concept of
complete accretivity. This concept was originally introduced in [7], and is also treated in the appendix
of [2].

Finally, at this section’s very end, we give a general lemma, which we did not find stated and proven

anywhere in the literature, even though it seems to be in common use.

Throughout this section (V,|| - ||y/) denotes an arbitrary, real Banach space.

Definition 2.1.1. A family of mappings (T'(t))t>0, where T(t) : V. — V is called a semigroup on 'V, if
T0)v=v and T(t + h)v = T(t)T'(h)v for allt,h € [0,00) and v € V. A semigroup (T(t))¢>0 on V is
called

i) time-continuous, if [0,00) >t +— T(t)v is a continuous map for allv € V;
i) contractive, if ||T(t)vy — T(t)va|ly < |lvr — vel||lv for allt € [0,00) and vi, vo € V; and

9



iii) jointly continuous, if [0,00) x V' 3 (t,v) — T'(t)v is a continuous map.

Time-continuous, contractive semigroups arise naturally as solutions of abstract Cauchy problems.

An abstract Cauchy problem is an equation of the form

0 € u/(t) + Au(t), for a.e. t € (0,00), (ACR)
where A : V — 2V is a mapping, 2V is the power set of V and u : [0,00) — V is supposed to fulfill
in some sense. Before defining the different notions of solutions of , let us spend some
words on multi-valued operators: A mapping A : V — 2V is called a multi-valued operator, or simply
operator. Moreover, D(A) := {v € V : Av # (0} is called its domain and we may write A : D(A) — 2V
In addition, G(A) := {(v,?) : © € Av} is the graph of v. Obviously an operator is uniquely determined
by its graph. In the sequel, we identify an operator with its graph, and may simply write (v,9) € A,
instead of v € D(A) and © € Av. Moreover, if A : D(A) — 2" is an operator with graph G(A), then the

operator whose graph is G(A), is called the closure of A. In addition, for any operator A : D(A) — 2",
veD(A),weV and a >0, we set w+ adv := {w+ ad: ¥ € Av} and introduce

R(Id+ aA) := U v+ aAv.
vED(A)

Finally, we call A single-valued if Av contains precisely one element for each v € D(A) - in this case we
identify Av with the only element it contains and write A : D(A) — V.
Now, let us continue with the notions of mild and strong solution of (ACRY).

Definition 2.1.2. Let A: D(A) — 2" be an operator. A continuous function u : [0,00) — V is called

a strong solution of , if: ul(0,00) € Wé’olc((o,oo);V) u(t) € D(A) for almost every t € (0,00)
and 0 € u'(t) + Au(t), for a.e. t € (0,00).

The term strong solution is an intuitive way to set up a solution of . The following definition of
mild solution is more technical. In fact, we will never directly work with this definition, but all we need
is that there is this notion, that mild solutions have certain properties and are under certain conditions
even strong ones. Of course, the proofs of the general results which we use to achieve this heavily rely
directly on the definition of mild solution; therefore, for the sake of completeness, this definition is now

given.

Definition 2.1.3. Let A: D(A) — 2" be an operator. A continuous function u : [0,00) — V is called
a mild solution of [ACR), if the following holds: For every interval [a,b] C [0,00) and every £ > 0, there
is an n € N, real numbers to, ..., t, € [0,00), vectors fi, ..., fn € V and a function @ : [ty,t,] = V such
that

i)0<tp—a<e, 0<b—t,<ecand0<t;—t;_1<e forali=1,..n,

n
i) Y (ti—tic1)||fillv <e,
=1

L As usually, Wﬁ(’)lc((o7 00); V) :={f:(0,00) = V: fisloc. absolutely continuous and differentiable a.e.}

10



1) ||u(t) —a(t)||v < e for allt € [to,tn],
iv) @ is constant on (t;—1,t;] for alli=1,...,n, and

v) u(t;) € D(A) and f; € alt)Gltiog) | Au(t;) foralli=1,...,n.

ti—ti—1

Definition 2.1.4. Let A: D(A) — 2V be an operator and v € V. A continuous function u : [0,00) — V

is called a mild (strong, resp.) solution of the initial value problem
0 € u/(t) + Au(t), for a.e. t € (0,00), u(0) =wv,

if u is a mild (strong, resp.) solution of and u(0) = v.

Remark 2.1.5. Strong solutions are mild ones, i.e.: Let A : D(A) — 2V be an operator and let
u: [0,00) = V be continuous. Then, if u is a strong solution of it is also a mild one, see [8,
Theorem 1.4].

Definition 2.1.6. Let A: D(A) — 2V be an operator. Then A is called
i) accretive, if ||vy — va + a0y — V2)||v > ||v1 — val|v for all (vi,01), (ve,D2) € A, and a > 0;

i1) m-accretive, if it is accretive and R(Id 4+ aA) =V, for all a > 0; and

iii) densely defined, if D(A) =V.

Theorem 2.1.7. Let A: D(A) — 2V be m-accretive and densely defined; moreover, let v € V. Then

the initial initial value problem
0 € u/(t) + Au(t), for a.e. t € (0,00), u(0) = v, (2.1)

has precisely one mild solution. Now, denote for each v € V by Tx(-)v : [0,00) — V the uniquely
determined mild solution of (2.1). Then, (Ta(t))i>o0 is a jointly continuous, contractive semigroup on
V.

Proof. See [8, Proposition 3.7] for the existence and uniqueness; [8, Theorem 3.10] for the contractivity
and joint continuity of (T 4(t)):>0, and [8, Theorem 1.10] for the fact that (T4(¢)):>0 is a semigroup on
V. O

Definition 2.1.8. Let the assumptions and notations of Theorem prevail. Then, (TA(t))i>o0 is

called the semigroup associated to A.

Remark 2.1.9. Let A: D(A) — 2V be accretive and o > 0. Then it is clear that there is for every
w € R(Id + aA) precisely one pair (v,0) € A such that w = v + «d. Consequently, one can introduce
(Id+aA)~t: R(Id+aA) — V, where (Id+ aA) 1w is precisely the element v € D(A), such that there
is an v € Av with w = v + «ad.

The mapping (Id + «A)~ is called the resolvent of A.
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Theorem 2.1.10. Let A : D(A) — 2V be m-accretive and densely defined. Moreover, introduce
(Id+aA)~™ : V =V recursively by (Id+ aA)~" := (Id + o A) " (Id+ aA)~"V for allm € N\ {1}

and o > 0. Then we have

t —m
lim (Id+ A) v=Tut)v, Vt >0, veEV,
m

m—r 00
where (TA(t))i>0 is the semigroup associated to A.

Proof. See [8, Theorem 4.2] O

Thanks to Theorem m proving the existence/uniqueness of mild solutions boils down to verifying
that the operator at hand is m-accretive and densely defined. Moreover, under the same assumptions
as in Theorem we get the representation formula stated in Theorem [2.1.10
Even though it might be a challenging task to verify that a given operator is m-accretive and densely
defined, Theorem is frequently used to show the existence/uniqueness of mild solutions.

Now, let us turn our focus to criteria guaranteeing that mild solutions are strong ones.

Definition 2.1.11. Let A : D(A) — 2" be densely defined and m-accretive. Moreover, let (T.(t))i>0
denote the semigroup associated to A. (TA(t))i>0 is called domain invariant, if Ta4(t)v € D(A) for
allt > 0 and v € V. Moreover, (Ta(t))i>0 is said to admit an infinitesimal generator, if there is an
operator A° : V. — V such that

~lim Ta(h)v—v

Jimy N = A%v € Av, (2.2)

for allv € D(A) and A°v =0 for allv € V\ D(A). In this case, we call A° the infinitesimal generator
of Tl

Theorem 2.1.12. Let A : D(A) — 2V be densely defined and m-accretive, and let (T4(t))i>0 be
the semigroup associated to A. Moreover, introduce v € V, and assume that (TA(-)v)|(0,00) %5 locally
Lipschitz continuous and almost everywhere right differentiable. Then, (T.a(-)v)|(0,00) € WL ((0,00); V)

and TA(-)v is the uniquely determined strong solution of
0 € u/'(t) + Au(t), for a.e. t € (0,00), u(0) = v.

Proof. Lemma [2.1.1%9|yields that (T4(-)v)|0,0) is differentiable almost every. Thus, as locally Lipschitz
continuous functions are also locally absolutely continuous, we get (T4(-)v)|(0,00) € WLl(’i((O, o0); V).

Consequently, [8, Theorem 7.1] yields the existence of a strong solution, and the uniqueness follows by
combining Theorem and Remark O

2In the nonlinear setting, the existence of the limit in is indeed an assumption and not necessarily true. Moreover,
it is more common to set A°v := () for v € V' \ D(A), which clearly yields D(A) = D(A®); but in our case, setting it to
zero on V' \ D(A) is more convenient.

3This is a general result which is probably available in the literature. To not disturb the flow of reading, this result is
stated at this section’s end. It is independent of any other result in this section.
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Lemma 2.1.13. Let A : D(A) — 2V be densely defined and m-accretive. Moreover, introduce
v € D(A), b > 0 and let (T4(t))i>0 denote the semigroup associated to A. Then (Ta(-)v)ljop s

Lipschitz continuous.

Proof. See [8, Lemma 7.8]. O

Theorem 2.1.14. Let A: D(A) — 2" be densely defined and m-accretive, and let (T 4(t));>0 denote the
semigroup associated to A. Moreover, assume that T 4 is domain invariant and admits an infinitesimal
generator A° : V. — V. Finally, introduce v € V. Then, (Ta(-)v)|(0,00) is locally Lipschitz continuous

and everywhere right differentiable, with

T -T
i LA+ h)v = Ta(t)

A0 L =-A T_A(t)’U,

for all t > 0. Consequently, (T'a(-)v)|(0,00) € WL ((0,00); V), T (t)v = —A°T4(t)v for a.e. t € (0,00),

and TA(-)v is the uniquely determined strong solution of
0 € u'(t) + Au(t), for a.e. t € (0,00), u(0) = v.

Proof. Let w € D(A). Then Lemma [2.1.13] yields that [a,b] > ¢ — T4(t — a)w is Lipschitz continuous
for any [a,b] C (0,00). Thus, choosing w = T4(a)v, and employing the semigroup property as well
as the domain invariance, gives that [a,b] 3 t — T4 (t)v is Lipschitz continuous. Moreover, using the

domain invariance again, yields

Ta(t+ h)v —Ta(t)v TA(h)Ta(t)v — Ta(t)v

W h = h - ATl
Now, the remaining claims follow from Theorem [2.1.12 O

Definition 2.1.15. Let (T'(t));>0 be a semigroup on V. Moreover, assume that V CV is a subspace.
Then, V is called an invariant space w.r.t. (T(t))io, if T(£)0 € V for allt >0, and o € V.

Now, let us turn to the concept of complete accretivity, which is a powerful tool to establish that

the semigroup associated to an operator is domain invariant and admits an infinitesimal generator.

Throughout the remainder of this section (K, X, 1) denotes a finite measure space and B(R) is the
Borel o-algebra on R. Moreover, for any ¢ € [1,00]|, LY(K,X, 1) denotes the usual Lebesgue space of
(p-equivalence classes of) functions v : K — R, which are -9 (R)-measurable and fulfill [ |v|?dp < oo,

K

if ¢ # oo, and are p-essentially bounded, if ¢ = oo. As usually, || - |[za(x,x,,) denotes the standard
L%-norm on LI(K, ¥, u).

Moreover, we introduce Jy := {j — [0,00] : j is lower semicontinuous and convex, j(0) = 0}.
Furthermore, for any vy, vs € Ll(K ) we write v; << vy whenever

/jovldp</jov2d/¢, Vj € Jo.
K
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Remark 2.1.16. Let ¢ € [1,00], vi,ve € LK, %, u) and assume that v1 << ve. Then, we have
l[villLe(r, ) < vallpe(k,s,u), since: If q¢ # oo this is an immediate consequence of | - |1 € Jo; and if

q = 0o, one verifies this by exploiting that R > x — max(|z| — ||v2|| L (x,x,u),0) is an element of Jo.

Definition 2.1.17. An operator A: D(A) — 2L (K2 s called completely accretive, if
V1 — Vg << V1 — Vg +a(1§1 — ’02)

for all (v1,01), (v2,02) € A and a € (0, 00).

As the absolute value function is obviously an element of Jy, a completely accretive operator is also

accretive. Moreover, we have the following striking result:

Theorem 2.1.18. Let A: D(A) — 2L (K.D) pe completely-accretive, m-accretive and densely defined.
In addition, assume that A is positively homogeneous of degree m € (0,00)\{1}, that is A(av) = a™A(v)
for allv € D(A) and a > 0. Finally, let (T4(t))i>0 denote the semigroup associated to A. Then T4 is
domain invariant and admits an infinitesimal generator A° : LY(K, ¥, n) — LY*(K, %, ). Consequently,
for any v € LY (K, 3, 1), TA(-)v is the uniquely determined strong solution of

0 € u'(t) + Au(t), for a.e. t € (0,00), u(0) =v. (2.3)

Moreover, the following assertions hold.
i) Ta(t)vy — Ta(t)va << vy — vy for all vi,ve € LY (K, %, 1) and t > 0.
i) Ta(t)v <<wv for allve LY(K,S,u) and t > 0.

iii) For any q € [1,00], LYK, X, u) is an invariant subspace w.r.t. T4.

) |A°TA(t)v] < 2‘#';},'1‘ %, p-a.e. on K, for allv € LY(K,%,u) and t > 0.

v) F(Talt + h)v — Ta(t)v) << A°Ta(t)v, for all t,h >0 and v € V.

Proof. The existence of an infinitesimal generator follows from [7, Theorem 4.2], and the domain invari-
ance as well as follow from [7, Theorem 4.4]. Moreover, [v|) follows from the domain invariance and
[7. Theorem 4.2]. Furthermore, Theoremyields that T4(+)v is the unique strong solution of .
In addition, [i}) follows from [7, Proposition 4.1]. Moreover, the homogeneity of A yields .A4(0) = 0, and
thus 74 (¢)(0) = 0 for all ¢ > 0. In light of this, it is clear that [i) implies[ii). Finally, combining [ii) and
Remark yields . O

The preceding result is a powerful tool to verify the existence of unique strong solutions. The price
we had to pay, is that we had to restrict ourselves to L'(K,X, ). In fact, the above results can be
generalized to so-called "normal Banach spaces”, but are in this case more technical to formulate - The

reader is referred to [7] for a comprehensive treatment of the general case.

Now, this section concludes with the following general result which we could not find in the literature.

The result is independent of any other result in this section, and was used in the proof of Theorem [2.1.12

14



Lemma 2.1.19. Let [a,b] C R be an interval and let f : [a,b] — V be Lipschitz continuous and right

differentiable almost everywhere. Then f is differentiable almost everywhere.

Proof. Firstly, introduce L'([a, b]; V) as the space of functions ¢ : [a,b] — V which are strongly measur-

able and fulfill [ |[|o(¢)||lvdt < co. Note that (V|| - ||v) is not necessarily separable, thus the notions
[a,b]
of Borel measurable, and strongly measurable do not necessarily agree. This proof is the only time in

this thesis, where we have to deal with integrals of functions which take values in Banach spaces that

are not necessarily separable. For any ¢ € L'([a,b]; V), [ ¢(t)dt denotes its Bochner integral, see [5]
[a,b]
for an introduction to strong measurability, and Bochner integrals in the non-separable setting.

Now, let f : [a,b] = V be Lipschitz continuous and right differentiable almost everywhere. Then f is a
fortiori continuous and thus f € L([a, b]; V).

Now introduce f : [a,b] — V, as the almost everywhere existing right derivative of f. Moreover, let L
denote the Lipschitz constant of f.

Then we have by construction that

ft+h) = f(t)

()

lim

= O7
RN\

\%4

for almost every ¢ € [a,b]. Thus f/ is strongly measurable. Moreover, thanks to the Lipschitz continuity

of f and Fatou’s Lemma, we obtain
1

[ iz ollvar <timint [ S5+ - f@)lvae < Lo - ) < .

[a,b] [a,b]
Ergo, we get f. € L([a,b]; V).
Now introduce fy : [a,b] = V, by

£.0) = [ £+ f@), Ve o
[a,t]

Then the fundamental theorem of calculus (for Bochner integrals) yields that f, is differentiable almost
everywhere and that f,(t) = f/(t) for a.e. t € [a,b], see [B] Prop. 1.2.2].

Consequently, the claim follows if f(t) = f.(t) for every ¢ € [a, b].

To prove this, introduce I": [a,b] — R by

L(t) = |If(t) = f«(@Dllv, Vt € [a,0].

Firstly, note that obviously I'(a) = 0. Moreover, we have

oy [ =IO
AN h
< Jm (H (t+h})Lff(t)7f;(t) V+Hf*(t+z)+f*(t>+ﬂ(t) V>
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= 0,

for almost every ¢ € [a,b], i.e. T is almost everywhere right differentiable and the right derivative is
equal to zero.

In addition, it is also easily verified that I' is Lipschitz continuous, which implies, as R has the Radon-
Nikodym property, that it is differentiable almost everywhere. Since the right derivate of T' is zero
almost everywhere, the almost everywhere derivative is also zero a.e. Finally, the Lipschitz continuity
of T yields that T is constant, and hence I'(t) = 0 for all ¢ € [a, ]. O

2.2 General Results about ACPRM-Processes

In this section, we introduce ACPRM-processes and establish some of their basic properties needed in
Chapters[d] fland[6] Moreover, we set up some general notations needed there and define two real-valued

semigroups which serve as examples in the chapters dealing with ACPRM-processes.

Throughout everything which follows (Q, F,P) denotes a complete probability space. Moreover,

throughout this section (V,|| - ||y/) denotes a separable (real) Banach space.

Remark 2.2.1. Whenever (K,Y) is a measurable space and (M, 1) is a topological space, we set
MK, S M) :={f: K— M: fisX—B(M)— measurable},

where B(M) denotes the Borel o-Algebra of M. Furthermore, we introduce the shortcut notation
M(Q; V) = M(Q, F; V). As usually, we may refer to the elements of M(Q; V) as V-valued random

variables, and if V. =R we refer to them as real-valued random variables.

Definition 2.2.2. Let (8)men, where B, : Q — (0,00), be a sequence of real-valued random variables.

Moreover, let (Nm)men € M(;V), introduce = >, B for all m € N and set ag := 0. Finally, let
k=1
x € M(; V) and let (T'(t))i>0 be a time-continuous, contractive semigroup on V. Then the sequence

(Xg,m)men, defined by x50 :=x and
Xz,m = T(am - amfl)xx,mfl + N = T(Bm)xx,mfl + iy Ym € N»

is called the sequence generated by ((Bm)menN, (Mm)men,x, T) in V. Moreover, the stochastic process
X 1 [0,00) x Q =V defined by

Xe(t) := Z T((t— O‘m)+)(Xxmb)]l[am,am+1)(t)a vt >0, (2.4)
m=0

is called the process generated by ((Bm)men, (Mm)men, &, T) in V, where (-)4+ := max(-,0).

Remark 2.2.3. Note that if (o )men, 5 as in the previous definition, then (am(w))men, s, for every
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w € Q, a strictly increasing sequence. Thus, the right-hand-side series in consists at most out of

one non-zero summand which ensures that X, is well-defined.

Remark 2.2.4. Particularly throughout running text, we may simply call a stochastic process which is
given by for some not closer specified ((Bm)men, (Mm)men, €, T) an ACPRM-process

Remark 2.2.5. Let (T'(t))t>0 be a time-continuous and contractive semigroup on V. Then it is easily
verified that T is also jointly continuous. Consequently, this map is a fortiori B([0,00) x V)-B(V)-
measurable. Moreover, by separability we have B([0,00) x V) = B([0,00)) @ B(V), see [10, page 244];
which gives that this map is B([0,00)) @ B(V)-B(V)-measurable.

Lemma 2.2.6. Let (Bn)men, where By : Q — (0,00), be a sequence of real-valued random variables.

Moreover, let (Nm)men € M(QV) and x € M(Q; V). In addition, introduce o, := Y. By for all
k=1

m € N and set o := 0. Finally, let X, be the process and (Xzm)men, be the sequence generated

by ((Bm)men, (Mm)men, ©, T) in V; where (T(t))i>0 is a time-continuous, contractive semigroup on V.

Then the following assertions hold.
i) X;(0) ==z.
i) Xpm 15 F-B(V)-measurable for each m € Ny.
iii) (Xz(t))e>0 is a stochastic process, i.e. each X;(t) is F-B(V)-measurable.
iw) The mapping [0,00) 3 t — X, (t,w) is right continuous for each w € Q.
v) X, is B([0,00)) ® F-B(V)-measurable.

vi) If in addition P(sup a,, = 00) = 1, then the stochastic process (X;(t))t>0 has almost surely cadlag
meN
paths.

vii) If V. C V is a subspace which is invariant w.r.t. (T(t))i>o0, and z,nm € V for allm € N a.s., then
Xem € V for allm € Ny a.s. and X,(t) € V for all t > 0 with probability one.

Proof. The first assertion is trivial. Moreover, ii) is easily verified inductively: As x, ¢ = =, ii) holds
if m = 0, and if it holds for an m € N, Remark enables us to conclude that T'(By+1)%z,m 18
F-B(V)-measurable, which yields that x; m+1 = T (Bm+1)%z,m + Nm+1 is F-B(V)-measurable.

One now easily deduces the third assertion from the second and Remark

Now, let us verify the fourth: Let w € Q and t € [0, 00) be given. If, ¢ > sup «a,,(w), then the same holds
true for ¢t 4+ h, for any A > 0. Thus, we get X, (t + h,w) = X, (t,w) = S.ERII\/Ioreover, if t < sup ap(w),

meN
then there is precisely one m € Ny such that t € [am(w), Amy1(w)). Now, for each h > 0 sufficiently

small we also have t + h € [y, (w), aum41(w)) which yields by the time continuity of T' that

%i{% Xp(t+hw) —Xp(t,w) =T+ h — am(w)xem — Tt — am(w))xg,m =0
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and iv) follows.
Furthermore, v) follows from iii), iv) and [31] Prop. 2.2.3.2].
Proof of vi). Invoking iv) yields that it remains to prove that (0,00) 3 ¢ — X, (¢,w) has left limits for

each w € Q= {w € Q: sup oy, (w) = 0o}, which is by assumption a set of full P-measure.
meN

So fix t > 0 and w € Q and note that there is precisely one m € Ny such that t € [, (W), mi1(w)).
If t € (am(w), tmy1(w)), it follows analogously to the proof of iv) that }1}{% Xt — h,w) — X, (t,w) =0,
and if t = o, (w), we get by the time-continuity of T' that

,111{% Xo(t = hyw) =T(m(w) = h = am-1(w))xe,m-1(w) = T(Bm(w))xe,m-1(w),

which completes the proof of vi).

Finally, let us prove vii). That x, ,, € V for all m € Ny a.s. is easily verified by induction: If m = 0, we
have x; m = € 14 a.s., and if x, , € V a.s. for anm € Ny, it follows from the invariance of Vwrt. T
that T(Bm+1)%e,m € V almost surely. Ergo, 2z m+1 = T(Bm+1)Xe,m + Mmt1 € V with probability one,
since V is a vector space. Thus, Xpom € V for all m € Ny with probability one. Finally, using this, the

invariance of V w.r.t. T and 0 € V, yields the remaining claim. O

Now let us introduce the two real-valued semigroups which will serve as examples in the chapters
dealing with ACPRM-processes.

Remark 2.2.7. Let p1 € (0,1) and py € (0,00) be given and consider the families of mappings
(Tp,(t))e>0, with T, (t) : R = R for allt € [0,00), ¢ = 1,2, defined by

1
i) Ty, (t)v := sgn(v) (=t + [v]P1) 5 for allv € R and t € [0,00), where (-)4 := max(-,0), and

ii) Ty, (t)v := sgn(v) (t + |v|7i)_p2 forallveR and t € [0,00). (If v =0, set (t + |U|7i)”’2 =0

1

—pP2
which is reasonable, since: For any x € [0,00) the mapping (0,00) 3 y — (m + yfﬁ) can be

extended continuously by zero iny = 0.)

The families of mappings (T, (t))s>0 and (T, (t))i>0 are time-continuous, contractive semigroups on
R. As a warm up, let us verify that (T, (t)):>0 has in fact these properties. (For (T,,(t))i>0 this works
analogously and will be omitted.)

Firstly, forv e R and t,h > 0 we get

Ty, () (T, (R)0) = sgn(Ty, ()0) (—t + [Ty, (W)ol) 7 = sgn(v) (—t — b+ o) T = Ty, (¢ + h)o,

and it is trivial that T,, (0)v = v. Thus, (T,,(t))t>0 is a semigroup, and it is plain that it is time
continuous. Now, fix v,9 € R and introduce f : [0,00) — [0,00) by f(t) := (T,,(t)v — T}, (t)0)* for
all t > 0, then f is continuously differentiable on [0,00), and one verifies (by differentiating) that f is

decreasing on [0,00). Thus we get

Ty, (80 — T, (0] = /T < V/FO) = Jo— 8, vt >0,
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which yields the desired contractivity.

Now, let us conclude this section with some remarks clarifying our conventions regarding L?-spaces
of (vector-valued) functions, o-algebras generated by (vector-valued) random variables, and laws of

(vector-valued) random variables:

Remark 2.2.8. Let (K, %, pu) denote a o-finite measure space, then L1(K,X, u; V) denotes, for any
q € [1,00), the set of all (equivalence classes of) functions f € M(K,%; V), such that

[l dn < .
K

For any f € LYK, X, 1; V), the integral [ fdu is understood as a Bochner integral; for an introduction
K
to Bochner integrability, see [31), Section 2.1]. Particularly, note that the separability of V' yields that

the notions of measurability, weak measurability and strong measurability agree, see [31, p. 6]
As usually, if V=R we may simply write L4(K, 3, 1), and define L (K, X, 1) as the space of equivalence
classes of p-essentially bounded X-B(R)-measurable functions.

Finally, we introduce the short-cut notations
LI(Q; V) := LYQ, F,P; V) and LI(Q) := LI(Q, F,P).

Remark 2.2.9. Let I be an index-set. Moreover, introduce for each i € I a separable Banach space
Vi, Il - llvi) and a V;-valued random variable Y; : Q — V;. Then o(Y;;j € I) C F denotes the smallest
o-Algebra, such that each Y; is 0(Yj;j € I) — B(V;)-measurable. In addition, 0o(Y;;j € I) denotes its

completion, i.e.
oo(Yj;5€l):={AeF: IB € o(Y};j € I), such that P(AAB) = 0},

where A denotes the symmetric difference. It is easily verified that the right-hand-side of the previous
equation is indeed a o-Algebra and the smallest one containing all P-null-sets as well as all elements of
o(Yj;j €1).

Remark 2.2.10. Whenever, Y € M(Q;V), then Py denotes its law, i.e. Py : B(V) — [0,1], with
Py (B) :=P(Y € B) for all B B(V).
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Chapter 3

Asymptotic Results for the weighted

p-Laplacian evolution Equation

3.1 Outline & Highlights

In this chapter, we will derive numerous asymptotic results for the weighted p-Laplacian evolution

equation given by

u'(t) = div (7| Vu(t)[P~2Vu(t)) on S,
Y| Vu(t)|P=2Vu(t) - T =0 on 058, (3.1)
u(0) = v,

for a.e. t € (0,00); where: (} # .S C R" is a bounded, open and connected set of class C*, n € N\ {1},
p € (1,00) \ {2}, T is the unit outer normal on 95, v : S — R is an integrable initial and v : S — (0, c0)
is an almost everywhere bounded, %B(S)-2B(0, co)-measurable weight function, which can be extended

to a p-Muckenhoupt weight on R™ and fulfills [ 'yﬁ d\ < o0.
s

Existence and uniqueness results for this problem have been studied in [3| Section 3]. Before outlining
our asymptotic results, let us give a brief summary of [3| Section 3]: There, the authors introduce a
single-valued p-Laplace operator A, : D(A,) — L'(S), where we denote by L4(S) := L(S,B(S), \; R),
for any ¢ € [1, 00|, the usual Lebesgue spaces. Then they prove that the closure of A,, which we will
denote by A, : D(A,) — QLI(S), is m-accretive and densely defined. Thus, we can introduce (T4, (t))¢>0,
where T4, (t) : L*(S) — L*(S) for all t > 0, as the semigroup associated to A, see Definition

In fact, the authors of [3, Section 3] even show that the initial value problem
0 € u'(t) + Apu(t), for a.e. t € (0,00) u(0) = v,
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has for any v € L'(S) a uniquely determined strong solution, which of course coincides with Ta,()v,
see Remark [2.1.9)

In Section we are going to recall these results in greater detail; particularly, A, as well as A,
will be introduced there, and we also use this section to deduce some basic properties of (T'a,(t)):>0
which are direct consequences of the results in Section [2.1

Afterwards, we will establish that (7.4, (t)):>0 conserves mass, that is (T4, (t)v) , = (v)g for every t > 0

S

and v € L'(S), where (v)g := ﬁ J vd\ denotes the average of any v € L*(S).
S

This result builds the basis for our investigation of the asymptotic behavior of (T4, (t))i>0. We will

demonstrate that

Jim [ T4, (t)v = (v)gllLacs)y = 0, (3.2)

for any v € L9(S) and g € [1,00); as well as

_— 2 1\ 7
74,60 = @llirs) < iy Sl - Wsllfusy (7)™ (33)

for all v € L?(S) and ¢ € (0, 00), where C;(p,7,S) > 0 is a constant (being determined explicitly later)
depending only on p, S and ’yE| Actually, it will turn out that (3.3)) is a corollary of a slightly stronger
result which is more technical to formulate and will be postponed until Section

Deriving further asymptotic results, requires a way of measuring how close v is to zero, which is done
by

po :=inf{g > 1: ’yﬁ c L'(9)}.
The first highlight of this chapter is an L°°-LP-contraction principle, which reads: If p > npg, then
2 1 5
174,000 = Wilz=(s) < Calpr. Sl = Wl (1) (3.4

for all t € (0,00) and v € LP(S).
Additionally, an extinction principle will be proven, i.e. if p € (%{22) + po, 2) # (), then

T, (B0 = )] 335, < (~Calpy. Sym)t + [Jo = (@)112T%) )+ (3.5)

S
— Il

for all t > 0 and v € L*(S). In particular, T, (t)v = (v) for all ¢ > g ey and v € L3(S).

'n this section, several constants C;(...) occur. They are all positive, will be determined explicitly later, and solely
depend on the quantities inside of the parenthesis.
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Moreover, we will see that: If p € (2,00) and f’y% d\ < oo (which is true if p > 2pg), then
s

1\ 72
174,00 - @ellirs < Catn.5i0) (7)o 1(S), 10 (36)

as well as

T4, (00 = W)sllzaes) < (Cs 0, St + Nl = W)slizals)) s Yo € L(S), t20.  (3.7)

Note that if n = 2 and pg = 1, then (3.4), (3.6) and (3.7) can be applied if p > 2; and (3.5) can be
applied, if p € (1,2); given that the initial fulfills the stated integrability assumption. Hereby, pg =1 is

fulfilled if for instance, v > ¢ a.e. on S for a constant ¢ > 0. Moreover, as described in Section the
p-Laplacian semigroup (74, (t)):>0 can be used to model the evolution of a fluvial landscape, in which

case n = 2.

In fact, there are some further asymptotic results proven in this chapter, which we left out to keep

this section more concise, and since they are in a similar spirit to one of the results we have already stated.

This chapter is structured as follows: The basic notation needed in this chapter and a summary of the
highlights of [3 Section 3] can be found in Section Then, in Section we prove our conservation
of mass principle, and some further elementary properties of T4, A4, and A,. In Section @ we derive
the results 7 and . Finally, in Section we employ differential inequality techniques to
prove 7 and .

Moreover, the asymptotic results proven here, will enable us to apply the general results regarding
ACPRM-processes that will be developed in Chapters and @, to (T4, (t))s>0-

3.2 Assumptions, Notation and preliminary Results

Throughout this entire chapter, let n € N\ {1}, p € (1,00) \ {2} and let ) # S C R™ be an open,

connected and bounded set of class C.

Now let us introduce some general notations: A denotes the Lebesgue measure on R”, | - | the
euclidean norm on R™, and z - y is the canonical inner product of any z,y € R". In addition, we
introduce the usual Lebesgue spaces L4(S) := L(S,B(S), \;R) and LI(S;R"™) := LI(S,B(5), \; R™),
for all ¢ € [1,00]. As usually, Wﬁolc(S) denotes the space of weakly differentiable functions and V f
denotes the weak derivative of any f € Wﬁoi(S) In addition, for any ¢ € [1,00), W4(S) denotes the
Sobolev space of once weakly differentiable functions, such that ¢ € L9(S) and Vi € L1(S;R™); and as
usually C2°(S) is the space of infinitely often continuous differentiable, compactly supported functions

p:S—=R

22



Remark 3.2.1. Let ¢ € (1,00). Then My (R™) denotes the class of q-Muckenhoupt weights, that is:
M,(R™) consists of all B(R™)-B(R)-measurable functions o : R™ — R such that vo > 0 a.e., vy is

(w.r.t. the Lebesgue measure) locally integrable on R™ and
B / ax (57 / Fran)" ] <
su — — 0.
see (B ) \NB) )
B is a ball B B

Now, let us state the assumptions regarding + which are needed throughout this chapter: Let
v : 8 — (0,00) be such that v € L*>(S5), 'yﬁ € L'(S) and assume that there is a 9 € M,(R™) such
that vo|s = v a.e. on S.
Finally, we set LP(S,~,R"™) := LP(S,B(S),vy;R"™), where v, : B(S) — [0,00) is the measure induced
by 7, i.e. vy(B) := [~dA for all B € B(S9), and introduce the weighted Sobolev space
B

WIP(S):={f € LP(S): Vf e LP(S,v:;R")}. (3.8)

These notations enable us to introduce the following p-Laplace operator:

Definition 3.2.2. Let A, : D(A,) — 2L'(9) be defined by: (f, f) € A, if and only if the following

assertions hold.
i) feWEP(S)nL®(S).
i) f e L'(S).
i) gywﬂﬂw - Vd\ = !fcpd)\ for all o € WEP(S) N L>(S).

As introductory claimed, we will see in the next section that A, is single-valued. Now, we would like

to introduce the closure of A,, which requires to generalize the concept of weak differentiability:

Remark 3.2.3. In the sequel, 7, : R — R, where k € (0,00), denotes the standard truncation function,
i.e. Te(8) :=s, if |s| < k and 7i(s) := ksgn(s), if |s| > k. Moreover, if f : S — R is Borel measurable
and fulfills 7,(f) € WL(S) for all k € (0,00), then Vf : S — R™, denotes the (up to equality a.e.)

uniquely determined function fulfilling
V7i(f) = VfLygi<ky, Yk € (0,00) (3.9)

a.e. on S. The function V[ is called the generalized weak derivative of f. Note that if f : S — R is
generalized weakly differentiable, then f € WLlolc(S) if and only if Vf is (w.r.t. the Lebesque measure)
locally integrable on S; and in this case V.f =V f. Cf. [6], for these and further properties.

Definition 3.2.4. Let A, : D(A,) — 2L'(S) be defined by: (f,f) € A, if and only if the following

assertions hold.
i) I,f € LY(S).
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it) (f) € WiP(S) for all k € (0,00) .
i) [AIVFP2VE -V (1(f — ©))d\ < [ fri(f — @)dX for all k € (0,00) and ¢ € WIP(S) N L>(S).
s 5
Now let us extract the following result from [3, Section 3|:

Theorem 3.2.5. The operator A, is m-accretive, complete accretive, densely defined and positively

homogeneous of degree p — 1. Consequently, for any v € V, the initial value problem
0 € u'(t) + Apu(t) for a.e. t € (0,00) and u(0) = v. (3.10)

has precisely one strong solution. Moreover, Ay, is the closure of A,, and even D(A,) is a dense subset

of (LY(S), [ - llz1(s))-

Remark 3.2.6. Throughout this chapter, (T'a,(t))i>0 denotes the semigroup associated to A,, see
Definition [2.1.§ C’onsequently, as mild solutions are according to Remark [2.1. also strong ones, we
infer fmm Theorem that: For any v € V, Ty, (-)v : [0,00) — L'(S) is the uniquely determined
strong solution of (-) i.e. Tq,(-)v is continuous on [0,00), (Ta,(-)v)|(0,00) € WL ((0,00); L'(S))
and last but not least

0€ Ty, v+ ATa,(t)v for a.e. t € (0,00) and Ta,(0)v = v. (3.11)
For the reader’s convenience let us state some further useful properties of (Ta,(t))i>0, which can be
inferred from the properties of A, stated in Theorem [3.2.5 and the results in Section [2.1]
i) (T4, (t))e>0 is a jointly-continuous, contractive semigroup. (See Theorem
ii) For any v € D(Ap) andt >0, (Ta,(-))ljo,y is Lipschitz continuous. (See Lemma|2.1.15.)

i) ||Ta,(t)vr — T, (t)v2l[racs)y < [lvr — v2llpacs) for all vi,ve € LI(S), q € [1,00] and t > 0. (See

Theorem @) and Remark

i) ||Ta, (t)v||Lacsy < [[vllpacs) for all v € LI(S), q € [1,00] and t > 0. (See Theorem and
Remark|2.1.16,.)
v) (Ta,(t))e>0 is domain invariant and admits an infinitesimal generator A5 : L'(S) — L*(S). (See

Theorem|2.1.18)

vi) Let Aj denote the infinitesimal generator of (Ta,(t))i>0, q € [1 ] t,h >0 and v € LI(S), then
we have ||Ta, (t + h)v — Ta, ()0l zacs) < [ATa, (0)vlzas) < gy llvllzecs). (See [2- 118l

and Remark|(2.1.16)

3.3 Basic Results and Conservation of Mass

In this section, we will derive some basic properties of T4, A, and A,, among them is the introductory

mentioned conservation of mass principle, which is stated and proven in Lemma [3.3.5
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Lemma 3.3.1. A, is single-valued. Moreover, if f € D(A,) N L>(S) and fe A,f, then f € D(Ap)
and f = Apf.

Proof. It is plain that A, is single-valued, since (f, f), (f, f) € A, implies

(= Bear=0, vp e wir(s)n1x(s),

5
and obviously Cg°(S) € W1P(S) N L>(S).
Now let f € D(A,) NL>®(S) and f € A,f, then 74,(f) € WP(S) for all k € (0,00). Consequently, by
choosing k > || f||p(s), we get f € WiP(S) N L>(S) . Hence the claim follows if

/7|Vf|”‘2Vf -Vpd\ = /fgod)\, Vo € WIP(S) N L®(S). (3.12)
S S

Proof of (3.12). It follows from the definition of A, that

[0 s - ohir < [ s

5 5

for all ¢ € W1P(S) N L>(S) and k € (0,00).

Observe that f € W1P(S) N L>(S) implies Vf =Vfon S (see Remark [3 and that ¢ = f — ¢,

where ¢ € W,}"p (S) N L*>(S5), is a valid choice as a test function in the previous equation; hence
/7|Vf|p V-V ((@)dA < /ka (3.13)
S

for all ¢ € W1o(S) N L%(S) and k € (0,00).
Now 3) yields, by choosing k > ||@|| g (s) for a given ¢ € WP(S) N L>(S), that

/7|Vf|”‘2Vf - V@dA < /f@d)\, Vg € WIP(S) N L®(S). (3.14)
s
Conclusively the claim follows since ¢ can be replaced by —@ as a test function in ([3.14)). O

Lemma 3.3.2. Let v € L>(S). Then we have Ta,(t)v € D(A,) and =Ty (t)v = ApTa,(t)v for almost
every t € (0, 00).

Proof. We already know that 0 € 77 (t)v + AT, (t)v for a.e. ¢t € (0,00) and (by domain invariance)
even T, (t)v € D(A,) for every t € (0,00). Thus, employing the services of Remark [3.2.6/iiv) (with
g = o) and Lemma yields the claim. O

Lemma 3.3.3. Let v € L'(S) and ¢ : S — R be a constant function. Then

Ta,(t)(v+ @) =Ta,(t)(v) + ¢, Vte0,00). (3.15)
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Consequently, if T4, (-)v is differentiable in t € (0,00), then Tx,(-)(v + @) is differentiable in t and
T, () (v +¢) =T (t)v.

Proof. Let v € L>=(S), let ¢ : S — R be a constant function and introduce f : [0,00) — L'(S) by
1) = Ta, (o) + .

It is clear that f(0) = v+ and also that f is continuous on [0, 0c) and an element of W;2! ((0, 00); L*(S)),
since T4, (-)v has these properties.

Now observe that obviously f'(t) = T (t)v for a.e. ¢t € (0,00). Moreover, we have for any ¢ €
W1P(S) N L(S) that

/ AV FOP 2V (E) - VipdA = / AV T, (0o~ 2V T, (£ - VipdA
S S

which implies, together with f'(t) = 17 (t)v for a.e. t € (0,00) and Lemma that f(t) € D(Ap)
and —f'(t) = A, f(¢t) for a.e. t € (0,00). Consequently is verified for initial values v € L™ (S).
Conclusively, applying Remark (with ¢ = 1) yields that both sides of depend continuously
on v. Thus, as L>(S) is dense in (L'(S), ]| ||L1(s)), holds for all v € L1(9).

Finally observe that clearly implies the remaining part of the claim. O

Remark 3.3.4. We denote for any v € L'(S), its average by (v)g, that means (v) g := ﬁ JvdA. By
s
slightly abusing notation, the constant function mapping from S to R, which takes only the value (v)q

will also be denoted by (v)g. In addition, we set
Li(S) == {v e LUS) : (v)g =0},

for all q € [1,00]. Moreover, we equip L{(S) with || - ||ra(sy as a norm. Then (L§(S), | - ||Lacs)) is a
Banach space, for any q € [1,00], and it is separable, if ¢ # oc.

Lemma 3.3.5. Let v € L'(S), then (Ta,(t)v)g = (v)g for everyt > 0.

Proof. As, L'(S) > v — @S is clearly continuous, employing Remark [3.2.6 ) (with ¢ = 1) yields
that L'(S) 3 v+ (T4, (t)v) is continuous as well. Thus, it suffices to prove the claim for v € D(4,),
since this is according to Theorem a dense subset of (L'(S)|| - ||r1(s)). So let v € D(A,) be given.
Moreover, introduce 7 € (0,00) and f : [0,7] = R by f(t) := [T, (t)vdA, for all ¢ € [0,7].

5

According to Remark ; (T4, (-)v)]j0,r is Lipschitz continuous which obviously implies that f is
Lipschitz continuous as well. Moreover, it is plain that f'(t) = [ T, (t)vdA.
s

In addition, note that D(A4,) C L*(S) which yields by the aid of Lemma that

£ = = [AIVTa, 0oV, (00 Tedr =0,
S

where ¢ : S — R denotes the function which is constantly one.
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Consequently, f is constant and therefore (v) = (T'4,(t)v) for all ¢ € [0, 7] which gives the claim as 7 is
arbitrary. 0

Lemma 3.3.6. For each q € [1,00), the space L§(S) is invariant w.r.t. T4, . Moreover, the restriction of
T4, to LY(S) is a time-continuous, contractive semigroup on (L{(S),||-||Ls(s)) which fulfills T4, (t)0 =0
for all t € [0,00).

Proof. The invariance follows from Lemma and Remark . In addition, the contractivity
follows from Remark . Moreover, T4, (t)0 = 0 is easily inferred from 0 € D(A,), A,0 = 0. In
addition, it is plain that the semigroup property still holds on L{(S) C L(9).

Thus, it remains to prove the time-continuity. Solet v € L{(S) and introduce a null-sequence (A, )men
R, as well as t > 0 and € > 0. Moreover, assume w.l.o.g. that t+h,, > 0 for all m € N. Moreover, choose
0 € Lg°(S) such that [|v —0]|fe(s) < 5. Then we get by the time continuity of T)4,, and by passing to a
subsequence if necessary, that lim T4 (¢ + hy,)0 = T4, (t)0 almost everywhere. In addition, invoking
Remark iv) gives |[Ta, (tm+ﬁfzom)ﬁ| |oe(s) < ||0]|Le(s) for all m € N and employing dominated
convergence yields W%gnoo Ty, (t+hm)0 =Ty, (t)0 wrt. ||-||ras). Conclusively, we get by contractivity
that

i {[T0, (84 hn v = T, (0)0] [ Lacsy < 20 = 0l|ags) + lm [|Ta, (8 + hin)0 = T, (£)0]|Las) < &,

which yields the desired time continuity. O

Now, let us conclude this section with the following lemma which is not needed in the Sections

and but in Section

Lemma 3.3.7. Let o € WP(S) N L>®(S) and v € L>(S). Moreover, let A5 : L'(S) — L'(S) denote
the infinitesimal generator of Ta,. Then, the mapping (0,00) > 7+ [ @AST 4, (T)vdX is B((0,00))-
S

B(R)-measurable and

¢
/ /wA;TAP(T)vd/\ dr < 0. (3.16)
0 Is

for allt > 0.

Proof. Firstly, Remark [3.2.6vi) yields that @ A>T, (1)v € L>®(S) C L'(S) for all 7 > 0; thus, the
integral [ @ AST 4, (T)vd\ exists. Moreover, Remark 3.2.6? yields
s

/cp.A;TAp (T)vdA = flhiﬁ}% /SOTA,) (T + h)vdX — /cpTAp (T)vdA |, V7 > 0.

S S S

In addition, for any h > 0, the mapping (0,00) > 7 ,ll(f @TAP(T—i-h)vd/\—fcpTAp(T)vd)\>
5 5
is continuous, and therefore a fortiori B((0,00))-B(R)-measurable. Consequently, (0,00) 3> 7 —
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J @ ASTa, (T)vdX is B((0, 00))-B(R)-measurable, and it remains to prove (3.16)).
5
Firstly, Lemma yields A)Ta,(T)v = ApTa,(T)v, for a.e. 7 > 0. Thus, by employing Cauchy-

Schwarz’ and Holder’s inequality we get

/@A;TAP (Tvd\| = /7|VTAP (T)v[22V T4, (1)v - VipdA
s s
< | [ @epar] { [aveki
s s
= /TAP(T)’UAPTAP (T)vdA /7|Vg0|fld/\
s s

for a.e. 7 € (0,00). Consequently, Remark [3.2.6lfivljvi) enable us to deduce that

. 1 1 z
/WAPTAP(T)W)\ < (T”\(S)MWHQLOO(S)) /7|V80\ﬁd/\ ;
5 5

for a.e. 7 € (0,00). But, the preceding inequality obviously implies (3.16)). O

3.4 An L>*-LP-Contraction Principle

The purpose of this section is to prove the results (3.2), (3.3) and (3.4) mentioned in the introduction.
Actually, it will turn out that (3.3)) is a corollary of a slightly stronger result.
Among other things, the (proofs of the) asymptotic results we obtain, heavily rely on Poincareé’s

inequality:

Remark 3.4.1. We denote for any q € [1,00), the Poincaré constant of S in LI(S) by Cs,q, that is:
Cs,q € (0,00) is the smallest constant depending only on S and g, such that

Nf = (Dsllracs) < CsqllV Il asmny, Vf € WH(S).

Note that S is assumed to be open, bounded, connected and of class C'. Consequently, Poincaré’s

inequality implies the existence of Cg 4.

Remark 3.4.2. Throughout this chapter, let py € [1,p] be the constant defined by
po :=inf{g > 1: 'yﬁ c L'(9)}.

Since 'yﬁ € LY(S) by assumption, it is clear that indeed py < p.
Roughly speaking, pg gets as closer to one, as further away ~ is from zero. Moreover, as it turns
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out, the closer pg is to one, the better our asymptotic results get. In addition, note the following special

case:

Remark 3.4.3. If there is a constant ¢ > 0 such that v > ¢ a.e. on S, then py = 1, since: We then
have for all ¢ > 1 that f’yﬁd)\ < M(S)eT7 < oo.
s

Thus, particularly if v is constant a.e. on S, then py = 1.

Lemma 3.4.4. If ¢ > py then 'ylflq € LY(S). Moreover, py < p.

Proof. Let q > po, then there is § € [po,q) \ {1} such that N € L'(S). Since trivially i:g > 1,

Hoélder’s inequality yields

/yfimgx(sﬁ% /w%:dx < o0,

s 5
which implies vlflq € L'(9).
By assumption there is 9 € M,(R™) such that v = v a.e. on S. Moreover, there is an € € (0,p — 1)
such that v € Mp_-(R™). (See [40, Ch. IX Prop. 4.3 and Theorem 5.5].)

1
Since S is bounded, there is a ball B C R™ containing S which implies v, *~% € L!(S). This implies
po < p, since v =g a.e. on S. O

Lemma 3.4.5. Let 0 <4 < p;% and f € Wi P(S), then f € WHIH9(S) and

feea)
p(1+
1448
IV fllLi+s (gmmy < /“Y”‘H’d/\ IV fllLr (5,7;mn) < 00. (3.17)
5

Proof. Let 0 <0 < %. (Note that py < p, thus such a § does indeed exists.)

In addition, let f € W*(S), then obviously f € WL () as well as f € LP(S).

Moreover, note that 1 +4§ < 1+ % < p and thus f € L'*°(S), since A\(S) < co. Conclusively, the
claim follows once is proven.

First of all 1 + 6 — p # 0. Secondly ﬁ > po, thus Lemma yields

/7%d/\:/71‘ﬁd)\<oo. (3.18)
S S

Finally, (3.17) follows from the following estimate, where Holder’s inequality is used.

1
1+5

148 _ 146
IV fllosssmn = / V005 5
S
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= /\Vf\%u /V%dk
s s
p—1-3
p(1+9)
EEY
= IVFlle(symn /VH‘H dA ;
s
which is finite due to (3.18). ]

The preceding lemma is a slight modification of [23, Prop. 2.1]. There, an analogues result is proven
for Sobolev spaces, where the function and its weak derivative need to be integrable with respect to the

same measure and not to different ones as in our setting.

Lemma 3.4.6. Let v € L*(S) N LP(S), then Ta,(t)v € L*(S) NWP(S) for a.e. t € (0,00) and

1 1
2 P — 2 1\~
VT4, 0)0]| Lo (5,75mm) < <|p—2|) lv = ()l F2(s) (t> (3.19)

for a.e. t € (0,00).

Proof. Thanks to Lemma it suffices to prove the claim for v € L2(S) N LE(S). So let v € L3(S) N
LB(S) be given and introduce ¢ € (0, 00) such that 0 € T, (t)v+ AT, (t)v. According to almost
every value in (0, 00) is a valid choice for t.

Firstly, note that T4, (¢t)v € L§(S) N LE(S) by Lemma Moreover, T4, (t)v is generalized weakly
differentiable. Consequently, if

~ 1
[A9Ta, @0lrax < E e 7 (3.20)

S

2
lp — 2]

then obviously @TAP (t)v € LP(S,~;R™) C L'(S;R™) and therefore, apppealing to Remark [3.2.3| yields
@TAP (t)v = VT4, (t)v a.e. on S.

Hence, if holds, then also as well as Tq, (t)v € L*(S) NW1P(S).

Proof of . Firstly, Remark implies

2
T, (t < —— . 21
T2, (H)vl[r2(s) < b 2|t||U||L2(S) (3.21)

Moreover, Fatou’s lemma yields

k—o0
S S

/’Y‘@TAP (t)v|PdX < lim inf/ Ty, (t)org (T4, (t)v) dX.
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Consequently, by Cauchy Schwarz’ inequality, (3.21)) and Lebesgue’s theorem we get

~ 2
[ AT 0 ax < e T, (00l
5
Finally, (3.20) follows by applying Remark [iv]). O

Theorem 3.4.7. Let 0 <0 < P2P2 and v € L2(8) N LY*9(S), then

— — 2 1\~
174,000 = Wislzrsscs) < CansaTallo = slis) (7) (3.22)

for every t € (0,00), where

p—1—94

p(1+9)

146 2 P
Lsp = /W1+6—Pd)\ () < 00. 3.23
? J lp —2| (3.23)

Proof. Let 0 < ¢ < P2P% and v € L3(S) N L{(S).

Moreover, let ¢ € (0,00) be such that the assertions of Lemma hold. Since Ty, (t)v € W} P(S),

Lemma [3.4.5|yields T4 (t)v € WH+9(S) and thus Lemma|3.3.5, Poincaré’s inequality, (3.17) and (3.19))
P y:

imply

T, ®)vllLrvscsy = |[Ta, (v = (Ta, ()v)gllLres(s)

IN

CS,1+6| ‘VTAP (t)U| ‘L1+6(S;Rﬂ,)

1
2 1\ »
CS71+6F5,p||UH£2(s) <t> )

IN

ie. (3.22) holds for v € LE(S) N LE(S) and almost every ¢ € (0,00). Thus, employing Lemma m

yields (3.22) for v € L3(S) N L5(S) and each ¢ € (0, c0).

Now, let ¢ € (0,00) be arbitrary and let v € L3(S) N LiT(S).

Moreover, let (vy)men € L§(S) N Ly(S) be such that lLim v, = v wrt. [|-||g2s) and || - [|[i+s(g).
m—r o0

Then, it follows from Remark ) that n%gnoo Ta,(t)vm = Ta, (t)v wrt. || -|1+s(s). Hence

T, @)0llvssy = lim || Ta, (B)oml[i+s(s)

1

2 1\?
. p —_
im Csa+6lspllvmllf2(s) (t)

IN

1
2 1\~
= Csatelspllvll7(s) (t) '

which implies (3.22) for every ¢ € (0,00) and v € L3(S) N Ly (S).
Finally, for arbitrary v € L2(S) N L**9(S), (3.22) follows from Lemmam O
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Remark 3.4.8. Whenever ¢ is given such that 0 < § < p;g’“, then I's, denotes the quantity introduced
in (3.23).
Corollary 3.4.9. Let v € L?(95), then
_ 2 1\ 7
T, (t)v = ()gllLr(s) < Csalopllv — (v)sll72s) (t) ; (3.24)

for every t € (0, 00).

Ifo<d< p;g’“, then & can be chosen as bigger as smaller py gets, i.e. Theorem yields the
most general result if py = 1. The reader is referred to Remark [3.4.3] for assumptions implying po = 1.

By virtue of Sobolev’s embedding theorem we obtain the main result of this section:

Theorem 3.4.10. Let v € LP(S) and assume py < £, then T, (t)v € L>(S) for every t € (0, 00).
Moreover, if n —1 < § < BB then Ty, (t)v € WHI+9(8) and there is a constant Css € [0,00),
depending only on S and 8, such that

_ . — 2 1\~
174,000 = Wilzmcs) < CosTasllo = Wslfags) (3) (3.25)

for every t € (0,00).

_1
In addition, C% 5 can be chosen as C§ 5 = C~'571+5 (C’éﬁi_ts + 1) e , where Cs 145 1s the operator norm
of the continuous injection W49 (8) — L2(S).

Proof. Thanks to Lemma it suffices to prove the claim for v € L{(S). Moreover, note that if
po < £, then P2E2 > — 1, consequently (n — 1, 22E2) o 0.
Solet n —1 <4 < 2222 and v € L(S) which implies v € L3(8), since p > npy > n > 2.

Moreover, by appealing to Lemma and Lemma we get T, (t)v € L§(S) N W P(S) for a.e.
t € (0,00). Consequently, Lemma yields Ta, (t)v € WH1+9(S) and

1
2 1\ 7
VT4, (Ollgssisar) < Topllellags, (t) | (3.20)

for a.e. ¢t € (0,00).
Since T'n, (t)v € WH+9(S) and 1 + § > n, employing Sobolev’s embedding theorem yields

T4, )| Lo (sy < Csatsl|Ta, ()0lwra+s(s), (3.27)

for almost every ¢ € (0,00), where C~'571+5 is the operator norm of the continuous injection W11+9(S) <
L*>(S).
Hence it follows by virtue of Theorem [3.4.7] and the inequalities (3.26) and (3.27) that

146

1

(é ||TAp(t)v|L°°(S)> < ||TAp(t)v||11/1j16,1+6(s)
S1+46
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= 11T, (el ) + 9T, (0] (s

1 1 1+5
2 P

146 v

(Osﬁﬂs + 1) (Fé,p vl F2(s) (t) )

_1
Consequently, if one defines C§ ; := C’g,l+5 (C’;{i s+ 1) Hé, then the preceding estimate yields the

IN

claim for almost every t € (0, 00).

Now let t € (0,00) and choose a monotonically increasing sequence (ty,)men C (0,00) such that

77}13100 tm =t, ty < t and such that 1] holds for each m € N. Then Remark , yields

[T, ()01 (5) < T4, (Em) V|1 (5),

for every m € N, which verifies (3.25) and T4, (t)v € L*(S) for every t € (0,00). Finally, invoking

Remark [3.2.6v)) yields Ty, (t)v € D(A,) and thus (by Lemma [3.3.1) we get Ty, (t)v € D(A,) C
WiP(S) C WH1+9(8) for every t € (0,00), where the last inclusion follows from Lemmam O

Remark 3.4.11. Assume v € LP(S5) and po < &. Moreover, letn —1 < 6 < B2E% and t > 0. Then
the preceding theorem states particularly that Ty, (t)v € WH1H9(S). Consequently, Sobolev’s embedding
theorem also yields that T4, (t)v is Holder continuous of order 1 — Tys, or more accurately that there is

a representative in the equivalence class which is Holder continuous of this order.

Remark 3.4.12. [t is clear that Corollary[3].9 implies

Jim [Ty, ()0 — ()gllr1(s) =0, Vv € L*(S).

Moreover, Theorem|3.4.10 yields that even tlim [T, (t)v — (v)gllLe(s)y = 0, if v € LP(S) and py < Z.
—00

It is beyond the scope of this thesis to obtain a uniform convergence result under more general as-
sumptions. But it will be proven that Li-convergence holds under more general assumptions for any
q € [1,00).

Theorem 3.4.13. Let g € [1,00) and v € LI(S), then

. — TN . q
tliglo Ty, (t)v = (v)g in LI(S). (3.28)
Proof. Again, thanks to Lemma it suffices to prove the claim for v € L{(S). So let, v € L{(S) be
given and let 7 : R — R denote the standard truncation function, for each k € (0, 00).
Moreover, let (f,,)men C [0, 00) be an arbitrary sequence such that lim #,, = co. In addition, (¢,,)men

m—o0
is a subsequence such that

lim Ty, (tm)m%(v) = (x(v))g, a.e. on S. (3.29)

m—0oQ

(Corollary ensures the existence of such a subsequence, since 74 (v) € L?(S).)
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Now observe that Remark iv) implies
T4, ()i (v) = (78(0)) sl L= (5) < 2,
for all m € N and k € (0,00). Consequently, this, together with (3.29) yields by virtue of dominated
convergence that 1i_r>n Ta, (tm)Th(v) = (Tr(v))g in LI(S) and therefore
m—0o0

Jim [[7a, (07(0) = @) luacs) = 0, Vh € (0,0). (3.30)

Observe that clearly klim Tr(v) = v ae. on S and that |7x(v) — v|? < (2Jv])? for all k € (0,00).
—00

Consequently, Lebesgue’s theorem yields

lim 74(v) = v, in LI(S). (3.31)

k—oco

Now let € > 0 and choose kg € (0, c0) sufficiently large such that

— €
max (|7, (v) = vllzags), [(Tre (v))s]) < 3, (3.32)
which is possible, due to (3.31]).
Moreover, (3.30) yields the existence of a tg € (0,00) such that
— €
1T, ()70 (v) = (7o (0)) sl La(s) < 3, VE 2 to. (3.33)

Finally, it follows by combining (3.32), (3.33) and by using Remark [3.2.6lfiii}), that ||, (t)v||Le(s) < €

for all £ > tg. O

3.5 Asymptotic Results obtained by differential Inequality Tech-
niques

Let us open this section by stating and proving two differential inequality results which will be exploited

to prove , and .

The first of these results is stated, but not proven in [I6, Lemma 2.2]. For the sake of completeness, we
will give a proof. The second one seems to be in use, but we were not able to find it rigorously stated

anywhere in the literature, even though it might be available somewhere.

Lemma 3.5.1. Let p; € (0,1), k1 € (0,00) and let f : [0,00) — [0,00) be locally Lipschitz continuous,

i.e. flio,q is Lipschitz continuous for any t € (0,00). Moreover, assume

£+ 2wt <o,
P1
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for a.e. t € (0,00). Then we have
F@O)P < (=mat + f(0)) 4, VE=>0.

In particular, f(t) =0 for all t € [t*,00), where t* := K—llf(O)pl.

1

Proof. Set a := f(0) and introduce f : [0,00) — [0,00) as f(t) := (—rit +a”)7", for all t € [0, 00).

Then, f is Lipschitz continuous, and a direct calculation verifies that
~ /{/ ~
Fie)+ 2 Feye =0,
1

for all t € (0, 00).

Now, let us prove (by superposition) that 0 < f(¢) < f(t) for all ¢ € [0, 00) which obviously implies all
claims.

So, assume there is a ¢t; > 0 such that f(¢1) > f(tl), then there is, since both functions are continuous

and since f(0) = f(0), a to € [0,¢1) such that
F(t) > f(2), ¥t € (to,ta] and f(to) = f(to)- (3.34)

But this implies

f(t) — f(t1) Ftr) = f(t1) = (f(to) — f(to))

- / () - ()t

_R - R 1-p1
=[Sy 2

to
> 0,
which yields f(t1) > f(t1) and therefore contradicts (3.34)). O

The next differential inequality result can be proven with the same technique as Lemma But,

there is also another interesting technique available, which we will employ.

Lemma 3.5.2. Let f : [0,00) — [0,00) be locally Lipschitz continuous on [0,00). Moreover, assume

that there are constants kg, p2 € (0,00) such that
F1() + rapaf(8) 72 <0, (3.35)
for a.e. t € (0,00). Then we have
10 < (mat +10) %) " (3.36)
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for allt € [0, 00).

Proof. Firstly, as f is locally Lipschitz continuous, yields that f is monotonically decreasing.

Now set [ :=inf{t > 0: f(¢t) =0}. If I =0, then f(¢) =0 for all ¢ > 0 and by continuity for all ¢ > 0.
Consequently, in this case trivially holds. So assume I > 0 and let I € [0, 1) be arbitrary but
fixed and introduce F : [0, I] — [0, 00) with F(t) := f(t)_i. As f(t) > f(I) > 0 for all t € [0, 1], F is,
as is the composition of Lipschitz continuous functions, itself Lipschitz continuous. Consequently, we

get

1

F(t)—F(0) = /F'(T)dT = —p%/f(T)iEilf/(T)dT > kot, Vt € [0,1].
0 0

Thus (3.36) holds on [0, ] and as I was arbitrary, it holds on ¢ € [0,1). Finally, if I = oo the proof
is complete and if I < oo, the infimum is (by continuity) a minimum and by monotonicity f = 0 on
[1,00), in which case (3.36) is trivial. O

Throughout this section, let f, , : [0,00) — [0, 00) be defined by

fu,v(t> = / (T,AP (t)u - T_Ap (t)’l))2 d,
S

for all t € [0,00) and u,v € L*(S).

Now let us demonstrate that f, , is locally Lipschitz continuous, if u,v € D(A,) and calculate its almost
everywhere existing derivative. Afterwards, we will prove a technical approximation result, and then
proceed by employing Lemma and Lemma to get the desired asymptotic results.

Lemma 3.5.3. Let u,v € D(A,). Then fu is locally Lipschitz continuous. Thus, it is differentiable

almost everywhere. Moreover, we have Ta, (t)u, T4, (t)v € WIP(S) as well as

fun(t) = *2/7 (IVTa, (@)ulP VT, (t)u — [VTa, (£)0]P 2V T4, (£)0) - (VTa, (t)u — VT4, (t)v)dA,

u,v

S
for a.e. t € (0,00).

Proof. Firstly, let us verify the desired local Lipschitz continuity. To this end, fix ¢ > 0 and note
that [0,c] >t + T4, (t)u and [0,c] > t + T4, (t)v are by Remark [3.2.6lii), w.r.t. || -||r1(s), Lipschitz
continuous. So let C,, C,, > 0 denote their Lipschitz constants. Then, Remark |3.2.6lfiv) (with ¢ = c0)
yields

[fuw(t) = fun(t)] < [t = 2| (Cu + Co) 2 |ul[ = (s) + 2[[0]| Lo (5))

for every t1,ts € [0, ].

Consequently, f is locally Lipschitz continuous and as it is real-valued, it is also differentiable almost
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everywhere.
Now, recall that for all w € D(Ap) we have Ty, (t)w € D(Ap) and —T7 (hw = ATy, (t)w for a.e.
t € (0,00), see Lemma W Thus, as D(A,) € W]»(S), it remains to prove the formula regarding

!
Let (hm)men € (0,00) be a null-sequence. As Tia, (t)u,Ta,(t)v € D(4y), =T (H)u = ApTa,(t)u and
=T, (t)v = ApTa,(t)v, we get (by passing to a subsequence if necessary) that
. 1
lim . (T, (t + hin)u — Ta, (t + b )v) — (Ta, ()u — Ta, (t)v)) = — (ApTa, (t)u — ApTa, (t)),

m—r oo m

a.e. on S, for a.e. t € (0,00). Now Remark [3.2.6lvi) (with ¢ = oo) enables us to conclude from
Lebesgue’s theorem that the preceding convergence also holds w.r.t. || - [|r2(g)-

Moreover, we also have (by passing to a subsequence if necessary) that

lim ((T‘AP (t+ hpm)u — Ty, (t + hm)v) + (TAp (t)u —Ta, (t)v)) =2 (TAp (tyu —Ta, (t)’U)

m—r 00

a.e. on S, for a.e. t € (0,00), and by virtue of Lebesgue’s theorem (which is thanks to Remark i)

applicable) also w.r.t. ||-[[2(g) for a.e. t € (0,00). Thus, combining the preceding two equations yields

tin = (Fu (4 Ain) = fuo(0) = 2 / (T, () — T, (£)0) (A, T, (1w — A, T, (£)0)dA,

m—o00
S

for a.e. t € (0,00). Consequently, as we already know that f, , is differentiable almost everywhere, we

get

fun(®) =2 /(TAp () — T, (O)v)(ApTa, (H)u — ApTa, (t)v)dA, (3.37)
S

for a.e. t € (0,00). Finally, (3.37) implies, by using (T4, (t)u — Tla,(t)v) as a test function in the
definition of A,, that

fun(t) = —2/7 (IVTa, (ulP =2V T, (t)u — [V T4, (t)0[P 72V Ta, (t)v) - (VT4, (t)u — VT4, (H)v)dA,
S

for a.e. t € (0,00); which completes the proof. O

Lemma 3.5.4. D(A,) is a dense subset of (L*(S),|| - ||12(s)) and D(A,) N L3(S) is a dense subset of
(L3(S) Il - llz2(s))-

Proof. Let us start by proving the first assertion. Firstly, it suffices to prove that there is for each
h € L*(S) a sequence (vy,)men C D(A,) such that

lim v, = h in L?(S),

m—r o0
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since L>(S) is a dense subspace of L?(S).
So, let h € L*°(S) be arbitrary but fixed.

Since A, is m-accretive there are for each m € N functions v, € D(Ap), Om € Apvm,, such that
1.
h =vmy, + —0,, a.e. on S, (3.38)
m

for all m € N.

Moreover, by complete accretivity we get
vaHLoo(S) < ||h||L°°(S) < 00, vm € N. (339)

Consequently v, € L*(S) and therefore v, € D(A,) for all m € N.
Moreover, (3.39) also implies that the sequence (|[vm||z2(s))men is bounded. Hence, by passing to a

subsequence if necessary, there is an he L?(S) such that

w - lim vy, = hin L*(S). (3.40)
Now observe that
1
lijn - /7|va\p*2V’um -Vpd\ =0, Yy € W,}’p(S) N L>(S), (3.41)
S

since we obtain for all ¢ € W'P(S) N L>°(S) and ¢ := 52 that

1\
() /7|va\p_2va-Vapd)\
m

S

1
q

1
1\¢ _
(m) /'y|va|p V00, - VUmd\ [IVollLr (s,
s

IN

Q=

/(h = V) VmdX | [V |Lr(s,yrm)
S
%

([Pl oo sy + [1Pl| oo ()Pl oo (sydA | 1Vl Lo (5,7imm)

IN
n—_

1
(XS A~ 5)) " 119l

where Cauchy Schwarz inequality, Holder’s inequality, 0., = Apvm, (3.38) and (3.39) were used.
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Moreover, (3.41]) yields

/(h—h)g;d/\ = lim [ (h—vm)pdA
m—r o0
s s
. 1.
= lim — O pd
m—r o0 m
s
1
= lim —/7|VU P=2Vv,, - Vod\
m—r o0
s
= 0,

for all ¢ € W1*(S) N L>(S) and therefore h = h.
Moreover, by complete accretivity we have [|vm|[r2(s) < |[om + L0m||r2(s) and thus we also get

l[vmllz2csy) < Pllz2(s) = ||}~L||L2(S) for all m € N, which implies particularly that

Hm sup [[om| |22y < |12l p2(s)
m—r 00

Conclusively, this, (3.40) and the uniform convexity of (L2(S), ||| r2(s)) yield lim v, = h = h, in L*(S),
m—0o0

which proves the first assertion.

Now, the second assertions is easily deduced from the first one: Let h € L3(S), then there is a
sequence (R )men € D(Ap), such that lim hym = h in L?(S). Now, one instantly verifies that

hm — (hm) € D(A,), with A,(hy, — (b, ) = Aphy,. Consequently, h,, — (hy) € D(A,) N L3(S)

for all m € N and clearly hm B — (hm) = h, in L?(S) since (h) = 0. O

Remark 3.5.5. The proof of Lemma has revealed the following: Let h € L*°(S) and introduce
U = (Id + %Ap)_lhﬂ Then we have

lim v, = h, in L*(S).

m—r o0

This fact is not needed in this section, but will be useful in Chapter[] Moreover, the technique which we
employed to prove Lemma[3.5.]) is a standard technique to prove such density results. It is for example
also used in [J, Prop. 5.1].

Theorem 3.5.6. Assume that the interval (p‘)( =2 4 po, ) is non-empty and that p € (% + po, 2).

In addition, introduce

np+2p—2ny —1
np+2p 2n
an

S

2See Remark for the definition of the resolvent.

39



where Cyg is the operator norm of the continuous injection Whats L?(S). Then we have

T4, (t)0 — )27, < (—rat + [lo = @)I12T)) 4 (3.43)

— llo—)I1%57

for allt >0 and v € L%(S). In particular, T4 (t)v = (v) for all t > L2S) gnd v € L2(S).
P K1

_(0)|12=P
— llo—()I1357,
K1

Proof. Firstly, it is plain that (3.43) implies T4, (t)v = (v) for all ¢ > . Secondly, Lemma
yields that it suffices to prove for v € L3(S). Moreover, the right-hand-side of
clearly depends continuously on v, and appealing to Remark yields that the left-hand-side also
depends continuously on v. Thus by invoking Lemma we get that it suffices to prove for
v € D(Ay) N LE(S).

So let v € D(A,)NL3(S) be given and assume p € (%[22) + po, 2) # (). Moreover, note that nQ—fQ <n,
since n # 1. Consequently, Sobolev’s embedding theorem yields that there is a continuous injection
WhH2 (8) < L2(S). So let C'g denote its operator norm.

Now, introduce f, : [0,00) = [0, 00), by

Fo®) = foo(t) = [|Ta, (t)0]lZ2(s),

for all ¢ > 0.

Moreover, note that

2 1 ) -
0< " 1—<]W)+po>—1<p—1=p Po. (3.44)

_n+2_ _po n—+2 Po Po

In addition, appealing to Lemma yields that f, is locally Lipschitz continuous and differentiable

a.e. with

F3(6) = =2V T, (112, g e (3.45)

for almost every ¢ € (0,00). Moreover, as T, (t)v € W1P(S) for a.e. t € (0,00), we get by employing
Lemma and 1D that Ty, (t)v € Wl’n%(S) as well as

np+2p—=2n
n

2n
19T, (0l g, < | [rmmman VT, (O8] 0 (3.46)

and in particular, we get

2n
/ymd/\ < o0,
S

which implies that the integral occurring in the definition of % is finite. Now, it follows from Sobolev’s
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embedding theorem, Poincaré’s inequality and (3.46|) that

fo®)2 = ||TAp(t)UH122(s)
< T, )| |
< BT O,
np+2p
% (1T, 00ll™2, -+ 19T, (00l 722 ’
= C || "5, || "5,
o A Lt (s) A LF7 (5;Rm)
np+2p
< n(erE, |\vTy (]| + IV T, (]| 72, |
< (e Ivny o, IV o,
np+2p
- 2n
= CY(C0r, +1 VT4, ()] ..
(cs, IV T 00l
R np+§p72n
~p % np;;p o " »
= G <CSH7,?$2 +1> / YT IVTa, W)Vl (5,520
s
2—-p
= THVTAPU)UHE(S,WW),
for a.e. t € (0,00). Thus, employing (3.45) yields
/ ﬂ 1-p1 <0
[o(t) + —fo(t) 77 <0,
P1
for a.e. t € (0,00), where p; := 2%”. Consequently, invoking Lemma yields
fo®)Pr < (=rat + fu(0)7)4,
for all ¢ > 0, which completes our proof. O

Remark 3.5.7. Note that if n = 2 and py = 1, then we can either apply Theorem [3.5.6 or Theorem

3.4.10, i.e. depending on the value of p, either or holds. Thus, if n = 2 this works
particularly if v is bounded from below away from zero, see Remark[3.7.3

Remark 3.5.8. The following proposition (and the results we deduce from it), rely on the assumptions
p € (2,00) and f’y%d)\ < 00. Note that % = L. Thus, employing Lemma|3.4.4| yields: If py < 2
s

3

then f’y%d/\ < 00. Moreover, it is easily verified by Holder’s inequality that for p € (2,00), the
S

assumption f’yfzp d\ < oo implies f’yﬁd)\ < oo.
S S
Proposition 3.5.9. Assume p € (2,00) and f’y%d)\ < 00. Moreover, introduce u,v € LE(S). Then
S

we have

1
2—-p

T4, (8 = T, (D0l z2s) < (w2t + Ilu = vlf3afs) ) 7 ve = 0, (3.47)
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2-p

2

where ky = (p —2)2~(P=2) (f 722pd)\> Cgh-

S
Proof. Thanks to Remark iif) and Lemma it suffices to prove (3.47) for u,v € LZ(S)ND(A,).
Moreover, we have W1*(S) € W'2(S), since appealing to Holder’s inequality gives

y2

Jivetar= [y 2t wepar< | [a7man) | [awera] <oo veewin(s).
s s s s
Consequently, employing Poincaré’s inequality yields
» 2-p
2 2
/lelpdA > Cgh /QDQd)\ /yﬁdA , Vo € WIP(S) N L§(S). (3.48)

S S S

Moreover, it is well known that (|z|P~2z — |y|P~2y) - (v — y) > 227P|z — y|? for all z,y € R", see [L1}
Lemma 3.6]. By Lemma we get T, (t)u, Ta,(t)v € WiP(S) for ae. t € (0,00) and by the
aid of Lemma we then obtain T, (t)u — Tx, (t)v € WEP(S) N L§(S) for a.e. t € (0,00). These
observations enable us to conclude from and Lemma [3.5.3 that

2—p

Fun(®) < =277 [ VT, (0u =V (0P ar < =270t | [275ar]  fuof,
S S

for a.e. t € (0,00). Thus, by setting ps := $7 we get f,, ,(t) + /igpru’U(t)H% <0 for a.e. ¢t € (0,00).
Hence, invoking Lemma vields fu.o(t) < (Kot + fw,(())_i )~P2; thus by taking the square root and
noting that u,v € LZ(S) N D(A,) were arbitrary, we get (3.47) for all u,v € L3(S) N D(A,) and the

proof is complete. O

Theorem 3.5.10. Assume p € (2,00) and f’yﬁd)\ < 00. Then we have
5

1T, ()0 — @)l () < AS)RET <1> “27 (3.49)

t

2—-p

for allt >0 and v € L'(S), where ko := (p — 2)2~P~2) (f 72210(1)\) Cgh-

S
Proof. By Lemma it suffices to prove the claim for v € L{(S). Moreover, by Remark [3.2.6liii]) it
suffices the prove the claim for v € L3(S). But then, the claim is trivial, since appealing to Proposition
(with v = 0) and Hoélder’s inequality yield

1
1 1 _ 2—p 1 1
T4, @0l z(s) < AS)H 1T, (D0l r20s) S AS)E (kat + el 32t ) 7 < A (mat) =7

42



forallt >0
Moreover, the following corollary is also easily deduced from Proposition [3.5.9

Corollary 3.5.11. Assume p € (2,00) and f’yﬁd)\ < 0o. Then we have
s

1
s
T4, (B0 = W)sllpaes) < (mat + Il = W)gli3als)) s vE 20,

2—p

2

for all v € L*(S), where 1y = (p — 2)2~ =2 (f 72‘2””‘) Csa-
S

(3.50)

The advantage of (3.50) compared to (3.49) is that (3.50) is also sharp for ¢ N\, 0, whereas the right-
hand-side of ([3.49)) diverges to +oo for ¢t N\, 0. On the other hand, the advantage of (3.49) is that it is

applicable for all v € L'(S) and not just v € L?(9).

Moreover, note that the order of convergence (for t — 0o) in (3.49)) and (3.50) is better than in ([3.25].

Of course, the clear advantage of (3.25) is that this is a bound w.r.t || - ||1e(s)-

In fact, it would have been possible (and easier) to directly prove Corollary [3.5.11|instead of Propo-
sition [3.5.9] and to then deduce Theorem [3.5.10| from this corollary. The reason why we undertook this

detour is that Proposition [3.5.9|is needed in Section [6.4
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Chapter 4

Abstract Cauchy Problems driven
by random Measures: Existence and

Uniqueness

4.1 Outline & Highlights

In this chapter, we will set up an existence and uniqueness theory for random evolution inclusions of

the form
n(t,z)No(dt ® z) € dX (t) + AX (t)dt, (ACPRM)

where A : D(A) — 2V is a multi-valued operator, (V,|| - ||[v) is a separable Banach space,
No : (B((0,00)) ® Z) x @ — Ng U {oo} is the random counting measure induced by a finite, sim-
ple point process O, (Z, Z) is a measurable space, 1 : (0,00) X Z x Q — V is a (jointly measurable)
drift function, (€2, F,P) denotes our complete probability space and X is a V-valued stochastic process
supposed to fulfill in some sense. Equations of the above form will be called abstract Cauchy
problem driven by a random measure.

There is a comprehensive existence and uniqueness theory for abstract Cauchy problems of the form
0 € u'(t) + Au(t), for a.e. t € (0,00), (4.1)

which we briefly outlined in Section We would like to obtain criteria which are similar to the

existence/uniqueness results of Section for (ACPRM).

Surprisingly, it seems that there are very few results connecting these areas.

The first step in deriving an existence/uniqueness theory for (ACPRM)) is of course setting up a

44



notion of a solution. In fact, we will introduce to different kinds of solutions: Strong and mild ones.
Instead of simply giving the definition of a strong/mild solution, let us give the reader an intuition on
how to set up such a notion: At first, one would try to define a solution of as a process
X :[0,00) x Q — V which is sufficiently regular and fulfills

n(r,z)Ne(dr®z) € X(t) —z + /AX(T)dT, Yt >0

(0,t]xZ 0

where z : @ — V is an F-B(V)-measurable initial, i.e. X(0) = z. The obvious issue is that A takes
values in the power set of V. Consequently, one either has to somehow define the set-valued integral, or
one has to "pick” for each 7 and w an element of AX (7,w) by some rule. We choose to do the latter.
To define this rule, assume that A is m-accretive and densely defined and let T4 denote the semigroup
associated to A, see Definition[2.1.8] Moreover, assume that T4 admits an infinitesimal generator, which
we denoted by A° : V — V, see Definition 2.1.11

Consequently, we have found a rule and would like to define a solution as a process fulfilling

/ n(1,2)Ne(dr® z) = X(t) —x + /AOX(T)dT, Vit > 0.
0

(0,t]xZ

¢
The issue with this equation is that one needs that the Bochner integral [A°X(7)dr exists for all

0
t > 0 with probability one; which is unfortunately not necessarily fulfilled. To get an existence result
as applicable as possible, we will therefore formulate the preceding equation in a weak sense; more

precisely, we will coin the term strong solution, as a process X fulfilling

¢
(U, n(1,2))y No(dr ® 2) = (U, X (t) — z)y +/ (U, A°X (7))ydr, YVt >0 (4.2)
0

(0,t]xZ

for all ¢ € V*, where V'’ denotes the dual of V, (-, -}y the duality between V and V' and V* C V' is
a set which separates points. Of course, the process X also has to fulfill some regularity assumptions,
which mainly serve to make sure the uniqueness of solutions.

In addition, we will introduce a ”mild solution of ”, as a process which can be approximated

in some sense by strong solutions.

Having done so, we shall see that has for any F-B(V)-measurable initial  : Q@ — V
a unique mild solution, if: A is densely defined and m-accretive, T4 is domain invariant and admits
an infinitesimal generator, and there is a dense subset ¥V C V, which is invariant w.r.t. T4 and such
that (¥, A°T4(-)v)y € L1(0,t) for all t > 0, v € V and ¥ € V*. Particularly, this result only requires
that n and = are measurable. Moreover, it will be demonstrated that mild solutions depend Lipschitz

continuously on the initial x and the drift . Furthermore, if + € V and n(t,z) € V for all ¢t > 0,
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z € Z almost surely, then the mild solution is even a strong one. Moreover, we will see that the solution
process is the process generated by ((Bm)menN, (Mm)men, , T4) in V, where: (8,,)men is the sequence of
inter-arrival times of © and 1, (w) := N(m(w), O(w)(am(w)),w) for all m € N and P-a.e. w € £, where
Ay 1= in: B for all m € N. In addition, these results will be exemplified by the weighted p-Laplacian

k=1
evolution equation considered in Chapter [3|as well as by the two one-dimensional semigroups introduced

in Remark 2.2.7

The main advantages of employing the theory of m-accretive operators to solve (ACPRM]|) is that
this works on any separable Banach space. Moreover, the fairly lean assumptions on A allow to consider

a large group of operators.

That all of this works is highly owed to the fact that the noise term "7(t, 2) No(dt ® 2)” is a pure
jump noise. However, it might be possible that one can extend these results to more general noise terms

by applying the theory of m-accretive operators for inhomogeneous Cauchy problems.

This chapter is structured as follows: In Section we give a very brief introduction to point
processes. Section [4.3|is this chapter’s centerpiece; all general results regarding existence and uniqueness
are proven there. And last but not least, the applicability of these results to the weighted p-Laplacian

evolution equation and the semigroups considered in Remark [2.2.7)is demonstrated in Section [£.4]

4.2 Intermezzo: Point Processes

Let (Z,Z) be a measurable space and recall that (2, F,P) denotes a complete probability space. We
call a mapping 0 : D(0) — Z, where D(#) C (0,00) is countable, a point function. Moreover, 7(Z)

denotes the set of all point functions mapping into Z and we equip this space with the o-algebra
(Z):=c({0 en(Z): #{t € D) : (t,0(t)) € U} =k}; k€ Ny, U € B((0,00)) ® Z).

In addition, a mapping © : Q@ — w(Z) which is F — II(Z)-measurable, is called a random point
function, or point process. Moreover, for a point process © : Q — 7(Z), we introduce the mapping
No : (3B((0,00)) ® Z) x @ = Ng U {oo} by

No(U,w) := #{t € D(O(w)) : (t,0(w)(t)) € U}, YU € B((0,00)) ® Z, w € Q

and refer to it as the counting measure induced by ©.

It is plain to verify that the mapping B((0,00)) ® Z 3 U — Ng(U,w) is a measure for each w € ) and
that 2 5 w — Ng(U,w) is a (extended) real-valued random variable for each w € Q. (Hereby extended
refers to the fact that this random variable might take the value +00.)

Note that, by definition, any point process © is simple, i.e. No({t x z},w) < 1 for all (¢, 2) € (0,00) X Z
and w € Q.
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A point process © : Q — 7(Z), or the random measure Ng induced by O, is called finite if
ENeo((0,t] x Z) < oo for all V¢ > 0. It is easy to infer that this implies Ng((0,t] x Z) < oo for
all ¢t € (0,00) with probability one.

Remark 4.2.1. Let Ng be the counting measure induced by a finite point process © : Q — II(Z).
Then there is a P-null-set M € F, such that No((0,t] X Z,w) < oo for allt > 0 and w € Q\ M.
Hence, D(O(w)) N (0,t] contains only finitely many elements for any t > 0; which yields that D(O(w))
is an isolated set for any w € Q\ M. Therefore, we can find a sequence of mappings (Cm)men, with
am, = Q — (0,00), such that

i) D(O(w)) = {1 (w), az(w), ...} for allw € Q\ M and
i) 0 < am(w) < ams1(w) < oo forallm e N andw € Q\ M.

The sequence of mappings (m)men fulfilling these two assertions is obviously unique on Q\ M. We
will refer to the (up to a P-null-set) uniquely determined sequence fulfilling the assertions i)-ii), as the
sequence of hitting times induced by ©. Moreover, the sequence (Bm)men, with B : Q — (0,00), fulfill-
ing 81 = a1 and By = am — am—1 for allm € N\ {1} on Q\ M is called the sequence of inter-arrival
times induced by ©.

One instantly verifies that each o, (and thus also each Bn,) is F-B((0,00))-measurable and that
lim a,, = oo almost surely. Moreover, with slightly more effort one verifies that the mapping de-

m—r 00

fined by Q 3w — O(w)(am(w)) is F — Z-measurable.

For a function f : (0,00) x Z x 2 — R which is B((0,)) ® Z @ F — B(R)-measurable and a finite

point measure Ng, we introduce

f(r,2)No(dr ® dz) | (w) := / f(r,z,w)Ne(dr ® dz,w), Vt >0, P—ae we . (4.3)

(0,t]xZ (0,t]xZ

Hereby the right hand side is understood as a Lebesgue integral w.r.t. the measure N(-,w). Let us
conclude this section with the following lemma, which states in particular that the right-hand-side
integral in (4.3) is in fact finite and well-defined:

Lemma 4.2.2. Let © : Q — w(Z) be a finite point process and Ng : (B((0,00)) ® Z) x @ — No U {o0}
the counting measure induced by ©. Moreover, let (qty)men be the sequence of hitting times induced by
O. Now, let M € F be a P-null-set such that

D(OW)) ={a1(w), az(w),...}, 0 < am(w) < ami1(w), ¥Ym €N and lim a,,(w) = oo, (4.4)

m—r 00

for allw € Q\ M. Finally, introduce f : (0,00) X Z x Q — R and assume that it is B((0,00)) ® Z ® F-
B(R)-measurable.
Then, for any m € N, the mapping Q 3 w — f(om(w), O(w)(am(w)),w) = fim(w) is well defined on
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Q\ M and F — B(R)-measurable. In addition, the Lebesgue integral

flr,z,w)N(dr ® z,w) (4.5)

(0,t]xZ

exists and is finite for all t > 0 and w € Q\ M.  Moreover, the mapping defined by

Q>5w— [ flr,zw)N(dr® zw) is well-defined on Q\ M, and it is F — B(R)-measurable for
(0,t]xZ
allt > 0. Finally, the assertion

f(T, z, w)N(dT R z, w) = Z Z fk(w)]l[am(w),am+1(w))(t) (4.6)

(0,t]xZ

is valid for allt >0 and w € Q\ M.

Proof. For notational convenience introduce g : @ — R, with g := 0.

Firstly, employing Remark [£.2.1] yields that each f,, is the composition of measurable functions and
consequently F — B(R)-measurable.

Now note that it is plain that the mapping defined by (0,¢]xZ > (7, 2) — f(7,z,w) is B((0,t]) @ Z—B(R)
measurable for all w € Q2 and ¢t > 0. Consequently, it follows that the Lebesgue integral considered in
is well defined and finite, if

£, 2,w)|N(dr ® z,w) < 00, ¥t >0, we Q\ M. (4.7)
(0,i)x2
To this end, note that
N@<(am(w),am+1(w)) x Z,w) =0, ¥meNy, we Q\ M (4.8)
as well as
No ({an(@)} x Z,w) = No({am(@)} x {B)(an(@)}.w) =1, ¥meN, w € Q\ M. (4.9)

Moreover, for a given ¢t > 0 and w € Q\ M there is an m € N, such that ¢ < ay(w) for all k € N\{1,...,m}.
This combined with the preceding two equalities clearly yields .

Moreover, note that the right-hand-side of defines an F-B(R)-measurable mapping. Consequently,
as F is complete, the claim follows as soon as is proven. This is easily deduced from and
(4.9), since these two equations yield

i) S f(r,z,w)Ne(dr @ dz,w) = > fr(w) for all m € N,
(0,0t (w)] X Z k=1

i) [ f(r,z,w)Ne(dr @ dz,w)ljg a, () (t) = 0 for all t > 0 and
(0,t]xZ
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NgE

iii) f f(T,Z,M)N@(dT & dzaw)]l[am(w),am+1(w))(t) =
(0,t]xZ
and t > 0,

fk(w)]l[am(w),am+1(w))(t)7 for all m € N

>
Il
=

for all w € O\ M. O

Similar versions of the preceding result can be found in the literature. For example a similar result
(for the case that Ng is a Poisson random measure) can be found in [24, Corollary 3.4], nevertheless we

were unable to find it stated precisely as above anywhere in the literature.

4.3 General Existence and Uniqueness Results

Throughout this section, (V,||-||v) denotes a real, separable Banach space with dual space V’. Moreover,
let (-, -}y denote the duality between V and V’. As usually, a subset V* C V" is said to separate points,
if for all v € V' we have that (®,v)y = 0 for all ® € V* implies v = 0.

In addition, let

Whl([a,b]; V) := {f : [a,b] = V : f is absolutely continuous and differentiable a.e.},

for any interval [a,b] C (0,00); and L'(0,t) := L'((0,%),8((0,t)), \; R), for any t > 0, where X is the
one-dimensional Lebesgue measure.

As previously, (Z, Z) is a measurable space, and we introduce the short-cut notation
M((0,00) X Z x V) := M((0,00) X Z x ,8B((0,0)) ® Z F; V),

and M(Q; V) := M(Q, F; V), see Remark [2.2.1]

Moreover, © : Q — w(Z) denotes a finite point process and Ng : (B((0,00)) ® Z) x Q — Ny U {o0}
denotes the counting measure induced by ©. Furthermore, (au,)men denotes the sequence of hitting
times induced by © and (5,,)men the sequence of inter-arrival times induced by ©; and for notational

convenience we also introduce ag : Q2 — R, with ag := 0.

Last but not least, A : D(A) — 2V is a densely defined, m-accretive operator, (T4(t));>0 denotes
the semigroup associated to A and we assume that this semigroup is domain invariant and admits an
infinitesimal generator A°: V — V[

Now we are in the position to rigorously define the notions of mild and strong solutions of .
After this is achieved we will demonstrate that mild solutions are unique (Corollary and also derive
an upper bounds for the mild solution, see Theorem [£.3.6] Thereafter, we will turn our focus on showing
that there is indeed a mild/strong solution, and that the mild/strong solution must be an ACPRM-

INote that the p-Laplace operator A, and the associated semigroup T4, considered in Chapter |3[ fulfill all of these
assertions, see Theorem and Remark v).
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process. Hereby, our main result regarding the existence of a strong solution is Proposition |4.3.10| and

our main result ensuring the existence of mild solutions is Theorem [.3.12]

Definition 4.3.1. Let n € M((0,00) X Z x Q; V) and z € M(; V). In addition, let V¥ C V' be a set
that separates points. Then a B([0,00)) @ F-B(V)-measurable stochastic process X : [0,00) x Q@ =V is
called a strong solution of (ACPRM){xz,n,V*} if all of the following assertions hold for P-a.e. w € Q.

i) X(0,w) = z(w),
ii) the mapping [0,00) 3 t — X (t,w) is cadlag,
iii) X(t,w) € D(A), Yt € (0,00) \ {am(w) : m € N},
) ¥Ym € No, Y[a,b] C (am(w), tmi1(w)) : X (- w)|jap € WH([a,b]; V),

v) (U, A°X(-,w))y € L1(0,t), V¢t >0, ¥ € V* and

t
vi) (U, X (t,w)—z(w))v+ [(V, A°X (r,w))vdr = [ (U,n(r,z,w))vNe(dr®z,w), Vt >0, ¥ € V*.
0 (0,t]xZ

In addition, a B([0,00)) @ F-B(V)-measurable stochastic process Y : [0,00) x Q& — V is called a
mild solution of (ACPRM){x,n,V*}, if it fulfills conditions i-iv) with probability one and if there are

sequences (Tm)meN, (Mm)meN and (X )men such that

Vi) Ty € M V) and 0y, € M((0,00) X Z x V) for allm € N,

viii) Xy 1 Q2 x [0,00) = V is a strong solution of (ACPRM){ 2, Nm,V*} for allm € N,

iz) lim sup || Xmn(7) =Y (7)|lv =0 for all t > 0 almost surely and

m—00 T€[0,t]
z) lim [ |nw(1,2) = (7, 2)||v Ne(dr ® z) = 0 for all t > 0 almost surely.
M= 0 fx Z
Lemma 4.3.2. Let V* C V' be a set that separates points, n € M((0,00) x Z x V), x € M(Q; V)
and introduce n(w) = n(ag(w), Ow)(ak(w)),w) for all k € N and P-a.e. w € Q. Then n, € M(;V)
for all k € N and a B(]0,0)) @ F-B(V)-measurable stochastic process X : [0,00) x Q@ — V is a strong
solution of (ACPRM){z,n,V*} if and only if it fulfills[{.3.1}i-v) and

t m

(U, X(t) — )y + /(@AOX(T»VdT =3 S W ) v L ) (f), VES0, TV (4.10)
0 m=1 k=1

almost surely.

Proof. Firstly, appealing to Remark yields that each 7y, is, up to a P-null-set, well-defined and that
7Nk is the composition of measurable functions and consequently F-2(V')-measurable.
Lemma yields that there is a P-null-set M € F such that for all ¥ € V*, we have

/ <\IJ777(T7Z’W)>VN(CZT ® 27("}) = Z Z<\II7nk(w)>V]l[0tm(w),06m+1(w))7 Vt > 07 w e Q \ M
(0,6]x2 m=1k=1
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Consequently, we get that vi) holds almost surely if and only if (4.10) does, which concludes the
proof. L

Proposition 4.3.3. Let V* C V' be a set that separates points, m, n2 € M((0,00) X Z x Q; V) and
x1, o € M(Q; V). Moreover, assume X; : [0,00) x Q — V is a strong solution of (ACPRM){x;,n;, V*}
fori=1,2. Then we have

1X1(8) = Xa(@)llv < [lz1 — z2llv + / [Im (7, 2) = n2(7, 2)|lv Ne (dr @ z), ¥t >0, (4.11)
(0,t]xZ

almost surely.

Proof. Firstly, by Lemma and Remark we get that there is a P-null-set M € F such that

D(Ow)) ={a1(w), az(w),...}, 0 < am(w) < ami1(w), Vm € Nand lim ap,(w) = oo, (4.12)

m—o0
and
i) Xi(0,w) = zi(w),
ii) the mapping [0,00) 3 t — X, (¢, w) is cadlag,
i) X;(t,w) € D(A), Vt € (0,00) \ {am(w) : m € N},
iv) ¥m € No, V[a,b] € (@), ams1 (@) : Xi@)logy € WH ([, 1),

V) (W, A°X; (-, w))y € LY(0,8), V£ >0, ¥ € V* and

t oo m
Vi) <\P7Xi(tvw) - Ii(w»v + f<\P7AOXi(Tv w)>VdT = Z Z <\I/a m,k(w»\/]l[ocm(w),aerl(w))(t)v vt > 0,
0

m=1 k=1

¥ e V*, where n; i (w) := n;(ax(w), O(w)(ax(w)),w) for all k € N,

forallw e Q\ M and i =1, 2.
Moreover, Lemma [4.2.2] yields that it suffices to prove that

[1X1(t, w) = Xa(t,w)llv < [[er(w) = za(@)[lv + Y Y msw) = 12,5 @) v L, @) w)) (0
m=1 k=1

forallt >0 and w € Q\ M.
To this end, let w € Q\ M be arbitrary but fixed and introduce

Go =0, &m = (W), Gim = nimWw), & = z;(w) and )A(l(t) = X;(t,w),

forallt>0, meNandi=1,2.
Let us start tackling the task ahead of us, by proving that

lim Xi(u) — Xi(am — €) = flim, Vm e Nand i =1,2. (4.13)
€
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in norm. Let m € N and ¢ € {1,2} be arbitrary but fixed and note that v) yields

lim / (U, A° X (7)) v dr — /<¢,A°Xi(7)>vd7 =0, YU € V*.

eN\0
0 0

Consequently, we get by invoking vi) that
-1

lim (W, X (6n) — Xi(ém — )y = D (V.ihn)v (U, ik )v = (U, i) v
€™ k=1 k=1

3

for all ¥ € V*. Moreover, ii) implies that there is a u € V' such that
lim || X; (@) — X (am —€) —ully = 0. (4.14)

Consequently, as convergence in norm implies weak convergence, we have

(U, Ty — w)y = 1@(@,)@(@@) — X (s, — )y — (U, X;i(un) — X (s, — €))y = 0, YU € V*,

€

which yields 7; » = u, since V* separates points. Consequently, (4.14) implies (4.13).

We will proceed by proving that
[1X1(t) = Xo(®)|lv < || X1(@m) — X2(@m)||v, Ym € No, t € [Gm, Gmat). (4.15)

Proving is divided into several intermediate steps and requires some notations. To this end, fix
m € Ny, and introduce ¢ € (0, &1 — Gyy,) arbitrary but fixed, be := Qi1 — G — &, F 1 [0,0] =V
by F; := )A(l( + &) and u; = Xi(dm) fori=1,2.

Firstly, note that

Filja,n) € Wh([a,b]; V), V[a,b] € (0,b.), i € {1,2}, (4.16)
since: For [a,b] C (0,b.) and ¢ € [a,b] we have

which yields by appealing to iv) that X; € W ([@&pm + a, dum +0]; V); and hence (4.16)), by the definition
of Fi-

Secondly, we will prove that
F; € C([0,b.]; V), i € {1,2}, (4.17)
where C'(S; V') denotes the space of continuous functions, mapping from S into V', for any open or closed
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set S C R.

Note that (4.16) already yields F; € C'((0,b:); V) which then gives F; € C([0,b.); V), since F; inherits
the right-continuity of X;. Consequently, 1) follows if F; is left-continuous in b.. As X; is cadlag,
we have that there is a w; € V such that

in norm. Moreover, note that b. + &, € (G, Gum1), which yields by invoking vi) that

bo+a be+apm—h
(wi, Oy = 11 / (P, A°X; (1, w))ydr — / (¥, A° X, (1,w))ydr =0
0 0

for all ¥ € V*. As V* separates points, this is only possible if w; = 0, which establishes the desired left
continuity and (4.17) follows.
The last intermediate step necessary to prove (4.15]) is

0€ Fl(t) + AFy(t), ae. te(0,b.), Fi(0) =u;, i=1,2. (4.18)

To this end, note that yields that there is for each i € {1,2} a Lebesgue null-set M (F;) C (0,b.)
such that F; is differentiable (in norm) on (0, b.) \ M(F;).

Now let V. C V* be a countable set which separates points; such a set exists due to [41, Lemma 2.1
and Theorem 2.1].

By virtue of the fundamental theorem of calculus for Lebesgue integrals, there is for each ¥ € V* and
i € {1,2} a Lebesgue null-set M (¥,4) C (0,b.) such that

t+am+h t+Gm,
1 . A N
A / (W, A°X;(7))vdr — /<‘1’7A°Xz‘(T)>vdT = (U, A°Xi(t + am))v
—
0 0

for all t € (0,b.) \ M(¥,4),i=1,2.
Consequently, employing the previous equality, the differentiability a.e. of F; and vi) yields

(Fj(t) + A°Fi(t), ©)y
_ }%%m(tm) C (), W)y + (A°Fy (1), Uy
t+&m—+h t+6m
— lim % / (W, A°X,(7))vdr — / (O, A X (P vdr | + (A°Fy(1), 0)y
= - (‘II,AOXi(to—i— Gam))v + (A°F;(t), \I’>VO

for all U € V¥, i € {1,2} and t € (0,b.) \ (M (F;) UM (¥,1)).
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Now let M; :== |J M(¥,i)UM(F;), which is still a Lebesgue null-set since V* is countable. Then the
vevy

previous calculation implies (F(t) + A°F;(t), ¥)y = 0 for all ¥ € V* and ¢t € (0,b.) \ M;. Consequently,
as V separates points, we get 0 = F/(t) + A°F;(t) for every t € (0,b.) \ M;. Finally, iii) yields
F;(t) € D(A) for all t € (0,b.) and consequently A°F;(t) € AF;(t) for all t € (0,b.). Combining this
with 0 = F/(t) + A°F(t) for every t € (0,b.) \ M; gives (£.1J).

The results (4.16)-([4.18) enable us to prove ([4.15). By (4.16)-(4.18), we have that F; is a strong solution
of the initial value problem

0e€U/(t)+ AU(t), ae. te (0,b.), U(0) = u, (4.19)

for i = 1,2. Consequently F; is also a mild solution of (4.19)), see Remark Moreover, as A is m-
accretive and densely defined (4.19) has precisely one mild solution, see Theore This necessarily
implies Fj(t) = Ta(t)u; for t € [0,b.] and ¢ = 1,2. Therefore, as (T4(t)):>0 is contractive (see Theorem

2.1.7) we get
IX1(t + ) — Xo(t+ am)llv = [|Ta(t)us — Ta(t)uz|ly < [lur — uslly = [|X1(6m) — X2(@m)llv,

for allt € [0,b.] = [0, Gunt1 — Gun —€]. As e € (0, Gypy1 — Giy) can be chosen arbitrarily small, this holds
for all ¢ € [0, &m41 — Q) which proves (4.15]).

The next (and last) intermediate step enables us to prove the claim and reads as follows: For all

m €N, all t € [&m, Q1) and all € € (0, min(dy — Gg, .., Gy — @m—1)), we have

1X1(t) = Xao(B)llv < |21 — @allv + Y [1X1(dn) — X1(6 — €) — Xa(6n) + Xo(dr —o)[lv.  (4.20)
k=1
This will be proven inductively. Let m = 1, ¢t € [41,&2) and € € (0,&1 — dg). Then appealing to (4.15))
and 1) yields
1X:(5) = Xo(llv < |IX1 (@) — Xa(a@)|lv

< |lE1 = dallv + [1X1(41) — X1(61 — &) — Xa(dn) + Xa(d1 —€)||v-

Induction step: Let t € [@m+1, @mae) and € € (0,min(&; — &g, .., Gme1 — &) Firstly, note that
Qm+1 — € € [Qm, Gme1) and that particularly € € (0, min(&y — do, .., &m — Gum—1)). Consequently, the

induction hypothesis yields that

m
1 X1 (Gmir — ) = Xo(@mi1 —o)llv < [ld1 — 2allv + D | X1 (6) — X1 (ar — ) — Xa(én) + Xa(ar — 2)l|v
k=1
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Conclusively, appealing to (4.15]), the triangle inequality and the preceding estimate gives

m+1

1X1(t) = Xo()llv < (|31 — dallv + Y |1 X1(qr) — X1 (dx — €) — Xa(an) + Xa(dax —)||v,
k=1
which implies (4.20)).
Now the (from here on short) proof the claim will be derived: If ¢ € [0, 1) we have
1X1(t) = Xo()llv < |81 — Zallv = [|&1 = Z2llv + D > 101k — 2kl v L g, amin) (£
m=1 k=1

by (4.15) and i). If ¢ € [&1,00), then (4.12) yields that there is an m € N such that ¢ € [Gm, Gmt1)-
Finally, employing (4.20)) and (4.13]) gives

IX1(t) = Xa(W)lly < |31 — 22|y +€h{%z 1 X1 () — X1 (G — €) — Xa(an) + Xao(dn —€)||v
k=1
= [[&1 = allv + Y [k = Aallv
k=1
= |1 = Zoflv + 191 = 2kl [V [0 d0m0) ()
m=1k=1
which concludes the proof. O

Theorem 4.3.4. Let V* C V' be a set that separates points, m, n2 € M((0,00) x Z x V) and
introduce x1, o € M(Q; V). Moreover, assume that X; : [0,00) x Q — V is a mild solution of

IACPRM){x;,n;,V*} fori=1,2. Then we have

1X2(8) = Xo(D)llv < [Jer — 2aflv + / [Im.(7, 2) = n2 (7, 2)|lv Ne (dr © 2), ¥t >0, (4.21)

(0,t]xZ

almost surely.
Proof. Let z;m € M V), 0im € M((0,00) x Z x Q; V) and X, : Q x [0,00) = V be such that
i) Xim is a strong solution of (ACPRM){x; m,7im, V*} for all m € N and i € {1,2},

i) lim sup [|Xim(7)—Xi(7)||ly =0forallt >0,ie {1,2} almost surely,

M=00 (0,

i) lm [ |9im(7,2) — 0i(7, 2)||[v Ne(dr ® z) = 0 for all t > 0, i € {1, 2} almost surely, and

M= 0 x 2

V) IXim(®) = Xom@Ollv < Mlwrm = 22mllv + [ {lmm(7,2) = 12.m (7, 2)|lv Ne(dr @ 2) for all
(0,t]xZ
t>0,meN,ie{1,2} almost surely.
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Proposition m (and the definition of mild solution) guarantee the existence of these quantities. Con-
sequently, we have

1%~ X0l
= Jm K - Xam®lly
<t foum = aenllv + [ mn(72) = (2l Noldr )

(0,¢]xZ

= w1 —allv + / [Im1.(7,2) = n2(7, 2)|lv Ne (d © 2)
(0,t]xZ

for all ¢ > 0, with probability one. O

Theorem has two important consequences: Uniqueness of mild solutions of (ACPRM)]) and an
upper bound for the solution.

Corollary 4.3.5. (ACPRM|) has at most one mild solution; more precisely: Let V* C V' be such that it
separates points, let x € M(; V), n € M((0,00) X Z x Q; V) and assume that X1, Xo:[0,00) xQ =V
are mild solutions of (ACPRM){x,n,V*}, then X1 and Xo are indistinguishable.

Theorem 4.3.6. Let V* C V' be such that it separates points, let n € M((0,00) x Z x V),
x € M(Q; V) and assume that X : [0,00) x Q& — V is a mild solution of (ACPRM){x,n,V*}. Fi-
nally, assume that (0,0) € A0. Then we have

IXOllv < llellv + [ lln(r.2)llv No(dr @ 2), vt 0, (4.22)
(0,t]xZ
almost surely.

Proof. As 0 € A0, it is plain that T'4(¢)0 = 0 for all ¢ > 0. Consequently, we have A°0 = 0. This implies
that the stochastic process which is constantly zero, is a strong (and therefore also mild) solution of

(ACPRM)){0,0,V*}. Consequently, the claim follows from Theorem m O

Now we will turn to the question of existence. Firstly, the assumptions imposed on A and T4 enable
us to apply Theorem which yields:

Remark 4.3.7. Let v € V be arbitrary but fivzed. Then T a(-)v is locally Lipschitz continuous on (0, 00)
and differentiable a.e. with —A°TA(t)v = T (t)v for a.e. t € (0,00).

Lemma 4.3.8. Lett > 0, v € V and ¥ € V'. Moreover, assume that (¥, A°T4(-)v)y € L((0,1)).

Then we have
t
/<\I/,AOT_A(T)”U>VdT = —(U, Ty(t)v —v)y.
0
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Proof. Let ¢ € (0,t) be arbitrary but fixed. Firstly, Remark obviously implies that the mapping
(e,t) 17— (¥, T4(7)v)y is Lipschitz continuous and differentiable almost everywhere with

%@,TA(TMV (W, ATy, ae. T € (5,8).

Consequently, we have

t

/<\11,A°TA(T)U>VdT (U, Tty — Ta(e)o)y (4.23)

€

Now the claim follows from (4.23]) by taking limit, more precisely: By Theorem T4 is a fortiori

time continuous, ergo
limy —(U, Ta(t)v — Tale)v)y = —(¥, Ta(t)v —v)v.
g

Moreover, dominated convergence yields that

t t

¢
/<\I/7.AOT_A(T)’U>VdT = / 11\1%(@,.AOTA(T)U>V]l(E,t)(T)dT = li\I"%/<\I/,AOTA(T)U>VdT7
0 0 €
which is applicable since (¥, A°T4(-)v)y € L((0,t)) by assumption. O

Lemma 4.3.9. Let v € M(;V), n € M((0,00) x Z x Q; V), set ni(w) := n(ag(w), O(w)(ag(w)),w)
for all k € N and P-a.e. w € Q, and let X,, denote the process generated by ((Bm)men, (Nm)men, €, T4)
in V. Then the following assertions hold for P-a.e. w € Q.

i) X;(t,w) € D(A), Vvt € (0,00) \ {am(w) : m € N},
i) Ym € Ny, V[a,b] C (am (W), oms1(w)) : Xa(-,w)|iap) € WH([a,0); V) and
i) A°Xy (-, w) is B((0,00)) — B(V)-measurable.

Proof. Firstly, let (xgm)men, be the sequence generated by ((Bm)men, (Mm)men, €, Ta) in V. In addi-
tion, let M € F be a P-null-set such that 0 = ap(w) < o1(w) < az(w) < ... as well as mlgnoo am (w) = 00
and a,(w) € D(©(w)) for all w € Q\ M and m € N. Now, i)-iii) will be proven for all w € Q \ M.

So, fix w € 2\ M and let us prove[i). To this end, introduce ¢ € (0,00)\ {asn(w) : m € N}, and note that
there is precisely one m € Ny such that ¢ € (,(w), amy1(w)) and thus X (1, w) = TA(E—0m (W) )xgm (w).
Consequently, as T4 is domain invariant, we have X, (t,w) € D(A).

Proof of [i). Let m € N and [a,b] C (am(w),amii(w)). Then it is plain that
Xe(yw)ljap) = Tal- = am(w))xz,m(w). But the local absolute continuity and differentiability almost
everywhere of this mapping follow trivially from Remark
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Proof of. Let (hk)ren C (0,00) be a null sequence. Moreover, introduce fi m, : (0,00) = V by

Fem(®) = Ta((t — am(w))+ + hk)xz,M(:i = Tal(t = (W) 4 )%a,m (@) L e (o (D),

for all ¢t € (0,00), m € Ny and k € N.
Then we have

i fin(£) = —A°(TA(E = () +)%.m () L () 1) () (4.24)

for all m € Ny and t € (0,00) \ {ej(w) : j € N}, since: If ¢ & [o(w), Qi1 (w)), for a given m € Ny,
then (4.24)) is trivial and if ¢ € (qm(w), @my1(w)), we have by domain invariance of T4 that

. B . Ta(h)TA(t — am(w))xe,m (W) — Ta(t — cm (w))xg,m(w)
Jm fen(®) = Jlim SRS e

— AT 4 (t — ot (W))xg,m (w).

In addition, the joint continuity of T4 yields that each fi n, is B((0,00)) — B(V)-measurable. Con-
sequently, yields that (0,00) > t = —A°(TA((t = m(W))+)%e,m (W) Lja,, (@),ami (W) (t) s also
B0, 00) — B(V)-measurable for all m € Ny, since it is (except for a countable set) the pointwise limit
of B(0, 00) — B(V)-measurable functions.

Finally, it is plain that

ATK (tw) = Y AYTA((E = (@) 4 )%am) Ly (@) cm 1) () V2 € (0,00),

m=0

which implies the desired measurability. O

The preceding lemma enables us to give a condition ensuring that (ACPRM)) has a (uniquely de-
termined) strong solution. Afterwards, just one more approximation lemma is needed to formulate this
chapter’s central result: A criteria ensuring the existence of a unique mild solution of (ACPRM).

Proposition 4.3.10. Let V C V be a subspace of V and let V* C V' be a subset which separates points.
Moreover, let x € M(Q;V), n € M((0,00) X Z x Q;V) and let X, denote the process generated by
((Bm)men, (Mm)men, , Ta) in V, where Ny (w) = n(am (W), O(w)(am(w)),w) for allm € N and P-a.e.
w € Q. In addition, assume that x € V a.s. and n(t,z) € V for allt € (0,00) and z € Z with probability
one. Finally, assume that V is an invariant space w.r.t. Ta and that (¥, A°T4(-)u)y € L*((0,t))
forallt >0, u € V and ¥ € V*. Then the stochastic process X, is the unique strong solution of

IACPRM){x,n, V*}.

Proof. Firstly, let (xg,m)men, denote the sequence generated by ((Bm)men, (m)men, &, T4) in V.
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In light of Lemma Lemma ) M) Vi) and Lemma it remains to verify

t
/\\I/.AX Nvldr < oo, VE >0, ¥ € V* (4.25)
0
a.s. and
t oo m
(U, X, (t V+/ (U, A°X, (7)) ydr = Z (U, )V Lo o) (1), V>0, T eV* (4.26)
0 m=1k=1

almost surely.

Moreover, by Corollary we get that this strong solution is unique. (The Corollary is indeed
applicable, since every strong solution is obviously also a mild one.)

Now, let M € F be a P-null-set such that 0 = ap(w) < a1 (w) < ag(w) < ... as well as "}gnoo o (W) = 00,

am(w) € D(O(w)) for all m € N, n(t,z,w) € V for all t € (0,00) and z € Z, z(w) € V, such that
t — X, (t,w) is cadlag, such that Lemma i-iii) and such that

%o.m(w) €V, VYm € N. (4.27)

for all w € 2\ M. (Invoking Lemma yields that M can indeed be chosen such that
holds.)

Now, fix an w € @\ M and let us prove (4.25)). For a given ¢ € [0,00) there is an m € Ny such that
t € [am(w), mi1(w)). This yields

amt1(w)

(W, A°X, (T,w))v|dT

IN

t
/\ S AKX (T w)) v |dr
0 0

m Ckt1(w)

-y / (W, AT (7 — g ()20 () v |d

o Br(®)
= > [ AT )i

k=0

Moreover, invoking (4.27)) gives

Brt1(w)
(W, A°T A (T)%g,1(w)) v |dT < 00
0

for all £ =0, ..., m, which concludes the proof of (4.25]).
Proof of (4.26)). Let ¢ € (0,00) and (as usually) let m € Ny such that ¢ € [ (w), Qmi1(w)).
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If m =0, we have > > (W, 7k (w))v Lja, (w),a;.1 ) (1)=0 and X, (t,w) = T4 (t)r(w). Hence in this case
j=1k=1

(4.26) follows from Lemma [4.3.8) which is applicable since z(w) € V.

Now assume m € N. Then we have

(¥, A°X, (1, w))vdr

S— .

m_1 Qr+1(w) t
= / (U, A°X,(1,w))vdr + / (¥, A°X, (1, w))vdr
F=0 k() am ()
m_1 Prt1(w) t—om (w)
= / (U, A°TA(T)% 1 (W) vdT + / (U, AT 4 (T)xg,m (w)) v drT.
k=09 0

In addition, (4.27) enables us to use Lemma now. Doing so, and having in mind that
Ta(ogs1(w) — og(w))xp k(W) = X g1 (w) — Mpg1(w) for all k € Ny gives

/(W,AOXm(ﬂw))\/dT
0

,_.

m—

Z \I/ ) Xz, k+1 — Ny (w) — Xz,k(w»V — (W, TA(t — O‘m(w))xz,m(w) - Xz,m(w»V'
k=0

Now it is plain to deduce that also

<\I/ A° X Z v 7716+1 V + <\I]7x(w)>V - <\11’Xa:(t?w)>v-
k=0

S —_ .

Finally, the previous equation yields

t

m oo J
(W, X, (t,w) — 2)v /<‘P A°X 7= (U @)y =D D (T @)y Lo (w),501 ) (D)
4 k=1 j=1k=1
which gives (4.26)). O

Lemma 4.3.11. Let V CV be a dense subspace of V. Then there is a sequence of mappings (I'y)nen,
with Ty, : V. — V, such that the following assertions hold.

i) Tn(V) CV foralln €N,
it) Ty is B(V) — B(V)-measurable for all n € N and
i) li_>m Ih(v)=v forallveV.
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Proof. As 'V is dense and V is separable, we can find a sequence (v, )neny € V such that
{v, :neN}=V=V. (4.28)
Now introduce
Vin={veV: |lv—vjlly = kirgrinHv —vkllv} Vie{l,..,n}and n € N,

set ‘71n =V, for all n € N and

Vim =Vin\ VinU..UVj_1,), Vie{2,..,n} and n e N\ {1}.

Then it is plain that for each n € N the system of sets (V} ) =1,...n is a disjoint cover of V.
Now introduce I';, : V. — V by

r,(v):= Zvj]l%n(v)’ vveV,, neN.

Then it is plain that each T',, only takes values in the set {vy,..,v,} C V which gives i). In addition, we
have that each V., is closed and therefore V;,, € B(V) which implies V;,, € B(V); this yields ii).
Finally, let us prove iii). To this end, fix v € V and note that for all n € N there is precisely one
j(n) € {1,..,n} such that v € f/j(n)’n and hence I',(v) = v;(,,). Since also v € Vj(,) ., We obtain

[0 =Ta(0)llv = [lo = vjmllv = min_[jv—vglly, ¥n € N.

3oy

Finally, (4.28) yields that there is for a given € > 0 an ny € N such that ||jv—v,,||v < € and consequently
[lv =Th(v)|lv = kginn [lv —wvillv <&, Vn > nog,

which concludes the proof. O

Theorem 4.3.12. Let YV C V be a dense subspace of V' and let V* C V' be a subset which separates
points. Moreover, let . € M(Q; V), n € M((0,00)x ZxQ; V) and let X,, denote the process generated by
((Bm)men, (Mm)men, €, Ta) iV, where Ny (w) = n(am(w), O(w)(am(w)),w) for allm € N and P-a.e.
w € Q. Finally, assume that V is an invariant space w.r.t. T4 and that (¥, A°T4(-)u)y € L*((0,t)) for
allt >0, u eV and ¥ € V*.

Then the stochastic process X, is the unique mild solution of {;v,n, V*}. Moreover, if in
addition (0,0) € A, we have

IXa(®)lv < [lllv + / [In(7, 2)[lv Ne(d © 2), ¥t >0, (4.29)

(0,t]xZ
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with probability one.

Proof. Let (T'y,)nen, where T'y, : V- — V| be such that T',,(V) C V, T, is B(V) — B(V)-measurable and
1i_>m I, (v) = v for all v € V. In addition, let M € F be a P-null-set such that
n (oo}

0=ao(w) < ar(w) < az(w) < ..., D(O(w)) = {a1(w), az(w),..} and lim ay,(w) = oo,

m— o0

for all w € @\ M. In addition, let (x4 m)men, be the sequence generated by ((Bm)men; (Mm)men, T, Ta)
in V. Finally, for each n € N, let (yn1)ren, and Y, be the sequence and the process generated by

(B )men, (Cn(1m))men, Tn(x), Ta) in V.

Firstly, note that I',,(z) € M(2;V) and I',(n) € M((0,00) x Z x ; V), for all n € N, since the
composition of measurable functions remains measurable. Moreover, it is plain that T',,(z), T'y(n) € V
for all n € N a.s. Consequently, we get by invoking Proposition that Y,, is the strong solution

of (ACPRM){T',,(x),T'n(n),V*} for all n € N. Hence, it follows from Lemma [4.3.9}i),ii) and Lemma
2.2.6]i) [v) [vi) that X, is a mild solution of (ACPRM){z,n, V*}, if

lim [Ty (n(7, 2,w)) — (T, z2,w) ||y Ne(dT & z,w) =0, Vt >0 and w € Q\ M (4.30)

n—oo
(0,t]xZ

and

lim sup ||V, (7,w) — X (1,w)||lv =0, V&t >0 and w € Q\ M. (4.31)

=00 1 0,t]

Now let ¢ > 0 and w € Q\ M be arbitrary but fixed and let m € Ny be such that ¢ € [ (w), @mi1(w)).
(4.30) is trivial, since Lemmam gives that

tim [ 107, 20) (7, )l No(dr © 2,0) =l S (10 (:(w)) = m(@)llv =
k=1

n—oo
(0,t]xZ

Proof of (4.31)). Firstly, it will be proven inductively that
[1Yn,m (@) = %om(@)[[v < [ITn(@(w)) = 2(@)llv + D ITn(mi(w)) = m@)llv, ¥m € No (4.32)
k=1

and all n € N. If m =0, (4.32) is trivial and if (4.32) holds for an m € N, then the contractivity of T4
and the induction hypothesis enable us to conclude that

ynmt1 (W) = 2z mir(@)llv - < lynm (@) = %om(W)l[v + [[Tn(0m41(w)) = mga (W)[lv
m—+1

< Da(ew)) = 2@y + Y T (@) — 1 (@) v,
k=1

which proves (4.32). Now note that for each 7 € [0,¢] there is an m, € {0,..,m}, such that
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T € [am, (W), am.+1(w)). Consequently, exploiting the contractivity of T4 and (4.32) yields

Yo(r,w) = Xa(r,w)llv = [|Ta(T = i, (W) Ynm, (W) = TalT = am, () xz,m, (W)][v
< ynm, (@) = xom, (W)[lv
< mggﬁfm |[Yn,m (W) = %z,m ()] |v
< IMn(@@) = 2(@)llv + > [1Tn(ne(@)) = ne(@)]v
k=1

As this upper bound is independent of 7 € [0, ], we get

m

lim sup, 1Y (7, 0) = Xa(r,w)lv < lim [[Pa(@(w) = 2(@)|lv + D [Tn (@) = me@)llv =0,
n—0 re(o,t n—00 —

which proves (4.31). Consequently, X, is a mild solution of (ACPRM){x,n,V*}. Finally, Corollary

4.3.5| yields the uniqueness and Theorem m gives (4.29). O

In Chapter [5] and Chapter [6] we simply consider a time continuous, contractive semigroup and do
not necessarily assume that this semigroup is associated to an m-accretive, densely defined operator.
Note that this is a weaker assumption, since a semigroup associated to an m-accretive, densely defined
operator is always time continuous and contractive, see Theorem
Moreover, we will simply consider sequences (Bm)men, where B, : Q@ — (0,00) is F-B((0,00))-
measurable, and (n;)keny € M(; V), and not point processes © and functions n € M((0,00)x ZxQ; V).

So, let us conclude this section with a remark connecting these different approaches:

Remark 4.3.13. Let (T(t))i>0 be a time-continuous, contractive semigroup on V, and assume that
the sequence of inter-arrival times (B )men induced by O, is an arbitrary sequence of independent and

identically distributed random variables, with By, : 8 — (0,00). Then we have

ENe((0,t] x Z) IEZ][{Zﬁk<t}: iﬂ”(iﬁkﬁt) < 00,
m=1 k=1

where the finiteness follows from [30, Theorem 1.6]. Thus, without any further assumptions regarding
(Bm)men, No is necessarily finite. In other words: For any sequence of (0,00)-valued i.i.d. random
variables (Bm)men, we can find a necessarily finite point process O, such that (Bm)men is the sequence
of inter-arrival times induced by ©. (Of course, ©(w)(am(w)) has to be chosen such that © is F-II(Z)-
measurable; this is always possible: For example ©(w)(am(w)) := z for allw € Q and m € N, where
z € Z is fiz, has the desired measurability property.)

Now, let (ng)ren € M(Q;V) and © € M(Q;V). Moreover, let X, denote the process generated by
((Bm)mens (Mm)men, , T) in V' and introduce

t Z, w an l[ak Oék+1(w))(t)’
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forallt >0, z€ Z andw € Q. Then it is obvious that indeed n € M((0,00) x Z x ; V).

Now, if one assumes that T(t) = T (t) for all t > 0 and that (¥, A°T4(-)u)yv € L((0,t)) for all t >0,
u€eV and Ve V* where V C V is a dense and invariant space w.r.t. T4, and V* C V' separates
points; then X, is the unique mild solution of (ACPRM){xz,n,V*}.

In conclusion, if one has given: A time-continuous, contractive semigroup (T'(t))i>0 on V, a sequence
(k) ken € M(Q; V), another sequence (Bm)men, of (0,00)-valued i.i.d. random variables and an initial
x € M(Q;V); then: One can choose n € M((0,00) x Z x Q; V) such that the process generated by
((Bm)men, (Mm)men, x, T) in V is for some V* C V' the unique mild solution of (ACPRM){x,n,V*}, if
(T'(t))e>o0 fulfills the assumptions we just outlined.

4.4 Examples

The purpose of this section is to demonstrate the applicability of the developed existence and uniqueness
results to the one-dimensional examples introduced in Remark and to the weighted p-Laplacian

evolution equation with Neumann boundary conditions considered in Chapter

Throughout this section, (Z, Z) is a measurable space, © : Q — 7(Z) denotes a finite point process

and Ng : (B((0,00)) ® Z) x Q& = Ny U {oo} is the counting measure induced by ©. Furthermore,
(m)men denotes the sequence of hitting times induced by © and (8,,)men the sequence of inter-arrival
times induced by ©; and for notational convenience we also introduce aq : @ — R, with ag := 0.
Now let us start with the one-dimensional examples: (To do that, we will have to formulate fairly simple
nonlinear ODEs in the language of the general existence/uniqueness theory introduced in Section
To the reader familiar with this theory, this will probably seem like a huge overkill, but to the unfamiliar
reader, this might be helpful.)

Remark 4.4.1. Let p1 € (0,1) and p2 € (0,00) be given and let T,,, T,, denote the semigroups
1

- 1 P
introduced in Remark|2.2.7, i.e. T, (t)v := sgn(v) (—t + [v|**) 7 and T,,(t)v := sgn(v) (t + |’U|75) ’
for allv €eR and t € [0,00).

Now introduce the mappings A,,, Ay, : R = R defined by

A, (v) = isgn(v)|v|1_p1 and A,,(v) := p2v|v|%,
for all v € R. Now, in the remainder of this remark we fix i € {1,2} and note that A,, can be viewed
as a single-valued operator, with domain D(A,,) =R.
Plainly, A,, is monotonically increasing. Consequently, A,, is accretive. Moreover, A, is continuous
and vli_)n;ov + ad,, (v) = oo as well as UEIPOOU + ad, (v) = —oo for all o € (0,00). Thus, A, is also

m-accretive.
Consequently, as we already know that A,, is densely defined, it follows from Theorem that the
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initial value problem
0 € u(t)+ Apu(t), for a.e. t € (0,00), u(0) =, (4.33)

has, for any v € R precisely one mild solution. Moreover, for every v € R we have: T),,(-)v is con-
tinuously differentiable on [0,00), thus it is a fortiori continuous on [0,00), locally absolutely con-
tinuous as well as differentiable almost everywhere on (0,00), and a direct calculation verifies that
T, (t)v = —A, (T, (t)v) for all t € [0,00). Thus T,,(-)v is for any v € R a strong solution of .
And as any strong solution is a mild one (see Remark , Ty, (-)v is the unique strong solution of
; and in our terminology: (T, (t))i>0 is the semigroup associated to A,,, see Definition .
Moreover, as A,, is everywhere defined, (T,,(t))i>0 is domain invariant. And as T,,(-)v is, for any
v € R, continuously differentiable on [0,00) it admits an infinitesimal generator which coincides with
A,

Now, we are in the position to Pmposition toT),,: Choose V=R andV =R. Of course, we iden-
tify the dual space of R with R and choose V* =R. As, [0,00) 3t +— A, T, (t)v is a continuous map,
the integrability assumption stated in Proposition[{.3.10is clearly fulfilled, and we infer from Proposition
that: For any v € M(Q;R) and n € M((0,00) x Z x ;R), (ACPRM){x,n, R} has a uniquely
determined strong solution, which is given by the process generated by ((Bm)men, (Nm)men, @, Tp,) in R,
where Ny, (W) = n(am(w), Ow)(am(w)),w) for allm € N and P-a.e. w € Q.

Now let us turn to the p-Laplacian example: Firstly, let us recall some notations introduced in
Section Throughout the remainder of this section, let n € N\ {1} and p € (1,00) \ {2}. Moreover,
() £ 5 C R™ denotes a non-empty, open, connected and bounded sets of class C!, and ) is the Lebesgue
measure on B(S). Moreover, v : S — (0,00), denotes the weight function, i.e. we assume v € L*(5),
vﬁ € LY(S) and that there is a 79 : R® — R with 79 € MP(R") such that vy|s = v a.e. on S.

Moreover, as previously we set
1, - . . To7
WA/”(S) ={feLP(S): VfeLP(S,v;R")}.

In addition, 4, : D(A4,) — 2L'(S) denotes the p-Laplace operator introduced in Definition and
A, : D(A,) — 2L'(S) denotes its closure, see Definition for the definition and Theorem for
the fact that this is the closure of A,. In addition, note that A, is m-accretive and densely defined, see
Theorem [3.2.5

Finally, (T4, (t))i>0, where Ty, : L'(S) — L'(S) for all t > 0, denotes the semigroup associated to Ay,
see Remark

Now, let us apply the results of Section to the current setting: As the reader probably guessed
correctly, the Banach Space V considered there has to be chosen as V = L(S). As usually, we identify
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V" with L>°(S). Note that in this case, the duality (-,-)1(g) reduces to an integral, i.e.

(fih) sy = [ fhaA,
/

for any f € L(S) and h € L>=(S).

Theorem 4.4.2. Let z € M(;LY(S)) and n € M((0,00) x Z x Q;LY(S)). Moreover, introduce
x® - [0,00) x Q@ — L(S) as the process generated by ((Bm)men, (Mm)men, @, Ta,) in L*(S), where
M (W) = n(am(w), OWw)(am(w)),w) for all m € N and P-a.e. w € Q. Then XP) s the uniquely

determined mild solution of (ACPRM){x,n, W.*(S) N L>°(S)}, and we have

XD ()| 215y < [l pas) + / (7, 2)||21(s)Ne(dT @ z), Vt >0,
(0,t]xZ

with probability one. Moreover, if in addition x € L*>(S) and n(t,z) € L>(S) for allt >0 and z € Z
a.s., then XP) is even the uniquely determined strong solution of (ACPRM){x,n, W} (S) N L>(S)}.

Proof. All claims follow at once from Proposition and Theorem by choosing V := L(S),
V = L>®(S) and V* := WP(5) N L>(S) there; more precisely: Firstly, we already know that T4,
is domain invariant and admits an infinitesimal generator, see Remark . Moreover, V is indeed
an invariant space w.r.t. T4, (Remark [3.2.6/iv), with ¢ = 0o) and it is well-known that V' is dense in
(Vy|] - |lv). Furthermore, as C$°(S) C V*, it is clear that V* separates points. Finally, the needed
integrability assumption stated in Proposition and Theorem was already proven in Lemma
3.3.7, and it is clear that (0,0) € A,,. O
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Chapter 5

Asymptotic Results for
ACPRM-Processes in the finite

extinction Case

5.1 Outline & Highlights

The purpose of this chapter is to prove an SLLN and a CLT for ACPRM-processes, if the underlying
semigroup extincts in finite time. Outlining this in greater detail requires to introduce some notations:
Firstly, recall that (Q,F,P) is a complete probability space and introduce a separable Banach space
(V1] - 1lv). Moreover, let (Bm)men and (fm)men be (0, 00)-valued and V-valued sequences of random

m
variables, respectively. In addition, let « be a V-valued random variable, introduce a,, := Y S, and
k=1

ap := 0. Finally, let (T'(t)):>0 denote a time-continuous, contractive semigroup on V, and let X, denote

the process generated by ((Bm)men, (m)men, 2, T) in V.

Now, the finite extinction assumption that we will have to assume throughout this chapter reads as

follows: There are constants k € (0,00) and p € (0, 1) such that

T (t)oll7, < (=st + [|o]l7;)+ (5-1)
for all t > 0 and v € Vi, where (V4, || -||v,) C V is another separable Banach space which is an invariant

space w.r.t. T and such that the injection Vi — V is continuous.
The reason why we introduce V; is to make the results more applicable, since it is possible that one has
a semigroup which is defined on a (separable) Banach space V but that the finite extinction property

(5.1) only holds on a subspaces, or is only known on a subspace.

The most important stochastic assumptions needed to achieve this, are that (5,,)men and (9m)men
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are both i.i.d. sequences, which are independent of each other, independent of the initial z and that 5,
is in some sense (to be made precise later) ”larger” than 7,,.
It will then be possible to show that, for a class of functionals Z: V — W, where (W, || - ||w) is another

separable Banach space, we have
N S
lim */:(XI(T))dT = vg, (SLLN)

with probability one, where vz € W will be made precise later; and that if (W, || - ||w) is in addition a

type 2 Banach space, we have

: 1 / = A
lim —- / =X, (7))dr — tvs | = 2, (CLT)

{00

0
in distribution, where Z : 2 — W is a centered, Gaussian W-valued random variables, whose covariance
will be determined explicitly.
Particularly, the class of functionals is sufficiently large, such that Z(X,(¢)) in (SLLN)) and (CLT) can
be replaced by X, (¢). Moreover, = depends on another separable Banach space (Va, || -|lv,) € (V, || ]lv),

with continuous injection and invariant w.r.t. 7. This makes it possible to replace Z(X,(¢)) in (SLLN|)
and (CLT) by [[Xa(t)]]v,-

Moreover, our theoretical results will be applied to the one-dimensional semigroup introduced in
Remark i) and to the weighted p-Laplacian evolution equation for ”small” p; more accurately, p
has to be as in Theoremm For the latter semigroup, we will see that all L?-norms, where ¢ € [1, c0),
are a valid choice for || - ||y, and that as well as also hold for X, itself.

There are besides the examples we consider, many other nonlinear semigroups which extinct in finite
time. For another concrete example, see [2] Chapter 4] and for a general survey on the finite extinction
property, containing many examples, including the (unweighted) p-Laplacian case, see [12].

Of course, there are plenty of semigroups that do not extinct in finite time. Therefore, in the next chap-
ter we continue our investigation regarding the asymptotic properties of X,. Particularly, the theoretical

results obtained there will be applied to the p-Laplacian semigroup for ”large” p and to the semigroup

introduced in Remark 2.2.7}ii).

Note that one inevitably has to draw some assumption regarding the asymptotic behavior of T, if
one wants a result like (SLLN) or (CLT)) to hold: If i, = 0 for all & € N a.s., then (thanks to the
semigroup property) we have X, (t) = T'(¢t)x for all ¢ > 0 with probability one. Thus, if the general

assumptions on 7 are such that at least np, = 0 for all k¥ € N is a valid choice for the 7;’s then a result

¢
like (SLLN)) can only hold if the limit tlim 1 [ E(T(t)x)dr exists almost surely.
* "0

Of course, assuming that the semigroup extincts in finite time, and that this finite extinction is pre-

68



cisely due to (5.1 is a strong assumption. But, on the other hand note that the results we obtain are
very strong; particular, that we obtain both the SLLN and the CLT for vector-valued functionals. One
possible (and frequently used) way to prove an inequality like (5.1)) is employing Lemma - which is

precisely how we derived such a bound for the weighted p-Laplacian evolution equation in Section [3.5]

The basic technique to prove this chapter’s general results is to introduce a certain sequence of
Tm

stopping times (7,,)men, such that [ Z(X,(7))dr can be decomposed into an i.i.d. sum; and then to
0

use approximation techniques to replace 7,,, by t. Moreover, this chapter relies strongly on the theory of

random variables taking values in separable Banach spaces. A comprehensive introduction to this topic

can be found in [26].

This chapter is structured as follows: The mentioned general results are proven in Section [5.2] and
the applicability of these results will be demonstrated in Section [5.3
Moreover, Section [5.2] contains a type 2 Banach space version of Anscombe’s CLT, which we did not
find in the literature and might be of independent interest to some readers. It can be found in Theorem
and is written as self-contained as possible.

5.2 The SLLN and the CLT

The purpose of this section is to prove the introductory mentioned results (SLLN|) and (CLT]). At first

we will state the needed assumptions, as well as some additional notations. As this section is quite long,

a detailed outline is given after all the assumptions and notations have been stated, see Remark
There the technique employed to prove (SLLN|) and (CLT) is also described in greater detail.

Throughout this section, (V,||-||y/) denotes a separable Banach space and (T'(t));>o denotes a time-
continuous, contractive semigroup on V. (Consequently, (T'(t)):>0 is also jointly continuous.)
In addition, the reader is reminded that (€2, F,P) is a complete probability space, and that we use the
short-cut notations M(Q; V) := M(Q, F; V) and L1(Q; V) := LI(Q, F,P; V) for all ¢ € [1,00).
Moreover, (m)men and (Bm)men denote i.i.d. sequences, where 7, : @ — V and S, : @ — (0,00) are
F-B(V)-measurable and F-B((0, co))-measurable, respectively. In addition, assume that (7, )men and
(Bm)men are independent of each other. Furthermore, introduce (au)men,, where o, : Q — [0, 00), by

ag := 0 and
Qo i= Zﬂk, vm € N.
k=1

Finally, for any x € M(; V), (X3,m)men, and X, : [0,00) x @ — V denote the sequence and the process

generated by ((Bm)men, (m)men, 2, T) in V.
Now, the following functional analytic assumption is drawn:
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Assumption 5.2.1. There are separable Banach spaces (V1,||-||vy) and (Va, || ||lvs), with V; TV, such

that the injections V; — V' are continuous for i = 1,2. In addition, the following assertions hold.
i) Vi is an invariant space w.r.t. (T'(t))i>0, fori=1,2.

ii) There are constants k € (0,00) and p € (0,1) such that |[T(t)v|ly, < (=&t + |[v]|{, )+ for allt >0
and v € Vi, where (-)4 = max(-,0).

iii) || T()v]|v, < ||vl|v, for allv € Va.
Throughout this entire section, Assumption is assumed to hold and (Vi,]| - ||vy), (Va, ]| - Ilva)
as well as k € (0,00), p € (0,1) are as in this assumption.
Stating our stochastic assumption, requires the following remark regarding measurability:

Remark 5.2.2. Let (V.|| - lly) © (VL] - |lv) be another separable Banach space and assume that
the injection V < V is continuous. Then Lusin-Souslin’s Theorem (see [22, Theorem 15.1]) yields
f(B) € B(V) for all B € B(V) and f : V — V which are continuous and injective. Consequently, we
get B(V) C B(V). Particularly, for |- Iy : V= [0,00), with vy = ||v]|y for allv e V and [v]g =0
for allv € V\'V, we have that | - Iy is B(V)-B([0, 00))-measurable.

Hence, if y: Q — V is F-B(V)-measurable, with P(y € V) =1, then llylly is F-B([0,00))-measurable.

Assumption 5.2.3. Throughout this section, the following assertions hold for all m € N.
i) Mm € Vi for i = 1,2 with probability one.

1)« 5o and BB < oo,

i) E|lnml||}, < oo, and there is a € > 0, such that IEHanf,(l
i) —KEBp + El|nm|[7, < 0.
Throughout this section € > 0 is as in the preceding assumption.
Notation 5.2.4. We write (2, (W,|| - ||lw)) € SLv,(V), whenever the following assertions hold.
i) W, || -|lw) is a separable Banach space.

i) 2:V = W is B(V) — B(W)-measurable.

iii) 2 is sub-linear in the following sense: There are constants c1, ca € [0,00) such that
N2)|lw < allv|lv, + ¢, for allv € Va.

Definition 5.2.5. A mapping x : Q — V is called an independent initial leading to extinction, if the

following assertions hold.
i) xe M V).
it) x € V; fori= 1,2 with probability one.
iii) El|z|[3f < oco.
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i) x is jointly independent of (Bm)men and (Nm)men-

Moreover, if v : Q — V is an independent initial leading to extinction, we denote by (ex(n))nen, where

ex(n): Q@ — NU{oo}, the sequence of extinction times, defined by
v) ex(1) :=min(m € N: T(5,)xp,m—1 =0) and
vi) ex(n) :=min (m € N: T(Bp)xzm-1 =0, m > e,(n—1)) for alln € N\ {1}.
Finally, introduce the ﬁltmtion (F§)jen and (FZ)meno, by
vii) F¥ = oo(x, B1), F& = oo(z) and

viii) F7 = 00(x, Br, s B, M1y -y nj—1) for all j € N\ {1} and ]:"ﬁ,”1 = 00(2, B1, ooy Brns My -y im) for all
m € N.

Remark 5.2.6. Let x € M(; V) be an independent initial leading to extinction and 2 € SLy, (V).
The centerpiece of the proof of the SLLN as well as the CLT, which are both proven in Theorem[5.2.23,

Qeg (n+1)
is the fact that the sequence i E(Xx(T))dT> is i.i.d., square integrable and for each n € N in
Fea(n) neN
FXez(1)
distribution equal to [ E(Xg(7))dr, where T € M(Q; V) is specified in Remark|5.2.14),
0

Before one can prove these results, one of course needs that P(e;z(n) < oo, Vn € N) = 1 and that the
occurring integrals exist and are well-defined, which is subject to Proposition[5.2.10 and Lemma[5.2.13
The stated i.i.d. and square integrability assertions are then proven in Proposition and Lemma
D.2. 15

Feg (n+1)

Even though ( i E(XJC(T))dT) is i.i.d., it remains so far open how one gets from there to

Feg(n) neN
Theorem[5.2.23. A similar obstacle occurs for discrete time Markov chains possessing an atom; and the

technique we employ to overcome it is somehow similar to the one used in [29, Theorems 17.2.1 and
17.2.2]. 1t is just "somehow” similar, since we are not in discrete time, consider vector-valued instead
of real-valued functionals and last but not least T'(By)Xgp.m—1 = 0, means Xz m = N, G.e. we do not
stop the sequence (Xz m)men at deterministic states, but at a “random state”; moreover, note that even
though (X4m)men s a Markov chain, X, is not necessarihﬂ a Markov process.

Moreover, Corollary is a useful application of Theoremfor special choices of (2, (W, |||lw)).
In addition, Theorem[5.2.29 is a vector-valued version of Anscombe’s CLT.

The remaining results, which have not been mentioned explicitly in this remark, solely serve to keep the
exposition more clean and the proofs more accessible, but are not of independent interest out of this

section.

Lemma 5.2.7. Let © : Q2 — V be an independent initial leading to extinction. Then all of the following

assertions hold.

1See Remark for our conventions regarding o-Algebras.

2In Section [6.2] we shall see that X, is a Markov process, if , (Nm)men and (Bm)men are jointly independent,
both sequences are i.i.d. and each By, is exponentially distributed. The present author conjectures that this is the only
(non-trivial) distribution for By, turning X; into a Markov process.
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i) %pm is F2-B(V)-measurable for all m € Ny.
it) ez(n) + 1 <ey(n+1) and ex(n) > n for alln € N.
ii1) {ex(n) =j} € F} for alln,j € N.

Proof. Let us start by proving i) inductively. We have x,¢ = x, which is obviously og(x)-B(V)-
measurable. Now assume that i) holds for an m € Ny and note that x4 m+1 = T(Bm+1)%zs,m + Mm+1. AS
%z.m is by the induction hypothesis a fortiori F2, 1+1-B(V)-measurable and since 3,41 is obviously FE -
B([0, 00))-measurable, Remark yields that T'(Bp+1)%z,m 1S f,fl+1—%(V)—measurable. As Mppy1 has
this property as well, i) follows.

Now note that it is plain that e, (n)+1 < e, (n+1), which gives e, (n) > n, since e, (1) > 1, by definition.
Consequently, ii) holds as well.

Proof of iii). This statement is proven inductively w.r.t. n € N. We have for any j € N that

J
{61(1) < ]} = {Elk € {13 a]} : T(Bk)xz,k—l = O} = U {T(ﬂk)xz,k—l = 0} € ]:317
k=1
by Remark and i). Consequently, as {e;(1) = j} = {e.(1) < j} \{es(1) <j—1} and F7 ; C F7,
iii) holds if n = 1.
Now assume that iii) holds for an n € N. If j < n + 1, we have {e,(n + 1) < j} = 0, by ii). So let
j > n+ 1. Note that on {e;(n+ 1) < j}, we have n < e,(n) < j, by ii).
Consequently, we have
j—1
{ean+1) <j}=JEBke{i+1,..5}: T(Br)tap1 =0, es(n) =i}.
Moreover, the induction hypothesis yields {e,(n) = i} € F* C F7, for all i =n, ..., j — 1 and combining
Remark and i) gives {T'(Bk)%z,k—1 =0} € Fiy CFf forall k =n+1,..,j.
Consequently, we get {e,(n+1) < j} € F7 for all j € N and therefore also {e,;(n +1) =j} € 7. O

Lemma 5.2.8. Let z : Q — V be an independent initial leading to extinction. Then the following

assertions hold.
i) xpm € Vi for allm € Ny and ¢ € {1,2} almost surely.
ii) ||xg£7m\|€/1 < (—KBm + Hxx,m_1||€,1)+ + ||nm||€/1 for all m € N almost surely.

Proof. Thanks to Lemma viil), the first assertion is trivial.
The second assertion is also easily verified: Appealing to Assumption ii), while having in mind i),

gives
||Xx,m”€/1 < ||T(Bm)xac,m—1”;\)/1 + ||77m||F\)/1 < (=KBm + ||Xx,m—1||€/1)+ + Hnm”{)/l
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for all m € N almost surely, where the well-known inequality (a + b)? < a® + b° for all a,b > 0, was
used. O

Lemma 5.2.9. Let x : Q — V be an independent initial leading to extinction and introduce m,n € N,

with m < n. Then the inclusion
n n—1
{=5Br + [ p-1llf, >0, VE=m,...n} S{=r > Be+ > llmllf, + [[xem-1]l§, >0}
k=m k=m

holds up to a P-null-set.

Proof. Fix n € N\ {1} and let us prove inductively that

n—1

(=B + llroprllfy, > 0VE =n—jiony C{=r Y Bt D lmllf, +lxen—jrllf, >0} (5.2)

k=n—j k=n—j

for all j =1,...,n — 1 almost surely, which obviously yields the claim.

So let j = 1. Firstly, invoking Lemma il) gives ||chyn_1||€,1 < (=KBn-1+ |‘Xw7n—2‘|€/1)+ + ||77n_1\|€/1
a.s. and therefore

{=rBn + |[xem-1llf, > 0} € {=rBn + (=KBu-1 + |[xzn—2[7)+ + [[Mn-1ll7;, > 0} (5.3)
almost surely. Using this yields

{=rBr + 2 p1lly, >0, Vk=n—1,...,n}
{—55,171 + ||Xx,n*2||€/l > 07 - Hﬁn + (_Hﬂnfl + ||Xx,n*2”€/l)+ + ||77n71||€/1 > 0}

n n—1
(= > Bt 3 Il + lzemallfy > 0}

k=n—1 k=n—1

N

N

almost surely, and consequently (5.2)) holds for j = 1.
Now assume ([5.2]) holds for a j € {1,...,n — 2} (and w.l.o.g. that n > 2). Firstly, using the induction
hypothesis yields

{=rBk + [z p—1lly, > 0,V =n—(j +1),...,n}
n—1

S {=r D Bt Y el + eyl > 0} 0 {=RBuj1 + [[£en—jallf, > 0}

k=n—j k=n—j
almost surely. Appealing to Lemma ii) once more, yields

n—1

{=r > Bt Do lmllfy + [zamn—j—allf; >0}

k=n—j k=n—j
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n n—1
S {=r D> B+ D lmllfy + (=rBaj1 + gem—j—2llf)+ + lmm—j-1llf, > 0}
k=n—j k=n—j

almost surely. Finally, combining the former and the latter inclusion gives the claim. O

Proposition 5.2.10. Let x : Q = V be an independent initial leading to extinction. Then we have

Ple, (i) < 00, Vi € N) = 1.

Proof. It obviously suffices to prove that e, (i) < oo a.s. for all ¢ € N. This will be proven inductively.

Firstly, employing the o-continuity of probability measures from above yields

Pley(1) = 00) = lim P(T(Bk)xp k-1 #0, Yk =1,...,n).

n—r oo

Moreover, appealing to Lemma i) gives x, x—1 € Vi for all £ € N a.s. Consequently, Assumption
5.2.11ii) gives

{T(B)xa k-1 # 0} C{(=kBk + [z k-1ll,)+ > 0} = {=KBk + [[xak-1lly, >0}, VEEN — (5.4)

a.s. Using this, while having in mind Lemma [5.2.9] yields

n n—1
P(es(1) = o) < lim P (Qjﬁk 3 Nl + 11114, > 0) . (5.5)
k=1 k=1

n— oo

Now note that ||][{. , Bk, ||nxlf, € L*(Q). Consequently, we can introduce

n n—1
e (“Zﬂk 3 lnelf, + nzvm) = n (=RE(B1) + Ellmi|I%,) — Ellmi| %, +Ell«][7,-
k=1 k=1

Moreover, appealing to Assumption iii) yields v, < 0 for all n sufficiently large. Consequently, by
invoking (|5.5) and employing Tschebyscheff’s inequality, we get

n—oo 1/721

n n—1
. 1
Bleo()=oo) < lim L Var (—nzﬂk+z||nk||a+|mm)
k=1 k=1

n—o00 U

. 1
= lim — (k*Var(B1)n + (n — DVar(||ml[7,) + (Var\|x||€/1))

which proves P(e,(1) < 00) = 1.
Now assume e, (i) < oo a.s. for a given ¢ € N. Then there is a set M; C N, such that P(e; (i) € M;) =1
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and P(e, (i) = m) > 0 for all m € M;. This implies

Plea(i+1) =00) = Y Pleg(i+1) =00, es(i) =m).
meM;

Consequently, it suffices to prove that P(e, (i + 1) = 00, e5(i) = m) =0 for all m € M;. So let m € M;

be given. Then we have
Plea(i + 1) = 00, ex(i) = m) = P(T'(Br)sak—1 # 0, Yk > m, eg(i) =m).

Consequently, employing the o-continuity of probability measures, (5.4) and Lemma gives

n n—1
P(ey(i + 1) = 00, eg(i) =m) < lim P<H S Bt Do mellf, + xemllf, >0, eali) —m>

n—00
k=m+1 k=m+1

Moreover, it is plain that xg ., = 9m on {e,(¢) = m} which implies

IN

n n—1
: _ N ~ p p
Ple,(i+ 1) = 00, e,(i) =m) nILH;oIP (—Fa Z Br + Z ey, + [nmlly, > O)

k=m+1 k=m+1
n—m n—m
— ] _ p
= nlgr;()]?( K kz_:l Br + ; k]I, >0> g

where the last equality follows from the fact that the n;’s as well as the §;’s are i.i.d. and independent of
each other. Analogously to the induction beginning, one now easily verifies by the aid of Tschebyscheff’s

inequality that the last limit converges to zero and the claim follows. O

Remark 5.2.11. The following observations will be useful in the sequel, and follow directly from the
definition of SLy, (V).

i) If (B, (W[ [lw)) € SLv,(V), then ([|E]lw,R) € SLy, (V).

i) If (B, (W, -1lw)) € SLy, (V) and w € W, then (E,, (W,|| - |lw)) € SLy,(V), where we set
Ew(v) :=EW)+w forallveV.

Lemma 5.2.12. Let (,(W,||-|lw)) € SLy, (V) and let x : @ — V be an independent initial leading to

extinction. Then we have
i) P(X,(t) € V3, YVt >0) =1, wherei € {1,2}.
ii) The mapping defined by [0,00) x Q3 (t,w) — E(X;(t,w)) is B([0,00)) @ F-B(W)-measurable.
¢
iii) P <f 12Xy (P)||wdr < o0, VE > 0> =1
0
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¢
Consequently, the Bochner integral [ Z(Xy(7))dr is (up-to a P-null-set which is independent of t) well-
0

t
defined, for all t > 0, and the stochastic process defined by [0,00) X Q > (t,w) — [E(X,(r,w))dr is

0
F @ B([0,00))-B(W)-measurable.

Proof. The first assertions follows directly from Lemma [2.2.6]vii); and the second follows from the

measurability of Z and Lemma v)).
Proof of iii). Let ¢ > 0 and w € 2\ M, where M is a P-null-set such that lim o, (w) = co, and such
m—r oo

that X, (t,w) € V; for i = 1,2 and all ¢ > 0. Moreover, introduce m € N such that ¢ < a;,(w). Then

there are constants ¢1, co € [0,00) such that

/ E (K (7, w) [l
0

IN
2
T
T
=
\]
\
)
=
£
"
&
e
£
=
QU
\]

IA
™
0
S
\]
|
Q
=
£
=
8
ES
£
5B
oW
\]
_|_
Q
[V
i)
ol
+
=
£

< ﬁkJrl(w)(Cl”XLk(w)HVz + 02)7

where the last inequality follows from Assumption iii). Consequently, iii) is proven, since the P-

null-set M is indeed independent of ¢ > 0.

Moreover, it follows from ii) that [0, 00) 2 ¢ — ZE(X, (¢, w)) is B([0, 00))-B (W )-measurable for all w € Q.
t

This and (the proof of) iii) yield that the Bochner integral [ Z(X,(7,w))dr exists for all w € @\ M and
0
t> 0.
¢
Finally, [31, Lemma 2.2.4] yields that [0,00) x Q 3 (t,w) — [E(X,(7,w))dr := I(t,w) is (almost surely)

0
continuous and that each I(t) is F-28B(W)-measurable; which implies that I is F ® B([0, 00))-B(W)-
measurable, by [31, Proposition 2.2.3]. (The results in [3I] are formulated for filtered probability spaces,
chose the filtration which is constantly F while applying [31, Lemma 2.2.4, Proposition 2.2.3].) O

as(w)

The preceding lemma yields in particular that Q 5 w — [ E(X;(w,7))dr is well-defined and F-
ay(w)

$B(W)-measurable, whenever a; : Q@ — [0, 00) are F-B([0, 0co))-measurable, = :  — V is an independent

initial leading to extinction and (2, (W, || - ||w)) € SLv, (V).
Ceg (nt1)

Our next goal is to establish that the sequence defined by [ EEX, (T))dT) is i.i.d.
Xeg(n)

neN

X

Remark 5.2.13. Whenever z : Q — V is an independent initial leading to extinction, then (]:ez(n)>”€N
denotes the stopped filtration, defined by
Femy ={A€F: An{es(n) =j} € F;, Vj € N},

e
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for alln € N.
Note that (F§)jen is trivially a filtration. Moreover, invoking Lemma m) yields that each e;(n) is
a stopping time w.r.t. (F7)jen and that e;(n) < ez(n+1) for all n € N. Consequently, it is standard
that each }—;(n) 1s indeed a o-algebra and that F~ C F=

ez (n) ez (n+1
that (F7 (,))nen inherits the completeness of (Fy')jen.

) for all n € N. In addition, it is plain

Remark 5.2.14. In all that follows T € M(§; V), denotes a mapping fulfilling
i) T = in distribution and
i1) T is jointly independent of (Nm)men and (Bm)men-

Note that this implies T € V; a.s. for i = 1,2. Moreover, as 0 < 2p < p(11 + &), we also have

IEHEH%E < 0o, which gives that T is an independent initial leading to extinction.

Lemma 5.2.15. Let (2,(W,]|| - |lw)) € SLy, (V) and z : Q@ — V be an independent initial leading to

extinction. Then we have

Qey(n+1) Xe(1)
E|f / 2K (r)dr | |72 | =B / =(Xe(r))dr |,
Ceg(n) 0

for alln € N and f : W — R which are B(W)-B(R)-measurable and bounded.

Proof. Let A € F7 , be given and introduce A; := {w € A: ez(n)(w) =i} for all i € N, with i > n.
At first, it will be shown that

E]I-A-;fj(xz,iu vy X idj—1, ﬂiJrlv "'7ﬁi+j) = P(Ai)Efj(XT,()a "'aXT,jfhﬁla ~”7Bj)7 (56)

for all i € N, with ¢ > n, all j € Nand f; : V7 x[0,00)7 — R which are bounded and B(V7)@% ([0, 00)?)-
B (R)-measurable.

Now let us prove inductively w.r.t. j € N.

Let j=1,%>n and fl : V x [0,00) — R be bounded and measurable. Note that T(8;)xz;—1 = 0 on
A;. Consequently, we get El 4, fi (Xg,i, Bit1) = Ela, fi (ni, Bi+1). Moreover, appealing to Remark |5.2.13
yields that 4; € FF = oo(x, B, ..., Bis M1, -, Ni—1). Hence, A; is independent of fl('f}i,ﬁi.}rl), which gives

Ela, f1(¢ei, Biv1) = P(ADESL (i, Biv1) = P(A)Ef1 (xz.0, B1),

where the last inequality follows from the fact that (xz,0,51) = (Z, 81), which is in distribution equal to
(ni, Bi+1). Hence, holds for j = 1.

Now assume that it holds for an j € N, let @ > n and f;;1 : VIt! x [0,00)7*! — R be bounded
and B(VIHH) @ B([0,00)T1)-B(R)-measurable. Moreover, for any § € [0,00), 7 € V, introduce
fm V7 x [0,00)7 = R, by

W0, Yj—1,01, ., b5) = Fi+1@os oo yj—1, T(0j)y—1 + 71,01, o0y by, B),
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for all yo, ..., yj—1,m € V and by, ..., bj, Be [0,00). Then fﬁ 7 inherits the boundedness of fj+1. Moreover,
invoking Remark , gives that fB,ﬁ is B(V7) @ B([0,00)7)-B(R)-measurable, as it is the composition
of measurable functions, for all 3 € [0,00) and 77 € V. Consequently, the induction hypothesis yields

E]lAif,3~7ﬁ(Xm,i7 s Xgitj—1s Big1, o Biy )AP = P(A;)E Agﬁ(xz,m e Xz =15 P15 B),

which gives

ELa, fi41(Fasis oo Kasitjm 1> T(Bit Easitim1 + 71y Bit1s s Bit s B)
= P(Ai)EfjJrl(XE,m ¥z 1, T(Bi) %z -1 + 71, B1, s By B),

for all i > n, 3 € [0,00) and 7j € V.

Moreover, Lemmayields7 that (xpi, .oy X it j—15 Bit 1, ooy Bitj) 1S fﬁrj—%(vj)@%([(), 00)?)-measurable
and, a fortiori, that 14, is F{ ;-B(R)-measurable. Consequently, as (8;4;+1,7i+;) is independent of
Fiy; and as (Bitj11,mit4) = (Bj+1,75) in distribution, we get

Ela, i1 (Rasisoos Xaitgy Bik 1y s Bitjig1)

= E(La, fit1(asis oo Kanitjm1s T(Bits Xaiti—1 + Mitjs Bid1s -oes Bis Bijr1))

= / E(La, fj1 (%ais oo %asi i1 TBisj Vi1 + 71y Bit1s ooos Biss B)AP 8115 o1 msss) (B 1)

[0,00)xV

= / P(ADEfj11(%2.05 - %251, T(Bj) %z j—1 + 71y B1s s By B)dP(ﬁHHl,mH)(B, )
[0,00)xV

= / P(A)Efj4107,05 oo 57,51, T(B))5z j—1 + 71, B, ~-~75j,B)dP(ﬁj+1,nj)(B,ﬁ)~
[0,00)xV

Now, appealing to Lemma, yields, that (xz,0, ..., Xz j—1, b1, -, ;) is Fi-B(V7)®[0, 00)I-measurable.
(Note that this is indeed possible, since T is also an independent initial leading to extinction, see Remark
5.2.141) Moreover, it is plain that (8;41,7;) is independent of ff. Consequently, we get

Ela, fi+1(Xayiy oor Xzit g Bit1s oo Bitjir1) = P(ADEfj1(x3,05 s X351, X35> B1s s Bjr Bit1),

which gives (5.6).
Now the actual claim is proven by the aid of (5.6]). Firstly, appealing to Lemma ii) and Proposition

5.2.10] yields

Qeyp(n+1) 0o oo Q4 j
E ]lAf / E(Xz(’r))d’r = E E E ]lAq‘,]l{ez(n-‘rl):i-‘rj}f / E(XI(T))CZT
i=n j=1 .
FXeg (n) g
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In addition, we have

Qi iti—1 Br+1 j—1 Br+i+1

[ =i =Y [ so@mnnir =3 [ 2@

k=i k=0

(27

Combining the former and the latter equality implies

Qey (n+1) o oo j—1 Br+tit1
E|1af / EX (r))dr | | = ZZE La, Lie, (nr1)mieit f / E(T(7)xe pri)dT
o i=n j=1 k=0
For all j € N, introduce ij : VI x [0,00)7 x R, by
j—1 b1
hj(yOa"'uyjflyblw'w / E yk:)]]-Vz(yk)d
k=0 {

Invoking Remark [2.2.5]and Remark[5.2.2] gives that [0,00) x V' 3 (7,y) — E(T(7)y)1v; (y) is B([0,0))®
V-B(W)-measurable. Moreover, working as in the proof of Lemma [5.2.12 yields that Z(T(-)y)1y, (y) €
LY([0,];W) for all t > 0 and y € V. Consequently, [3I, Proposition 2.1.3] yields that (y,t) +
¢

JE(T(T)y) 1y, (y)dr is, for each y, as mapping in ¢t continuous, and by [3I, Proposition 2.1.4] it is
0

for each t € [0,00), as a mapping in y, B(V)-B(W)-measurable. Consequently, this mapping is
B(V) @ B([0,0))-B(W)-measurable, see [, Lemma 4.51].

Using these observations, it is plain to deduce that h; is B(V7)-B([0,00)7)-B(R)-measurable for all

j € N. Moreover, each ﬁj is obviously bounded.
For all j € N, introduce g; : V7 x [0,00)7 x R, by

gj(y(h "'7yj—17b13 ab]) = I{T(bk)yk—l 7é OaVk = 17 7.] - 1’ T(b])y]—l = 0}7 v.] € N\ {1}

and §1(yo,b1) := 1{T(b1)yo = 0}. Then g; is obviously bounded, and by the aid of Remark also
B(V7) @ B([0,00)7)-B(R)-measurable.
Moreover, appealing to Lemma i) yields

-1 Bitkt1
1 (Xasiy oo Xz it i1, Big1s oo Bigg) = f Z E(T(T)xgitx)dT |, Vi>n, j €N
-

almost surely. In addition, for all w € A;, we have

G5 (% iy ooy X it jim 15 Bit 15 o0 Big) (W) = Lo, (ng1)=itjy (W), Vi >n, j €N,
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Consequently, putting it all together yields

Uy (nt1)
E|laf / E(X())dr
Aeg(n)
= ZZE(]lAigj(Xz,iy-~-7X:1:,i+j7175i+1a---aﬁi+j>hj(xw,i;---»Xa:,iJrjflaBz#ly-~-75i+j))
i=n j=1
= ZZP<A1')E(.%(XE,Oa-~-aX§,j71751a-~-a6j)i7‘j(xi,0a---axijflaﬂlw-wﬁj))
i=n j=1
= P(A)ZE(gj(XE,Oa---;Xf,j—laﬁlv~-~76j)ilj(x5707~-~zxi,j—1a61a---ij))~
j=1

In addition, it is straightforward that

ﬁj(Xz,o, e Xz -1, B1, ...,Bj)(w) = l{ef(l):j}(w)'

Using this, while having in mind Lemma i), gives

Qey (nt1) oo j—1 Br+1
E|1,f / =% || = P E | 1yt / (T () )dr
e j=1 k=0 9
0o QXeg(1)
— PWYE Lt | [ S0
Jj=1 0
Finally, as ez(1) € Nas. and as A € F7 ) was arbitrary, we obtain
Qg (nt1) Oez(1)
E|1ar / =%, (r)dr | | = P(aE | 7 / =(Xo(r)dr | |,
ey (n) 0

for all A € ffx(n), which implies the claim, by the very definition of the conditional expectation. O

Lemma 5.2.16. Let (2,(W,]|| - |lw)) € SLy,(V), n € N\ {1} and = : @ — V an independent initial
leading to extinction. Then the mapping defined by

ey (m) ()
Qd>w—> / E(Xm(ﬂ w))dTv

AXegp(n—1)(w)
is F. ()~ B(W)-measurable.
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Qe (n)

Proof. As (F7 (,,))men is a filtration, it suffices to prove that [ EXy(r))dris F
0

X
€

()" B(W)-measurable,

for all n € N. To this end, introduce j € N as well as B € B(WW) and observe that

Oey(n) j—1 Br+1
E(Xz(r))dr € B p N{ex(n) =j} = Z E(T(1)xg,)dT € B » N{ex(n) = j}. (5.7)
0 k=0

t
As demonstrated in the proof of Lemma [5.2.15, (¢,v) — [E(T(7)v)1y,(v)dr is B([0,00)) ® B(V)-
0

2B (W)-measurable. Consequently, since %, and By are Fi, -B(V)-measurable and F, -B([0, 00))-

measurable, resp., for all k =0,...,5 — 1, we get that

1 Bkt j—1 Br+1

/ E(T(7)sen)dr = / E(T(7)%.1) Ly, (%0 )dT
0 k=0 3

j—
k=0
is ]-'f—‘B(W)—measurable, where the equality holds almost surely. This gives, while having in mind
as well as Lemma [5.2.7}iii) that

Qe (n)

E(Xu(r))dr € B p N{es(n) = j} € F¥

and the claim follows. O

Proposition 5.2.17. Let (2, (W,|| - |lw)) € SLy,(V) and let x : Q@ — V be an independent initial

Xey (n+1)
leading to extinction. Then the sequence Ik E(XI(T))dT> is i.i.d., with
aez(”) neN
QAey(n+1) Qe(1)
(X, (r))dr = / =(Xs(r))dr (5.8)
QXeg (n) 0

in distribution, for all n € N.

Proof. Let B € B(W) be given, and set f := 1p, where f: W — R. Then f is obviously bounded and
B(W)-B(R)-measurable. Consequently, appealing to Lemma [5.2.15| yields

Qeg (n+1) Qe (n+1) Qe(1)
P / EXy(r)dreB| =Ef / EXy(r)dr | =Ef / EXz(r))dr |,
Qey (n) QXeg (n) 0

which implies (5.8]).
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Consequently, it remains to show that

RXeg (2) AXeg (n+1) Xeg (k+1)

P / =(X, (r))dr € By, ... (Xo())dr € B, | = ﬁ P / =(X,(r))dr € By | (5.9)
k=1

Ko (1) ey (n) ey (k)

[1]

for all By, ..., B, € B(W) and n € N.
(5.9) is trivial if n = 1. So assume it holds for n —1 € N and let us prove it for n. To this end, introduce

By, ...,B, € B(W) and fi := 1p,. Then employing Lemma|5.2.15, Lemma/[5.2.16} (5.9) and (5.8) yields

QXeg (2) QXeg (n+1)
P / E(Xy(1))dr € By, ..., / E(X;(r))dT € B,
Ceg (1) ey (n)
n—1 ey (k+1) QXeg (n+1)
- e|[In| [ =] s, =X () | |72
=1 ey (k) ey (n)
n QXeg (k+1)
= JI» / (X, (7))dr € By,
k=1 el
and the claim follows. O

Lemma 5.2.18. Let (2, (W,]||-|lw)) € SLy,(V) and let x : Q — V be an independent initial leading to

extinction. Then, the assertion

Xeg (n+1)
E(X,(7))dr € LA (W)

aﬁfn(")
is valid for all n € N.

Proof. The desired measurability follows a fortiori from Lemmal5.2.16f Moreover, employing Proposition
[(.2:17) yields that it suffices to prove that

ez (1) 2
E / EXg(m))dr|| < oo.
0 w
To this end, note that
(1) 2 Xe—(1) 2 ef(l)—l 2
el [ zternar| <E( [ IEGOwdr ] <E[ Y S (@l e |
0 W 0 k=0

where the second inequality follows from Lemma [5.2.12]1), Assumption iii) and Lemma i).
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Now introduce 7y := T, for notational conveniences. Moreover, by the aid of Assumption iii) and

Lemma 1), it is easy to verify inductively that

k
iz kllve < lmwllves k€ No.
j=0
Consequently, we get
Fegz(1) 2 ezx(1)—1 k 2
Bl| [ =Ge(ryir| <E Burler Y mlvs +c2)
o - k=0 j=0
Hence, we also have
Fez (1) 2 0o m—1 k 2
Bl [ =temydr| < B[ X suata S Imlv +e2) | Lym
0 w m=1 k=0 7=0
Consequently, appealing to Cauchy-Schwarz’ inequality implies
Qe_(1) 2 - i . 4\ 2
- 1
E / EXz(r))dr|| < E| D Beraler Y lmellv, + o) Plez(1) = m)=.
5 W m=l k=0 j=0

Now upper bounds for each factor of each summand of the preceding series will be derived.

(5.10)

(5.11)

So let m € N be arbitrary but fixed. Then the triangle inequality, the independence of (8x)ren and

(Nm)men as well as the fact that each of these sequences is identically distributed, yields

Bl

4
m—1 k m—1 k
E (> Besaler > lmkllva + c2) < > Bkl | e DI Hmkllvallza) + c2
k=0 Jj=0 k=0 =0
m(m+ 1)
= Bllcs@eall lImllvallzs @) ——— + IBillLs(@)c2m
< m® (|IBilleayerll lImllvallzay + 1BillLacz) -

Note that [|81]|z4(0) < 0o and || [|nlv,|z4q) < oo, by Assumption ii).
. . 2
Consequently, by introducing C := (||B1|La@)c1ll [m|vallza) + [|B1llLa)yc2)” < oo, we get

k

m—1
E (> Beraer Y lmkllv, +c2) < Cm®, Ym € N.
k=0 j=0
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Now for all m € N\ {1} we have
Plez(1) =m) < P(T(Br)xz k-1 #0, Ve =1,...,m —1).
Consequently, employing Assumption [5.2.1]ii), which is possible due to Lemma [5.2.8]i), yields
P(ez(1) = m) < P(=kfy + [z x-1llf, >0, VE=1,...,m —1)

Hence by appealing to Lemma we get

m—1 m—2 m—1
Pez(1) =m) <P (—% D Be+ D lmellf, + lmollf, > 0) =P (Z =Bk + [Imk-1ll7; > 0) )
k=1 k=1

k=1
for all m € N\ {1}. Now let v := E(—xp1 + ||no||{, ), which is negative by Assumption [5.2.3}iii).
Consequently, we have

m—1

> =B+ |k llf, —v(m —1)

k=1

P(ez(1) =m) <P ( > |v|(m — 1)) (5.13)

for all m € N\ {1}. Hence, combining (5.11)), (5.12)) and (5.13)) yields

2
Qe(1) 0o m—1 %
E / E(Xz(7))dr <C+ E Cm*P < g —KB + ||77;€_1||f,1 —v(im—=1)| > |v|(m— 1)>
0 W m=2 k=1

Moreover, it is plain that m < 2(m — 1) for all m > 2 and consequently m* < 16(m — 1)*, which yields
by employing Cauchy Schwarz’ inequality that

2

FXez(1)
E / E(Xz(1))dr
0 w
oo m %
< C+16C Z miP ( Z —KBk + |[k—1ll, —vm| > |Vm>
m=1 k=1
1 1
oo 2 o0 m 2
< C+16C <Z m_l_é> (Z mOTEP ( Z Bk + k-1, —vm| > |V|m>> :
m=1 m=1 k=1

It is common knowledge that the first series in the preceding expression is finite. Consequently, the
claim follows if the second is finite as well. To this end, note that the sequence (—#fk + ||7k—1][7; )ren

is i.i.d. with mean v. Consequently, [2I, Theorem 1] yields

o] m
Z mO+EP < Z =Bk + |Ik-1lly, —vm| > |V|m> < 00,
m=1 k=1
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if (and only if) —kf31 + [|nollf, € L' (), which is true by Assumption ii). O

Note that (p,R) € SLy,(V), where ¢ : V — R is the function which is constantly one. This plain
fact, together with Proposition [5.2.17 and Lemma [5.2.18] yields the following quite useful corollary.

Corollary 5.2.19. Let xz : Q — V be an independent initial leading to extinction. Then the sequence

(Qey(nt1) = Qe, (n))neN s square integrable and i.i.d with o, (n41) — Qe (n) = Cey(1) in distribution.

Proving our SLLN requires the following very simple lemma, which might be available somewhere

in the literature:

Lemma 5.2.20. Let (U,|| - ||u) be a separable Banach space. Moreover, let (Y )men € M(Q;U)

be such that there is a Y € M(Q;U), with li_I>n Y., =Y almost surely. Finally, let (N;)i>0, with

N, : Q = N, be such that each Ny is F-2N-measurable and tli}m Ny = 0o almost surely. Then the
o0

convergence tlim Yn, =Y takes place with probability one.
—00

Proof. Let M € F be a P-null-set such that W}E}noo Yi(w) = Y(w) and tlig)lo Ni(w) = oo for all
w e Q\ M. Now fix one of these w € @\ M and note that there is for each ¢ > 0 an mg € N
such that ||Y;,(w) — Y(w)|ly < € for all m > mg. In addition, we can find a t; € [0,00) such that
Ni(w) > my for all t € [tg,00). Consequently, we get ||Yy, () (w) = Y(w)||lv < € for all ¢ > t5, which
yields the claim. O

The results proven so far already enable us to prove the desired SLLN. But, to also prove our CLT, a
version of Anscombe’s CLT in type 2 Banach spaces and some clarifications regarding Gaussian random

variables taken values in separable Banach spaces are needed:

Remark 5.2.21. Let (W, || - |lw) be a separable Banach space with dual space W'. Moreover, (-, )w
denotes the duality between W and W'.
(W] - llw) is said to be of type 2, if: There is a constant C > 0 such that for alln € N, X1,..., X, €

L2(Q; W) which are centered and independent, we have

2 n
< C Y ElIXklliy-
w k=1

E

D> X
k=1

The main feature of such Banach spaces is that these are precisely the Banach spaces where every
centered, square integrable i.i.d. sequence still fulfills the CLT, see [28, Theorem 10.5].

Now let Y € M(Q;W). Then'Y is called Gaussian, if (Y, V)w is Gaussian for all 1 € W'. (Note that
by this definition constant random variables are Gaussian as well.) In addition, for a (not necessarily
Gaussian) random variable Y € L?(S; W), we call the mapping Covw (Y) : W' x W' — R, where

Covw (Y) (11, 2) :=E(Y —EY, ¢1)w (Y — EY,¢2)w), Vip1, 1o € W,

the covariance of Y. It is plain to verify that the right-hand-side expectation in the preceding equation

ndeed exists.
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Moreover, if Y € M(S:; W) is Gaussian, then particularly Y € L*(; W), see [37, p. 5. In addi-
tion, analogously to the real-valued case, the distribution of Y is still uniquely determined by EY and
Couw (Y), see [37, p. 5].

In the sequel, it will be written Y ~ Ny (u, Q) whenever Y € M(Q; W) is Gaussian, with mean (1 and
covariance Q. Of course, if W = R this is abbreviated by N (u,0?), where o := Q(Id, Id) is the variance
of Y.

Last but not least, let us remark, that as usually we say that mlgnoo Y., = Y in distribution, where
Yo, Y e M(Q; W), if W}gnoo Ef(Y) =Ef(Y), for all f: W — R which are continuous and bounded.

The following theorem is a version of Anscombe’s theorem in type 2 Banach spaces. This theorem
might be available somewhere in the literature, but the present author was unable to find it. The proof
works analogously to the proof of the real-valued version of Anscombe’s theorem, since the standard
CLT as well as Kolmogorov’s inequality both hold if (and only if) the underlying Banach space is of type
2. Since it is just from the theorem itself far from obvious that its proof carries on to random variables
taking values in type 2 Banach spaces, the proof will be given. For a treatment of the real-valued case,
see [17, Theorem 3.2].

Afterwards, this section’s main result will be formulated.

Theorem 5.2.22. Let (W, ||-||w) be a separable Banach space of type 2, introduce (Y )men C L2(; W),
(Np)nen, where Ny, : Q — N is F-2N-measurable and (0,,)nen C (0,00). Moreover, assume that

i) (Yon)men is i.i.d. and EY; =0 and

it) lim 6, = 0o and lim % =1 in probability.
n— o0 n—oo /n
Then the convergence
1 NVL 1 N’V‘L
lim — Yk = lim — Yk = Z, (514)
n— o0 ,/Qn; n— oo W/Nnkgl

takes place in distribution, where Z ~ Ny (0, Covy (Y71)).

Proof. Firstly, the claim is trivial if Y7 = 0 a.s., so assume w.l.o.g. Y7 # 0. Now, introduce S,, := > Yj,
k=1
S, = %Sn for all n € N and let us start by proving the second equality in 1) Appealing to the

CLT in type 2 Banach spaces, see [19, Corollary 3.3 and Remark 1.1], yields lim S, = Z in distribution.
n—oo
Now set 6,, := [6,] and note that clearly lim Sén = Z in distribution and lim % = 1 in probability.

n— 00 n—oo n

Moreover, as S N, = (S@n + %) ]9;,—’; for all n € N, Slutsky’s theore yields that the second
equality in (|5.14]) follows, if '
SN, — S5
lim “Yn 20 _ g, (5.15)

n—o0 \/a

3We were unable to find a direct reference for Slutsky’s theorem in the Banach space setting. However, this is easily
deduced from [I0, Theorem 3.9] and the continuous mapping theorem.
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in probability.
So let us prove (5.15)). To this end, let € > 0, § € (0,1), 7, := [0~n(1 —94)] and R, := Lén(l +9)] for all
n € N. And note that it is plain that

P <|an —S; llw > ex/én) <P <|5Nn —S; [lw > \/0n, ‘J;f” . 1' < 5) +]P’< JHV" ‘ > 5)

n

for all n € N. Moreover, as

[~ N, ~
P(|SNWS§71||W>5 On, ‘él‘SCS) gP(mmaXR |SmS§n|W>5\/0n>a

noyeesdln

]g” - 1’ < ¢ if and only if N,, € [r,, R,], we get

for all n € N. In addition, note that

0., m
max |[[Sy — S5 [lw < max E Yk + max E
m=rn,..,Rn m=rp,..,0n—1 k=m-1 9n+1> Ry 1
= w k=0 w
m
= max E : On+1—Fk E :

m=1,..,0,—7ry,

w w

where we set max () :=0, if a > b.
Using this, toget}i& with the well known inequality P(X; + X2 > t) < P(2X; > t) + P(2X3 > t), for
any X1, Xo € M(Q2;R), t > 0 and Kolmogorov’s inequality in type 2 Banach spaces (see [19, Theorem

6.1]), yields that there is a constant C' > 0 such that

~ 4CE||Y; ACE||Y;]|? ~
11»( max |Sm—S(;n|W>5\/9n) _w(e —rn)+L~1HW(Rn—9n),

m=r €20, €20,

for all n € N. Now let &’ > 0 be arbitrary but fixed and choose 0 < § < min (L 1), then we get

8CE[[Y1[[%,°
/5 ACE||Y1 |3 SCE||Y1|[3 ,
P <m_rff,‘..X,Rn [Sm — S5, Ilw > ¢ 9n> < T(R" — 1) < Té <e

Conclusively, putting it all together yields limsupP (||SN,L =S5 llw >ev én) < ¢', which implies

n—oo
(5.15)), since ¢’ > 0 can be chosen arbitrarily small. Finally, the first inequality in (5.14]) now follows
from the second one and Slutsky’s theorem. O

Theorem 5.2.23. Let (2, (W,|| - |lw)) € SLv,(V) and let x : Q@ — V be an independent initial leading
(1)

Qo
to extinction. Moreover, introduce v : mﬂi / E(Xx(r))d7'>. Then the convergence
= 0

lim — ! /E(Xz(T))dT =, (5.16)



takes place almost surely in (W, || - ||W)E| Moreover, if (W,||-|lw) is of type 2, then

t

i L = T))dr —tv | =
lim 7 O/H(Xx( ))dr —t Z, (5.17)

t—o0

in distribution, as elements of (W,|| - HW)EL where Z ~ Nw(0,Q) and the covariance is given by

Feg(1)
Q = Covy (1 /m Of E(Xz(1)) — VdT).

Proof. Until explicitly stated otherwise, (W, || - ||w) is not necessarily of type 2.

Firstly, note that both expectations occurring in the definition of v are indeed finite by Proposition

5.2.17} Lemma [5.2.18 and Corollary [5.2.19] Now, introduce =, : V. — W, by E,(v) := Z(v) — v for all

Xeg (k+1)

v e V;and (Yi)ken,, with Yy, : Q@ — W for all k € N, by Yj, == f 2, (X (7))dr for all k € N and
Qe (k)

ez (1)
Yo:= [ E,(Xz(7))dr. Finally, let L(t) : @ — Ng be defined by L(t) := max(k € Ng : o, () < t) for
0
all t > 0, where e,(0) :=0
Now we will proceed by proving the following assertions, from which (5.16)) as well as (5.17]) will follow

quickly.

L(t)+1 _ 1

= ——— almost surely.
Eae?(l) y

i) Eae (1) >0 and tlg(r)lo

ii) =, € SLy, (V) and consequently (Y, )men € L?(Q; W) is centered, i.i.d. and Y, = Yj in distribu-
tion for all m € N.

¢ L(t)+1
iii) Jim % (J =, (Xp(r))dr — k21 Yk> = 0 almost surely.

Proof of i). Firstly, note that P(L(¢) < oo, ¥t > 0) = 1, since: Employing Corollary [5.2.19| and the
usual SLLN on the line yields

k-1 1

1 1
dim o, = m rae, )+ =577 2 (@064 — %) = Baeg) >0 (5.18)
j=1

almost surely, where the last inequality follows from c._(1) > a1 > 0 almost surely. Consequently, if

there were a t > 0 such that P(L(t) = co) > 0, then

1 t
0< ]P(L(t) = OO) = P(aew(k) <t Vke N) < ]P(khm %O‘em(k) % < 0) =0.
—00

Hence, P(L(t) < oo0) = 1 for a given ¢, which yields P(L(t) < oo, V¢t > 0) = 1, as the paths of L(t) are

clearly increasing with probability one.

4This of course means convergence for P-a.e. w €  with respect to || - || . So far it seems redundant to write ” almost
surely w.r.t. || - ||w”, instead of just ”almost surely”. But later on we will choose W as a subspace of V, which makes it
necessary to emphasize w.r.t. which norm the almost sure convergence is taking place.

5Again, in the next theorem it becomes clear why we emphasize on the fact that these are elements of (W, || - ||w)-
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Moreover, it is plain to verify that the simple but quite useful inequality
Qe (L(t) ST < Qe (L(t)+1), V>0 (5.19)

takes place with probability one. Particularly, we have

Qe (L) . 1 Qe (L(1)+1)
Lt)+1 =~ L(t)+1 ~ L(t)+1

for all ¢ > 0, almost surely. Furthermore, thanks to lj it is plain that also klim %Oéez(kq) = Eae, 1)
— 00

almost surely. Consequently, if tlggo L(t) + 1 = oo a.s., then employing 1D Lemma [5.2.20 the

previous inequality as well as the sandwich lemma give i). Hence, i) follows once tlim L(t) = o0 a.s. is

proven.

To this end, let M € F be a P-null-set, such that aem(k)(w) is well-defined for all k € Ny and such that

klingo %aex(k)(w) = Eae 1), for all w € @\ M. Now fix one these w and note that there is for a given

e >0 a kg € N, such that |%aem(k) (w) — Eae?(1)| < ¢ for all k > ko. Hence, choosing € = Ea,_(1) yields

the existence of a ko € N, with 0 < a, (1) (w) < 2kEa._(1) for all & > kg, and hence

sup L(t)(w) > sup L(2kEa._(1))(w) > sup k = oo.

t>0 k>ko k>ko
Finally, this implies tlgglo L(t) = oo a.s., since M is a P-null-set and L has paths that increase with
probability one.
Proof of ii). Employing Remark ii) yields that =, € SLy, (V). Consequently, appealing to Lemma
as well as Proposition yields all claims in ii), except for EY; = 0 for all k£ € Ny. But this

is plain, since Y; = Y} in distribution gives

Qe (1) ez (1)
EY;, =EYy =E / E.(Xz(r))dr | =E / E(Xg(r))dr | = vEae, 1) =0,
0 0

for all k € Ny.
Proof of iii). Let us start by proving that

1 ey (L(1)+2)
Jim = [ Rl =0 (5.20)

FXeg (L(t))

with probability one. Firstly, ii) and Remark [5.2.11]i) yield (||Z,|/w,R) € SLy,(V). Consequently,

2
Qey(n+1)
invoking Lemma|5.2.18| and Proposition [5.2.17| yields that ( | B (X (7)) |Wd7'> is inte-

RXeg (n)

neN
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grable and i.i.d. Hence by appealing to the SLLN on the line we get

2
1 Qey(n+1)
dm | IRl
ey (n)
2 2
Lo Qg (k+1) L 7! Qeg (k41)
. —_ n— —_
= m S| [ IE @ | - B (K () v
k=1 Qey (k) k=1 Qey (k)
= 0
almost surely. Consequently, we also get
. Qeg (n+1)
fm 2= [ R
Qe (n—1)
ey (n) Qe (n+1)
N (L 12, (% (7)) lwdr + 12, (%o (7)) lwd
= nIHH;O n 1 Zv g \T))llwat \/ﬁ S (A \T))|[|lwaT
Qe (n—1) QXegy(n)
= 0.

almost surely. In addition, i) enables us to apply Lemma [5.2.20] to the preceding equality, which gives

1 Xeg (L(t)+2)
lim ———— =, (X (7 dr=0
i 20 (Xa ()l

Reg (L(t))

almost surely; this yields (5.20) by employing i) once more. Finally, appealing to (5.19)), while having
in mind (5.20)), yields

1 t L(t)+1
lim — =, (X (r)dr — Y,
tim — || [=,05.(0) > v
0 - w
t ey (L(t)+2) 1 Xey (1)
< tlggo—t /ZV(XI(T))de / 2, (X (7))dr Jr% / 2, (X (7))dr
0 0 w 0 w
1 QXeg (L(t)+2)
< im — =
< Jim I (a1 dr
Qey (L(t))
= 0’

with probability one.
Now (5.16) will be proven. Firstly, ii) and the SLLN in separable Banach spaces, see [26] Corollary
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7.10], enable us to conclude that lim % > Y; = 0 a.s. Using this, as well as Lemma [5.2.20|and i) gives

n—oo k=1

L(t)+1 L(t)+1
L(t)+1
fa g 2 Y=l = ES 2, Yi=o

with probability one. Conclusively, Appealing to the previous equality, while having in mind iii), implies

t

lim E/E(Xx(r))dr— ”

t—oo || T
w
t L(t)+1 L(t)+1
< lim — /E ))dT — Yy + |- Y}
i i >onl o[ X
0 w = w

= 07

with probability one, which proves (5.16]).
Finally, let us prove (5.17). Consequently, from now on it is assumed that (W, ||-||w ) is a type 2 Banach
space. Let (tn)neny C (0,00) be such that lim ¢, = co and (6,,)nen, by 0, == Eat" for all n € N and
n—o0 ez (1)
L(tn)+
0n

note that i) yields lim L — 1 almost surely, and particularly in probability. Moreover, in light of
n—oo

ii), it is obvious that the sequence ( \/M%Yn)n@; is also centered, square integrable, i.i.d. and that
e (1)

each \/ﬁY is distributed as \/ﬁYo These results enable us to employ Theorem [5.2.22] which

yields

L(tn)+1 L(tn)+1

tn L(tn)+1

: 1 =
”h_{{.lo—tn /:(XQE(T))dT — tpv T Z Y: =0,
0

TL

almost surely and consequently

tn
h_)m /E(Xw(T))dT —tyv | = Z,
fn 0

in distribution, by [I0, Theorem 3.1], which gives the claim as (t,),en was arbitrary. (By the very

definition of convergence in distribution it is clear that it suffices to consider sequences.) O

Now note that for 2 : V' — V5 with E(v) := v, if v € V5 and E(v) := 0, if v € V' \ V4, it is easy
to verify that (2, (Va,|| - ||w)) € SLv, (V). Moreover, for € : V — R with {(v) = ||v||y, if v € V5 and
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&(v) :=0for v € V\ Vo, we also get (§,R) € SLy, (V). Using these facts together with the preceding
theorem and Lemma [5.2.121) yields the following corollary.

Corollary 5.2.24. Let x : Q — V be an independent initial leading to extinction. Then the following
assertions hold.

1
t

ST

Xez(1)
i) tlirrolo X (T)dT =11 almost surely in (Va,|| - ||v,), where vy == mﬂi ( Ik XI(T)dT> .
e 0

t Feg(1)
i) Jim 1 g [|1Xs (7)||vodT = v2 almost surely, where vo := IE(%;U))E ( bf ||XI(T)||V2dT>.

t
iii) tlirgo% <0f||Xz(T)||V2dT —tyg) = Zy in distribution, where Zo ~ N(0,0%) and 0% € [0,00) is

Xeg(1)

2
given by 0% := WE ( bf [1Xz(1)||v, — ngT) .

t
w) If (Va, || - ||vs) is in addition of type 2, then lim L ( [X,(7)dr —tv1 | = Zy in distribution, as
2 t—oo Vit 0
ez (1)

elements of (Va, || ||v,), where Z1 ~ Ny, (0,Q) and Q := Couvy, ( ﬁ [ Xz(r)— V1d7> .
0

Oée?(l))

5.3 Examples

Let us start this section by applying the results of the previous section to the semigroup introduced in

Remark 2.2.7]i).

Before doing so, let us remark, that as in the previous section (f,,)men denotes a sequence of (0, 0o)-

m
valued i.i.d. random variables. Moreover, we set a,, := > Bi. for all m € N and «q := 0.
k=1

Remark 5.3.1. Let p; € (0,1) and set T, (t)v := sgn(v) (=t + |U|p1)f1 for allv € R and t € [0,00).
This is the family of mappings introduced in Remark , i). Note that, by this same remark (T, (t))¢>0
is a time-continuous, contractive semigroup on R. Now, we apply the results of the previous section to
(Tp, (t))t>0, with V=V, =Vo =R, k =1 and p = p1.

Firstly, note that Assumption is obviously fulfilled. Moreover, introduce a sequence (M )men Of
real-valued i.i.d. random variables, assume that (Bm)men and (Nm)men are independent of each other,
and that the following moment conditions hold: Ent, < oo, there is a ¢ > 0, such that B |1, (149 < 00
and EBLIHE < oo, and last but not least that —EB,, + E|n,,|°* < 0. Then, Assumption holds by
construction.

Moreover, let x € M(;R) be an independent initial leading to extinction, i.e. assume that x is jointly
independent of (Bm)men and (Nm)men, and E|x|?°t < co. Furthermore, let T € M(;R) be as in
Remark[5.2.1]] and ez(1) be as in Definition[5.2.5v).

Finally, (Xgpl)(t))tzo and (X(;l)(t))tzo denote the process generated by ((Bm)men, (m)men, €, Tp, ) in R
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and ((Bm)men, (Mm)men, T, Tp,) in R, respectively. Then, the following assertions instantly follow from

Corollary[5.2-2)

t—o0

t Qez(1)
i) lim %JX PV (r)dr = vy almost surely, where vy := mﬂi < J ngl)(r)m').

ac

!

(1)

o~

t—o0 0

i) lim 1f |X(p1) (7)|dT = vo almost surely, where vy := m (

|X§f1>(7)|dr> :

t
iii) lim = X;(Dpl) T)|dT — tvy | = Zs in distribution, where Zo ~ N(0,02) and o2 € [0, 00) is given
) . v 2 2
— 00 0

ez (1)

2
by o3 = E(a;wE( / |X§cpl)(7)|—”2d7) :

iv) lim — (fX p1) (r)dr — tV1> = Zy in distribution, where Zy ~ N(0,0%) and 0% € [0,00) is given

t—o0

2
Qez(1)
by U% = ]E(aelf(l))]E < Of X(Tpl)(T) - VldT) .

Note that even though the semigroup considered in Remark acts on R, none of the statements
5.3.1}i)-iv) is trivial. But, of course we did not go through all the trouble of proving the results in
Section [5.2] for separable Banach spaces, to then just considered a semigroup acting on R. So let us turn

to our more sophisticated example: The weighted p-Laplacian evolution equation for ”small” p

Firstly, let us recall some notations introduced in Section Let n € N\ {1}, p € (1,00) \ {2} and
let ) # S C R™ be an open, connected and bounded sets of class C!. Moreover, v : S — (0, 00), denotes
the weight function, i.e. we assume v € L>®(5), 'yﬁ € L'(S) and that there is a 7y : R® — R with
Yo € MP(R™) such that vy|s = v a.e. on S. In addition, we set

po = inf{qg>1:773 € L'(S)}.

Moreover, A, : D(A,) — 25'(5) denotes the p-Laplace operator introduced in Definition and
A, : D(A,) — 2579 denotes its closure, see Definition for the definition and Theorem for
the fact that this is the closure of A,. In addition, note that A, is m-accretive and densely defined, see

Theorem [3.2.5
Finally, (T4, (t))¢>0, where Ty, : L'(S) — L'(S) for all t > 0, denotes the semigroup associated to A,
see Remark B.2.6

Of course, the main difficulty in applying the results of Section to a semigroup, is verifying
Assumption ii). In our case, this is thanks to Theorem [3.5.6] possible, if

pe (W + po, 2) #0. (5.21)
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Throughout the remainder of this section, we assume that (5.21)) holds. Note that both statements in
(5.21)) are assumptions, i.e. it has to be assumed that the interval in (5.21)) is non-empty and that p lies

in this interval.

Consequently, thanks to Theorem we have
2— 2—
T, (8011205, < (=rat + o120+

for all t > 0 and v € L3(S), where the constant k1 € (0,00) denotes, throughout the remainder of this
section, the constant introduced in (3.42)). (The space L3(S) was introduced in Remark [3.3.4])

Now let us state the needed stochastic assumptions/notations: Let, (7, )men € M(£2; L1(S)) denote

an ii.d. sequence which is independent of (8,,)men, assume 7, € L2(S) almost surely and that the
following moment conditions hold: There is a constant & > 0 such that gL+, ||nm||(Lz;(§g(11+é) e L'(Q)
and —k1ES,, + IEHanf{(g; < 0.
Furthermore, let 7 € M(2; L'(S)) and ez(1) be as in Remark and Definition v), respectively.
Now, let z € M(; L1(9)) be jointly independent of (B )men and (1, )men; assume that z € L3(9) a.s.
and |Jz[[}5 50 € L1(Q). Finally, X : [0,00) x @ = L}(S) and X : 0,00) x © — L1(S), denote the
process generated by ((Bm)men, (m)men, ,Ta,) in LY(S); and ((Bm)mens (Mm)men, T, Ta,) in LY(S),
respectively.

ez (1)
Theorem 5.3.2. Assume ||nm||r2(s) € L*(Q) and introduce v := mE ( i Xip)(T)d7'>. More-
o 5
over, recall that we assume . Then the convergence

t

1
lim — / X®) (1Ydr = v,
t—oo

0

takes place almost surely in (L*(S),|| - ||r2(s)). Moreover, we have

in distribution, as elements of (L*(S),|| - ||12(s)), where Z ~ Np2(5)(0,Q) and the covariance is given

Feg(1)

by Q := Couvpzg) ( m Ik X(;)(T) - 1/d7>.
@ 0

Proof. This follows from Corollary i),iv)7 more precisely: Choose (V.- |lv) = (L'(S), |- |[L1(s))
Vis I lva) = (L3(S), 11 1l e2(s))s (Vs Il - [1va) = (L2(S), [[ - [112(s))s & = w1 and p = 2 = p in Section [5.2]
then: Remark yields that L?(S) is an invariant space w.r.t to T4, and thanks to Lemmam
L3(9) is also an invariant space w.r.t. T,4. Thus, Assumption i) is fulfilled. Moreover, Remark
yields Assumption iii). In addition, Assumption ii) follows from Theorem and

it is plain that the injections L?*(S) < L'(S) and L%(S) < L!(S) are continuous. Thus, Assumption
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holds. Moreover, Assumption holds by construction. Finally, it is well known that L?(9) is a
type 2 Banach space, see [19, Theorem 3.4], and thus both claims follow from Corollary [5.2.24}i),iv). O

Theorem 5.3.3. Let g € [1,00) be given. Moreover, assume &,1y, € LI(S) a.s., ||nm||pas) € L*(Q),

Fez(1)

introduce v 1= mﬂi ( Ik ||X(Tp) (7')|Lq(s)d7'> and recall that we assume (5.21). Then the conver-
o )

gence

t
1
tim 3 [ PO llsydr =,
0

takes place almost surely. Moreover,
; 1 (p) —
lim X2 ()| pa(sydr —tv | =2

in distribution, where Z ~ N(0,02) and 0% € [0,0) is given by

Fez(1) 2
o2 = #]E / ||Xg)(7')||Lq(5) — vdt
E(ae, (1)) )

Proof. Analogously, all assertions follow at once from Corollary [5.2.24lii),iii), by choosing

VL) = (L) Hlesy)s (Vi Tha) = (LES) 1 - Neaes))s (Vasll - [lve) = (L9(S), 11 - lzacs)),
k= ky and p = 2 — p in Section [5.2] O

Remark 5.3.4. Let us emphasize once more that we formulated Theorem[5.5.4 and Theorem[5.3.3 under
the assumption that (5.21) holds. Note that, if n = 2 and pg = lﬂ then (%{22) + po, 2) =(1,2). Thus,
in this case both theorems are applicable for all p € (1,2).

In the next chapter, we will obtain a SLLN and a CLT by assuming (among other things) that a semigroup
fulfills a decay assumption which is in the spirit of Proposition[3.5.9. As expected, we then also apply
these theoretical results to T4, and obtain a SLLN and a CLT for p € (2,00).

6See Remark for a simple criteria ensuring pg = 1.
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Chapter 6

A Markov Process Approach to
ACPRM-Processes

6.1 Outline & Highlights

In this chapter, we establish that ACPRM-processes are time-homogeneous Markov processes, if the
involved random variables fulfill certain distributional assumptions. Moreover, we exploit this fact to
prove an SLLN and a CLT, if the underlying semigroup fulfills in addition a polynomial decay assump-

tion.

For being able to outline this in greater detail, let us introduce some notations: Let (V|| - ||v/) be a
separable Banach space and let (T'(¢));>0 be a time-continuous, contractive semigroup on V. Moreover,
recall that (Q, F,P) is a complete probability space, let (1, )men and (Bm)men be i.d.d. sequences that
are independent of each other; where the former consists of V-valued random variables and the latter of
(0, 00)-valued, exponentially distributed random variables. Moreover, let « be a V-valued random vari-

able which is jointly independent of (3,,)men and (7m)men. Finally, X, denotes the process generated
by ((ﬁM)mEI\B (nm)meN, x, T) inV.

This chapter’s first highlight is that (X;(t)):>0 is (w.r.t. the completion of its natural filtration) a
time-continuous Markov process - which is a property the fulfilled by the solutions of many SPDEs, see
[27, Chapter 4]. For proving this, it is crucial that (8, )men is not any i.i.d. sequence, but one consisting
of exponentially distributed random variables. Moreover, due to the contractivity and time-continuity
of (T'(t))¢>0, the transition semigroup of (X;(t)):>0 has the e-property and the Feller property. For
proving these results, we only need the assumptions that have been stated in this introduction so far.
But obtaining more sophisticated results, requires the following polynomial decay assumption regarding

(T'(t))t>0: There is a dense and separable Banach space (W, || - |lw) € V with continuous injection,
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which is an invariant space w.r.t. T and such that there are constants k, p € (0, 00) such that
_1\~”
T (t)wr — T()ws||lw < (lit + |Jwy — w2|W") , Yt €[0,00) (6.1)

and wy,wy € W. Moreover, we have to assume that |||l € L?(2) and that T(¢)0 = 0 for all
t € [0,00). The latter is due to the nonlinearity indeed not necessarily true, but it is "usually” easily
verified whether it holds.

As we shall see, enables us to derive upper bounds for ||X,(¢)||v and ||X;(t) — X, (¢)||v, where
y is another V-valued random variable which is jointly independent of (8, )men and (9m)men. These
bounds, together with the e-property allow us to conclude by the aid of the results in [39], that the
transition function of (X;()):>0 possesses a unique invariant probability measure i : B(V) — [0, 1].

From there, we infer that

1
lim -
t—oo t

t
[oesaoir =) = [ wuta) (SLLN)
0 %

with probability one, for any Lipschitz continuous % : V' — R. Once this is achieved we will employ the
results in [I8] to prove that: If, in addition the constant p appearing in 1) fulfills p > %, then there
is a 0%(3) € [0, 00) such that

Jim /¢(X$(T))d7 —t(¥) | =Y ~ N(0,02%(v)), (CLT)

in distribution, for any Lipschitz continuous ¢ : V" — R.

Finally, we will illustrate the applicability of these results with two examples: The weighted p-Laplacian
evolution equation for ”large” p, and the semigroup (7}, (t)):>0 introduced in Remark ii). By the
aid of the latter semigroup, we will see that can fail if only holds for a p € (0, %], particularly,
even if p = %

In our p-Laplacian example, we will prove that holds for any p € (2,00) and that holds
if pe(2,4).

As mentioned, proving that X, is a time-homogeneous Markov process possessing the Feller and
the e-property, works without any asymptotic assumptions on the involved semigroup. Thus, these
facts might be exploited by others to derive long time results regarding X, under different asymptotic

assumptions on the involved semigroup.

Finally, let us briefly outline this chapter’s structure: In Section [6.2] we demonstrate that (X4 (t)):>0
is a time-homogeneous Markov process and show that it possesses the Feller and the e-property. Section
is this section’s centerpiece, it is proven there that the transition function of (X;(¢));>0 has a unique
invariant probability measure (Proposition that it fulfills the SLLN (Theorem as well as
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the CLT (Theorem [6.3.10). Finally, in Section we illustrate the applicability of these results at hand
of the aforementioned examples.

6.2 The Markov Property

Throughout this section (V,|| - ||v) denotes a separable (real) Banach space and (T'(t)):>0 denotes a
time-continuous, contractive semigroup on V. Moreover, recall that M(Q; V) := M(Q, F; V).

In addition, we introduce the spaces BM(V'), Cy(V), Lip, (V) and Lip(V) as the spaces of all functions
1 : V — R which are bounded and measurable, continuous and bounded, Lipschitz continuous and
bounded, and Lipschitz continuous, respectively. In addition, for any Lipschitz continuous function ,

we denote its Lipschitz constant by L.

Throughout this section, (Nm)men S M(Q;V) denotes an ii.d. sequence. In addition (8, )men,
where 3, : © — (0,00), is an ii.d. sequence of exponentially distributed random variables, with
parameter 6 € (0,00). Furthermore, we assume that (7,,)men and (Bm)men are independent of each
other. .

Now, set a,, := > B for all m € N, introduce ag := 0 and N : [0,00) x Q — Ny by
k=1

N(t) = ml{am <t < amp}, Vt€[0,00). (6.2)
m=0
Moreover, for any z € M(; V), we denote by (x4.m)men, the sequence and by X, : [0,00) X  — V the
process generated by ((8m)men, (Mm)men, z,T) in V. In addition, we introduce the filtration (Fj)¢>o,
by Fi := 00(X(7); 7 € [0,¢]) [ for all ¢ € [0,00) and any @ € M(Q; V). Moreover, whenever necessary
we identify a v € V with the random variable which is constantly v, and use this convention to introduce
P:[0,00) x V xB(V)—[0,1] as

P(t,v, B) = P(X,(t) € B) = B, »(B). (6.3)

forallv e V, t € [0,00) and B € B(V). Finally, an z € M(Q;V) is called an independent initial, if =
is jointly independent of (1, )men and (B, )men- Note that any v € V' is obviously an independent initial.

The purpose of this section is to show that X, is for any independent initial z € M(; V) a time
homogeneous Markov process with transition function P and initial distribution P,. In addition, we

will establish some basic properties of these quantities.

Remark 6.2.1. Let x € M(Q; V). Appealing to the strong law of large numbers yields lim «,, = 0o

m—0o0
almost surely. Consequently, on a set ) € F of full P-measure, we can find for eachw € Q andt € [0, 00)

1See Remark for our conventions regarding o-algebras.
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precisely one m € Ny, s.t. t € [o, (W), mt1(w)). Thus, we get
P (Xo(t) = T(t — ane))%a,n@), VE=0) =1.
In addition, it is well known that (N(t))i>0 is a homogeneous Poisson process with intensity 6.
The following continuity result will be frequently employed in this (and the next) section:

Lemma 6.2.2. Let (fiy)men © M(Q;V) and z, & € M(Q;V). Moreover, let X; be the processes
generated by ((Bm)men, (m)men, &, T) in V. Then the assertion

N(t)
1X2(t) = Xa()llv < lJz —&llv + Y _ [Imk — xllv, ¥t € [0,00) (6.4)
k=1

holds on €.

Proof. Let t € [0,00) be given and set M; := {w € Q : t < sup oy, (w)}. Note that X, (t) = Xz(t) = 0
meN
on Q\ My, thus (6.4) holds on @\ M,;. Moreover, on M; we have by contractivity of (T'(t));>0 that

X (t) = Xa (Olv = |IT(t — ane))e v — Tt — ane)ienmllv < v — vwllv,

where (Xz,m)men, denote the sequences generated by ((8m)men, (fim)men, &, T) in V, respectively. Con-

sequently, it suffices to prove that

m
wa,m - gi,mHV S ||Z‘ - JA3‘|\/ + Z ||77k - ﬁkHVv Ym € I\IO-
k=1

For m = 0 this is clear and for m € Ny we get ||xz m+1 =X z2.m+1|1v < ||xe.m —Xz.ml v +mt1 — Gm+1llv,

which yields the claim by induction. O

Lemma 6.2.3. The mapping defined by [0,00) x V x Q3 (t,v,w) — X, (¢,w) is B([0,00)) @ B(V) Q@ F-
B(V)-measurable. Consequently, if v € BM(V), then [0,00) X V' 3 (t,v) — E(X,(t)) is B([0,00)) ®
B(V)-B(R)-measurable

Proof. Invoking Lemma yields that X, is B([0,00)) @ F-B(V)-measurable, for any v € V.
Moreover, we infer from Lemma [6.2.2] that V 3 v — X, (¢,w) is continuous for all ¢ € [0, 00) and w € Q.
Consequently, [0,00) x V x Q 3 (t,v,w) — X, (t,w) is B([0,0)) @ B(V) @ F-B(V)-measurable, by [I|
Lemma 4.51].

Finally, let v € BM(V), then the boundedness of ¢ yields that the expectation at hand exists; and
the already proven measurability result (together with [3I, Prop. 2.1.4]) enables us to conclude the

remaining claim. O
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Theorem 6.2.4. Let x € M(Q; V) be an independent initial. Then (X (t))i>0 is a Markov process with

respect to (F7)i>o0, i.e.

P(X.(t+ h) € B|FY) =P(X,(t + h) € BIX,(t)), (6.5)
almost surely, for all t,h € [0,00) and B € B(V). In addition, P is a time homogeneous transition
function, that is

i) B(V)> B — P(t,v,B) is a probability measure on (V,B(V)), for allt € [0,00) and v € V,
it) P(0,v,B) = 1p(v) for allv eV and B € B(V),
iii) P(-,-, B) is B([0,00)) ® B(V)-B([0, 1])-measurable for any B € B(V) and
w) P fulfills has the Chapman-Kolmogorov property, i.e. P(t+ h,v,B) = [ P(h, 9, B)dP(t,v,d0) for
1%
allt,h € [0,00), vEeV and B € B(V).

Moreover, (X;(t))t>0 is time homogeneous (with initial distribution Py ) and transition function P, i.e.
P(X.(t+ h) € B|F}) = P(h,X,(t), B), (6.6)

almost surely, for all t,h € [0,00) and B € B(V).
Proof. The assertions [il) and [if) are trivial. Moreover, the third follows from Lemma

Proving the remaining assertions is more involved and will occupy us for some time. Let us start
with some preparatory observations. To this end, let t,h € [0,00), v € V and B € B(V) be given;
and introduce F,, : V x [0,00)™ x V™ — V, for all m € N, by Fi(y,b,n) := T(b)y + n and
Fo(y,b1, s by nay ey n) = T(bm) Frne1 (Y, 01, o, bin—1, 01, ooy n—1) + Ny, for all y,m,ng,..sny € V,
b1,..,bm € [0,00) and m € N\ {1}.

Appealing to Remark yields that Fj is continuous and it then follows inductively that each F,,
has this property and is therefore B(V) @ B([0,00)™) @ B(V"™)-B(V)-measurable.

Now, for the sake of space let 7 m = (NN(r)+1s-MN()+m), for all m € N, 7 € [0,00) and
,@T)m = (N1 = T BN ()42 - BN () 4m) if m > 2 and BT}l = an(r)+1 — 7 for all 7 € [0,00) and

let us prove inductively that
Xz, N(m)+m = Fm(Xx(T)v Br,ma ﬁT,M)’ VT € [07 OO), (6'7)

almost surely for all m € N.

If m =1, we get by the semigroup property and Remark [6.2.1] that
%o N(r)+1 = T(an)+1 — T)Xe (7) + v ()41 = F1(Xe(7), an(r)y+1 — TN (r)+1)
almost surely. Moreover, if (6.7)) holds for an m € N we get

KXo, N(r)4mt1 = T(BN(r)4m+1)%e,N(r)+m T NN () +m+1
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= T(BN(T)—&-m-&-l)Fm (Xm (7_), B‘r,ma ﬁT,m) + NN (T)+m+1

= Fps1(Xa(7), Broms BN(r) 4ot 15 s IN (7)ot 1)
which yields (6.7). Consequently, on {N(r + h) = N(7)}, we have
Xe(T4+h) =T(T+h — an@))xe,n) = T(h)X (1), V7, h € [0, 00). (6.8)
up-to a P-null-set and on {N(7 + h) = N(7) +m}, where m € N, we have
Xo(r 4 ) = T(r + h = an(eym) Fn(Xe (1), Brms iirm), 97,1 € [0, 00), (6.9)

up-to a P-null-set. These two results will turn out to be useful to prove (6.5) and . But before we

can do so some distribution results have to be established, namely

I) For all m € N, we have that (QN(t)+1 - t, < ON () +m — t777N(t)+17 <5 NIN(#)+m> N(t + h) - N(t)) is
in distribution equal to (o, .., Qm,y N1, oy N, N (R)).

IT) For all m € N, we have that (an(¢)+1, BN (t)+25 - BN(t)+ms IN@E) 415 5 IN (#)+ms NV (E 4+ h) — N(t)) is
independent of F}".

Proof of I). Let z1,..,2;m € [0,00), B1,..,Bm € B(V) and C C Ny. Then, as (m)men is i.i.d and
independent of (cy, )men we get

P(aN(t)-i-k —t < 2z, NN (t)+k € By, k=1,..,m, N(t + h) — N(t) S C)
= PO €Bi, k=1,.,m) Y Plajup—t <z, k=1.,m, N{t+h)—N(t)€C, N(t)=j)

§=0
Piny € Bg, k=1,...,m)P(N(zp +t)— N() >k, k=1,...,m, N{t+h)—N() € C)

where the last equality follows from
{ap <7} ={N(7) >k}, V7 € [0,00), k € Ny, (6.10)

up to a P-null-set. Since (N(t)):>0 is a homogeneous Poisson process, it is now easily verified that the
distribution of (N (z1 +t) — N(¢),.., N(zm +t) — N(t), N(t + h) — N(t)) is independent of ¢. Using this
and (6.10]) yields

P(N(zi +t) — N(t) >k, k=1,..,m, N(t+h)—N(t) € C) =Play < z, k=1,.,m, N(h) € ).

Combining the preceding two calculations, while having in mind the independence of (9, )men and
(m)men gives 1).

Proof of II). Since Bnu)+x = an()+k — An)+k—1 for all k& € N\ {1}, it suffices to prove that
(QN @) 415 > ON () ms N (#)+15 5 IN () +m> N (t + h) — N(t)) is independent of F. The latter is obvi-
ously true if (an()+1 =t ON(E)4m = LIN(E)+15 - IN@E) +m> N (t +h) — N(t)) is independent of F*.
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Now introduce ¥, := c(ANB: A€ XN, B € oo(nk, k € Np)), for all 7 € [0,00), where (EV),>0
denotes the completion of the natural filtration of (N (7))r>0 and 7y := x and let us prove that

Fi €8¢ and nyp4j is ¢ — B(V) — measurable for all j € N. (6.11)

The second assertion is clearly true, since

{nnw+i € BY = [J{mksj € B, N(t) =k} € 5y, VB € B(V).
k=0
Now, note that ¥X; contains by construction every P-null-set. Consequently, the first assertion follows
if X, (s) is 34-B(V)-measurable, for each s € [0,¢], which will be verified now: So let s € [0,t], then
appealing to and (with 7 = 0 and h = s there) yields, for a given B € B(V), that

{X.(s) € B} = {T(s)z € B,N(s) =0} U (U {T(s — cn)Foul@, B1y oy Brs 1, -, 1) € B, N(s) = n}) :

n=1
up to a P-null-set. It is plain that the first set in the preceding equation is an element of ;. Moreover,
for each k € {1,..,n} and z € [0,00) we have {ay < z, N(s) =n} ={N(z) > k,N(s) =n}. If z <s,
this set is clearly in ¥ and if 2 > s, we have N(z) > N(s), which gives {N(z) > k,N(s) = n} =
{N(s) = n} € BV thus in any case {ax < 2, N(s) = n} € ¥;. Consequently, as 8 = ay — ax_1, we
obtain that i1y (s)=n} is X¢-B([0, 00))-measurable, for all £k =1,..,n and n € N.

Hence, we get

{T(S - O[n)Fn({I?7ﬂ1, "7ﬂna m, 77771) € Bv N(S) = TL}
= {T(s = (B1+ - + Bo)Un(s)=n}) Fn(z, Bl {N(s)=n}> - Bn LN (s)=n}> M1, s 1) € B, N(s) =n},

is in Y, for all n € N by the measurability of F,, and T, which concludes the proof of .

Now let n € N z1,..,z, € [0,00), B1,..Bn,D1,..,D, € B(V), C C Ny and s1,..,8, € [0,t]. As
(N(7))r>0 is a Poisson process, it is clear that (N(z1 +t) — N(¢),.., N(zm +t) — N(t), N(t+h) — N(t))
is independent of ¥IV. Consequently, as o (nx, k € Ng) is independent of all =, for 7 € [0, 00), we get
that (N(z1+t) — N(t),.., N(zm +1t) — N(t), N(t+h) — N(t)) is independent of ¥; and that this random
vector’s distribution does not depend on t. Hence, employing and yields

Plany+x —t < 2k, In@)+k € B,k =1,..,m, N(t+h) - N(t) € C, Xy(s;) € Dj,j=1,..,n)

= P(N(zp+t) = N(t) > k,9n@)+k € B,k =1,..,m, N(t+h) - N(t) € C,X.(s;) € Dj,j=1,..,n)

= P(N(z) 2 k,k=1,..,m, N(h) € C)P(n(t)+r € Br,k=1,..,m, Xu(s;) € D;,j=1,..,n)
(

= Plax <z, k=1,..,m,N(h) € C)P(n)+k € Br,k=1,..,m, Xy(s5) € Dj,j=1,..,n).
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Moreover, we have
P(in(yex € Bek =1,..,m,X,(s;) € Dy, =1,..,n)

= > > Ptk €Brk=1,.,m, N(t)=1i,N(s;) =i;,T(s; — i, )%pi, € Dj,j =1,..,n)

1=011,.,in=0

Now it is easily verified that x, ; is o(z, 51, .., Bi, m1, .., m:) for any i € Ny. (For ¢ = 0 this is trivial, for
1 € N this follows from (6.7)) by putting 7 = 0 there.)
Consequently, since i1, .., i, € {0,..,4} in the sum of the preceding calculation, we get by the imposed

independence assumptions
PN @y+k € Br,k=1,..,m,X.(sj) € Dj,j =1,..,n) =P(mq € Br,k =1,..,m)P(X,(s;) € Dj,j =1,..,n).
Finally, putting it all together while having in mind (I) yields

P(CVN(t)-i-k —t < ZkyIN(t)+k € Bi,k=1,..,m, N(t + h) — N(t) e C, Xz(sj) € Dj,j =1, ..,n)
= Plag <zpomp € By k=1,..,m,N(h) € C,)P(X,(s;) € Dj,j=1,..,n)
= P(aN(t)Jrk —t < Zg, IN@)+k € By k=1,..,mN(t+h)—N()eC, )P(XI(SJ) €D;,j=1, 1),

which proves (IT).

Now (6.5) and will be deduced from I)-II) as well as and (6.9).

Firstly, I) enables us to conclude that (¢ + h — aN(t)+m,Bt7m,ﬁt7m,N(t + h) — N(t)) is in distribution
equal to (h — am,B(),m,ﬁo,m,N(h)), since By (t)+m = (AN@)+m —t) — (AN 4m—1 — 1), for all m € N.
Now, thanks to IT) and I) we can apply well known properties of conditional probabilities (cf. [I5], Prop.
1.43]) in the following two calculations; where in the first line of the first calculation and in the
first line of the second one is used.

E(1p(Xa(t + M) Lnsn=ne| F)(w) = EAp(T(h)Xe()Lintn=nN@}Fi )W)

1 (T (h)Xe(t, w) LN 4+n)=N @)} (©)P(d)

1 (T (h)Xe(t, w)) LN (ny=0} (©)P(dD)

S

and

E
= E

—~

1 (Xe(t + h) U N (t+h)=N () +m} [FE ) (W)
Ip(T(t+h— aN(t)+m>Fm(X$(t)a Bt,ma ﬁt,m))]l{N(tJrh):N(t)er}|]:tx)(w)

Lp(T(t+ b = an )y m @) Fon(Xa (t:0), B (@), 0e.m (@) LN (th)=n (1) 4 m3 (9)P(diD)

—~

Il
P
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= / ]lB(T(h - am(@))Fm(XI (tv CU), Bo,m(‘:})a ﬁO,m (‘D)))]]-{N(h)zm} (Q)P(d‘:})v
Q

for all m € N and P-a.e. w € (.
Moreover, for any v € V, it is easily verified by induction that x, ,, = Fm(v7BO’m,ﬁ0’m) for all m € N

a.s. Consequently, we get

P(h,v,B) = Y E(1p(T(h— tm)tvm)l{nm)—m})
m=0
= B0 xe=0y) + 3 E (a7 = an)Fn(v: foms on ) Lingo=m} )
m=1

for all v € V. Hence, combining the preceding three calculations yields

P(X,(t +h) € BIFF) (@) = Y E@p(Xalt + W) Lin(esm=n(+m) [Fi) (W) = P(h, Xy (t,w), B)

m=0

for P-a.e. w € €, which proves . Consequently, invoking gives that the random variable
P(X,(t + h) € B|FYF) is (after a possible modification on a P-null-set) o(X,(¢))-B([0, 1])-measurable,
which yields P(X,(t + h) € B|FF) = E(P(X,(t + h) € B|F)|X,(t)) a.s., which implies by the
tower property of conditional expectations.

Finally, as « was arbitrary, holds for all independent initials, which is well known to imply -
for the sake of completeness: Appealing to yields

P(t+ h,v, B) = E(P(X,(t + h) € B|F)) = EP(h, X, (t), B) = / P(h,, B)P(t,v,db),
\4

for all v € V| where the equality of the third and the fourth expression follow from the change of measure

formula for expectations, which also holds for vector-valued random variables, see [10] p. 25]. O

Remark 6.2.5. Throughout this chapter, let (Q(t))i>0, where Q(t) : BM(V) — BM(V), denote the
family of mappings, defined by

(Q@W@%=waﬁn=/w@P@w%% (6.12)
1%

for all € BM(V),veV and t € [0, 00).

Now, this section concludes by deriving some basic properties of our Markov process. Particularly,
the e-property established in the following lemma, opens the door to useful results which enable one
to conclude that a (transition function of a) Markov process on a polish state space possesses a unique

invariant probability measure, see [39] for more details.

Lemma 6.2.6. The family of mappings (Q(t))i¢>0 has the Feller and the e-property, that is
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i) Feller Property: Q(t)y € Co(V) for all p € Cp(V).

it) e-property: For all ¢ € Lip,(V), v € V and € > 0, there is a § > 0, such that for all 0 € V, with
[|0 —v|lv <0, we have |(Q(t)Y)(v) — (Q(t)Y) ()| < e for all t > 0.

Moreover, the following assertions hold for any independent initial x € M(Q; V).
i) (X4(t))i>0 has almost surely cadlag paths and is continuous in probability.

iv) The mapping [0,00) 3 ¢ — E(X,(t)) is continuous, whenever ¢ € Cy(V); in particular, (Q(-)¥)(v)
is continuous for all p € Cp(V) and v € V.

v) The filtration (F7)i>o fulfills the usual conditions, i.e. it is complete and right-continuous.
vi) The stochastic process (X (t))i>o0 is (F¥)i>0-progressive.

Proof. The required boundedness in [ij) is plain and the desired continuity follows from Lemma and
dominated convergence.

Proof of [il). Let ¢ € Lip,(V)) and assume that it is not constantly zero, since the claim is trivial in this

_£

T Then employing the services of

case. Moreover, let v € V and € > 0 be given and introduce § :=

Lemma [6.2.2| once more yields

[(QBY)(v) = (QE)Y)(0)] < LyE[[Xy () = X (t)[lv < Ly|lv —0lly <&, V=0

for all o € V, with ||v — ||v < 4, which proves [ii).

Proof of . Thanks to Remark it follows from Lemma that X, has almost surely cadlag
paths. In light of this, it remains to prove that X, is left-continuous in probability. So let ¢y € (0, c0),
t € [0,to] and € > 0 and note that

P([[Xa(t) = Xa(t0)[lv > &) S P(|[Xa(t) — Xa(to)llv > &, N(t) = N(to)) + P(IN(t) — N(to)| = 1).
Moreover, the contractivity of (T'(t));>0 yields

X () = Xao)llv = |IT(t = an(ro))¥a,N(te) = T(E = aneo)) T (to — 8)%e N(to) |V

|[%2,8(tg) — T (to — 1)%a, N (te) |V

IN

on {N(t) = N(to)}, up-to a P-null-set. Conclusively, as Poisson processes are well-known to be stochas-

tically continuous and as (T'(¢))¢>0 is time-continuous, we get

lim P(||X(t) — Xz (to)|[v > €) < lim P(|[x5, nty) — T(to — 1)z, n@o) |V > €, N(t) = N(to)) =0,
t, o t to

which proves .
Proof of [iv). Let (t,)men be converging to a given ¢ € [0,00). Then, we get by (and by pass-

ing to a subsequence if necessary) that lim ||X,(¢,) — X, (¢)|[y = 0 almost surely. Consequently,
m—o0
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lim (Xy(tm)) = ¥ (X, (t)) a.s. and by dominated convergence also in L (), which gives .
m—r 00
Finally, the desired completeness in holds by construction, the right-continuity follows from [I3], The-
orem, p. 556], which is indeed applicable due to [) and Lemma [2.2.6iv]); and follows from [v)) and

Lemma [2.2.6liiv]), by [3I, Prop. 2.2.3]. O

6.3 The SLLN and the CLT

Let the notations of the previous section prevail, that means: (V,||-||v) is a separable Banach space and
((Mm)mens (Bm)men, T) is a fixed triplet, where (0,n,)men € M(Q; V) is an i.i.d. sequence, (B, )men 1s an
ii.d. sequence which is independent of (7, )men and each 5, is exponentially distributed with parameter
0 € (0,00), and (T'(t))¢>0 is a time-continuous contractive semigroup on V. Moreover, (N(t)):>¢ is the
Poisson process arising from (5, )men and (am)men, is the process’ sequence of arrival times.

Again we refer to an z € M(Q; V') which is independent of ((7,,)men, (Bm)men) as an independent initial,
and denote by X, and (xg,m )men, the sequence and the process generated by ((8m)men; (m)men, z, T')
in V. Moreover, set P(t,v, B) := P(X,(t) € B) and (Q(¢t)¢)(v) := E(X,(¢)), forevery v € V, t € [0, 00),
B e®B(V) and ¢ € BM(V).

In addition, we assume throughout this entire section that

[Inellv € L*(), Yk €N, (6.13)
where L1(Q) := L(Q, F,P;R) for every q € [1,00). Moreover, we impose the following assumption
regarding (T'(t)):>0.

Assumption 6.3.1. There is a separable Banach space (W, ||-||w), with W C V', such that the following

assertions hold.
i) The injection W — V is continuous and W is dense in (V|| - ||v).
it) W is an invariant space with respect to T .
_1\ 7
iii) There are constants k, p € (0,00) such that ||T (t)wy — T (t)wa|lw < </£t + |jwy — w2||WP> for all
wy,we € W and t € [0, 00).
w) T(t)0 =0 for allt € [0,00).

Throughout this entire section, Assumption is assumed to hold. Particularly, (W, || - ||w) and
k,p € (0,00) are such that are fulfilled. In addition, C' > 0 denotes the operator norm of
the injection W < V; hereby, we exclude the trivial case C' = 0, since C' = 0 implies W = {0} and by
density V = {0}.

The following estimates will play a fundamental role in this entire section, it is needed in the proofs
of all of our main results, which are: Proposition [6.3.3] Theorem [6.3.6, Theorem [6.3.10] and Corollary

6.3.11] The remaining results of this section simply serve to keep the exposition more structured, but
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are probably not of independent interest.
As mentioned introductory, proving the CLT requires the additional assumption p > % It will be stated

explicitly whenever this additional assumption is needed.

Lemma 6.3.2. Let v € M(Q; V) be an independent initial. Then the inequality
X, (8)lly < Cr7(t — an) ™", V>0, (6.14)
takes place with probability one. In addition, if y € M(Q; V) is another independent initial we have
[|Xz(t) = Xy ()|l < Cr™Pt7F, Vt >0, (6.15)
almost surely.

Proof. Let us start by proving (6.14). To this end, let (7 )men € M(€%V) and & € M(€; V), assume
fim, & € W for all m € N, almost surely and introduce (X (t));>0 and (Z,)men, as the process and the
sequence generated by ((8m)mens (Tm)men, &, T) in V, respectively.

Then, appealing to Lemma [2.2.6]vii) yields &,, € W for all m € Ny and X () € W for all ¢ > 0 almost

surely.

Hence, employing Assumption iiil) and yields

- 1\~ ”
X @O|lv < CIT(E - ane)inegllw < C ("‘f(t —an) + ||57N(t)|wp> SOR™P(t —anw) ” (6.16)

for all ¢ > 0 almost surely.

Now let us infer (6.14]) from (6.16). To this end, let (I',)nen, where I';, : V' — V| be a sequence of
B(V)-B(V)-measurable mappings, such that

r,(V)CW,¥neNand lim T',(v)=v, Vo€ V. (6.17)

n—oo

Since W is dense in (V,|| - ||v), such a sequence exists, see Lemma [4.3.11} Now, for every n € N, let
(X™(t))t>0 be the process generated by ((Bm)men, Tn(Mm))men > [n(2), T) in V. Then, as I',(V) € W,

(6.16) yields || X"(t)|[v < Cr™P(t — any)~? for all t > 0 and n € N almost surely. (If one sets
(m)men = (Ln(m))meny and = I'y(x) for a given n € N, then X = X"™). Moreover, appealing to

Lemma while having in mind (6.17)), yields
N(#)
1Xe(Ollv < Jim flz = Ta(@)lly + Y 0m — Tn(a)llv + Ok~ (t = any) ™ = Cr*(t — an) ™,
m=1

for all ¢t > 0, with probability one. Consequently, (6.14)) is proven and it remains to verify (6.15]).
In addition, to the existing notations, let § € M(€; V), assume § € W almost surely and introduce
(Y (t))t>0 and (§m)men, as the process and the sequence generated by ((Bm)men, (fim)men, 9, T) in V,

respectively.
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Of course, we then also have ?(t), Jm € W for all t > 0 and m € Ny, with probability one. Now let us
verify inductively that

_1\ ~°
Zm — G|l < (mm + |z — z?lw”) , a.s. Ym € Np. (6.18)

If m =0, (6.18) is even an equality. And if it holds for an m € Ny we get by applying Assumption
i) and then the induction hypothesis that

_1\ ~° _1\ ~°
jm-&-l - gm-i-l w > | KPm+1 -im - gm w S | KOm+1 T — Il] W )
I llw < ( £Bm+1 + 1| W) < +1I [’

with probability one, which proves (6.18)). Using this, while employing the services of once

more gives

1X(t) - Y(®)llv

IN

ClIT(t — anw)Tne — Tt — ane)Inellw

IN

_1\ ~”*
c (n(t —anwy) +1ZNne) — gN(t)”Wp)

1\ "”
< C(H(f—OZN(t))‘FKCYN(t)+||‘%_g|Wp>
< CO(st)",

for all ¢ > 0 with probability one. Now, for every n € N, let (Y"(¢));>0 be the process generated

by ((Bm)men; (Crn(Mm))men s Tn(y), T) in V. Then, as I',,(V) € W, the preceding calculation yields

[|X"(t) = Y™ (t)|]y < C(kt)"” for all t > 0 and n € N almost surely. Finally, Lemma enables us

to conclude that

N(¥)
1X0(8) = Xy ()llv < C (68) ™" +|le = To(@)llv + lly = Ta@llv +2 > [l = Talmn)|lv,
m=1

for all ¢ > 0 and n € N with probability one, which yields the claim by recalling (6.17) and letting n to
infinity. O

Proposition 6.3.3. The transition function P possesses a unique invariant probability measure, i.e.

there is one, and only one, probability measure p : B(V) — [0,1], such that

/P(t, v, B)u(dv) = u(B), Vt >0, B € B(V). (6.19)
\%

Proof. Appealing to Theorem as well as Lemma [6.2.6]f]){fii) yields, by virtue of [39, Theorem 1],
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the existence of a unique invariant probability measure, if we can prove that

t
1
liminf /P(HXU(t)HV <e)dr >0, Ve>0, veV.
0

So fix € > 0 as well as v € V' and recall the well-known fact that P(7 — ay(-) > q) = exp(—0q)1j0.1)(q)
for all 7,q € [0,00). Now, introduce g := Kl B,
Then we get by Lemma [6.3.2] that

t ¢
o1 o1 _ _
htrglor.}fg /P(”Xv(T)HV <eg)dr > htrgg.}fg /P(C’;@ P(r—an(y) " <e)dr
0 0
. t
= htniil.}fZ /P(T —an(r) > q)dT
0
= exp(—0q),
which is obviously strictly positive. O

Remark 6.3.4. In the remainder of this section, i : B(V) — [0,1], denotes the uniquely determined

probability measure fulfilling . Moreover, we call an & € M(Q; V) which is an independent initial

with P(z € B) = a(B), for all B € B(V), an independent, stationary initial.

As [i is unique, it is ergodic, see [38, Theorem 8.2.6] for a proof and [38, Theorem 8.2.4] for a couple

of useful equivalent definitions of ergodicity, commonly used in the literature.

Furthermore, if & € M(; V) is an independent, stationary initial, then the Markov process (Xz(t))i>o0

is strictly stationary, see [20, Lemma 8.11]. Moreover, (Xz(t))i>0 is also ergodic (in the sense that the

shift invariant o-algebra is P-trivial), which one easily deduces from [9, Prop. 2.2] by appealing to [38,

Theorem 3.2.4.i1)].

Finally, L*(p) := L*(V,B(V), ) and for any ¢ € L?(fi) we set (¢) := [1(v)fi(dv) and introduce
v

L§(p) == {¢ € L*(i) : (¥) = 0}.

Lemma 6.3.5. Let z € M(Q;V) be an independent initial. Then ||X.(t)||v € L*(Q) for allt € (0, 0).

In particular, the following assertions hold.
i) Yv(Xz(t)) € L3(Q), for allt € [0,00), ¥ € Lip(V) and independent stationary initials T € M(; V).
i) Lip(V) € L*().

Proof. Let t > 0 and x € M(€; V) be an independent initial. Then we get by employing the services of
Lemma [6.2.2 and Lemma [6.3.2] that

N(t)
IXa()]lv < [1Xe(t) = Xo(®)lv + Ko @®)|lv < Cu™Pt2 + > [Inmllv

m=1
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N(1)
almost surely. Consequently, ||X,(t)||y € L?(Q) holds, if > ||nm|lv € L*(Q). But the latter is true by
m=1

the Blackwell-Girshick equation, which is applicable since (||nx||)ken € L?(f2) is i.i.d. and independent
of (N(t))t>0, which is (as it is a Poisson process) in particular square integrable.

Now, note that, due to stationary, holds for one ¢t € [0,00) if and only if, it holds for every
t € [0,00). So assume t > 0, then we get [1)(Xz(t))| < Ly||Xz(¢)||v + |4(0)|, which is already known to

be square integrable. Finally, i) follows from [6.3.5), since |[¢[|75 ;) = E (4(2)?). O

Theorem 6.3.6. Let ¢p € Lip(V) and x € M(Q; V) be an independent initial. Then the convergence

/ B(Xo(7))dr = (D), (6.20)
0

1
lim -
t—oo t

takes place with probability one.

Proof. Firstly, note that the left hand side integral exists, since Lemma and Lemma iii) yield
that [0,t] > 7 — (X, (7, w)) is B([0, t])-B(R)-measurable and for P-a.e. w € 2 bounded, respectively.
Now let z € M(£; V) be an independent stationary initial. Then appealing to [38, Theorem 3.3.1] yields

/ B(Xs (r))dr = (@), (6.21)

1
lim -
t—oo t

almost surely, for all ¢» € Lip(V'). (This theorem is indeed applicable, since fi is ergodic, (Xz(¢))i>0 is
stationary, stochastically continuous and since Lip(V) C L?(ji).)
Conclusively, recalling Lemma gives

t t
1 1
im |- - — - lim - P —
tli)rgo t/’L/J(XI(T)) PY(Xy(7))dr| < LyCk tliglot/T dr =0,
0 1
almost surely, which yields combined with (6.21]) the claim. O

The task ahead of us that remains is proving the CLT, which will be achieved by the results in
[18]. Applying the results in [I§] requires to extend the family of mappings (Q(¢))¢>0 to a linear, time-
continuous, contractive semigroup on L?(ji). To aid the reader who is not too familiar with Markov

processes, let us outline why this is possible.

Remark 6.3.7. Let t € [0,00) be given. Then for any V € B(V), with i(V) = 1, we get by the
invariance of i that there is a set V€ B(V), with u(V) = 1, such that P(X,(t) e V) =1, Yo € V.
Moreover, if 1» = 1, where B € B(V), then the invariance of fi gives

[Eocs ot = [, (6.22)
174

14
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Moreover, by linearity in 1, also holds for all step functions. Now let ) € L?(ji) be arbitrary, then
there are step functions (¢m)meN with lim ), = in L?(ji) and fi-a.e. Hence, for ji-a.e. v € V we
m—00
get lim ¥, (X, (2)) = (X, (2)) a.s. Consequently, applying Fatou’s Lemma (twice) and yields
m— o0

JE @ 0)) aldv) < timint [ B (0 (5,(0)2) a(do) = lim / G (0)27(d0) = [[$]22y < 0.

m—o0 m—00
14 \4

Hence, for fi-almost every v € V, Ey(X,(t)) exists and we infer from Jensen’s inequality that

/ (B (X, (£)))2i(dv) < 91220y, Yo € L2(R)- (6.23)

v

Consequently, we can extend the domain of each Q(t) to L?(ji), i.e. from now on Q(t) : L?(ji) — L*(j1),
with (Q(t))(v) := E(X,(t)), for all t € [0,00), v €V and ¢ € L?(ji).

Using this and Theorem yields that (Q(t))i>0 4s a linear, contractive semigroup on L2(fi),
see [12, Theorem 1, p. 381] for a detailed proof. (Hereby, linear of course means Q(t)(ay + bipg) =

aQ(t)Y1 + bQ(t)Yy for all 11,v2 € L*(fi), a,b € R and t > 0.)
It seems to be mathematical common knowledge that this semigroup is (due to stochastic continu-

ity and contractivity) time-continuous. But, the present author was unable to find any proof of this
assertion, therefore let’s do that:

Lemma 6.3.8. The family of mappings (Q(t))i>o0 is a linear, time-continuous contractive semigroup
on L2(ji).

Proof. In light of Remark it remains to prove the time continuity. So let (h;,)men be a null-
sequence, let ¢ € [0,00) and assume w.l.o.g. that t + h,, > 0 for all m € N. Now let v € L?(ji), choose
e > 0 and ¢ € Cy(V) such that |[1) — ¢||z2(z) < 5. Then, by stochastic continuity of (X, (t))s>0, and
passing to a subsequence if necessary, we have lim @(X,(t + hnm)) = @(X,(t)) almost surely. Thus,
the boundedness of ¢ yields (by dominated con\%?gognce) that 'rr}gnoo(Q(t + hm)e)(v) = (Q(t)p)(v) for
all v € V. Consequently, employing Lebesgue’s theorem once more gives n}gnoo QU+ hm)p = Q(t)p in
L?(fi). Using this, as well as the contractivity of Q gives

Jim ([Q(E+ )Y = Q]| L2(m) < 2/ = pll2@y + lm [[Q + hm)e = QD¢ L2m) < &,

which yields the desired time continuity, as € > 0 was arbitrary. O

Lemma 6.3.9. Let ¢ € Lip(V) and set e := ¥ — (¥). Then .. € Lj(1) and
||Q(t)77[}c”L2(,j) < LyCr™Pt7,

for allt > 0.

Proof. Clearly, ¥. € Lip(V), thus 1. € L*(1) by Lemma |6.3.5lii). Moreover, 1. is obviously centered.
In addition, by stationary we get (¢) = E¢(Xz(¢)), where Z € M(Q; V) is an independent, stationary
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initial. Using this and invoking Lemma yields
2_ o
1Q)ellZ2a) = / (B[ (Xo(t) — (X5 (1))]) ildv) < (LyCr™"t7*)?
1%

and the claim follows. O

Theorem 6.3.10. Assume p > %, let ¢ € Lip(V) and x € M(€;V) be an independent initial. Then
there is a o*(¢) € [0,00) such that

Jim 7 / B(Xa())dr — ) | =¥ ~ N(0,02()), (6.24)

wn distribution. Moreover, we have

o?(y) := lim E /wc #( hm Var /1/1 ) (6.25)

t—oo t

where T € M(Q; V) is an arbitrary stationary, independent initial and . := 1 — (¥).

Proof. Appealing to Lemma gives 1. € L&(1) as well as

1 1
/ﬁ”@(t)wcﬂm(ﬁ)dt < LwCﬁ_p/t_”_Eda
1

1

which is finite, since p > 3. Consequently, as we already know that (Xz(t));>0 is a stationary, ergodic,
(F7)i>o-progressive Markov process with time-continuous, contractive semigroup (Q(t)):>0, we get by
[18, Corollary 3.2 and Theorem 3.1] that

t

lim — /wc(xj(f))df =Y ~ N(0,0%(¥)), (6.26)

0

in distribution and that o2(1) is indeed given by the first equality in (6.25). Moreover, the second
equality in (6.25) is trivial, since 1.(Xz(7)) = ¥(Xz (7)) — E(¥(Xz(7))) by stationarity.

Now, note that clearly

/w )dr — t(1) :%/w (Xg(T dr+—/¢p =(7))dr, Yt >0
0

which yields, in light of (6.26)), that (6.24) holds, if the first summand in the previous express converges
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almost surely to zero. But recalling that p > % and invoking Lemma yields

N Sl
lim O/w(Xx(T))ﬂ}(X z(1))dr| < L,Ck™ 1 \/121/7 dr =0,

with probability one. O

Now this section concludes by summarizing Theorem [6.3.6] and Theorem [6.3.10] for the probably
most prominent Lipschitz continuous map from V to R, namely [ 1lv.

Corollary 6.3.11. Let x € M(Q;V) be an independent initial and T € M(2; V) a stationary indepen-

dent initial. Then the following assertions hold.

t
%Of||Xm 7)||vdr = v with probability one, where v := f||v\|vu(dv) E||z||v -

it) If p > 3, then lim — <f [|1Xe () || v dr —tu) =Y ~ N(0,0?) in distribution, where o2 € [0,00),

with o? = Jim 1 Var (f [1Xz (T ||VdT)

6.4 Examples

Let us start demonstrating the applicability of the results from Sections [6.2] and [6.3] by considering the
semigroup introduced in Remark un . The example considered there, also serves to demonstrate
that the assumption ”p > 1” in Theorem [6.3.10| cannot be dropped.

Example 6.4.1. Let ps € (0,00) and let (T),(t))i>0 denote the family of mappings introduced in Remark
—pP2
2.2.111), i.e. Ty, (t)v := sgn(v) (t + |v|7i) for allv e R and t > 0. Then (Tp,(t))i>0 is according
to this same remark a time-continuous, contractive semigroup on R.
_a
Now let us verify Assumption with V. =W =R, p = py and k := 27 r2. Firstly, Assumption
-@).) are trivial. Verifying Assumptzon “.} 1s slightly more involved, and requires to prove

i) Tp,(t)v1 + Ty, (t)ve < (Ht+ (01 +’02)_i> pz, for all t € [0,00), v1,v2 > 0 and

1

i) Ty, (t)v1 — Tp, (t)ve < (Ht + (v —wv9)~ E)_M, for all t € [0,00), v1,v2 > 0 with v > vs.

Proof ofH), Firstly, the convezity of [0,00) 2 x — oo yields 2T 4 yl+£ > Q_é(x + y)H_i for
all z,y € [0,00). Now set f(t) :=T,,(t)vi + Tp,(t)va, for all t € [0,00). Then we get

F'(t) = —p2 ((sz (t)vl)l g + (T (¢ )U2)1+$) < —pak (Tp, (H)v1 + T, (t)v2)1+i = —pwf(t)hrﬁ,

for allt > 0. Consequently, as f is (particularly locally) Lipschitz continuous, E) follows from Lemma
222
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Proof 0. Firstly, it is easily verified that :vHi—yHé > (m—y)Hi > ﬁ(m—y)Hi forallx >y > 0.
Moreover, note that T, (t)vi > T, (t)ve, since v1 > va > 0. Now, set f(t) := T,,(t)v1 — Ty, (t)ve, then

we get

1 1

118 = =p2 ((Tpa (001) 475 = (D0 (0)02) 72 ) < —pari (Tpa (o1 = Ty (B)e) 75 = —parf ()75,

for allt > 0. Consequently, employing Lemma once more yields .
Now, one easily infers from[i), [id) and T, (t)(—v) = =T, (t)v, for all v € R that

_ 1\ P2
[Ty, (t)v1 — T, (B)va] < (nt—!— |vy — v f’?) , YVt €[0,00), v1,v2 €R.
Finally, it is plain that T,,(t)0 = 0 for all t > 0; thus, (T),(t))i>0 is a time-continuous, contractive

semigroup fulfilling Assumption with V. =W =R, p=ps and k = 975 Now, let (Nm)men C
L2(Q) be an i.i.d. sequence and let (B )men be an i.i.d. sequence of Exp(0)-distributed random variables,

where 6 € (0,00). In addition, assume that both sequences are independent of each other and let,
for any independent initial x € M(;R), Xépz) : [0,00) x @ — R denote the process generated by
((Bm)mens (Mm)men, x,Tp,) in R. Then, as the identity is Lipschitz continuous, it follows from Theorem
and Theorem [6.3.10 that

¢
iit) tlggo 7 Ofxgcpz)(T)dT = EZ a.s., for any independent initial x € M(Q;R) where & € M(;R) is a

stationary, independent initial, and
t
w) if in addition py > %, then we have tlgrolo % (Of Xgﬁfz)(q—)dT - tIEa‘c) =Y ~ N(0,0?%) in distribution,
¢
for any independent initial x € M(Q;R), where 02 = tlggo + Var (Of Xfcpz)(T)dT)

Now let us demonstrate that the assumption py > % in cannot be dropped. To this end, assumen, =0
for allk € N, then Xg(,;pr")(t) = T,,(t)z for any independent initial x € M(Q;R). Since T, (t)0 = 0 for all

t >0,z =0 is the (in this case even almost surely unique) stationary, independent initial. Consequently,
t

we have Ex = Var <f X;pz)(T)dT> =0 and , with x = 1 and without additional assuming ps > %,
0

would imply

t—o0

t
1
lim — T+1)"7dr =0, Vpy >0, 6.27
ﬁ0/< ) o2 (627)

which is now, due to the lack of randomness, simply convergence in R. But obviously, is true if
and only if ps > %

Even though the semigroup considered in the previous example only acted on R and not an infinite

dimensional Banach space, it is worth mentioning that neither [6.4.1}fiii) nor [6.4.1lfiv|) are trivial.
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Now, let us turn to our p-Laplacian semigroup for large p. Firstly, let us recall some notations: Let
n €N\ {1}, p€ (1,00) \ {2} and let § # S C R™ be an open, connected and bounded sets of class C*.
Moreover, v : S — (0,00) denotes the weight function, i.e. we assume vy € L>(S5), T € L'(S) and
that there is a 79 : R” — R with 79 € MP(R™) such that y|s =7 a.e. on S.
Moreover, A, : D(4,) — 2L'(5) denotes the p-Laplace operator introduced in Definition and
A, : D(A,) — 2579 denotes its closure, see Definition for the definition and Theorem for
the fact that this is the closure of A,. In addition, note that .4, is m-accretive and densely defined, see
Theorem [3.2.5
Finally, (T4, (t))¢>0, where Ty, : L*(S) — L'(S) for all t > 0, denotes the semigroup associated to A,,
see Remark [3.2.6

Now, in the remainder of this section we assume

p € (2,00) and /vﬁd/\ < o0. (6.28)
5

Note that(6.28) already implies f ’yﬁd)\ < 00, see Remark [3.5.8 Moreover, by this same Remark,

5
(6.28) holds if £ > pg. (See Remark for the definition of py.)
Finally, set

2—p

kg = (p—2)2-(P~2) /’yﬁd)\ Csh
S

where Cg o denotes the Poincaré constant of S in L?(S9), see Remark

Thanks to Lemma and Proposition we can apply the results of Section [6.2] and Section
now. Hereby, note the following: For any ¢ € [1,00), we have: If we restrict each T4, (t) to L§(S),
then (thanks to Lemma (T4, (t))¢>0 is a time-continuous contractive semigroup on L{(S). Hereby
we just have made (and will continue to make) the following minor abuse of notation: We denote
(T4, (t))¢>0 viewed as a semigroup on L*(S) and (T4, (t))i>0 viewed as a semigroup on L{(S), by the
same latter, namely (T4, (t)):>o0-

Theorem 6.4.2. Let q € [1,2] and let (ni)ren © M(Q; LE(S)) be an i.i.d. sequence. Moreover, let
(Bm)men be another i.i.d. sequence which is independent of (nk)keny and assume that B, ~ Exp(6)
for all m € N, where 6 € (0,00). In addition, assume ||ng||Lesy € L*(Q) for all k € N. More-
over, let x € M(Q; LE(S)) be an independent initial, i.e. independent of ((nk)ken, (Bk)ren) and let
XP 1 [0,00) x Q — LE(S) be the process generated by ((Br)ken, (Mk)ken,®,Ta,) in LE(S), where
(T'a,(t))e>0 is viewed as a semigroup on L{(S). Finally, note that we assume .

Then (ngp)(t))tzo is a time-homogeneous Markov process (w.r.t. the completion of its natural filtration)

which possesses a unique invariant probability measure i : B(LI(S)) — [0,1]. In addition, for any
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1 € Lip(L{(S)), the convergence

lim = / Y(XWP) (7))dr = / (v = (¥), (6.29)

t—oo t
L§(S)

takes place with probability one, and if additionally p € (2,4), then there is a 0®() € [0,00) such that

lim — /w X (r)dr —t() | =Y ~ N(0,0%(v)), (6.30)

i distribution.

Proof. By Lemma 6, (Ta,(t))e>0 is a time continuous, contractive semigroup on Lg(S). Conse-
quently, by Choosmg V = L(S) in Section it follows from Theorem that X is a time-

continuous Markov process.

Moreover, it follows from Lemma and Propos1t10n 9| that (T4, (t))s>0 fulfills Assumption
where we choose V = L{(S), W = L%(S), = ]ﬁ and k = kg. Consequently, appealing to Proposition

6.3.3| yields the existence of a unique invariant probability measure and Theorem implies (6.29).
Finally, (6.30) follows from Theorem [6.3.10} since p € (2,4) implies p > 1. O

Remark 6.4.3. In accordance with Corollary|6.5.11), (6.29) and (6.30) hold (under the assumptions of
Theorem of course particularly for 1 := || - ||pa(s)-

Remark 6.4.4. As demonstrated in Remark the assumption "p > %” in Theorem |6.3.10} cannot
be dropped. This gives some evidence that might also fail if p € (2,4). But let us point out that
we were unable to find a concrete counterexample showing that fails if p & (2,4).

Remark 6.4.5. Note that Theorem was formulated under Assumption ; and that Theorem
as well as Theorem were formulated under Assumption . Let us compare these two
assumptions:

Firstly, it is clear that for a given value of p, at most one of these two assumptions can hold. Moreover,
note that, if n =2 and v > ¢ a.e. on S, for a constant ¢ > 0, then reduces top € (1,2) and
reduces to p € (2,00). Thus, in this case, we can either apply Theorem and or Equation

, for any possible value of p € (1,00) \ {2}, if the random quantities (Bm)meN, (Mm)men and
fulfill the respective assumptions stated in these theorems.
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Chapter 7

The randomized weighted

p-Laplacian evolution Equation

7.1 Outline & Highlights

The purpose of this chapter is to extend the results developed for the deterministic weighted p-Laplacian
evolution equation in Chapter [3] to the randomized case. By that we mean that we will replace the
occurring weight function as well as the initial by a vector-valued random variable. Consequently, we

will study the problem

U'(t)(w) = div (9(w)|VU(t)(w)[P~>VU(t)(w)) on S,
9(w)|VU (1) (w)|P~2VU(t)(w) - T = 0 on 85, (7.1)
U(0)(w) = u(w),

for P-a.e. w € Q and a.e. t € (0,00), where: (Q,F,P) is (as usually) a complete probability space,
p € (1,00) \ {2}, S € R" is a non-empty, open, bounded and connected set of class C', n € N\ {1},
g € LY(Q; LY(9)) fulfills 0 < g1 < g < g2 < 0o almost surely, for some constants g1, g2 € (0,00), Y is the
unit outer normal on 85, and u € L'(Q; L1(S) is an initial. Hereby, we set L'(S) := L1(S,B(S), \;R),
where A is the n-dimensional Lebesgue measure, and L4(Q2; V) := L1(Q, F,P; V) for any g € [1,00) and
separable Banach space (V.|| - ||v).

We will employ nonlinear semigroup theory to establish that this equation has a unique solution and

derive asymptotic properties of the solution.

Before being able to rigorously describe our results, we have to fix some notations: Note that if
v € LY(S), with 0 < g1 < 7 < ga, then ~ fulfills all assumptions the weight function in Chapter 3| had to
fulfill, and in this case, the weighted Sobolev space Wvl’p(S ) introduced in Section (Equation 1) ),
is equal to W1?(S). Now, let Ag(w) : D(Ag(v)) — L(S) denote the p-Laplace operator introduced in
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Definition ie: (f.f) € Ad(), if f,f € LY(S), f € W'P(S) N L>¥(S) and

/7|Vf|p‘2Vf~V<pd)\ = /ﬁmx Vi € WIP(S) N L2(S).
S S

This operator is indeed single-valued, see Lemma [3.3.1

The reason why we denote this operator now by Ag(*y) and no longer simply by A, is that we need a
notation that indicates that this operator depends on -y. Moreover, the superscribe ”d” (for determin-
istic) is necessary to be able to better distinguish it from the operator introduced next. We are aware
that this is an inconsistency in our own notation and that we could have denoted this operator in all
preceding chapters by Ag(v) instead of A,. We chose note to do so, since doing that would have caused
an unnecessarily long and inconvenient notation.

In this chapter, we will introduce a random p-Laplace operator A7 : D(A7) — L*(2; L'(S)) and demon-
strate that this operator is characterized by: For any f, f € LY(Q; L1(S)) we have (f, f) € A} if and
only if (f(w), f(w)) € Al(g(w)) for P-a.e. w e .

We use this operator to show that: The closure of A7, which we denote by A} : D(A}) — 2L1(Q5L1(S)),
is m-accretive and densely defined. Thus (thanks to Theorem [2.1.7)) the initial value problem

0e€U'(t) + AU(t), for ae. t € (0,00), U(0) = u, (7.2)

has, for any u € L*(€; L1(S)) a uniquely determined mild solution.

Once this is achieved, we proceed by proving that also has a uniquely determined strong solution.
To be able to outline how this works, let us introduce some more notations: Let (T;a(t)):>0 denote the
semigroup associated to Ajy; thus, for any u € L'(Q; L'(S)), Tra(-)u is the unique mild solution of .
Moreover, for any v € L'(S), with g1 < v < go, let (Tuet(t,7))t>0 denote the semigroup associated to
Al (v), where Al(y) is the closure of Af(y).

We will prove that

P{we @ (Tra(t)u)(w) = Taet(t, g(w))u(w)}) =1, (7.3)

for all w € LY(Q;L'(S)) and t € [0,00). This, together with the properties of (Tget(t,7))t>0 devel-
oped in Chapter [3| will enable us to conclude by the aid of Theorem [2.1.12| that Ty.(-)u is, for any
u € LY(Q; LY(S)), also the uniquely determined strong solution of ((7.2)).

Besides these existence/uniqueness results, we will also derive interesting asymptotic results. Firstly,

(7.3) enables us to transfer the results from Chapter |3|, to the current setting: For example, we have:

i) Ift € [0,00) and u € L*(Q; L1(S)), then (Tya(t)u)g = (u)g almost surely, where (v)4 = ﬁ gvd)\

for all v € L'(S) and (u)g(w) := (u(w))g for all w € Q. (Follows directly from Lemma M)

ii) If ¢ € [1,00) and u € L%(£2; LY(S)), then tlgrolO Tia(t)u = (u)g in LI(Q; L(S)). (Follows fairly
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directly Theorem [3.4.13])

2 1
i) If w € LY LY(S)), with u € L*(S) a.s., then ||Ta(t)u — (u)gllr1(s) < cillu — (Wsllrz(s) (37,
a.s. for all ¢ > 0, where ¢; > 0 can be determined explicitly. (Follows directly from Corollary

3.4.9))

Of course, we can (and will) also extend many other asymptotic results from Chapter [3|to the current
setting, such as Theorem [3.4.10, Theorem [3.5.6| and Theorem |3.5.10

Besides these results, which are direct consequences of the results in Chapter [3] we are also going to
derive upper bounds for the tail function of ||T'(¢)u — @H%%S)v assuming that p € [f—fz, 2)\ {1}; more
precisely: Introduce u € LY(Q; L1(S)) with u € L?(S) almost surely. Then we have: If r € [1,00) and

A, € L?(2), where A, = ||u — (U)SH%Z(S)’ then

P /(Tra(t)u —Wg)?dr>a | < (1) @02 (E(ADE((L+ A,)2)? (7.4)

for any a, t € (0,00); and if there is even an € > 0 such that e+ € L'(2), we have

_ ) £
P / (Tra(®)u — (w)5)%dA > a | < exp (—thes) lggﬁf) (E(ALE (exp (eA,)%,  (7.5)
S
for any a, t € (0,00).
Hereby ¢z, c3 > 0 are constants which can be determined explicitly.

This chapter is structured as follows: Section contains the basic assumptions/notations needed

in this chapter. Particularly, the needed operators are introduced there. In Section [7.3] we develop
some basic properties of these operators and prove that has a unique mild solution. Then, we
proceed in Section by deriving the identity and prove that the mild solution is also a strong
one. Afterwards, in Sectionwe establish the asymptotic results i)-iii). Finally, Sectiondeals with
the tail function bounds and .
Moreover, this chapter contains two appendices: In the first, we answer some technical measurability
questions which occur while defining A} and derive a result regarding the measurability of the L>°(S)-
norm of vector-valued random variables; and in the second we provide some delicate results about
Ag('y), its closure and their resolvents as well as a certain denseness result, which are needed to prove
the existence and uniqueness of mild solutions of .

7.2 Notation

Let us start by recalling some notations that where also used in Chapter Throughout this entire
chapter, let n € N\ {1}, p € (1,00) \ {2} and let § # S C R™ be an open, connected and bounded set
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of class C*.

Moreover, A denotes the Lebesgue measure on R™, | - | the euclidean norm on R", and x -y is the
canonical inner product of any z,y € R". In addition, we introduce the short-cut notations L%(S) :=
L9(S,B(S), \;R) and LI(S;R") := LI(S,B(S), \;R™), for all ¢ € [1,00]. As usually, W, (S) denotes
the space of weakly differentiable functions and V f denotes the weak derivative of any f € W]}(’)lc(S ). In
addition, for any g € [1,00), W14(S) denotes the Sobolev space of once weakly differentiable functions,
such that ¢ € L(S) and Ve € L%(S;R™); and as usually C°(S) is the space of infinitely often
continuous differentiable, compactly supported functions ¢ : S — R.

Finally, the reader is reminded that (Q, F7,P) denotes a complete probability space and that
Li(Q; V) := LYQ, F,P; V)

for any separable Banach space (V, || - ||v) and all ¢ € [1,00). This is furhter abbreviated by L%(f), if
V=R

Remark 7.2.1. Now let us introduce some new mnotations used throughout this chapter: For all

0<ep <eg <00, we set

i) LL _(S):={f € L' (S):e; < f<éey ae. on S} and

€1,€2

i) L2, o, (G LH(S)) == {f € LN LY(S)) : P{w € Q: f(w) € Lz, ., (9)}) = 1}

€1,€2

Note that LY, _,(S) is closed w.r.t. || ||p1(s), thus LE _, (S) € B(L'(9)).
Furthermore, 17, : R — R, where k € (0,00), always denotes the standard truncation function, i.e.
Te(x) =, if || < k and () := ksgn(x). Moreover, for any f : S = R, 7.(f) : S — R is defined by
() = T (£()) and for £+ Q= LN(S), 7e(f) : @ — L(S) is defined by m(f)(w) = 7e(f(w)).

In addition, we introduce the spaces
i) T(LHQ LY(S))) = {m(f)| f € LY (% LY(S)), k € (0,00)} and
w) LMo(Q; L1(S)) = {f € LY (Q; L'(9))| P(f € L=(S)) = 1}.

Finally, throughout this chapter, let 0 < g; < go < 00 be fixed constants and let g € L} . (Q; L'(S))

be a fixed function.

Now, note the following: If v € L;hgz(S), then v € L>®(S), v > 0, f’yﬁd)\ < oo, and: If we set
s

Yo : R™ — (0,00), by 70 := v on S, and vy := g1 on R™\ §, then vy € M,(R™) (see Remark, with
v =0 on S. Thus, any v € Ly . (S) fulfills all assumptions, the fixed weight function in Chapter
had to fulfill. In particular, g(w) is for P-a.e. w € Q, a suitable choice as a weight function in Chapter
Moreover, note that W} *(S) = W'»(S) for all y € L} . (S), where W?(S) is the Sobolev space

91,92
introduced in (3.8) .

Now, let us re-introduce the operators considered in Chapter [3| using the introductory mentioned

new notation:

120



Definition 7.2.2. Lety € L}, (S) and introduce the single-valued operator A%(v) : D(A%(vy)) — L'(S)

by: (f.f) € A%(v) if and only if the following assertions hold.
i) f e WhP(S) N L>(S).
i) f e L(S).
i) gﬂwvﬂw - Vod\ = gfcpd)\ for all p € WHP(S) N L>®(S).
Moreover, let AL(v) : D(AL(v)) — L'(S) be the closure of Al(y), i.e. (f, f) e Al(), if there are
sequences ((fim, fm))men € A%(7) such that dimfo = f in L'(S) and lim_ fm = f in LY(S).

Thus, for any v € L£171192 (S), we can apply the results of Chapterto Ag(’y) and Ag (7) . Particularly,

Ag(’y) is indeed single-valued, see Lemma

Of course, we could have given the explicit definition of Ag(v) as in Definition m but this technical
definition is not needed in this chapter.

Now, let us define the random counterparts of the operators introduced in the previous definition. Some

questions concerning measurability occur during their definition. Answers to these question can be
found in Appendix [7.G}

13 . LY(LY (S R o . .
Definition 7.2.3. Let A} : D(A}) — 2 (BLES) be such that (f, f) € A} if and only if the following

assertions hold.
i) feLYQ;LN(S)) and P(f € WhP(S) N L®(S)) = 1.
i) fe LY LY(S)).
ii) P <£g|Vf|P2Vf - Vpd\ = gfgod)\7 Vo € Whp(S) mLOO(S)) =1.

Moreover, let A : D(A}) — 2L (LY S) be the closure of A

7.3 Mild Solutions of the randomized weighted p-Laplacian evo-

lution Equation

The purpose of this section is to prove that the initial value problem (7.2) has for any u € L*(£; L*(9))
precisely one mild solution. This will be achieved by the aid of Theorem That means, we have to

verify that Aj is densely defined and m-accretive.

For proving this, some technical properties of Ag('y) have to be established. These technical re-
sults and their proofs have been moved to Appendix Moreover, the denseness of the spaces
(LY (4 LY(S))) and LY>°(Q; LY(S)) in L' (€ L1(S)) is also proven in Appendix [7.H]

Particularly, none of the proofs in Appendix relies on any result in this section.
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The Lemmata|7.3.1 are essentially a collection of useful properties of the considered operators.
These results are on the one hand of extreme importance for the next sections, and on the other hand,
they build the path to an estimate which yields particularly the accretivity of Aj, see Proposition
Lemma together with Appendix brings us in the position to prove that A} is m-accretive,
which is achieved in Theorem E Finally, it will be established that A7,
dense domain, which then implies the first main result of this chapter, namely the existence of unique

mild solutions of (|7.2]).

Lemma 7.3.1. The operator A} is single-valued.

and a fortiori also A}, has

Proof. Let (f, f), (f,f) € A,. Then we get

/(f — Flpdh = 0, Ve € WEP(S) N L(S)
S

with probability one. Consequently, f = f a.e. on S with probability one, i.e. f = f as elements of
LY(Q, LY(S)). O

Lemma 7.3.2. Let f, fe LY(Q; LY(S)). The following assertions are equivalent.
i) (f.1) e 4;
i) P({we: (fw), fw) € Allgw))}) =1

Proof. Let f, f e L*(€; L'(S)). Then we have

{w: (fW), fw)) € Ap(g(w))}
= {w: feW?(S)nL>(S), /g|Vf\p_2Vf~V<pd>\: /f(pd)\, Yo € WHP(S) N L>(S)},
S

S

which yields, by invoking Lemma and Lemma that the event {w : (f(w), f(w)) € Ad(g(w))}
is measurable. Moreover, the former equality also yields the equivalence of i) and ii). O

Lemma 7.3.3. Let (f, f) € A}. Then we have

P({weQ: (fw), @) e Algw)}) =1.

Proof. As (f, f) € Aj, there is, by passing to a subsequence if necessary, a sequence ((fm, fm))meN C Ay
such that

m (fon (W), fin (W) = (f(w), f(w)), for P-ae. w e Q, in L*(S)2

m—ro0

Consequently, Lemma [7.3.2] yields that we have, up to a P-nullset

{weQ: (fw),fw) € Aj(9(w))}
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= {weQ: IFuw), Fn(@)men € AY(9(w)), lim (Fn(w), Fu(w)) = (f(w), f(@)), in L'(5)?}

2 {weQ: lim (fnw), fnW)) = (f), f(w)), in L'(5)*}

m— o0
= O

Hence {w € Q: (f(w), f(w)) € A%(g(w))} is, up to a P-nullset, equal to Q. Therefore this event is

F-measurable, because (€2, F,P) is complete, and occurs with probability one. O
Lemma 7.3.4. Let (f,f) € Ay and assume f € LY (Q; L'(S)). Then (f, fe Ap.

Proof. Invoking Lemma [7.3.3] yields that (f(w), f(w)) € Al(g(w)) for P-ae. w € Q. As also f(w) €
L>(S) for P-a.e. w € Q, we have, by virtue of Lemma that (f(w), f(w)) € Ag(g(w)) for P-a.e.
w € €. This yields the claim by Lemma[7.3.2] O

Proposition 7.3.5. Let (f, f), (h,lAz) € A}, a€(0,00), q €[1,00] and assume that f — h+a(f— 71) €
L1(S) with probability one. Then we have

P({we 9 [1f@) ~ h@llzas) < 1) = hw) + a(f@) ~ h@)llps}) =1 (76)
Particularly, A}, as well as A}, are accretive.

Proof. We have, by virtue of Lemma that (f(w), f(w)), (h(w), h(w)) € Al(g(w)) for P-ae. w e Q.
This implies , since Ag(g(w)) is for P-a.e. w € 2, a completely accretive operator, see Theorem
Moreover, yields particularly that ||f — hl|L1z1(s)) < [If —h+ aff - }Al)HLl(Q;Ll(S)), ie. Ajis
accretive. This obviously implies that A} is accretive as well. O

Lemma 7.3.6. Assume that g is simple, i.e. there is an m € N, vy, ....,vm € L(S) and disjoint sets
m

Q1,0 Q € F, such that | Qp =Q and
kf

=1

m

9() =D mla (). (7.7)

k=1

Moreover, let h € LV*°(; L1(S)). Then the mapping defined by
Q3w (Id+ Al(g(w))) " h(w)

is F-B(L (S))—measumbleﬂ

Proof. Let h € LY*°(£; L}(S)) be arbitrary but fixed and assume that g is given by (7.7). Moreover,
assume w.l.o.g. that none of the 2 is a P-nullset.
Since g1 < g < g2 a.e. on S with probability one, it is clear that g1 < v, < g2 a.e. on S for each

k=1,..m.

1See Remark for the definition of the resolvent (Id + Ag(g(w)))*l.
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Moreover, as h(w) € L>(S) for P-a.e. w € Q, Lemma i) yields that the mapping ¢ : Q — L(9)
defined by

plw) := (Id+ AZ(g(w)))_lh(w), for P-a.e. w € Q

is well-defined.
For a given k € {1,...,m} and all w € Q) except for a P-null-set, we have p(w) = (Id + A(yx)) ' h(w).
Consequently, Lemma ii) yields

ank )(Id + A (k) " h(w ank )(Id + AL(y,)) " h(w), for P-ae. w e Q.

Moreover, (Id + Aﬁ('y;g))_l is L'(S)-continuous for all k& = 1,...,m, see Lemma iii). Hence,
the mapping (Id + A%(yx)) ™" is B(L'(S)) — B(L'(S))-measurable. As h € L'(Q; L*(9)), it follows
that Q 3 w — (Id 4+ A(y)) " 'h(w) is F-B(L'(S))-measurable as it is the composition of measurable
functions. Consequently, Q2 3 w — Lo, (w)(Id + Al(y)) 'h(w) is also F-B(L'(S))-measurable, which
yields the measurability of . O

Theorem 7.3.7. We have
LY>°(Q; L'(S)) € R(Id+ AL). (7.8)

Consequently, the following assertions hold.
i) R(Id+ A}) is a dense subset of L'(Q; L'(S)).
ii) A, is m-accretive.

Proof. Lemma yields that implies i). Moreover, it is plain that R(Id + A}) C R(Id + Aj}).
Consequently, implies that R(/d + Aj}) is also dense. Moreover, as A} is accretive and closed, we
have that R(Id + Aj}) is closed, cf. [8, Proposition 2.18]. Consequently, implies 1) as well as ii).
Now prove inclusion . Let h € L1>°(Q; L1(9)).
Let f: © — L'(S) be defined by f(w) := (Id + A(g(w))) *h(w) for P-a.e. w € Q. This is well-defined
by Lemma i).
Now introduce f: Q — L'(S) by f(w) := Ag(g(w))f(w) for P-a.e. we Q.
Trivially, h = f + f by construction. Consequently the claim follows if (f, f) € Ap. Proving this result
is divided in the following steps.
(1) f as well as f are F-B(L'(S))-measurable.

(In) f, fe LM LY(S)).

) (7.f)e 4,
Proof of (I). Since f = h — f it suffices to prove that f is F-B(L!(S))-measurable.
Asge L} ., (€ L'(S)), there is a sequence of simple functions (ym)men € Ly
mlgnoo'ym( w) = g(w) in L1(S) for P-a.e. w € Q.

1.9, L(S)) such that
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Consequently, it follows by virtue of Lemma that

flw)=Id+ Ag(g(w)))flh(w) =w- lim (Jd+ AZ('ym(w)))flh(w), in L'(S) for P-a.e. w € Q,

m—r 00

i.e. fis, by Lemma|7.3.6] almost surely the L!(S)-weak limit of F-B(L!(S))-measurable functions and
consequently it is itself F-B(L!(S))-measurable.

Proof of (IT). As particularly h € L*(Q; L(.9)), it suffices to prove that f € L'(Q; L1(S)).

The needed measurability condition has been proven in (I).

As (f(w), f(w)) € Al(g(w)) for P-ae. w € Q and as A%(g(w)) is completely accretive, we obtain in

particular

1F@)|dXN < [ |f(w) + f(w)|dr = [ |h(w)]dA for P-ae. w € .
[rems] /

This obviously implies [ ||f(w)||r1(s)dP(w) < [||h(w)|L1(s)dP(w) < o0, ie. fe L LY(S)).
) )

Proof of (IIT). We have f, f € L'(; L'(S)) and trivially (f(w), f(w)) € A%(g(w)) P-a.e. w € Q, which
yields (III) by Lemma O

Lemma 7.3.8. D(A7) as well as D(A}) are dense subsets of (L' (5 L*(S)), || - [l (@in1(s)))-
Proof. As D(A}) C D(A;}), it suffices to prove the claim for D(A}). Moreover, Lemma yields that
it suffices to prove that

HLNQ: LY(S))) € DAy ),

- p

Let h € 7(LY(Q; L1(S))) and introduce k € (0,00), h € L'(Q; L'(S)) such that h = 74 (h).
As A} is m-accretive there is for each m € N a uniquely determined pair of functions (fp, fm) €A,
such that

1 4
h:fm""*fm-
m

Moreover, the last equation yields, by observing that obviously (0,0) € A}, and by recalling Proposition
3.5 that

1 -
|| frn (@)oo (5) < || frm(w) + Efm(w)HLoo(S) = [|h(w)||e(sy < k, Ym € N and for P-a.e. w € .

Consequently, we have in particular f,, € L>°(Q; L'(S)) and hence it follows, by invoking Lemma
that (fyn, fm) € Ay, for each m € N.

Hence the claim follows if we prove that

lim f,, = h, in L'(; L1(S)). (7.9)

m—r o0
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Firstly, (fm, fm) € Aj yields (fm (W), fm(w)) € Ad(g(w)) for P-a.e. w € Q, cf. Lemma Moreover,
h(w) € L®(S), hw) = fm(w) + L f(w), ie. fm(w) = (Id+ L A%g(w))) " h(w) for all m € N and P-a.e.
w € Q. Consequently, we obtain by virtue of Remark and Lemma [T.H.1]ii) that

li_r>n || frn (W) = h(w)||L1(s) = 0, for P-a.e. w e Q.

Finally, observe that || f,(w) —h(w)||p1(s) < 2kA(S) for all m € N, and P-a.e. w € 2, which yields (7.9)),

by virtue of dominated convergence. O

Theorem 7.3.9. Aj is densely defined and m-accretive. Thus, for any u € L' (€ L'(S)), the initial
value problem has a uniquely determined mild solution.

Proof. Follows from Theorem [2.1.7] Theorem [7.3.7] and Lemma [7.3.8] O

7.4 Strong Solutions of the randomized weighted p-Laplacian

evolution Equation

Throughout everything which follows (7;a(t)):>0 denotes the semigroup associated to Ay, see Definition
Moreover, for any v € L} . (S), we denote by (Tuet(t,7))¢>0 the semigroup associated to A%(y).

91,92
Consequently, (Tqet(t,7))i>0 is precisely the semigroup we considered in Chapter [3|- A fact which will

be exploited frequently in all of the following sections.

The prime objective of this section is to establish that t — Ty, (t)u is, for any u € L*(Q; L1(S)), not
only a mild, but also a strong solution of (7.2)), which will be achieved by the aid of Theorem [2.1.12and
the results in Chapter [3| Moreover, we will then also derive some basic properties of (T;a(t)):>0-

Let us start with the following useful result connecting the deterministic and the random semigroup:

Theorem 7.4.1. Let u € L*(Q; LY(S)) and t € [0,00). Then we have
P({weQ: (Tra(t)u)(w) = Taer(t, g(w))u(w)}) = 1.

Proof. Let u € L'(2; L'(S)) and £ € (0, 00).
Firstly, it will be proven inductively that

((Id+ tA)) " u)(w) = (Id + ng(g(w)))_m(u(w)), Vm € N and for P-a.e. w € Q. (7.10)

So let m = 1 and introduce f := (Id—}—fA;)*lu. Consequently, there is an f € A f such that f+if =u.
As (f, f) e A}, we have (f(w), f(w)) € Al(g(w)) for P-a.e. w € Q, see Lemma|7.3.3
Since obviously f(w) +#f(w) = u(w) for P-a.e. w € Q we obtain that f(w) = (Id+ tAL(g(w)) H (u(w))

for P-a.e. w € Q and consequently
((Id+ fA;)_lu)(w) = f(w) = (Id+t~.,4g(g(w)))_1(u(w)) for P-a.e. w € ,
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i.e. (7.10)) is proven for m = 1. The proof of the induction step works analogously and will be skipped.

Now let ¢ € [0,00) be given and choose ¢ := L in (7.10). Then we get

<<Id + ;LA;') - u> () = (Id + ;Ag(g(w))> @), Ym eNand Pae. we Q. (711)

Moreover, the exponential formula (Theorem [2.1.10) yields, by passing to a subsequence if necessary,
that

m—r0o0

t . —m
lim ((Id + mA;) u) (w) = (Tra(t)u)(w), for P-ae. we Qin L(S).
Analogously, we also have by virtue of the exponential formula that

lim (Id + ;Ag(g(w))> . u(w) = Taes (t, g(w))u(w), for P-a.e. w € Q, in L(S),

m— oo

which yields the claim. O

Theorem 7.4.2. Let u € L'(; L (S)). Then (Tro(-)u)|(0,00) is locally Lipschitz continuous and right
differentiable. Thus, (Tra(-)u)|(0.00) € Wiin((0,00); L'(9; L(S))) and

0 € T, (t)u+ A Tru(t)u, for a.e. t € (0,00), Tra(0)u = u,
i.e. Tra(-)u is not only the mild, but also the uniquely determined strong solution of .

Proof. Thanks to Theorem (and Theorem it indeed suffices to prove the local Lipschitz
continuity and the right differentiability on (0, 00).

The desired Lipschitz continuity follows directly from Remark (with ¢ = 1) and Theorem
more precisely: Let [e1,e2] C (0, 00), then the two aforementioned results yield: For all ¢,t+h € [e1, €3],
where h > 0 we have

2

2
HUQU+MMW%%RJWMWMmaSh———ﬂwwmmaéhgjag

T lu@)lzs)  (7.12)

for P-a.e. w € ; which of course implies

[[Tra(t + h)u — Tra(t)ul| L1 (i1 (s)) < [ullpr sz (s))s

B2
Ip = 2[e1

for all t,t + h € [e1,¢e2], with A > 0.

To prove the desired right differentiability, let (A, )men C (0,00) be a null-sequence, and let, for any

v € L) ,,(8), Ak(y)° : L*(S) — L'(S) denote the infinitesimal generator of Tye¢, which exists, see

Remark v)).
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Firstly, note that the domain invariance of Tyet(+,7y) yields

1 .
lim hi (Tdet (t + hma 7)1} - Tdet(ta'Y)U) = _'Ag(’}/) Tdet(taf}/)va (713)

m—0o0

in L'(S), for all v € L'(S), v € L} ,,(S) and ¢ > 0. Now introduce the mapping ¢ : (0,00) —

LY(Q, L*(S)) by ¢(t)(w) := —AL(g(w))° Taet(t, g(w))u(w), for all t > 0 and P-a.e, w € 2, which is indeed
well-defined, since: For each ¢t > 0 and w € Q, with g; < g(w) < g9, ((7)(w) exists. Moreover, ([7.13)),
together with Theorem implies

= O’
L(S)

i o (ot n)ad(6) — (Tnlt)))) = (O

m—r oo m

for P-a.e. w € Q and any fixed t > 0. Thus, each ((t) is F-B(L!(S))-measurable, since it is the almost
sure limit of F-9B(L!(S))-measurable functions and (€2, F,P) is complete. Moreover, thanks to (7.12))

and u € L'(Q; L'(S)), we can apply dominated convergence to the preceding equation, which yields
that indeed ((t) € L'(Q; L*(S)) and

1
lim H (Toalt + hon)u = Tra(t)u) = (1) —0,
e || m L (@11(8))
for all ¢ > 0, which implies that Ty,(-)u is right differentiable on (0, o). O

Proposition 7.4.3. Let u,uj,us € L'(Q;LY(S)), q € [1,00] and t € [0,00). Moreover, assume that

u,uy, ug € LI(S) a.s. Then the following assertions hold.
i) P({weQ: [[(Tra(t)ur)(w) = (Tra(t)u2)(@)|lza(s) < [Jur(w) — u2(w)llzas)}) =1,
i) P({w e Q: (Tra®)w)(@)l|zas) < luw)llzas)}) =1.

Proof. Follows trivially from Remark 1)) and Theorem O

Theorem 7.4.4. Let u € L>°(Q; L1(S)). Then we have
=T, (t)u = ApTro(t)u, for a.e. t € (0,00). (7.14)

Proof. Theorem yields that (Tra(t)u, —Ty,(t)u) € A} for a.e. t € (0,00). Consequently, it follows
by virtue of Lemma that it suffices to prove P(T},(t)u € L°(S)) = 1, for a.e. ¢ € (0,00). But
this is a trivial consequence of Proposition ii). O

Theorem [7.4.4] finishes the discussion on existence and uniqueness results. The remaining part of

this chapter is devoted to determine the asymptotic behavior of (T} (t)):>0-
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7.5 Stability Results

This section opens the investigation on asymptotic results regarding 7},. Thanks to Theorem [7.4.1] it

is straightforward to transfer the asymptotic results from Chapter [3] to the current setting.

As in Chapter we denote by (v) 4 the average of any v € L*(S), i.e. (v)g := ﬁ J vdX. Moreover,
5
for any ¢ € [1,00), we denote by Cg,, the Poincaré constant of S in L7(S), see Remark

Now, for any u : Q@ — L!(S), introduce the real-valued random variable (u)g : Q@ — R, by
(u)g(w) == (u(w))g. Moreover, for any u € L'(;L(S)), with P(u € L?(S)) = 1, we denote by
A, 1 2 — [0,00) the real-valued random variable defined by

Ay () = [Ju(w) = (u(w))slli2(s)

for P-a.e. w € Q.

Theorem 7.5.1. Let u € L*(Q; LY(S)). Then (Tro(t)u)g = (u)g almost surely, for all t € [0,00).

Moreover, all of the following assertions hold.

S =
D=

1
a=2) Au (+)* a.s. forallt> 0.

i) If u € L*(S) a.s., then ||Tya(t)u— (w)gl|11(s) < 05,1)\(5)% (#)

it) If u € LP(S) a.s. and p > n, then ||T,q(t)u —@SHLW(S) < C’&ﬂ(S)Wlé (m) PAL (%)5,

1+6

a.s. forallt >0 andd € (n—1,p— 1) where 0575 = CN's,l_H; (C’éﬁid + 1) , and C~'571+5 s the

operator norm of the continuous injection WH19(S) < L>(9).

_ 2 p
i) If p € (("_2) +172> # 0 and uw € L*(S) a.s., then ||Tr(t)u — (u)S||2L§fS) < (—f%lt—i—AuT)
+

n+2
) np2+2p -1
a.s., for allt > 0, where k1 := (2 —p) (C’g (C;Z’J’;n + 1) )\(S)ng—1> and Cyg is the
‘n+2

operator norm of the continuous injection Whitz < L3(S).

1 1

w) If p € (2,00), then ||Tra(t)u — (w)gl|11(s) < A(S)2RZP ()72 a.s., for all t > 0, where we set
R = (p — 2)227PgI\(S) 7" Ogh.

Proof. That (Tya(t)u)g = (u) ¢ a.s., for all ¢ € [0,00), follows from Lemma and Theorem
Now, let us prove i). Fix t > 0 and assume u € L*(S) a.s. Then it follows from Theorem and

Corollary that

Tutme) - Tallocs = o | a5 )  (=25) auert (1))

S
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for P-a.e. w € Q, which yields i) since g > g1 almost surely.
The claims ii)-iv) are all proven identically to the proof of i): One uses g > g; a.s., together with

Theorem to deduce: ii) from Theorem [3.4.10} iii) from Theorem and iv) from [3.5.10 O

In contrary to the deterministic case Theorem |7.5.1l}iii) does not imply that the semigroup extincts
in finite time, i.e.: Under the assumptions of Theorem iii)), there of course is for P-a.e. w € Q, a
time t(w) € (0, 00), which depends on w, such that ||Tya(t(w))u(w) — @S(w)HLz(S) = 0, but this does

not necessarily imply [|Tha(t*)u — (u)gl|r1(;r2(s)) = 0 for a deterministic constant ¢t* € (0, 00).

Now let us conclude this short section by deriving an analogous version of Theorem [3.4.13

Theorem 7.5.2. Let ¢ € [1,00) and u € LI(Q; L9(S)). Then we have

lim Tro(t)u = (u)g, in LI(; LY(S)). (7.15)

t—o0

c . _ .
Proof. Let (tm)men € (0,00) be such that mlgnoo tm 00. Then appealing to Theorem [3.4.13| and
Theorem [7.4.1] yields

lim ||Tra(t7n)u - (U)SH%‘?(S) = 0’

m—r oo

almost surely. Moreover, Remark iv|) and Theorem enable us to conclude that

| Tra(tm)u = ()| 705y < (llLags) + (W) gllLacs))?, Ym €N,
almost surely. Thus, as the right hand side of the previous inequality is an element of L!(€2), it follows

from Lebesgue’s theorem that

m—o0

lim / 1 Tra(tm)u = ()[40 (5)dP = O,
Q

which means that (7.15]) holds. O

7.6 Decay Estimates of the Tail Function for ”small” p.
The purposes of this Section is to prove the estimates ([7.4) and (7.5).

Remark 7.6.1. Let v € L*(S) and v € Léhgz (S). Throughout the remaining part of this section

hy~ :[0,00) = [0,00) denotes the function defined by

hy ~(t) :=log / (Tdet(t,’y)v _ @5)2 dr+1
5

for any t € [0,00).

130



The basic technique to obtain a bound on the tail function of ||Ty,(t)u — (u)| |2L2(S) is as follows: We

E(log(||Tra(u—u(u) |72 5, +1)
log(a+1)
use Theorem together with an upper bound on A, to get an upper bound on the tail function of

| Tra(t)u — u(u)g| |2, (s)- Finally, some technical calculations yield the results 1) and 1D
The following well known lemma (which is a version of Grénwall’s inequality) builds the foundation for

bounding h, ~. The proof works exactly like the proof of Lemma and will be omitted.

use Markov’s inequality to bound the tail function by ). And afterwards we

Lemma 7.6.2. Let h : [0,00) — [0,00) be locally Lipschitz continuous. Moreover, set b := h(0) and
assume that there is a 8 > 0 such that

h'(t) + Bh(t) <0, for a.e. t € (0,00). (7.16)
Then we have
h(t) < bexp(—pt)

for allt € ]0,00).

Remark 7.6.3. Recall that Cs 4 denotes the Poincaré constant of S in L1(S), q € [1,00). In addition,
C’SV% denotes the operator norm of the continuous injection Wl’f%(S) — L*(S). Note that nQ—fQ <n,
consequently Sobolev’s embedding theorem yields the existence of such an injection.

Lemma 7.6.4. Lety € L} . (S) and introduce v € D(AL(v)). Then hy  is locally Lipschitz continuous.

Moreover, Tyei(t,v)v € WHP(S) for every t € (0,00) and

-1

Bon(t) < =2 [ AV Taatt oy | [ (o= T0g) ar+1 (7.17)
S S

for a.e. t € (0,00).

Proof. At first the local Lipschitz continuity will be established. Let 7 > 0 be given. Then appealing to
N2
Lemma(3.5.3|and Lemma [3.3.3| gives that the mapping defined by [0,7] 3 ¢ — [ (Tdct(t, Y)v — (v)s) dA
s

is Lipschitz continuous. This, together with the commonly known inequality
[log(x 4+ 1) —log(y +1)| < |z —y|, Va,y € [0, 00).

yields the Lipschitz continuity of hy |j0,-]-

As v € D(AY(y)) € L>(S), we get by Remark EI) that Tuet(t,v)v € D(AL(v)) N L>(S) for
all ¢ € (0,00). Thus, employing LemmaMyields Taet(t,y)v € D(A) C WHP(S) for all t € (0, 0).
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Consequently, it remains to prove (7.17)). Firstly, we infer from Lemma and Lemma that
o N2
('% / (Tdet( )U - (U)S) dX = _2/’Y|VTdet (t,y)v\pd)\, for a.e. t € (07 OO) (718)
S S
Moreover, it follows from Lemma and Remark iv]) that
N N2
/ (Tueslt, )0 = (0)g) A < / (v=[)s) ax vee [o,).
S S

This, together with ([7.18]), yields

9 fZIV\VTdet(t,'y)vP”d)\ o, -1
6thv ’Y(t) _ 2 S _Q/WIVTdet(tvv)UFDd)‘ / <’U - ( )S) d)‘ + 1
f(Tdett’YU—(’U)S> d\+1 Z 2
S
for a.e. t € (0, 00). O

Lemma 7.6.5. Let v € Ly . (
p € [m,2)\ {1}. Then we have

: d _ 2
S), introduce v € D(A}(7)) and set m := ;Z&5. Moreover, assume

1 ~ 2 _2 pem _\2
o) £ 1, (0 max (€2, (CF+ 1) AT 1) | [ (0-@0) ars 1)
S

for a.e. t € (0,00).

Proof. Firstly, we infer from Sobolev’s embedding theorem and (Tye((t,7)v)g = (v) that

2
m

—\2 ~ _
[ (Tt = T00s)”ah < G (I (7)o = W5y + 11V Tt o)
S

Using this and Poincaré’s inequality yields

2 ~ l
/ (Tace(tr) = W) dA < Gy (O +1) / VTa(t,y)olmdr | Ve [0,00),  (7.19)
S

which is finite as p > m and Tyet(t,v)v € WHP(S), by Lemma [7.6.4
Consequently, it follows from p > m, v > g1, (7.19)) as well as Holder’s inequality that

2
/ VTt 7)oPdn | +1|, Ve € [0,00).
S

2 o

~ 2 m
hon(t) <log | CZ,, (C& +1)™ gy "A(S) @
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p—m p—m

. 2 2 . 2 2
Now it is plain that C§,, (C’gfm +1)" g, PAS) P < max(C%,, (Cgfm +1)™ g, PA(S) P

hence employing Bernoulli’s inequality yields

,1) and

3

2 -

hy~(t) < max <C~‘§7m (C’gfm +1) " g;pA(S)Tm, 1> log /7|VTdet(t, YolPdA ] +1 (7.20)
S

for all ¢ € [0, 00).
Consequently, (7.20) and the well known inequalities zr +1=ar +17 < (x + 1)% and log(x +1) <z
for all x > 0 imply

p—m

~ 2 2 2
hv,’)/(t) S max <C§,m (Cg:bm + 1) " 91 p)‘(S)Tv 1) 5 /IY|VTdet(ta ’Y)’U|pd)‘
S

Finally, the claim follows from the preceding inequality and (7.17)). O

Lemma 7.6.6. Let v € L} ,.(S), introduce v € L*(S), set m := % and assume p € [m,2) \ {1}.

Then we have

log Taet(t,y)v — (v)g ) dA+1] <2[jv — (v)gl[z2(s) exp = , (7.21)
1 2
Z v (U)S”L?(S)

for every t € [0,00), where
~2 2 2 p—_m -1
C;,m,p,gl =p <max (Cs,m (Cgfm + 1) mg "AS) P, 1)) . (7.22)

_ —1
Proof. Firstly, assume v € D(A%(v)) and introduce f := Cémpon (1 + [lv— (v)s||%2(s)) . Then we
have, by recalling Lemma 7.6.5} that h;, . (t) + Bh, ,(t) < 0 for a.e. t € (0,00) which yields, by invoking
Lemma that h, ,(t) < hy (0) exp(—pt) for every t € [0,00) and therefore

N2 N2 —C% t
log / (Tdet(tm)v—(v)s) dA+1] <log / (”—<v>s) dA+1 eXp< SmDa1 )

_ 2
S 5 1+||’U (U)SHL2(S)
Consequently, as log(z? + 1) < 2z for all z > 0 we obtain

N\ 2 _ _
log /(v—(v)s) A+ 1| =log(|jv — (©)gl[22(s) + 1) < 2l[o — (W)s]]2(s).
S

Thus, combining the preceding two inequalities yields (7.21)) for v € D(AZ(v)).

Now let v € L?(S) and introduce (vg)ren € D(AZL(7)) such that klim v = v in L*(S). Such a sequence
— 00

exists, se Lemma [3.5.4]
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Then trivially klim (vk)g = (v)g, and we get by contractivity that klim Taet (t,7)vg = Taet(t,v)v in
—00 —00

L3(9).

As the mappings [0,00) 3 x + log(z + 1) and [0,00) 3 &+ exp(—(z +1)7'C%,, , . 1) are continuous,

the claim follows. O

Remark 7.6.7. In the sequel C;m’p’gl denotes the constant defined in . The previous lemma

brings us in the position to prove the main result of this section.

Theorem 7.6.8. Let u € LY(Q;LY(S)), with u € L?(S) a.s., t € (0,00), a« > 0 and assume that

p € [m,2)\ {1}, where m := 7%:2 Then all of the following assertions hold.
If A, € L'(), then
_ 9 —2tC, H
P T — 2 <—— [E(ALE ——= TP . 2
[t - a| < 2 (Bawe (ow (2522 ) a2)

S

If there is an r € [1,00) such that A, € L?"(Q), then

P /(Tm(t)u—@S)?dA>a g(i) 10g(2 ( i )(E(AJE((HAu)”))é- (7.24)
S

a+1) 2C§,m,p,gl

If there is an € > 0 such that e¥®+ € L*(Q), then

Nl

_ . [eC, 3 exp( £
P [ (@l - TsPdr > a | <exp (—w ( S’;) )ﬁg(apfi) (E(AE (exp (cA)))
s

Proof. Proof of (7.23)). Firstly, note that [0,00) 3 z — log(z + 1) is obviously nonnegative, increasing
and strictly positive on (0,00). Consequently, we have by virtue of Markov’s inequality and by recalling
Lemma [7.6.6] as well as Theorem [7.4.1] that

N \2 2 1 7Cgﬂn7p7g1t
P S/(Tm(t)u— W)2dA>a | < log(a—l—l)Q/Au(w) exp <1+Au(w) ) dP(w)

which verifies ((7.23]) by applying Cauchy-Schwarz’ inequality. (Moreover, note that the assumption on

A, ensures that the first expectation exists and the the second one exists trivially.)

Throughout the remaining part of this proof, let A, = ﬁ.
Now inequality (|7.24]) follows from the succeeding estimate, where relation (7.23)) is used.

t"P /(Tra(t)u — (u)g)%d\ > «
S
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1
_24C 5
< E ;1P g1
= loga+1 ( (eXp< T+ A, )))

2(E(A,))* -1 —2r —1R 2 . A 3
— oot u ) ( ( A, wC% mp, g1) exp (rlog ((27“ AuC’Sm,p,glt) ) —2tC’S7m7p7g1Au)))
) LA D S u
< log(a + 1) (IE ( AuCS mpg) ~ €XD <r27“ AuCS 1 pgnt — 2tCS,m7p7g1Au>))
2 r " 1
= E(ALE ((1+A,)%))2.
10g(a+1) <20;'mpg1> ( ( ) (( + ) ))
Thus, it remains to verify the last tail bound. For the sake of brevity, let § := (5¢C%,, gl)%. The
desired estimate easily follows from (7.23)), more precisely: Thanks to (7.23)) we have
(+4 @s)"
exp (£26) P | [ (Ta(thu — (w)5)%dA > a
s
1
2(E(Ay))? 1 1w X 1 . 3
< —_— _
S Toglat D) (]E (exp (2t2 (5 tz CS,m,p,glAu) {8 > t2 Cs,m,p,glAu}>>)
3 3
< 721(E(A“)i (]E <exp (215%5]1 {té < B__ })))
og(a+1) Chmpogs D
2(E(A,))? 2 2
< M E|exp |2 '67(1 + Ay)
log(a + 1) Cémp.a
2 € 1
= e ——— — 2
oo 71 O (5) EAE (exp (eA4))*
which completes our proof. O

Remark 7.6.9. Let u € L'(; L1(S)), with P(u € L?(S)) = 1 and assume p € [n+2, 2)\ {1}. Then we
have: If there is an € > 0 such that e*®« € LY(Q), then A, € L*"(Q) for all v € [1,00), and of course
also A, € L'(9).

Thus, if e2 € LY(Q) for an € > 0, then all three bounds in Theorem are applicable.
Particularly, if u: Q — LY(S) is Gaussian with P(u € L?(S)) = 1, then it is well-known that there is
an € > 0, such that e« € L' (Q, F,P). Consequently, we can apply all three bounds if u is Gaussian
and P(u € L3(S)) = 1.

7.G Appendix: Measurability Questions concerning Aj

The following two lemmas reveal that all events occurring in the definition of A} are indeed measurable
and that all occurring integrals are well-defined as well as finite. The remaining two results of this

section are concerned with the measurability of the L4(S)-norm of vector-valued random variables.
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Lemma 7.G.1. The set WhP(S) N L>°(S) is B(L(S))-measurable. Let f € L*(Q; L(S)) and assume
P(f € WHP(S) N L>°(S)) = 1. Then the following assertions hold.

i) f is F-B(LP(S))-measurable.
it) Vf is F-B(LP(S;R"™))-measurable.

4 e mapping P : ; — LP(S:;R™) defined by = - or a c ;R™) s
) Th ® : LP(S;R™) LP(S;R™) defined by ®(p) lolP~2p f Il e LP(S;R™)

continuous, where p := p%l.

iv) The mapping defined by Q 3 w — g(w)|V F(W)|P72V f(w) € LP(S;R™) is F-B(LP(S;R™))-measurable
) pping defined by gW)|V f(w)] f ; ; :

where p := p’%l.

Proof. At first it will be proven that L>°(S) € B(L(S)).

Introduce K (k) := {f € L>=(S) : |[f||ze(s) < £} and note that obviously L>°(S) = |J K (k) and that
KEN
each of the K (k) is closed w.r.t. ||-||11(s). Consequently, L>(S) is the countable union of L'(S)-closed

sets and therefore L>°(S) € B(L(9)).

Moreover, as the injection WP(S) < L'(S) is continuous, and (W'*(S), || - [[wis(s)) is separable,
Wp(S) € B(L(S)) follows from Remark in fact, we even have B(W1P(S)) C B(L1(9)).
Consequently, as L>(S), WP(S) € B(L(S)), we get L>=(S) N WP(S) € B(LY(S)).

Proof of i). Follows from Remark which is applicable since the injection LP(S) < L(S) is
continuous and LP(S) is separable.

Proof of ii). It follows from Remark that f is F-B(WP(S))-measurable. Thus, as V : WHP(S) —
L?(S;R™) is continuous, ii) holds as well.

Proof of iii). Let ¢ € LP(S;R™) and let (¢m)men € LP(S;R™), such that n}gnoo ©m =@ in LP(S;R™).
We have, by passing to a subsequence if necessary, that there is an h € LP(S) such that n}gnoo Om =@

a.e. on S and |p,,| < |h] a.e. on S for each m € N. Moreover, the continuity of R® 3 z + |z|P~2x yields

lim ®(p,) = P(p) a.e. on S. (7.25)

m—0o0

In addition,
@(pm) — (PP < (lomlP~F + |P~H)P < 2P|R|P € LY(S), Ym € N.

This yields, by virtue of dominated convergence, that li_r>n D(p) = ®(p) in LP(S;R™).

Proof of iv). It is obvious that P(g € LP(5)) = 1.mInooadeition7 g is by assumption F-B(L!(9))-
measurable. Consequently, we get that g is F-B(LP(S))-measurable. Moreover, ii) and iii) yield that
Q35w |[Vf(w) P2V f(w) is F-LP(S; R™)-measurable.

Moreover, it is now easily verified that g|V f[P~2V f is F-B(L'(S; R"))-measurable.

In addition, as |Vf[P72Vf € LP(S;R") a.s. and particularly g € L°(S) almost surely, we get
g|Vf[P~2Vf € LP(S;R") a.s. and iv) follows from Remark O
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Lemma 7.G.2. Let f, f € L'(Q; L*(S)) and assume P(f € W'2(S)NL>®(S)) = 1. Then the Lebesque

integrals

/g(w)|Vf(w)|p_2Vf( ) - VdA and / w)pdA (7.26)

S S

exist for any given ¢ € WHP(S) N L>(S) and P-a.e. w € Q. Moreover, the mappings defined by

Q5w / NV F(W) P2V f(w) - Vd\ and Q3 w — /f(w)q)d/\ (7.27)

are F-B(R)-measurable for any o € WHP(S) N L>(9).

Finally, we have
wen: /g(w)wf(w)w*w(w) Vid) = /f(w)god)\, o e WhP(S) N L2(8) b e 7,
S

and A} is well-defined.

Proof. Firstly, note that the assertions concerning f stated in and are trivial.

Moreover, for ¢ € W1P(S) N L*(S), we have a fortiori Vo € LP(S;R™) which yields, by virtue of
Lemma iv), that the left-hand-side integral in exists with probability one and also that the
left-hand-side mapping in is F-B(R)-measurable.

Now the final assertion in this lemma will be proven. Firstly, note that

weN: /g(w)|Vf(w)\p72Vf(w) -Vd\ = /f(w)god/\ eF (7.28)
S

S

for any given ¢ € WP(S) N L>(S).

Introduce L3°(S) = {f € L>=(S) : ||flle=(s) < k} for every &k € N. One verifies immediately
that WhP(S) N L°(S) is a closed subset of WP(S) w.r.t. ||« ||lwircs)y . Moreover, it is well known
that (WbHP(S),|| - |[w1r(s)) is separable and that subsets of separable spaces are separable as well.
Consequently, for each k € N there is a countable set D(k) C WP(S) N L°(9) fulfilling

D(k) = Wh(8) N L (S),

where the closure is taken w.r.t. |- |[wir(g).
Now introduce y € L} . (S) and (F, F) e (Whp(S)n L>(S)) x L(S). It will be proven that: For a
given k € N,
/ Y|VF|P2VF - Vpd\ = / Fod\, Yo € WHP(S) N LE(S), (7.29)
s 5
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if and only if

/7|VF|”_2VF - Vipd = /Fcpd)\, Vo € D(k). (7.30)
S S

Firstly, note that obviously implies .

Now assume that (7.30) holds. Let ¢ € W'P(S) N L°(S) be arbitrary but fixed and introduce
(©m)men € D(k) such that im ¢, = @ in Whe(S).

As 4|VF|[P=2VF € LP(S;R") and as particularly "}E)noo Vm = Ve in LP(S;R™) we obtain that

m—roo

lim 7|VF|p‘2VF~V<pmd)\=/7|VF\p‘2VF-Vgad)\.
S S

Moreover, as particularly lim ¢, = ¢ in LP(S) we obtain, by passing to a subsequence if necessary,
m— o0

that lim (¢, —@)F =0 a.e. on S. Since clearly |(p,, — ¢)F| < 2k|F| € L'(S) we obtain by virtue of
m— 00
dominated convergence that

lim [ Fond\ = / Fod).

m—o0
S S

This yields that (7.30]) implies (7.29).

Finally, we obtain by using W1?(S)NL>(S) = J (WHP(S)NLe(S)) and the equivalence of ([7.29
keN
and ((7.30]) that

weN: /g(w)|Vf(w)\p_2Vf(w) -Vpd\ = /f(w)apd)\, Yo € WHP(S) N L>=(S)
S S

= N{wc: [o@IVI@IP Ve Vo= [ fwisdr voe D)
S

keN S

N N {wea: / 9() [V (@) 2V f(w) - VipdA = / Flw)pdr b
S

kEN oeD(k) 5

which implies, using (|7.28)), the claim as D(k) is countable for each k € N. O

Remark 7.G.3. Let g € (1,00), f € L*(Q; LY(S)) and assume P(f € L1(S)) = 1. Then, thanks to the
separability of (L4(S), || ||La(s)), it follows from Lusin-Souslin’s Theorem (see [22, Theorem 15.1]) that
Q5w |[f(WllLas) is F — B(R)-measurable. This holds, as the following lemma reveals, also for
q = 00.

Lemma 7.G.4. Let f € LY(Q; LY(S)) and assume P(f € L>(S)) = 1. Then the mapping defined by
Q3w |[f(w)|lpe(s) is F — B(R)-measurable.
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Proof. As P(f € L*°(S)) = 1, we have particularly P(f € L™(S), Vm € N) = 1. Consequently f
is F — B(L™(S)) measurable for any m € N. This yields that Q > w > [[f(w)|[zm(s) is F — B(R)-

measurable. Moreover, we have for P-a.e. w € Q that

@)l = Jim_|1£@)llmcs)

Consequently, Q > w — [|f(w)||r=(s) is the almost sure limit of F — B(R)-measurable functions and
therefore itself F — B(R)-measurable. O

7.H Appendix: Technical Results to prove the Existence and

Uniqueness of mild Solutions

All results of this section serve to prove that (7.2) has a unique mild solution. Hereby, some simple
properties of Ag(v), its closure and their resolvents are collected in Lemma In Lemma we

prove that the resolvent of Ag('y) depends in some sense continuously on v € L} . (S), and in the last

lemma, we prove two density results.

Lemma 7.H.1. Let y € L _ (S). The following assertions hold.

91,92

i) L>(S) C R(Id+ Al(y)).
i) (Id+ A%(7)) Hpse(s)y = (Id + AL() 7 Lo (s)-
iii) (Id+ Ad(y))~* is L'(S)-continuous.

Proof. A proof of i) can be found in [3| Prop. 3.5].

Proof of ii). Let h € L*°(S) and let (f, f) € Al(y) and (F, F) e A(v), be the uniquely determined
functions fulfilling h = f + f and h = F 4+ F, ie. f = (Id+ Ad(y))"*h and F = (Id + Ad(y))"'h.
The complete accretivity of .Ag(*y) yields F << F + F and consequently F' << h. This implies
F € L*(S5), since h € L*(S). Hence, it follows by virtue of Lemma that (F,F) e Ad().
Conclusively, we have, by uniqueness, that f = F.

Finally, iii) is an immediate consequence of the accretivity of Ag(’y). O
Lemma 7.H.2. Let (Ym)men C Ly, ,,(S) and assume that there is v € L'(S) such that

lim 7, =7, in L'(S).

m—r 00

Then

w - lim (Id+ A%(yn)) " th = (Id + A%(7))h, in L*(S),

m—o0

for any h € L>=(S).
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The following proof is long and technical. Moreover, the proof works similar to the one of [3| Prop.
3.5] which states the range condition L>(S) € R(Id + Al(~)). Proving the range condition works by
showing that a certain resolvent converges. As in our case, it is easy to see that the resolvent converges
to a limit, but it is very challenging to show that this is the correct limit. And the delicate technique
which is used to show that the limit is the correct one, is the same as in [3]. As it is, on a first glance,

not that obvious that these proofs work similar, the proof of Lemma [T.H.2| will be given here.

Proof. Firstly, observe that, by passing to a subsequence if necessary, lim ~,, =7 a.e. on S. Moreover,
m— o0

it is clear that |y| < go a.e. on S. This implies |y, — v|™**PP) < (2g,)™2*(PP) where p := p%.
Consequently, since A(S) < oo it follows by virtue of dominated convergence that
lim 5, =, in LP(S) and in L?(S). (7.31)

m—r o0

Let fn = (Id + A%(y))"'h for each m € N and f := (Id + A%(y))~*h. Additionally introduce
fon = Ag('ym)fm for all m € N and f := AZ(’y)f.
Note that by construction f + f =h=fn+ fm for each m € N. Moreover, we have

fim << fin + fn = h, ¥m €N, (7.32)

by complete accretivity.
Consequently, || frn|lzr(s) < ||R]|Lr(s) < 0o for each m € N. As LP(S) is reflexive this implies, by passing

to a subsequence if necessary, that there is an F' € LP(S) such that

w- lim f,, = F in LP(S). (7.33)
m—00
Now introduce F := h — F. Then
w- lim f,, = Fin LP(S), (7.34)
m— o0
as fm:h—fm for each m € N.
Now it will be verified that
F e WhP(S)n L>=(S). (7.35)

Proof of (7.35). First of all it follows from ([7.32), (7.33)) and by the virtue of [7, Corollary 2.7] that
F << h and consequently F' € L*°(S). Hence, particularly F' € LP(S).

Moreover, (fm, fm) € Ag('ym) together with |D yields
P P 1 P ! ; 2 2
IVl smny = [ IVImlPdA < — [ 4| Vm[PdA = — [ foo fmdXA < —AX(S)||][L(g).  (7.36)
' g1 9 g1
5 s 5
Consequently, by passing to a subsequence if necessary, there is an F = (Fy,...,F,,) € LP(S;R"™) such
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o _mi 7P(Q.Tn . . L .
that w n}gnoo V fm =F in LP(S;R™). This, together with 1) implies for all ¢ € C2°(.5) that

/Ficpd)\: lim fmigod)\ = lim f/goifmd)\ = f/go]Fjd)\,
O0x; m—00 O0x; m— 00 O0x;
S S S

ie. F e W (S) and VF = F. Consequently, (7.35) holds and also
w- lim Vf,, =VF in LP(S;R"). (7.37)
m—r oo
Now observe that (7.36)) yields

_ 5 Y 2
11950l 25 Fllpgsizry = [ 1Vl 7 = [ V5P < NS5
S S

Consequently, by passing to a subsequence if necessary, there is a ¢ € LP(S;R™) such that

w - lim |V fn|P72V frn = ¢ in LP(S;R™). (7.38)
Now it will be proven that
/ ¢ - Vd\ = / Fod\, Yo € WHP(S) N L>(S). (7.39)
S S

For ¢ € C(SY] (7.36) implies that

_ 5 ; ; 2
/IImeI” 2V fm - Vel dX < /ImeI”IWI”dA <l |v90|p||LW(S)gTA(S)||h||2LW(S) < oo,
S S

for all m € N.
This yields, by virtue of Holder’s inequality and (7.31)) that

lim (’7m - ’7)|vfm|p_2vfm -Vpd\| < n}gnoo ||7m - ’YHLP(S’)H |me|p_2me : v90||lzﬁ(,5‘) =0

m—o00
S

for all p € C°(9).
Using this, (7.34) as well as (7.38) yields (7.39) for ¢ € C°(S). Moreover, for arbitrary
© € WHP(S)NL>(S), there is, as S is of class C1, a sequence (¢, )men € C*°(S) such that li_r>n Pm =@

2C°°(S) denotes the space of all functions ¢ : S — R which are infinitely often continuously differentiable, such that ¢
and all its partial derivatives can be extended continuously to the boundary of S
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in W1P(S). Hence, as ¢ € LP(S;R") and F = h — F € L*°(S) C L?(S), we obtain

Fod\ = lim / Fond\ = lim / ¢ - Vomd\ = / ¢ - Vd,
m—0o0
S S

m—o00
S S

which verifies (|7.39).

Now observe the following: If
¢ =|VFP2VF, (7.40)
then (7.39) yields

/7|VF|P*ZVF - pd\ = /F(pd)\, Vo € WHP(S) N L>=(9).
S S

This, together with (7.35) implies (F, F') € Ad(y).
Since it has been already established that h = F + F and since also h = f +f as well as (f, f) € Ag('y)
the accretivity of Ag('y) yields

Nf = Fllisy < f = F+ f = Fllpas) = [lh = hl|pis) = 0.
Consequently, ((7.40) implies f = F and it follows by virtue of (7.33]) that

w- lim (Id+ Al(ym)) "h=w - lim fr,=F=f= (Id+ A%(~))""h in LP(S).

m— o0

Conclusively, since LP(S)-weak convergence implies L'(S)-weak convergence, the claim follows once
(7.40) is proven.
The delicate proof of ([7.40) is preceded by the proofs of the following four statements.

We have, by passing to a subsequence if necessary:

(1) limsup [ 3, |Vm|? < [ FEdA.
m—oo § S

(I1) w - liin YmV fm =V F in LP(S5).

(D) w - lim 5|V fin[P~?V frn = 7¢ in LP(S;R™).
)

(v lim J (v = m)|p|PdX = 0 for all p € LP(S;R™).
m OOS

Proof of (I). Firstly, (7.32) implies that || fin||r2(s) < [|h]|z2(s). Consequently, (fm)men has, by passing
to a subsequence if necessary, an L?(S)-weakly convergent subsequence, converging to an fe L2(S).

Moreover, it is plain that f = F and therefore

/ F2d)\ < lim inf / f2dN. (7.41)
S

m— 00
S
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Conclusively, it follows by virtue of (7.33) as well as (7.41]) that

m—r oo m— o0

limsup/'ym|me|pd)\ < limsup/fmhd)\—liminf/ffld)\ = /Fﬁ‘d)\.
m—0o0
5

Proof of (II). Firstly, note that (7.36] yields

D
g
||7mvfm||Lp (S;R™) = /anlme\pdA < ﬁ”\(smhﬂiwm) < o0, Vm e N.
5

Consequently, by passing to a subsequence if necessary, there is an « € LP(S;R"™) such that

W - li_I}n YmV fm = a in LP(S;R™).

(7.42)

Moreover, we have for any ¢ € L>°(S;R"), by virtue of Hélder’s inequality, Cauchy-Schwarz’ inequality,

(7.36) and (7.31) that

=

m—o0

S

. . 2
lim /(Vm =)V fm - pd)| < Jim [y = A ssll 1ol [z (s) (gl)‘(S)HhHLOQ(S))

Consequently, we obtain for any ¢ € L>(S;R™) by invoking (7.37) and ( - ) that

/(a—WF) pdA = lim /%me o= V- oydA = 0.
S S

This clearly implies &« = YV F'. Hence, ([7.42) implies (II).
Proof of (IIT). Firstly, note that it follows by virtue of (7.36]) that

9
nl¥ ol P2V ol 2 gy < 98 / VA < Z20(S) B )

Consequently there is, by passing to a subsequence if necessary, an o € LP(S;R") such that

w - lim v, | VP2V £ = a in LP(S;R™).
m—00

Moreover, we have for any ¢ € L>(S;R"), by virtue of Holder’s inequality, Cauchy-Schwarz’ inequality,

[736) and (731) that

lim / NV fin|P72V fr - @dA| = 0.
S
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Consequently, we obtain for any ¢ € L>(S;R™) by recalling (7.38)) that

Ja=20) - ear= tim [ QulVal? 2 o = AV £ P2V ) - o =0

s s

This implies a = ~C.

Proof of (IV). Since particularly 1i_r>n Ym —7 = 01in L(S) we have, by passing to a subsequence if neces-

sary, that (v — Ym)|plP = 0Oae. onS for any given ¢ € LP(S;R™). Since plainly

lim
m—r o0
|(7 = m)|@|P| < 2g2]p|P € L1(S), dominated convergence yields (IV).

Proof of (7.40). Let ¢ € L?(S;R™). First of all it is a direct consequence of Cauchy-Schwarz’ inequality

for the Euclidean norm that
Y (IV fn P72V frn = |0P20) - (Vi — ) 2 0, Ym €N

and consequently
/’Ym|%0\p_2<ﬂ' (me - @)d)\ S /’Ym|vfm|p_2vfm ) (vfm - (P)d)\v Vm € N7 pe LP(S;RH)~
S s

(Hereby the existence of both integrals is a direct consequence of the boundedness of v, and Holder’s
inequality.)

The last yields, by using at first (II) and (IV), then the last inequality, and finally (I) as well as (III)
that

[l (8 - pyix < [ FE-ag-pan vo e (iR, (7.43)
5 S
Now note that it follows from f,,, € D(A%(v,,)) that particularly f,, € W?(S)NL>(S). Consequently,

by (7.39) we get

/ YV frmd) = / Ffnd), Ym € N. (7.44)
S S

Now note that combining ((7.33)), (7.37) and (7.44)) yields

/ ¢ - VEd\ = / FFdX

S S

Consequently, we infer from (7.43)) that

/ AP 20 - (VF — p)dA < / 7 (VF — @)dA, Y € LP(S:R"), (7.45)
S S
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Now note that VF € LP(S;R™) which implies that VF — ap is, for any a € (0,00) and ¢ € LP(S;R") a
valid choice as a test function in (7.45)). Hence, using VF — ap as a test function in (7.45) and dividing
the resulting equation by « yields

/'y|VF —ap|P"3(VF — ap) - pd\ < /’y( ~dX, Yo € LP(S;R™), a € (0,00). (7.46)
S S

It is obvious that
Eir&’y\VF —ap|P 2(VF — ayp) - ¢ = y|VF|P"2VF - ¢ a.e. on S
for a given ¢ € LP(S;R™). Now let € > 0 and « € (0,¢). Then one instantly verifies that
NIV = aplP 2(VE —ap) - ¢ < g2(|VF| +elp])P o] ae. on S

for any ¢ € LP(S;R™). Now it is a direct consequence of Holder’s inequality that the right-hand-side
of the last inequality is in L'(S) for any ¢ € LP(S;R™). Hence, it follows by virtue of dominated

convergence that
li%/ﬂVF —aplP"A(Vf — ap) - pd\ = /7|VF\”_2VF - pdA.
.
s s
Consequently, it follows by recalling ([7.46)) that
/'y|VF|p*2VF~god)\ < /ygwdA, Yo € LP(S;R™).
s S
Conclusively, replacing ¢ by —¢ implies
JOIVEP29F = 10)- pix =0, vp € (SR,
s

Finally, this yields v|VF[P~2VF — 4( = 0 a.e. on S which implies (7.40) since particularly v # 0 a.e.
on S. O

Lemma 7.H.3. 7(L'(Q; LY(S))) as well as LY*°(Q; L1(S)) are dense subsets of L*(Q; L1(9)).

Proof. Firstly, note that clearly 7(L'(€; L*(S))) C L1°°(Q; L'(S)) which implies that it suffices to prove
the claim for 7(L'(Q; L1(9))).

Now let f € LY(Q; LY(S)) and introduce fi := 74 (f) for each k € N.

As klgl(f)lo Ti(8) = s for each s € R it is clear that leH;O fr(w) = f(w) a.e. on S for every given w € Q, up

to a P-nullset.
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Since | fx(w) — f(w)| < 2|f(w)| € LY(S), Lebesgue’s theorem yields
klim [ fr(w) = f(w)llL1(sy = 0, for P-ae. w € Q.
— 00

Moreover, || fi(-) = f(-)llzr(s)y < 2/1f()l|r(s) € L'(€2), which implies, by applying Lebesgue’s Theorem
again, that klim fr = fin LY(Q; LY(9)). O
hde el
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Chapter 8

Summary & Outlook

In this thesis, we have established numerous existence, uniqueness and asymptotic results. At first,

we demonstrated that the p-Laplacian semigroup (74, (t)):>0 fulfills an L°°-LP-contraction principle
for "large” p (Theorem [3.4.10), that (T4, (t))s>0 extincts in finite time for ”small” p (Theorem [3.5.6));

and we have derived a decay estimate for |[T4,(t)v — (v)gl|[z1(s) which is independent of the initial
v € LY(S), if p € (2,00) and 7 is sufficiently integrable, see Theorem Moreover, as a side-effect
of our L*°-LP-contraction principle, we also obtained a regularity result on the Holder continuity of this
semigroup, see Remark [3:4.11]

Even though these are strong results, it might be possible to improve them. Particularly, investigating
the space (or time) regularity of solutions in greater detail is an interesting way to continue the research

on the weighted p-Laplacian evolution equation.

Afterwards, we had developed an existence/uniqueness and asymptotic theory for ACPRM-processes.
In Chapter {4 we have introduced the notions of strong and mild solutions of and derived
convenient criteria guaranteeing the existence of a unique strong/mild solution, see Proposition
and Theorem Moreover, we exemplified the applicability of these results at hand of (T4, (t))¢>0
as well as the two real-valued semigroups introduced in Remark In addition, we have seen that
the mild/strong solution of must be an ACPRM-process. This fact is highly owed to the
structure of the noise term "n(t, z) Ng(dt ® z)”, which is a pure-jump noise. It might be possible, to
extend this to continuous noise by employing the theory of inhomogeneous abstract Cauchy problems,
but in this case it seems very unlikely that the solution still admits a representation formula which is as
nice as it is in the current setting. Nevertheless, doing that is an interesting (and probably challenging)
task.
In addition, we have devoted two chapters of this thesis to the asymptotic behavior of ACPRM-processes.
In Chapter [5| we exploited a finite extinction assumption on the involved semigroup, to derive an SLLN
and a CLT for vector-valued functionals of ACPRM-processes, see Theorem and Corollary
This required, among other things, that the noise terms (S,,)men and (1, )men are ii.d. sequences,

which are independent of each other and jointly independent of the initial . Even though our proofs
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heavily relied on these i.i.d.-assumptions, there is a chance that they can be relaxed: As outlined in
ey (n+1)
rely on the fact that the sequence ( [ EX, (T))d’]’) is

Yea (m) neN
an i.i.d.-sequence. This raises the intriguing question, whether some weaker distributional assumptions

Remark |5.2.6| the results in Chapter |5

on (Bm)meN, (Mm)men and z imply that the sequence of integrals fulfill some similar weaker conditions,
which are still good enough to derive an SLLN and a CLT. Of course, one runs the risk, that one cannot
prove an SLLN and a CLT for vector-valued functionals anymore, but only for real-valued ones.

Moreover, in Chapter [6] we demonstrated that ACPRM-processes are time-homogeneous Markov pro-
cesses, if the noise terms (8, )men and (9, )men are i.i.d. sequences, which are independent of each other
and jointly independent of the initial x, and if each f3,, is exponentially distributed, see Theorem [6.2.4]
The present author does not believe, that any of these conditions can be dropped. As demonstrated,
these results enable one to prove an SLLN (see Theorem , if the underlying semigroup decays
polynomially, and even a CLT (see Theorem , if this polynomial decay is sufficiently fast - but
in contrary to the results in Chapter [§] only for real-valued, Lipschitz continuous functionals. Hereby,
it is worth noting that establishing the Markov property, did not require any decay assumptions on the
involved semigroup, and that the proofs in Section relied on the general results in [39] and [I§].
Thus, it might be possible that one can prove an SLLN and a CLT under different decay assumptions,

employing techniques similar to those used in Section [6.3]

Finally, in Chapter[7]we demonstrated that the weight function occurring in the weighted p-Laplacian
evolution equation, can be replaced by an L!(S)-valued random variable g, fulfilling 0 < g; < g < ga,
for some constants g1,g2 € (0,00). We managed to derive existence and uniqueness of strong solu-
tions for the resulting equation (see Theorem 7 were able to transfer the asymptotic results for
the p-Laplacian semigroup to the new randomized case (Section , and last but not least we derived
bounds for the tail function if p is "small”, see Theorem [7.6.8] One obvious way of extending these
results, is trying to derive tail function bounds for ”large” p. Another (probably way more challenging)
generalization would be to weaken the assumptions on g, such that g(w) fulfills for P-a.e. w € Q, the
assumptions the weight function v in Chapter [3] had to fulfill. This change is not as innocuous as it
seems on a first glance: Firstly, we then would have to work with a ”"random” Sobolev space ng(’f) )(S),
and secondly the (long and delicate) proof of Lemma fails in this case.

In conclusion, we have gained new insights into the asymptotic behavior of the p-Laplacian semigroup,
developed an existence/uniqueness and asymptotic theory for ACPRM-processes, and have extended the
weighted p-Laplacian evolution equation to the randomized case.

The present author hopes that others will apply the results developed here, that the reader found the
theory presented in this monograph appealing; and, of course that this thesis might encouraged one, to

refine the developed results in one of the aforementioned ways.
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Notation

LK, %, V)
L4(9)

M(K,2; M)

\%

(Q, F,P)

Py

(T4, ())e>0

(Tp: (1))e>0

Wi ((0,00); V)
Xz

p-Laplace operator, see Definition
Closure of A, see Definition

Borel o-Algebra on a topological space (M, 1)

Lebesgue measure

Usual Bochner spaces, see Remark

Elements of L1(S,B(S), A;R) which are centered, see Remark m

Space of ¥-B(M)-measurable functions, see Remark

Ve is the vector of weak derivatives of a weakly diff. function ¢, see Section
Complete Probability Space

The law of a random variable Y, see Remark [2.2.10

The p-Laplacian semigroup, see Remark @
See Remark

V-valued functions which are loc. abs. cont. and diff. a.e., See Definition m

An ACPRM-process, see Definition and Remark

Inner product of any x,y € R™, where m € N.

Euclidean norm on R™, where m € N.
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