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Overview

The theme of decomposing mathematical objects appears in nearly every field of math-
ematics. Not surprisingly, it is also a vibrant research area in discrete mathematics
and combinatorics with many fundamental questions that are still unanswered. For
instance, early work dates already back to the study of Latin squares by Leonhard
Euler in the 18th century as well as the study of Steiner (triple) systems by Jakob
Steiner and Thomas Kirkman in the 19th century. Recently, there has been some
exciting progress in this area. This thesis adds to this body of research and contains
various new results on embeddings and decompositions of graphs and hypergraphs.
Our motivating meta-question can be phrased as follows:

Suppose we are given a (hyper)graph G and a (hyper)graph H.
(1) Can we find H as a subgraph in G?
(2) Can we even decompose the edge set of G into edge-disjoint copies of H ?

Question (1) is well-studied in many aspects. Early instances include Turan’s and
Ramsey’s theorem as well as Hall’s and Tutte’s characterizations for a graph to contain
a perfect matching. Frequently studied problems concern the setting when G and H
have roughly the same number of vertices. Classical results are Dirac’s theorem on the
minimum degree threshold for the existence of a Hamilton cycle and the celebrated
Hajnal-Szemerédi theorem.

In 1997, Komlés, Sarkoézy and Szemerédi developed a powerful tool that reshaped
the landscape of extremal combinatorics and extremal graph theory, called the ‘blow-
up lemma’. It answers question (1) in the affirmative for general bounded degree
graphs H, given that G is sufficiently large and quasirandom. That is, the blow-up
lemma informally states that (multipartite) quasirandom graphs behave as if they
were complete for the purpose of embedding spanning bounded degree graphs. The
power of the blow-up lemma arises in combination with Szemerédi’s regularity lemma,
which allows to ‘regularise’ any large enough graph into a bounded number of such
quasirandom pairs.

Naturally, decomposition problems of the type of question (2) are usually harder.
Besides the classical theorem of Walecki from the 1890s on decompositions of the
complete graph into Hamilton cycles, most achievements on question (2) have been
obtained more recently. In 2019, Kim, Kiihn, Osthus and Tyomkyn greatly extended
the blow-up lemma by proving a ‘blow-up lemma for approximate decompositions’. It
says that also question (2) is approximately true for general bounded degree graphs H,
given that G is sufficiently large and quasirandom. In more detail, the blow-up lemma
for approximate decompositions states that the edge set of a multipartite quasirandom
graph can be almost decomposed into any collection of bounded degree graphs with
the same multipartite structure and slightly fewer edges.

This thesis contains three novel results concerning questions (1) and (2): we prove
a ‘rainbow blow-up lemma for almost optimally bounded edge-colourings’, we give a
short proof of the aforementioned blow-up lemma for approximate decompositions,
and most notably, we lift the blow-up lemma for approximate decompositions to the
setting of hypergraphs. We explain these results in more detail in the following.
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iv OVERVIEW

A natural variant of question (1) is to impose further restrictions or additional
properties on H and G. One way to incorporate this is to assign colours to the edges
of the host graph G. A subgraph of an edge-coloured graph is called rainbow if all
its edges have different colours. Many combinatorial problems can be phrased as a
rainbow subgraph problem, as for instance the famous Ryser—Brualdi—Stein conjecture
on partial transversals in Latin squares as well as the graceful labelling conjecture.
Recently, Montgomery, Pokrovskiy and Sudakov proved a long-standing conjecture
of Ringel on graph decompositions into trees by reducing it to a rainbow subgraph
problem. In this thesis we prove a rainbow version of the original blow-up lemma
that applies to almost optimally bounded colourings. Our result implies that there
exists a rainbow copy of any bounded degree spanning subgraph H in a quasirandom
host graph G, assuming that the edge-colouring of G is such that there are only a few
more colours present than actually needed so that H can be rainbow. We apply our
rainbow blow-up lemma to obtain new results for graph decompositions, orthogonal
double covers and graph labellings following the work of Montgomery, Pokrovskiy and
Sudakov.

The second main contribution is a significantly shorter proof of the blow-up lemma
for approximate decompositions. In fact, we prove a more general theorem that yields
approximate decompositions with stronger quasirandom properties, which lead to an
easier applicability of the theorem. It can be applied in combination with Keevash’s
results on designs such that we obtain new perfect decomposition results of quasi-
random graphs into regular spanning subgraphs. Our proof method also gives rise to
decompositions of directed graphs.

All previously mentioned results apply only to the setting of graphs. In fact, only
very few results have been obtained that concern hypergraph decompositions into (es-
sentially) spanning structures. Here, we extend the blow-up lemma for approximate
decompositions to hypergraphs. This answers question (2) in the affirmative for general
bounded degree hypergraphs H, given that G is sufficiently large and quasirandom.
That is, we prove that any quasirandom hypergraph G can be approximately decom-
posed into any collection of bounded degree hypergraphs with almost as many edges.
The result also applies to multipartite hypergraphs and even to the sparse setting when
the edge density of G tends to 0 in terms of the number of vertices of G. This answers
and addresses questions of Kim, Kihn, Osthus and Tyomkyn as well as Keevash.

A key ingredient for the proofs of the blow-up lemmas in this thesis is a result on
pseudorandom hypergraph matchings. A celebrated theorem of Pippenger states that
any almost regular hypergraph with small pair-degrees has an almost perfect matching.
It is based on Rodl’s resolution of the Erdés-Hanani conjecture by the invention of the
nowadays famous ‘Rédl nibble’. We show that one can find such an almost perfect
matching which is random-like with respect to a collection of weight functions.
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Chapter 1

Introduction

The theme of decomposing ‘large’ objects into ‘smaller’ objects or finding a maximal
number of specified ‘small’ objects in a ‘larger’ object is among the key topics in
mathematics and there are fundamental decomposition theorems in almost all areas of
mathematics, such as the decomposition of an integer into its prime factors, various
results on matrix decompositions into a product of matrices, Doob decompositions of
stochastic processes and martingales, Lebesgue, Hahn and Jordan decompositions of
measures, Helmholtz decompositions of vector fields, decomposition of manifolds, and
decomposition of groups and Lie groups. In discrete mathematics and combinatorics,
problems on decompositions already appear in Euler’s question from 1782 for which n
there exist pairs of orthogonal Latin squares of order mn, in Steiner’s questions for
Steiner systems from the 1850s which cumulated in the ‘existence of designs’ question,
in Walecki’s theorem on decompositions of complete graphs into edge-disjoint Hamilton
cycles from the 1890s, and in Kirkman’s famous ‘school girl problem’. These questions
and results set off an entire branch of combinatorics and design theory. It is nowadays
a vibrant research area with several beautiful results and conjectures as well as some
exciting progress in the last decades.

In this thesis, I present several new results on embeddings and decompositions of
graphs and hypergraphs. In particular, the main results are versatile tools for attacking
such embedding and decomposition problems. I briefly introduce the main results in
Section 1.3.

1.1 Decompositions of graphs and hypergraphs

This thesis is on packings, embeddings and decompositions of graphs and hypergraphs.
I will highlight some of the history and recent advances in Section 1.1.2. But what
is a graph or hypergraph? What is a packing, embedding or decomposition of a (hy-
per)graph? Let us make this precise first.

1.1.1 Terminology

A hypergraph G consists of a vertex set V(G) and an edge set E(G) which is a set
of subsets of V(G), and we denote by v(G) and e(G) the number of vertices and
edges of GG, respectively. We say G is k-uniform or simply a k-graph if all edges have
size k. A 2-graph is simply called a graph. For a collection H of (hyper)graphs and
a (hyper)graph G, we say there is a packing of H into G if there are edge-disjoint
copies of the members of H in G. If H consists only of a single (hyper)graph H, we
often call such a packing an embedding of H into G. The collection H decomposes G if
additionally ) ;4 e(H) = e(G). We also say that there is an H-decomposition of G

1



2 CHAPTER 1. INTRODUCTION

into copies of a (hyper)graph H if the edge set of G can be partitioned into copies
of H.

1.1.2 History — some beautiful conjectures and results

Rather than providing a complete historical background, I will highlight some famous
advances and conjectures in the area of graph and hypergraph decompositions. There
is a large collection of surveys emphasising certain aspects of the area, to which I refer
the reader for a more comprehensive outline of further results and proof techniques [48,
54, 55, 89, 91, 93, 113, 121, 122, 124].

Designs and Steiner systems

Let us first come back to Steiner’s question for Steiner systems from the 1850s and
the question of the ‘existence of designs’. An (n,q,r, \)-design is a set B of g-element
subsets (called ‘blocks’) of some n-element set V', such that every r-element subset of V
belongs to exactly A blocks of B. It can be easily seen that there are some obvious and
necessary ‘divisibility conditions’ for the existence of a design. An (n,q,r,1)-design
is also called an (n,q,r)-Steiner system. In the 1850s Jakob Steiner asked for which
parameters these systems exist which cumulated in the analogous ‘existence of designs’
question. In more detail, the ‘existence conjecture’ states that for given parameters
q,7, A, the necessary divisibility conditions are also sufficient for the existence of an
(n,q,r, A)-design except for a finite number of n.

It took over a century, until Wilson [118, 119, 120] famously established this ques-
tion for » = 2. For larger values of r, only very little was known until recently. In
particular, it was even open whether there exist infinitely many Steiner systems for
r >4, and for r > 6, not a single example of a Steiner system was known. Rodl [111]
gave an approximate solution to the existence conjecture which established a conjec-
ture of Erdos and Hanani. Not only the result itself but also the proof method known
as the ‘Rodl nibble’ became a cornerstone in the area. In a phenomenal achievement
in 2014, Keevash [71] established the existence of designs in general. In fact, Keevash
considered the more general setting of decomposing sufficiently large and quasirandom
hypergraphs into cliques of fixed size. Note that an (n, ¢, r)-Steiner system is equival-
ent to the decomposition of the complete r-graph K,(f) on n vertices into r-uniform
cliques Kq(T) on q vertices. The result of Keevash was generalized by Glock, Kiihn,
Lo and Osthus [52] to the setting of hypergraph decompositions into arbitrary hy-
pergraphs of fixed size, before Keevash lifted his result to a more general framework
in [72]. This includes the decomposition into H-factors of fixed size,! which relates
to resolvable designs, and the decomposition of multipartite quasirandom hypergraphs
into hypergraphs of fixed size. A resolvable design is the general form of Kirkman’s
famous ‘school girl problem’. I refer to [117] for more history on this topic. Further,
note that Ray-Chaudhuri and Wilson [108, 109] previously established the existence
for resolvable designs for r = 2.

Hamilton decompositions of graphs

Whereas the results in the previous section deal with H-decompositions of (hyper)-
graphs G into (hyper)graphs H of fixed size, there is also a large amount of results
on H-decompositions for graphs where the number of vertices of H equals the number
of vertices of G, or is at least comparable. This dates already back to the classical

! An H-factor in a hypergraph G is a set of vertex-disjoint copies of H that together cover all vertices
of G.



1.2. THE BLOW-UP LEMMA 3

result of Walecki from the 1890s on decompositions of the complete graph Ko, 1 into
Hamilton cycles. There are plenty of further results on Hamilton decompositions and
I want to highlight two exciting results that have been established in the last decade.

Kiithn and Osthus [92] famously resolved Kelly’s conjecture stating that every reg-
ular tournament? has a decomposition into Hamilton cycles. In fact, they proved a
more general decomposition result based on robust expansion.

Nash-Williams [105, 106] raised the problem of decomposing a D-regular graph for
even D into Hamilton cycles. This was answered in more general by Csaba, Kiihn, Lo,
Osthus and Treglown [25] who resolved the Hamilton decomposition conjecture, that
is, the decomposition of every D-regular graph on n vertices for large n and D > |n /2]
into Hamilton cycles and at most one perfect matching.

Recent advances on graph decompositions

The following three prominent conjectures have been wide open for the last decades,
until recently some striking advances have been achieved. The first two conjectures
concern decompositions of the complete graph into trees.

Conjecture 1.1 (Ringel, 1963, [110]). For all n and all trees T on n + 1 vertices,
there is a decomposition of Kopy1 into 2n + 1 copies of T.

Conjecture 1.2 (Tree packing conjecture — Gyérfas and Lehel, 1976, [58]). For alln
and all sequences of trees 11, ..., T, where T; has i vertices, there is a decomposition
of K,, into T1,...,T,.

The following third conjecture concerns the decomposition of the complete graph
into cycle factors. It was posed by Ringel at an Oberwolfach meeting in 1967, where he
asked whether there exists a seating chart for 2n + 1 people at n diners around round
tables such that every person sits next to every other person exactly once.

Conjecture 1.3 (Oberwolfach problem — Ringel, 1967, cf. [94]). For all odd n and all
2-reqular graphs F' on n vertices, there is a decomposition of K, into copies of I

Most of the recent progress on these conjectures is based on very elaborated ana-
lyses of random processes. This includes the resolution of Conjectures 1.1 and 1.2 for
bounded degree trees [65], the complete resolutions of Conjecture 1.1 in [76, 103] and
of Conjecture 1.3 in [51, 75], and the resolution of Conjecture 1.2 for families of trees
with many leaves [5]. All these results hold for sufficiently large n.

In this thesis I present several new results on embeddings and decompositions of
graphs and hypergraphs. In particular, the main results are versatile tools for attacking
embedding and decomposition problems. I briefly introduce these results in Section 1.3.

1.2 The blow-up lemma

The blow-up lemma by Komlés, Sarkoézy and Szemerédi [82] is a powerful result in ex-
tremal combinatorics for embedding a spanning bounded degree graph into a dense host
graph. Clearly, the task of finding one specific spanning subgraph becomes trivial if the
host graph is complete. Informally, the blow-up lemma states that dense quasirandom
bipartite graphs behave as complete bipartite graphs for the purpose of embedding
a bounded degree graph. The power of the blow-up lemma therefore arises from the
combination with Szemerédi’s regularity lemma [116], which provides such a partition

2A tournament is an orientation of the complete graph. It is regular if the indegree of every vertex
equals its outdegree.
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of any host graph into quasirandom bipartite graphs. Roughly speaking, Szemerédi’s
regularity lemma guarantees a partition of any large enough graph into a bounded
number of bipartite pairs that behave random-like, and the blow-up lemma enables to
embed any (spanning) bounded degree graph into such random-like host graphs. We
refer to Theorem 4.5 in Chapter 4 for an explicit statement of the blow-up lemma.

The blow-up lemma has had major impact on extremal graph theory and lead to
a series of very strong results: the existence of spanning trees in dense graphs [86],
the proofs of the Pésa-Seymour conjecture [83] and the Seymour conjecture [84] on
the minimum degree condition for the existence of the kth power of a Hamilton cycle,
the proof of the Alon-Yuster conjecture [85] on the minimum degree condition for
the existence of an H-factor, the proof of the bandwith conjecture of Bollobas and
Komlés [19], and the proofs of Kithn and Osthus of Kelly’s conjecture [92] as well as
for the minimum degree threshold for perfect graph packings [90]. We also refer to the
surveys [89, 113, 124] for further results and developments.

Many variations of the blow-up lemma have been obtained over the years (see
also [18, 24, 112]), which includes versions for sparse host graphs due to Allen, Bottcher,
Han, Kohayakawa and Person [6], a hypergraph version due to Keevash [70], and a ver-
sion suitable for graph decompositions due to Kim, Kiithn, Osthus and Tyomkyn [79].
The latter one is a far-reaching generalization of the original blow-up lemma. Kim,
Kiihn, Osthus and Tyomkyn proved that one cannot only find one single copy of a
bounded degree graph H in G (as in the usual blow-up lemma), but in fact, G can
almost be decomposed into copies of H. This result immediately implies various decom-
position conjectures approximately such as Conjecture 1.3, as well as Conjectures 1.1
and 1.2 for bounded degree trees; but even more: combining this approximate decom-
position result with certain absorbing techniques allows for complete decompositions.
Therefore, the blow-up lemma for approximate decompositions is also one of the key
tools for the resolutions of Conjectures 1.1 and 1.2 for bounded degree trees [65] and
implicitly also for the complete resolution of Conjecture 1.3 in [51]. However, the proof
of the blow-up lemma for approximate decompositions is quite involved, very long and
complex.

1.3 Overview of the main results

The main results of this thesis are three generalizations of the original blow-up lemma
presented in Chapters 3-5 that we briefly introduce in the following Sections 1.3.1—
1.3.3, respectively. In Section 1.3.4, I present the result of Chapter 2 on pseudorandom
hypergraph matchings that will be used as a key ingredient in the proofs of our blow-up
lemmas. The corresponding chapters contain the explicit statements of the correspond-
ing results as well as further discussions and related work on the individual problem.

1.3.1 A rainbow blow-up lemma

A subgraph of an edge-coloured graph is called rainbow if all its edges have different
colours. Rainbow colourings appear in many contexts of combinatorics, and many
problems beyond graph colouring can be translated into a rainbow subgraph prob-
lem, where one aims to find a rainbow subgraph in an edge-coloured host graph. For
instance, in a recent breakthrough, Montgomery, Pokrovskiy and Sudakov [103] com-
pletely resolved Conjecture 1.1 by reducing it to a rainbow embedding problem. We
further discuss problems on rainbow embeddings in Section 3.1.

In Chapter 3 we prove a rainbow version of the original blow-up lemma that applies
to ‘almost optimally bounded edge-colourings’, that is, when the host graph is edge-
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coloured with only a few more colours than needed. A corollary of this is that there
exists a rainbow copy of any bounded degree spanning subgraph H in a quasirandom
host graph G, assuming that the edge-colouring of G fulfils a boundedness condition
that is asymptotically best possible (cf. Theorems 3.2 and 3.3); that is, there are only
a few more colours present in GG than actually needed so that H can be rainbow.

In Section 3.7 we discuss applications of this result to graph decompositions, graph
labellings and orthogonal double covers following the recent work of Montgomery,
Pokrovskiy and Sudakov [104].

These results are presented in Chapter 3 and are joint work together with Stefan
Glock and Felix Joos based on [30].

1.3.2 The blow-up lemma for approximate decompositions

As mentioned in Section 1.2, Kim, Kiithn, Osthus and Tyomkyn [79] extended the usual
blow-up lemma by proving a ‘blow-up lemma for approximate decompositions’, which
can also be applied in combination with Szemerédi’s regularity lemma. This result
states that for a multipartite quasirandom graph G and a bounded degree graph H,
one cannot only find one single copy of H in G, but in fact, G can be almost decomposed
into copies of H. In more detail, they even prove that if G is a multipartite quasirandom
graph and H is a collection of bounded degree graphs with the same multipartite
structure and slightly fewer edges than G, then H packs into G. This extends results
of Bottcher, Hladky, Piguet and Taraz [16], of Messuti, R6dl and Schacht [100], and of
Ferber, Lee and Mousset [41]. The multipartite framework can also be used to obtain
results for the non-partite setting; let us state this (simpler) version. For € > 0 and
d € (0,1], we say an n-vertex graph G is (e, d)-quasirandom if |[Ng(u)| = (d £ )n and
|INGg(u) N Ng(v)| = (d? £ €)n for all distinct u, v € V(G).

Theorem 1.4 (Kim, Kiithn, Osthus, Tyomkyn [79]). For all a > 0, there exist ¢ > 0
and ng € N such that the following holds for all n > ng and d > «. Suppose G is an
(¢,d)-quasirandom graph on n vertices and H 1is a collection of graphs on at most n
vertices with mazimum degree at most o', |H| < o 'n and Y- ey e(H) < (1—a)e(G).
Then there is a packing ¢ of H into G.

Let us note at this point that Kim, Kiihn, Osthus, and Tyomkyn also raised the
following question, to which we come back in the next section.

Question 1.5 (Kim, Kiihn, Osthus, Tyomkyn [79]). Does Theorem 1.4 also hold when
d— 0 forn—oco?

In Chapter 4 we present a new and significantly shorter proof of the blow-up lemma
for approximate decompositions. In fact, we prove a more general theorem that yields
approximate decompositions with stronger quasirandom properties and allow for an
easier handling of exceptional vertices (cf. Theorems 4.2 and 4.3 in Chapter 4). This
allows for an easier applicability such that one can combine this with Keevash’s results
on designs [72].

We discuss applications of this result in Section 4.6. This also includes a result for
approximate decompositions of directed graphs.

These results are presented in Chapter 4 and are joint work together with Felix
Joos based on the preprint [32].

1.3.3 A hypergraph blow-up lemma for approximate decompositions

Chapter 5 contains the most technically involved but also most powerful result of this
thesis: We prove that any quasirandom uniform hypergraph G can be approximately
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decomposed into any collection of bounded degree hypergraphs with almost as many
edges. Let us state a simplified version of this result. We use the following notion of
quasirandomness as also used by Keevash in [72]. To that end, for a k-graph G and
a (k — 1)-set S of vertices of G, let Ng(S) be the set of vertices that form an edge
together with S. For ¢ > 0, t € N, d € (0,1], we say the k-graph G on n vertices is
(e,t,d)-typical if |Nges Na(S)| = (1 £ £)dlSIn for all sets S of (k — 1)-sets of vertices
of G with |S| <t. We refer to the (vertex) degree of a vertex v as the number of edges
containing v.

Theorem 1.6 (Ehard, Joos [31]). For all o > 0, there exist ng,t € N and € > 0 such
that the following holds for all n > ngy. Suppose G is an (e,t,d)-typical k-graph on n
vertices with k < o', d > n~¢ and Hy,...,Hy is a collection of k-graphs on n vertices
with mazimum vertex degree at most a1 such that > je(H;) < (1—a)e(G). Then
Hy, ..., Hy pack into G.

el

Our results also apply to the sparse setting when the edge-density of the host
hypergraph G tends to 0 in terms of the number of vertices (cf. that we allow for d >
n~¢ in Theorem 1.6). This answers Question 1.5 of Kim, Kiithn, Osthus and Tyomkyn
in a strong form. Further, our main result is also tailored for multipartite hypergraphs.
Hence, we lift the hypergraph blow-up lemma for embedding one single hypergraph
due to Keevash [70] as well as the blow-up lemma for approximate decompositions of
graphs due to Kim, Kiithn, Osthus and Tyomkyn to the setting of decomposing (sparse)
quasirandom hypergraphs. They both explicitly asked for such a result in [73] and [79].
However, our notion of quasirandomness is a stronger assumption than hypergraph
regularity as used in [70] (cf. the precise statements of our results in Section 5.1.1).

So far, there have been only few results for decompositions of hypergraphs into
spanning structures, such as various types of Hamilton cycles [12, 45, 46] as well as
Keevash’s results on H-factors [72]. Our result is an extension to decompositions of
quasirandom hypergraphs into any spanning hypergraph H with bounded maximum
degree. Naturally, since we allow for decompositions into arbitrary hypergraphs H and
do not require any further restrictions on the structure of H except that the maximum
degree is bounded, one cannot hope to obtain a perfect decomposition result in general.

We discuss applications of the main results of Chapter 5 in Section 5.8. In partic-
ular, we pose analogues of Conjectures 1.1-1.3 for hypergraphs and our main results
imply approximate versions thereof. Further, we illustrate applications to decomposi-
tions of simplicial complexes.

The results of Chapter 5 are joint work together with Felix Joos based on the
preprint [31].

1.3.4 Pseudorandom hypergraph matchings

Hypergraph matchings are a versatile concept as many questions in combinatorics
can be formulated as a matching problem in a hypergraph. Note that a matching in a
hypergraph is a collection of pairwise disjoint edges. A celebrated theorem of Pippenger
states that any almost regular hypergraph with small codegrees has an almost perfect
matching.® This generalizes Rodl’s result used for the solution of the Erdds-Hanani
conjecture. In Chapter 2 we show that one can find such an almost perfect matching
which is ‘pseudorandom’. For instance, the matching contains as many edges from a
given set of edges as we would expect in the setting of an idealized random matching.
More generally, we allow to introduce weight functions that assign non-negative weight

3The codegree or pair-degree of two vertices in a hypergraph is the number of edges where these
two vertices appear together.
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to tuples of edges of the hypergraph and our result yields a matching that contains
as much weight as we would expect in the setting of an idealized random matching. I
refer to Theorems 2.2 and 2.3 in Chapter 2 for exact statements of this result. It will
be a key ingredient in the main proofs of Chapters 3-5.

In Chapter 2 we provide more background on hypergraph matchings together and
the main results, which are joint work together with Stefan Glock and Felix Joos based
on [29].

1.4 A general proof outline

In this section we outline the general strategy and the high-level approach that under-
pin the proofs of the presented blow-up lemmas in Chapters 3—5. The proofs become
gradually more complex starting from Chapter 3 to Chapter 5, and we give more
detailed proof overviews in each individual chapter.

Suppose H and G are multipartite graphs with vertex partitions (Xi,...,X,) and
(V4,...,V,), respectively, with |X;| = |V;|, and we aim to embed H into G so that X;
is mapped onto V;.

In the literature, there are two common approaches for proving blow-up lemmas.
The original approach of Komlés, Sarkozy and Szemerédi consists of a randomised
sequential embedding algorithm, which embeds the vertices of H one-by-one, choosing
each time a random image from all available ones. This strategy has also been used
in [6, 18, 24, 70].

Shortly after the appearance of the blow-up lemma, Rédl and Ruciriski [112] de-
veloped an alternative proof, where instead of embedding vertices one-by-one, the
algorithm consists of only a constant number of steps. In the i-th step, the whole
cluster X; is embedded into V;. The desired bijection is obtained as a perfect match-
ing within a ‘candidacy graph’ A;, which is an auxiliary bipartite graph between X;
and V; where zv € F(A;) only if v is still a suitable image for x. Although these can-
didacy graphs (of clusters not yet embedded) become sparser after each step, Rodl and
Rucinski were able to show that one can maintain their super-regularity throughout
the procedure. This approach was also employed in [50, 79] and also underpins our
general proof strategy.

In the individual settings of the blow-up lemmas presented in this thesis, we have to
impose additional restrictions on the matching that we want to find within the candid-
acy graph A;; for instance, that the used edges in G when embedding the vertices X;
into V; are rainbow, or that they are still edge-disjoint if we pack a collection of graphs
H into G. We encode these restrictions in an auxiliary hypergraph H,,, such that a
hypergraph matching in H 4, will correspond to a matching in A; that satisfies the re-
quired restrictions. By employing our result for pseudorandom hypergraph matchings
from Chapter 2, we can find a matching in H4,, that maps almost all vertices of X;
onto V; and satisfies several pseudorandom properties. In particular, these properties
will guarantee that the updated candidacy graphs for the next embedding rounds will
still be super-regular such that we can iteratively find a pseudorandom hypergraph
matchings that maps almost all vertices of X; into V; for each cluster of (Xi,...,X,).
Note that this approximate procedure leaves some vertices of each cluster X; unembed-
ded, that is, they are not mapped onto V;. However, by employing the pseudorandom
properties of our hypergraph matching, we can sufficiently control this leftover and
guarantee that it is well-behaved so that we can turn such an approximate embedding
into a complete one. Therefore, each of the Chapters 3-5 will consist of two parts:
a first part with an approximate embedding/packing lemma that performs one such
embedding step of almost all vertices of X; into V;, which we then apply iteratively to
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map almost all vertices (Xi,...,X,) into (V1,...,V,), and a second part for the com-
pletion that turns the approximate embedding into a complete one. The difficulties of
the first part are to carefully control several important quantities during the approx-
imate embedding/packing phase. We have to guarantee that we can iteratively apply
our hypergraph matching result from Chapter 2 in order to map almost all vertices of
X into V; for each ¢ € [r], and we have to guarantee that the vertices that are left un-
embedded are well-behaved. The difficulties of the second part are to suitably turn the
approximate embedding/packing of the first stage into a complete one. To that end, in
each of the settings of Chapters 3-5, we will reserve in the beginning an edge set of the
host graph G for this completion step that we do not use for the approximate embed-
ding/packing in the first stage. We will use the following completion techniques for the
individual settings. For the completion step of our rainbow blow-up lemma for almost
optimally bounded edge-colourings, we will employ another rainbow blow-up lemma
for o(n)-bounded edge-colourings due to Glock and Joos [50]. For the completion step
of our proof of the blow-up lemma for approximate decompositions, we will iteratively
apply the usual blow-up lemma. For the completion step of our hypergraph blow-up
lemma for approximate decompositions, we will use a random matching procedure.

1.5 Preliminaries

1.5.1 Notation

In this section we introduce some general notation and terminology for graphs and
hypergraphs. Recall also Section 1.1.1 for the definitions of (hyper)graphs, packings,
embeddings and decompositions.

Let us first collect some graph terminology. We consider finite, simple and un-
directed graphs and use standard graph terminology. For a graph G, we let V(G)
and E(G) denote the vertex set and edge set, respectively. We say u € V(G) is a
G-vertex and it is a G-neighbour of v € V(G) if uv € E(G). As usual, deg(u) denotes
the degree of a vertex u in G, and A(G) and 6(G) denote the maximum and minimum
degree of G, respectively. For u,v € V(G), let Ng(u,v) := Ng(u) N Ng(v) denote the
common neighbourhood of u and v, and let Ng[u] := Ng(u) U {u}. For a set S, let
Na(5) == Uyesnv(e) Na(v). For disjoint subsets A, B C V(G), let G[A, B] denote the
bipartite subgraph of G between A and B and G[A] the subgraph in G induced by A.
Let e(G) be the number of edges of G and let eg(A, B) denote the number of edges
of G[A, B]. For m € N, let G™ denote the m-th power of G, that is, the graph ob-
tained from G by adding all edges between vertices whose distance in G is at most m.
A subset X C V(G) is 2-independent if it is independent in G2. For (hyper)graphs
G, H, we write G — H to denote the (hyper)graph with vertex set V(G) and edge set

Next, we introduce some terminology for hypergraphs. We will collect more specific
notation for the statement of our hypergraph blow-up lemma for approximate decom-
positions in Section 5.3.1 of Chapter 5. A hypergraph H consists of a vertex set V(H)
and an edge set E(H) C 2V If all edges have size r, then H is called r-uniform, or
simply an r-graph. For a hypergraph H, we denote by v(H) and e(H) the number of
vertices and edges of H, respectively, and we define for vertices u,v € V(H), the degree
degy(v) :=1|{e € E(H): v € e}| and codegree degy(uv) := |{e € E(H): {u,v} C e}|.
Let

A(H) = vgxl/z%é) degy(v), 0(H) = vglfig}{) degy(v) and A°(H) = uaﬁgg‘x/)%m degy (uv)
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denote the mazimum degree, minimum degree and mazimum codegree of H, respect-
ively.

We collect some general notation. For & € N, we write [k]p := [k] U {0} =
{0,1,...,k}, where [0] = 0. For a finite set S and k € N, we write (‘z) for the set
of all subsets of S of size k and 2° for the powerset of S. For a set {i, j}, we sometimes
simply write ij. For a,b,c € R, we write a = b £ ¢ whenever a € [b — ¢,b + ¢]. For
a,b,c € (0,1], we sometimes write a < b < ¢ in our statements meaning that there
are increasing functions f, ¢ : (0,1] — (0, 1] such that whenever a < f(b) and b < g(c),
then the subsequent result holds. For a € (0,1] and b € (0,1]*, we write a < b
whenever a < b; for all b; € b, i € [k]. For the sake of a clearer presentation, we avoid
roundings and assume that large numbers are integers whenever it does not affect the
argument.

1.5.2 Probabilistic tools

We will make use of several probabilistic arguments and employ concentration in-
equalities to establish the concentration of a random variable X. If X is the sum of
independent Bernoulli variables, we use the following well-known Chernoff-type bound.

Lemma 1.7 (Chernoff’s bound, see [63]). Suppose X1i,...,X,, are independent ran-
dom variables taking values in {0,1}. Let X :=> " X;. Then, for all X >0,

PIX —E[X]| > A] <2exp <_2(E[X>]\+)\/3)>

Similarly, if X is a function of several independent random variables and does not
depend too much on any of the variables, we use the following ‘bounded differences
inequality’.

Lemma 1.8 (McDiarmid’s inequality, see [99, Lemma 1.2]). Suppose X1,...,X,, are
independent random variables and suppose by, ..., by € [0, B]. Suppose X is a real-
valued random wvariable determined by X1, ..., X, such that changing the outcome of
X; changes X by at most b; for alli € [m]. Then, for all A > 0, we have

2
P[X ~E[X]| > \] < 2exp (—Bgﬂilb)

Even though we will mostly use the concentration inequalities of Lemmas 1.7
and 1.8, we also consider exposure martingales at some points (for instance, in the
proof of Theorem 2.5 in Section 2.3 ). That is, suppose we have a random vari-
able X that is determined by independent random variables Y7,...,Y,, and we define
X: :=E[X |Y1,...,Y:]. Then it is well-known that (X¢)¢>o is a martingale, the so-
called ezxposure martingale for X. Note that Xy = E[X] and X,, = X. Now, Freed-
man’s concentration inequality for martingales can be used to obtain concentration of
X around its mean.

Lemma 1.9 (Freedman’s inequality [44]). Let (2, F,P) be a probability space and let
(Ft)e=0 be a filtration of F. Let (Xi)i>0 be a martingale adapted to (Fi)i>0. Suppose
Yo E[| X1 — Xu| | Fi] < o and that | X1 — Xi| < C for allt. Then, for any A > 0,

)\2
P[| X — Xo| > A for some t] < 2exp (_W> .
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The following more convenient form of Freedman’s inequality will often suffice for
our purposes and follows directly from Lemma 1.9.

Lemma 1.10. Suppose X, Xy,..., X, are real-valued random wvariables with X =
D icim) Xi such that |X;| < B and 37 E'[|[Xi]] < p, where E'[X;] denotes the
expectation conditional on any given values of X; for j <i. Then

U
PlIX|> 2u] < 2 (——)
[|X] > 2u] < 2exp 1B

1.5.3 Graph regularity

For a bipartite graph G with vertex partition (Vi, V2), we define the density of Wy, Wy
with W; C V; by dg(Wi, Wa) := eq(W1, Wa)/|W1||[Wa|. Given € > 0 and d € [0, 1], we
say G is (e,d)-regular if dg(W1,Ws) = d £ ¢ for all W; C V; with |W;| > ¢|V;|, and G
is (e, d)-super-regular if in addition |Ng(v) N Va_;| = (d £ €)|V3_;| for each ¢ € [2] and
v € V;. The following is one of the fundamental properties of e-regularity.

Fact 1.11. Let G be an (g,d)-regular bipartite graph with partition (A, B), and let
Y C B with |Y| > ¢|B|. Then all but at most 2¢|A| vertices of A have (d £ €)|Y|
neighbours in'Y .

We will also often use the fact that super-regularity is robust with respect to small
vertex and edge deletions.

Fact 1.12. Suppose 1/n < ¢ < d. Let G be an (g,d)-super-reqular bipartite graph
with partition (A, B), where €/%n < |A|,|B| < n. If A(H) <en and X C AU B with
|X| < en, then GIA\ X, B\ X| — E(H) is (¢'/3, d)-super-regular.

The following is essentially a result from [28]. (In [28] it is proved in the case when
|A| = |B| with 16¢'/® instead of ¢'/6. The version stated below can be easily derived
from this.)

Theorem 1.13. Suppose 1/n < € < v,d. Suppose G is a bipartite graph with vertex
partition (A, B) such that |A| = n, yn < |B| < v 'n and at least (1 — 5)n?/2 pairs
u,v € A satisfy degq(u),degg(v) > (d — €)|B| and |[Ng(u,v)| < (d +€)?|B|. Then G
is (eV/9, d)-regular.



Chapter 2

Pseudorandom hypergraph
matchings

The content of this chapter is based on [29] with Stefan Glock and Feliz Joos.

2.1 Introduction to hypergraph matchings

A matching in a hypergraph H is a collection of pairwise disjoint edges, and a cover of
H is a set of edges whose union contains all vertices. A matching is perfect if it is also
a cover. These concepts are widely applicable, as “almost all combinatorial questions
can be reformulated as either a matching or a covering problem of a hypergraph” [47],
and their study is thus of great relevance in combinatorics and beyond.

Results like Hall’s theorem and Tutte’s theorem that characterize when a graph
has a perfect matching are central in graph theory. However, for each r > 3, it is
NP-complete to decide whether a given r-uniform hypergraph has a perfect match-
ing [69]. It is thus of great importance to find sufficient conditions that guarantee
a perfect matching in an r-uniform hypergraph. This problem has received a lot of
attention over the years. For instance, one line of research has focused on minimum
degree conditions that guarantee a perfect matching (see e.g. [2, 61, 74, 114] and the
survey [113]). Another important direction has been to study perfect matchings in
random hypergraphs. The so-called Shamir’s problem, to determine the threshold for
which the (binomial) random k-graph has a perfect matching with high probability,
was open for over 25 years resisting numerous efforts, until famously solved by Johans-
son, Kahn and Vu [64]. Recently, Kahn [68] refined the asymptotics for this threshold.
Moreover, Cooper, Frieze, Molloy and Reed [22] determined when regular hypergraphs
have a perfect matching with high probability. It would be very interesting to obtain
such results not only for random hypergraphs, but to find pseudorandom conditions
that (deterministically) guarantee a perfect matching. Apart from some partial results
(e.g. [45, 60, 95]), this seems wide open.

Many of the aforementioned results are proven by first obtaining an almost perfect
matching, and then using some clever ideas to complete it. It turns out that almost
perfect matchings often exist under weaker conditions. For example, in the minimum
degree setting, the threshold for finding an almost perfect matching is often smaller
than that of finding a perfect matching. Also, there is a well-known theorem that
yields almost perfect matchings under astonishingly mild pseudorandomness condi-
tions. Mostly referred to as Pippenger’s theorem, any almost regular hypergraph with
small codegrees has an almost perfect matching. Both the result itself and also its proof
method, the so-called ‘semi-random method’ or ‘Rodl nibble’, have had a tremendous
impact on combinatorics. We add to this body of research by showing the existence of

11
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‘pseudorandom’ matchings in this setting. We note that our result does not improve
previous bounds on the size of a matching that can be obtained. Rather, our focus is
on the structure of such a matching within the hypergraph it is contained in.

In Section 2.1.1, we revisit Pippenger’s theorem. In Section 2.1.2, we discuss a the-
orem of Alon and Yuster, which can be viewed as an intermediate step. In Section 2.1.3,
we will motivate and state our main results.

2.1.1 Pippenger’s theorem

Pippenger never published his theorem, and it was really the culmination of the efforts
of various researchers in the 1980s. Most notably, in 1985, Rodl [111] proved a long-
standing conjecture of Erdds and Hanani on approximate Steiner systems. A (partial)
(n, k,t)-Steiner system is a set S of k-subsets of some n-set V such that every t¢-
subset of V' is contained in (at most) one k-set in S. Steiner asked in 1853 for which
parameters such systems exist, a question that has intrigued mathematicians for more
than 150 years and was only answered recently by Keevash [71]. In 1963, Erdés and
Hanani asked whether one can, for fixed k,t, always find an ‘approximate Steiner
system’, that is, a partial (n,k,t)-Steiner system covering all but o(n') of the t-sets,
as n — oo. This was proved by Rodl using the celebrated ‘nibble’ method, with some
ideas descending from [3, 81]. Frankl and Rdodl [43] observed that in fact a much
more general theorem holds, which applies to almost regular hypergraphs with small
codegrees. Pippenger’s version stated below is a slightly stronger and cleaner version.

Theorem 2.1 (Pippenger). For r € N and € > 0, there exists p > 0 such that any r-
uniform hypergraph H with 6(H) > (1—p)A(H) and A°(H) < pA(H) has a matching
that covers all but at most an e-fraction of the vertices.

To see why this generalizes Rodl’s result, fix n,k,¢ and construct a hypergraph
H with vertex set ([ZL]) where every k-set X C [n] induces the edge ()t() Note that

perfect matchings in H correspond to (n,k,t)-Steiner systems. Clearly, H is (’;)—

i)
o(n*=*). Thus, for sufficiently large n, Pippenger’s theorem implies the existence of
a matching M in H that covers all but o(n!) of the vertices, which corresponds to
a partial (n, k,t)-Steiner system which covers all but o(n') of the t-sets. Frankl and
R6dl [43] also applied (their version of) this theorem to obtain similar results for other
combinatorial problems, for instance the existence of Steiner systems in vector spaces.
Keevash [73] raised the meta question of whether there exists a general theorem that
provides sufficient conditions for a sparse ‘design-like’ hypergraph to admit a perfect
matching (for a notion of ‘design-like’ that captures for example Steiner systems, but
hopefully many more structures). Since such hypergraphs will likely be (almost) regular
and have small codegree, the existence of an almost perfect matching follows from
Pippenger’s theorem, and a natural approach would be to use the absorbing method to
complete such a matching to a perfect one. This of course can be extremely challenging
since the relevant auxiliary hypergraphs are generally very sparse.

uniform. Moreover, every vertex has degree (Z:i) = O(n*~") and A°(H) = (

2.1.2 The Alon—Yuster theorem

In the case of Steiner systems, the absorbing method has been successfully applied to
answer Steiner’s question [52, 71]. Very roughly speaking, the idea of an absorbing
approach is to set aside a ‘magic’ absorbing structure, then to obtain an approximate
Steiner system, and finally to employ the magic absorbing structure to clean up. One
(minor, but still relevant) challenge is that the leftover of the approximate Steiner
system must be ‘well-behaved’. More precisely, instead of the global condition that
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the number of uncovered t-sets is o(n'), one needs the stronger local condition that
for every fixed (¢t — 1)-set, the number of uncovered t-sets containing this (¢ — 1)-set
is o(n). Fortunately, Alon and Yuster [10, Theorem 1.2], by building on a theorem
of Pippenger and Spencer [107], provided a tool achieving this. They showed that
any almost regular hypergraph with small codegrees contains a matching that is ‘well-
behaved’ in the sense that it not only covers all but a tiny proportion of the entire
vertex set, but also has this property with respect to a specified collection of not too
many not too small vertex subsets. The precise statement is technical and allows for
certain tradeoffs between set sizes, number of sets, and degree conditions. To give
a concrete example, if the r-uniform almost regular hypergraph H has N vertices,
A°(H) < A(H)/log” N and we consider a family F of at most N8V vertex subsets,
each of size at least N2/, then there exists a matching in H which covers all but o(|F|)
vertices from F for each F' € F.

In the above application to Steiner systems, for every (¢t — 1)-set S, consider the
set Us C V(H) of all t-sets containing S. A matching in H which covers almost all
vertices of Ug then corresponds to a partial Steiner system which covers all but o(n)
of the t-sets containing S, as desired.

2.1.3 Pseudorandom matchings

Our main contribution is to provide a tool that is (qualitatively) a generalization of
the Alon—Yuster theorem and gives much more control on the matching obtained. This
result will be a key ingredient for the proofs of the blow-up lemmas in Chapters 3-5 as
sketched in Section 1.4. In [29], we gave a further application of our main result that
shows that there exist approximate Steiner systems that behave ‘pseudorandomly’,
that is, their subgraph statistics resemble the random model.

To motivate this, suppose for simplicity that we are given a D-regular hypergraph
and want to find an (almost) perfect matching M. Moreover, we wish M to be
‘pseudorandom’, that is, to have certain properties that we expect from an idealized
random matching. In a perfect matching, at a fixed vertex, exactly one edge needs to
be included in the matching, and assuming that each edge is equally likely to be chosen,
we may heuristically expect that every edge of H is in a random perfect matching with
probability 1/D. Thus, given a (large) set E C E(H) of edges, we expect |E|/D
matching edges in E. More generally, given a set X, a weight function on X is a
function w: X — Rxg. For a subset X’ C X, we define w(X') :== > v w(z). Ifw
is a weight function on E(H), the above heuristic would imply that we expect from a
‘pseudorandom’ matching M that w(M) ~ w(E(H))/D. The following is a simplified
version of our main theorem (Theorem 2.3) which asserts that a hypergraph with small
codegrees has a matching that is pseudorandom in the above sense.

Theorem 2.2 (Ehard, Glock, Joos [29]). Suppose 6 € (0,1) and r € N withr > 2, and
let ¢ :== 6/50r%. Then there exists Ag such that for all A > Ay, the following holds: Let
H be an r-uniform hypergraph with A(H) < A and A°(H) < A'™0 as well as e(H) <
exp(Asz). Suppose that W is a set of at most exp(Agz) weight functions on E(H).
Then, there exists a matching M in H such that w(M) = (1 + A™%)w(E(H))/A for
all w € W with w(E(H)) > maxe ) w(e) AT

We remark that a similar statement when W has bounded size and without poly-
nomial error bounds is implied by a theorem of Kahn [67]. It has later been observed
that the proof in [67] also gives the more general statement (see e.g. [72]). Here, we
prove a more general theorem which not only allows weight functions on edges, but on
tuples of edges. This allows, for instance, to specify a set of pairs of edges, and control
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how many pairs will be contained in the matching. In particular, this provides a proof
of Theorem 2.2 for completeness and convenient use in future research.

Let us discuss a few aspects of this theorem. First, note that we do not require
H to be almost regular. The theorem can be applied with any (sufficiently large) A.
Moreover, v(H) plays no role in the parametrization of the theorem. If H is almost
regular, an almost perfect matching can be obtained by applying the theorem with
A = A(H) to the weight function w = 1. This yields that M| > (1 — 0(1))2((11?) >
(1 = o(1))v(H)/r, where the last inequality uses that re(H) = >_ oy degy(z) =
(1£o(1))v(H)A(H).

We remark that, while Pippenger’s theorem only needs A°(H) = o(A), we need a
stronger condition to apply concentration inequalities. For the same reason, we also
need that w(FE(H)) is not too small (relative to the maximum possible weight). As a
result, our theorem also allows stronger conclusions in that the error term A™¢ decays
polynomially with A.

Note that Theorem 2.2 is (qualitatively) more general than the Alon—Yuster the-
orem. Indeed, suppose H is an almost regular hypergraph and we are given a collec-
tion V of subsets U C V(H) and want to ensure that M covers each U € V almost
completely. For each target subset U € V, we can define a weight function wy by
setting wy(e) := |eNU|. Note that wy(E(H)) = > cydegy(z) = (1 £0(1))|U|A(H).
Thus, since wy(M) = (1 £ o(1))wy(E(H))/A(H) by Theorem 2.2, we deduce that
[UNV(M)| =wy(M) = (1+0(1))wu(E(H))/AH) > (1 —0(1))|U|, implying that
almost all vertices of U are covered by M. More generally, if we are given weight
functions p: V(H) — Rx>o (e.g. py(v) := Lyev), then, setting wy(e) := > .. p(v), we
obtain that

Y plw)=01=£0(1) Y pl).

vEV (M) veV (H)

Note that the boundedness condition on the edge weight in Theorem 2.2 translates to
the condition that max,cy (m) p(v) = 0(3_ ey () P(V))-

We now state our main result, for which we need to introduce a bit more notation.
Given a set X and an integer ¢ € N, an {-tuple weight function on X is a function

w: ();) — R>p, that is, a weight function on ()é) For a subset X’ C X, we then define

w(X') = ZSE(X,) w(S). Moreover, if X C ();), we write w(X) for )¢ w(S) as for
4

usual weight functions. For k € [¢]p and a tuple T' € ()kf), define

(2.1.1) w(T) = w(9), and let ||w|x ;== max w(T).
& e

Suppose H is an r-uniform hypergraph and w is an ¢-tuple weight function on E(H).
Clearly, if M is a matching, then a tuple of edges which do not form a matching will
never contribute to w(M). We thus say that w is clean if w(€) = 0 whenever € € (E(f"))
is not a matching.

The following is our main result, which readily implies Theorem 2.2.

Theorem 2.3 (Ehard, Glock, Joos [29]). Suppose § € (0,1) and r,L € N with r > 2,
and let e<§/50L%r2. Then there ewists Ag such that for all A > Ay, the following
holds: Let H be an r-uniform hypergraph with A(H) < A and A°(H) < A0 as well as
e(H) < exp(A€2). Suppose that for each ¢ € [L], we are given a set Wy of clean £-tuple
weight functions on E(H) of size at most exp(A%”), such that w(E(H)) > |w|s AR
for allw € Wy and k € [{].

Then, there exists a matching M in H such that w(M) = (1 + A~5w(E(H))/A"
for all ¢ € [L] and w € W.
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We will prove Theorem 2.3 in Section 2.3, after stating some preliminary results in
the next section.

2.2 Preliminaries

Our main tool is the next theorem of Molloy and Reed on the chromatic index of a hy-
pergraph with small codegrees, improving on earlier work of Pippenger and Spencer as
well as Kahn. Pippenger and Spencer [107] strengthened Theorem 2.1 by showing that
under the same assumptions, one can even obtain an almost optimal edge-colouring
of H, using (1 + o(1))A colours. (The existence of an almost perfect matching follows
then by averaging over the colour classes.) Kahn [66] generalized this to list colourings,
and Molloy and Reed improved the o(1)-term. For simplicity, we only state their result
for normal colourings.

Theorem 2.4 (Molloy and Reed [101, Theorem 2]). Let 1/A < 6,1/r. Suppose H is
an r-uniform hypergraph satisfying A(H) < A® and A(H) < A. Then, the edge set
E(H) can be decomposed into A + A5 log® A edge-disjoint matchings.

Note here that H is not required to be almost regular. In fact, this assumption
can also be omitted from the Pippenger—Spencer theorem since any given r-uniform
hypergraph H can be embedded into a A(H)-regular hypergraph H' with A°(H') =
A°(H), and any colouring of H' induces a colouring of H with the same number of
colours.

2.3 Proof

In this section we prove our main result Theorem 2.3.

2.3.1 Proof overview

We first sketch our proof. For simplicity, we first consider only the setting of The-
orem 2.2. We split H randomly into p vertex-disjoint induced subgraphs Hi, ..., H,
and let H' be the union of those. With high probability, A(H;) ~ A(H)p~ Y for
each 4, and for a given weight function w, we have w(E(H')) =~ w(E(H))p~"=Y. After
fixing such a partition, we utilize the theorem of Molloy and Reed to find, for each
i € [p], a partition of E(H;) into M ~ A(H)p~("~!) matchings. Finally, we select a
matching from each partition uniformly at random, and let M be the union of these
matchings. Clearly, every edge in H' is contained in M with probability M~!, so
E[w(M)] = w(E(H")M~' ~ w(E(H))/A(H). Moreover, the individual effect of the
matching chosen in H; is relatively small, so we could hope to use McDiarmid’s in-
equality to establish concentration. So far, this approach is the same as taken by
Alon and Yuster. However, the individual effects of the matchings chosen in H; are
in fact still too large in our setting to apply McDiarmid’s inequality. One important
new ingredient in our proof is that we partition each H; further into edge-disjoint
subgraphs Hj1, ..., H; 4 such that w(E(H;;)) is of magnitude w(E(H;))/q, and then
apply Theorem 2.4 to each H; ;. This gives, as above, a partition of H; into matchings,
from which we still choose one uniformly at random. However, the individual effect
of each matching chosen has now been drastically reduced, which allows us to apply
McDiarmid’s inequality with the desired parameters.
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2.3.2 Edge-slicing

In the setting of Theorem 2.2, the partition of each H; into edge-disjoint subgraphs
H;.,...,H; 4 could be obtained easily with a generalized Chernoff bound. However, in
the setting of Theorem 2.3, we are not aware of a conventional concentration inequality
that suits our needs for this step (in particular, since ¢ is rather large). Thus, we
first prove a tool that will achieve this for us. Roughly speaking, what we require
is the following: Let H be a ‘directed’ ¢-graph on V, that is, a collection of ordered
(-subsets of V. Let f: V — [q] be obtained by choosing f(v) € [q] uniformly at
random for each vertex v independently. For each directed edge e = (vy,...,v¢), let
fe) = (f(v1),..., f(vg)). For a fixed ‘pattern’ a € [q], let X,, denote the number of
e € E(H) with f(e) = a. Clearly, for each edge e, we have that P[f(e) = a] = ¢~ ¥,
thus, E[X,] = ¢ ‘e(H). We would like to know that X, is concentrated around its
mean, even when q is quite large.

For simplicity, we will actually only consider the case when H is an ¢-graph, the
vertex set V is ordered, and each edge of H obtains its direction from the ordering
of V. Thus, our setup is as follows. Let (V, <) be an ordered set. Let f: V — [q] be
obtained by choosing f(v) € [¢] uniformly at random for each v € V' independently.
For each l-set e = {v1,...,v¢} with v < --- < wy, let f(e) := (f(v1),..., f(ve)). For
a fixed ‘pattern’ « € [¢]%, let E, = E,(f) denote the (random) set of all e € (‘g/) with
f(e) = a. Given an (-tuple weight function w on V, the following theorem shows that
the random variable w(E,) is concentrated around its mean.

Theorem 2.5 (Ehard, Glock, Joos [29]). Suppose (V. <), f, ¢, a, w are as above.
Suppose that g > 2403(¢ + 1+ log |V]). Define M := q~“maxyepq{||wllxq"g*'}. Then
for any A > 0, we have

2
P Hw(Ea) -E [W(Ea)] ‘ > >‘] < 2! exXp <_ 12€2M()\ _|>\_ E [w(Ea)])> +exp <_ﬁ) '

Proof. Let n := |V] and let v; < --- < v, be the ordered elements of V' and write
a=(a,...,aq). For t € [n]p, let

Xi=Ew(Ea) | f(v1),.- ., fur)]

(and X; := X, for t > n). Hence X = (X¢):>0 is the so-called exposure martingale
for w(E,), where the labels f(v;) are revealed one by one. In particular, Xo = E [w(E,)]
and X,, = w(E,).

For k € [(] and a k-tuple weight function w’ on V, let

My (') := g~ *F max{[|w'[lig’g" "}
i€k]
Note that we have
(2.3.1) My(w')q" < My(w')q".

Let My, := My (w) and note that M = M,.

We prove the theorem by induction on ¢ (with (V,<) and g being fixed). Thus,
assume first that ¢ = 1. (This case is also contained in the inductive step below with
no inductive hypothesis being needed, but the short proof here may serve as a warm
up.) Observe that X;(f) — Xi—1(f) = w({ve})(Lf(v)=a, — 1/q) for t € [n]. Hence, we
can directly apply Freedman’s inequality to obtain (observe that M; = [jw]|1)

)\2
Pllw(Fa) ~ Elw(Ea)l| 2 A < 2exp <_2|W||1()\ + Dteln) Qw({vt})/Q)>

)\2
< 2exp <_4M1()\ +E[w(Ea)])> ’
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as desired.
Suppose now that £ > 2. In order to apply induction, we need to introduce some
more notation. For ¢ € [n] and k € [¢ —1]o, let whF: (‘];) — [0, 00) be defined as (where

j1<...<jk)

k
w" ({vjj" --7Ujk}) = E ({vjl" -'7Uj2})'
Je1<--<Je
Je<Jk+1=t

Moreover, let w<HF: (Z) — [0,00) be defined by w<t*(S) := ngtwsﬂk(S) for all
S e (k) Note that

(2.3.2) WS (V) = w(V) and |JwS ; for all i € [k].

For k € [¢ —1]o, let a[k] := (a1, ..., ax), and define E, ;) = Eqp(f) as the random
set of all k-sets {vj,,...,v;,} for which f(v;,) = ; for all i € [k], where j; < --- < jp.
For clarity, we briefly discuss the case k = 0, when w"? is the function that maps () to
dt<ioe...<jy W{Ve, Vg, - v, }). In particular, we have for all ¢ € [n] that
(2.3.3) W0(0) < w({ve}) < llwll = My;

(2.3.4) w=0(0) < w(V).

Note also that E,q = {0}.
The purpose of these definitions lies in the following formula for the one-step change
of the process X: for ¢ € [n], we have

Xi(H) = Xea(f) = 32 & Bagg() - (Lw=aps, = 1/a) -aTE.

ke[efl]o

Clearly, |Lp(y)=ap,, — 1/ql < 1 and E [|Lf()=a,., — 1/dl] = 2(1 = 1/q)/q < 2/q.
Hence, for the absolute change and expected absolute change of the process X in one
step we obtain the following bounds:

(2.3.5) X — Xiq| < Z wt,kz(Ea[k]) . qk+1—Z;
ke[efl]()

(2‘3‘6) [ HXt - Xt*1| | f(Ul)a Ut 1 Z 2wk a[k] k=t
k‘e /— 1]0

Note that w'*(Eyy) is itself a random variable, when k > 0. Unfortunately, its
deterministic upper bound is not good enough to apply Freedman’s inequality directly
to the martingale (X;);>0. We apply a common trick by defining a stopped process Y =
(Y)i>0 which is equal to X as long as the random variables w’*( Eq 1)) behave nicely,
and then ‘freezes’. We can then apply Freedman’s inequality to Y. Finally, we need to
show that the process is unlikely to freeze, implying that the concentration result for
Y transfers to X. For this, we employ the statement inductively with w®*,wS<"* of[k].
We define two types of stopping times for X. For k € [¢ — 1], let

(2.3.7) T = terﬁlifll]{wgtﬂ’k(Ea[k}) > w(V)g™" + A" "} An.

Moreover, for k € [¢ — 1] and ¢ € [n — 1], define

T =

(2.3.8) i Jt W (Eapg) 2 2Mi,
n  otherwise.
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Let 7 := mingep) repe—11{7% 7t}. Note that wtﬂ’k(Ea[k]) is fully determined by
f(v1),..., f(ve), since w*Hk(S) = 0 whenever S contains a vertex v; with j > ¢ + 1.
Thus, 7 is indeed a stopping time for X. We define Y = (Y;)i>0 by Y; := Xiar, and let
AY; :=Y, — Y;_1. By the optional stopping theorem Y is also a martingale [80], and
thus we can apply Freedman’s inequality. To this end, we next bound the absolute and
expected one step change for Y.

We claim that |AY;| < 20M, for all t. Indeed, if ¢ > 7+ 1, then trivially |[AY;| =0
and whenever ¢t < 7, then

(2.3.5) (2.3.3),(2.3.8) (2.3.1)
AV < > WM (B T < > 2Myyr T < 20,
kele—1]o kele—1]o
Similarly,
(2.3.6) »
ZEHAYJ|f(vl)a-~,f(vt—1)] < Z Z 20" (Eqky)
t>1 te[r] kelt—1]o
= Z 2wSTH(Byp) - ¢
kef 1]0
(2.3.4),(2.3.7)
< > 2wV)g T4+ Ag" )
k‘ew—l]o

2(w(V)g t 4+ N).

Thus, we can apply Freedman’s inequality to obtain

)\2
Pl = Yol 2 4] < 2exp (_4£Mg(/\ T+ 20(w(V)g+ A)))

)\2
< 2exp <— 122My(A+E [w(Ea)D> '

It remains to show that Y, = X,, with high probability. We first consider the
stopping times 7;. Fix k € [( — 1] and note that E [w="*(E,p)] = w="*(V)/¢" =
w(V)/¢" by (2.3.2). We apply the induction hypothesis to w<™* with A\¢~* and k

playing the roles of A\ and ¢, and obtain

Plr, <n] <P [wgn’k(Ea[k}) > E [wgmk(Ea[k])} + )\qéfk}

k 22 2(0—k) q
<2 — __J
>~ exp 12]{32Mk (wgn,k)()\qé—k + E [wgn,k(Ea[k})] ) + exp ( 24k2>

A2 g
< ok — _
=2 o ( 12k2M,(A + E [w(Ea)])> +exp ( 24k2> :

where we have used that E [w="*(E, )] = "R [w(E,)] and My, (wS"F) < My (w) <
q"~F M, by (2.3.2) and (2.3.1).

Next, we consider the stopping times 7/. Let k € [¢ — 1] and ¢ € [n — 1]. Observe
that [|wh*||; < ||w|lix1 for all i € [k]. Hence

M1 (w) q_k_lmaxie[k+1]{||w\|iqi9i_1} 9maXz‘e[k+1]{”W||iqi9i_l}
Myi(w%) g Fmaxepy {llwhFlligigt =1}~ maxieppp pyillwlliate=1} ~




2.3. PROOF 19

Note that E [wt’k(Ea[k])} = q Fwh* (V) < ¢7¥||w|li € Mgy1. Thus, using induction for
wt* with My, and k playing the roles of A and ¢, we deduce that
P [T,i < n] <P [wt’k(E k) = 2Mk+1] < 2% exp o M + exp (—L>
- s = - 24k2 My, (whF) 24 k2
k g
A union bound now implies that

-1
Plr<n <3 <2k exp (‘ 2R, (N f]E [w(Ea)])> +{4n@ 4 e <_249k2)>

=1
A2 J
< @ - Zex (‘ 13PN\ +E [w(Eaﬂ)) H e <_24<€—1>2> |

Since (£ —1)72 — ¢72 > ¢=3 and ¢/24¢% > log(2*'n) by assumption, we can finally
conclude that

Pllw(Ea) — Efw(Ea)]| > Al <P[[Yn — Yo| =2 Al + P < 7]

2
<2 exp <_12e2Me(AiE [w(Ea)])> +o (~5im)-

This completes the proof. O

2.3.3 Proof of Theorem 2.3

We are now ready to prove Theorem 2.3. The proof proceeds in three steps as outlined
in the beginning of this section.

Proof of Theorem 2.3. We can assume that ¢ = 6 /50L%72.
Step 1. Random vertex partition

Let p := A?9L7¢. We will first partition V(H) into p subsets Vi, ..., V,. For each
i € [p], let H; := H[V;]. For an edge e € E(H), let 7(e) =i if e € E(H;), and let
7(e) = 0 if no such ¢ exists. For a tuple £ = (ey,...,e) € (E(f)), define the multiset
(&) := {7(e1),...,7(er)}. Let Jp be the set of all multisets of size ¢ with elements
in [p]. For J € Jy, let supp(J) be the underlying set. We further define m(J) as the
number of functions f: [¢] — supp(J) with {f(1),...,f(¢)} = J. For all £ € [L] and
J € Jp, we define Ey as the set of all £ € (E(ZH)) with 7(&) = J.

We claim that there exists a partition Vi,..., V], of V(H) such that the following
hold:

(a) A(H;) < (1+A72)A/p" ! for all i € [p)];

() w(Ey) = (1+A2)w(EH)2L for all £ € [L], w € Wy and J € T,

prl

This can be seen using a probabilistic argument. For every vertex x € V(H) independ-
ently, choose an index i € [p| uniformly at random and assign x to V;. We now show
that (a) and (b) hold with high probability, implying that such a partition exists.

For (a), consider a vertex z € V(H) and i € [p]. Let X be the number of edges
e containing x for which e \ {z} C V;. For each edge e containing =, we have that
Ple\{z} CV;] = (1/p)"~L. Thus, E[X] = degy(x)/p"~! < A/p"~!. Note that for
any other vertex y # z, the random label that we choose for y affects X by at most
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degy (zy) < A°(H). Note that }- oy (g ) degn (zy) = degpy(z)(r — 1) < Ar. Thus,
using McDiarmid’s inequality, we deduce that

12/ r—1 2N 5—45Lr2%e
P[X —E[X] > A% /5" 1] < 2exp A A gzeXp(—A )

< exp(—AF).

With a union bound over all (non-isolated) vertices (there are at most re(H) <
rexp(A") non-isolated vertices) and i € [p], we can infer that with high probabil-
ity (a) holds.

For (b), consider ¢ € [L], w € Wy and J € J;. For an edge e € E(H) and i € [p], we
have that P[e € E(H;)] = p~". Thus, for £ € (*, E(H )) we have P[r(§) = J] = n(J)p~"*
if the edges in £ are pairwise disjoint, and w(&) = 0 otherwise since w is clean. Hence,
Ew(Ey)] = w(E(H ))7;(;? We now establish concentration. For any vertex z, the
random label chosen for z affects w(Ey) by at most w(E’), where EZ is the set of all
£ e ( E(H )) for which «x is contained in some edge of £. Note that

w(ES) < Alw|y for all w € V(H), and Y w(EL) = réw(E(H)).
z€V(H)

Thus, we can use McDiarmid’s inequality to conclude that

2
Pw(Ey) # (1+ A)E [w(By)]] < 2exp (‘A\\mfﬂig{fa}w)ﬂe)

w(E(H))
< 2exp <_ ||wH1A1+45L2r26
< 2exp (_A(5745L2T28>

< exp(—A%),

which together with a union bound over all £ € [L], w € W, and J € J; proves (b).
Step 2. Random edge partition

Let H' := ey Hi- For each i € [p], we now partition H; further into ¢ :=
A1-20(r—1+1/4L)Lre edge-disjoint subgraphs H; 1,..., H; ;. Note that

(2‘3'9) prflq — A175r€ and prq > A1+15Lrs'
We do so (for all i at once) by choosing a function f: E(H') — [¢] and then let H; ;
consist of all edges e € E(H;) with f(e) = 4, for all i € [p],j € [q].

For ¢ € [L], J € J; and a function o: supp(J) — [q], let E;, be the set of all

& € Ej for which o(7(e)) = f(e) for all e € €.
We claim that there exists a choice of f such that the following hold:

(A) A(Hij) < (1+2A7%)A/qp"~" for all i € [p], j € [q];
(B) A°(H; ;) < A® for all i € [p], j € [q;

(C) w(Ey,) < 20w(E(H))/q'p" for all £ € [L], w € Wy, J € J; and o: supp(J) —
[4]-

This again can be seen using a probabilistic argument. For each e € F(H') inde-
pendently, choose f(e) € [g] uniformly at random.
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For (A), fix i € [p],j € [¢] and a vertex € V(H;). Note that E [degHi,j (x)} =
degy (z)/q < (14 A™2)A/gp"! by (a). Thus, by Chernoff’s bound, we have

1—4e
P [degHi (@) —E [degHi ; (ﬂf)] > AT/ < 2exp (— 3 1)
’ ’ ap"~

Similarly, for (B), fix i € [p|,j € [g] and two distinct vertices x,y € V(H;). Note
that E [degHi,j (a:y)] = degy, (zy)/q < A°(H)/q < 1. Thus, by Chernoff’s bound, we
have

P [degHi,j (zy) > A%| < 2exp (—A7).

To prove (C), consider £ € [L], w € Wy, J € J; and o: supp(J) — [q]. First
note that E [w(Ej,)] = w(Ey)/q" < 30w(E(H))/q‘p™ by (b). We now aim to employ
Theorem 2.5 with E(H') playing the role of V. Let < be an ordering of E(H’) in
which the edges of H; precede those of H; whenever i < i'. Write J = {j1,...,j¢}
such that j; < --- < j, and define a := (¢(j1),...,0(j)) € [¢]*. Hence, for € € E;, we
have £ € E;, if and only if f(e;) = o(j;) for all i € [¢], where & = {ey,..., e} with
er < --- < eg. Consequently, with notation as in Theorem 2.5, we have E;, = E;NE,.
Thus, w(Ejs) = wy(Fa), where wy(€) := w(€)leck, -

We now apply Theorem 2.5 with E(H'), ¢, wy, %Elw(E(H))/qu”e, A% playing the
roles of V, ¢, w, A, g, respectively. For k € [(], we have that (recall that w(E(H)) >
l|wl||x AR by assumption)

lwslleg"g" " < wllkA® < w(B(H))A™.
Hence, we infer that (note E [wy(Ey)] + A < 4))

2¢e
Plws(Ea) 2 Elwy(Fa)] + ] < 2 exp (_48€2q—€w()]:3(H))A—5> +exp <_2A4z2>

Aé A2¢
< 2%exp <_W> + exp <_24€2> < exp (—A®).

A union bound implies that the random choice of f satisfies (A), (B) and (C)
simultaneously with positive probability. From now, fix such a function f.

Step 3. Random matchings
Let A := (1+2A726)A/qp"~! > A%< by (2.3.9) and M := (1+A~2)A. Note that
(2.3.10) p T lgM = (1 £4A7%)A.

By (A), we have A(H; ;) < A. Moreover, by (B), A°(H; ;) < A® < AY/5" . Thus,
for all i € [p], j € [q], we can apply Theorem 2.4 (with 6 = 1/2, say) to obtain a
partition of F(H; ;) into M matchings. This yields a partition of each E(H;) into ¢- M
matchings M; 1,..., M; 4.

Now, for each i € [p] independently, pick an index s; € [¢M| uniformly at random,
and define

M = U Mi,si-
i€[p]
Clearly, M is a matching in H' C H. Moreover, every edge of H' belongs to M with
probability 1/qM.
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Now, consider ¢ € [L] and w € Wy. We first determine the expected value of w(M).

By linearity,
EwM)= Y w(@P[ECM].
ge(®y")

We analyse this sum according to the different types of £. For k € [(], let Jy 1, be the
set of all J € J; with |[supp(J)| = k. Consider £ € (E(f)) and let J := 7(&). Note
that if 0 € J, then some edge in £ does not belong to H' and hence P[£ C M| = 0.
Hence, we can assume that J € J,. If J € Jyy, then the edges in £ belong to M
independently with probability 1/¢M, and hence P [ C M| = (¢M)~¢. Now, suppose
J € Joy for some k € [¢ —1]. By the definition of M, if e, e’ € & with 7(e) = 7(¢’),
then P[E C M] = 0 if e € E(Hy();) and € € E(H,( ) for distinct j,j’. Hence,
we can further assume that £ € E;, for some o: supp(J) — [¢]. We then have
P& C M] € {0, (gM)~*}. Altogether, we deduce that

-1
EwM)]= ) w(Es)(gM) Eiz > W(Ejzq)(aM)~"

JETe e =1 J€Je,k,0: supp(J)—Iq]

We will show that the first sum is the dominant term. Clearly, |Jz¢| = (}). Thus,
using (b), we infer that

> e = (0)-aean®BIL L

T
ISN/Y: p

B0 (1 4 A2 (B(H)) /A

For k € [¢ — 1], employing (C) and T k| = (§ )(ﬁ 11) we deduce that

_ 2€'w( (H)) 1 w(E(H))

ko kol k

Z w(EJ,U)(qM) <p"2q q p ’ (qM)k < Al+14e
JE€T4 1,0 : supp(J)—[q]

where in the last inequality we used that epﬁ'}k(gb)k L kéﬁ,lq T together with

q =
(prq)=F > ARHI5E by (2.3.9) and (p"~lqgM)F > % AF by (2.3.10). Putting everything
together, we obtain that

E[w(M)] = (1 £ 2A7%/2)w(E(H)) /A"

Finally, we need to bound the effect of each random variable s;. Note that each
outcome of the variables si,...,s, induces a function o: [p] — [¢], where (i) is the
unique j € [g] for which M, was one of the matchings coming from E(H; ;), and
each tuple & C M satisfies £ € EJ7J|SHPP(J), where J = 7(€) € Jy. Since changing the
value of s; only affects those £ with ¢ € 7(&), we have that the effect of s; on w(M) is
at most

max

S w(Ey, )(2) 120w (E(H)) (239 20w(E(H)) _ w(E(H))
o [pl—rld 9 lsupp()

=P Ot = (1-5re)f = Af+1dLre
JeJp: e ap pA A

Thus, using McDiarmid’s inequality, we deduce that

—4e w 2
P [w(M) # (1+ A™2)E [w(M)]] < 2exp (_ 2A%E [w(M)] )

p- ((B(H) AT Ty

A28Lrsf4€

<2emp (- ) < e (-89,

p
A union bound over all ¢ € [L] and w € Wy completes the proof. O



Chapter 3

A rainbow blow-up lemma

The content of this chapter is based on [30] with Stefan Glock and Feliz Joos.

3.1 Introduction to rainbow embedding problems

We study rainbow embeddings of bounded-degree spanning subgraphs into quasi-
random graphs with almost optimally bounded edge-colourings. Moreover, following
the recent work of Montgomery, Pokrovskiy and Sudakov [104] on embedding rainbow
trees, we present several applications to graph decompositions, graph labellings and
orthogonal double covers.

Given a (not necessarily proper) edge-colouring of a graph, a subgraph is called
rainbow if all its edges have different colours. Rainbow colourings appear in many
different contexts of combinatorics, and many problems beyond graph colouring can
be translated into a rainbow subgraph problem. What makes this concept so versatile
is that it can be used to find ‘conflict-free’ subgraphs. More precisely, an edge-colouring
of a graph G can be interpreted as a system of conflicts on E(G), where two edges
conflict if they have the same colour. A subgraph is then conflict-free if and only if it
is rainbow. For instance, rainbow matchings in K, ,, can be used to model transversals
in Latin squares. The study of Latin squares dates back to the work of Euler in
the 18th century and has since been a fascinating and fruitful area of research. The
famous Ryser—Brualdi—Stein conjecture asserts that every n x n Latin square has a
partial transversal of size n — 1, which is equivalent to saying that any proper n-edge-
colouring of K, , admits a rainbow matching of size n — 1. This problem is wide open
and the currently best approximate result is due to Hatami and Shor [62].

As a second example, we consider a powerful application of rainbow colourings to
graph decompositions. Perhaps one of the oldest decomposition results is Walecki’s
theorem from 1892 saying that Ka,11 can be decomposed into Hamilton cycles. His
construction not only gives any decomposition, but a ‘cyclic’ decomposition based on a
rotation technique, by finding one Hamilton cycle H* in Ka,41 and a permutation 7 on
V (Ka,41) such that the permuted copies 7¢(H*) of H* for i = 0,...,n— 1 are pairwise
edge-disjoint (and thus decompose Ks,+1). The difficulty here is of course finding H*
given 7, or vice versa. Unfortunately, for many other decomposition problems, this is
not as easy, or indeed not possible at all.

In recent years, exciting progress has been made in the area of (hyper-)graph decom-
positions (as also discussed in Section 1.1). Many of these striking results are based on
very different techniques, such as absorbing-type methods, randomised constructions
and variations of Szemerédi’s regularity technique. In a recent breakthrough, Mont-
gomery, Pokrovskiy and Sudakov [103, 104] brought the use of the rotation technique
back into focus and employed it as a key tool for proving Ringel’s conjecture, by redu-

23
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cing it to a rainbow embedding problem.! A strengthening of Ringel’s conjecture is due
to Kotzig [87], who conjectured in 1973 that there even exists a cyclic decomposition.
This can be phrased as a rainbow embedding problem as follows: Order the vertices
of Koy, 1 cyclically and colour each edge {i,j} € E(K2,+1) with its distance (that is,
the distance of 7, j in the cyclic ordering), which is a number between 1 and n. We call
this edge-colouring the near-distance colouring. The simple but crucial observation is
that if T is a rainbow subtree, then T can be rotated according to the cyclic vertex
ordering, yielding 2n + 1 edge-disjoint copies of T' (and thus a cyclic decomposition if
T has n edges). See Figure 3.1 for an illustration.

Figure 3.1: A tree T with n = 5 edges (left) and the K11 with its near-distance colouring
(right). The thick edges in the complete graph show a rainbow copy of T. By cyclically
rotating this rainbow copy of T', we can decompose the K11 into 11 disjoint copies of T'. To
that end, notice that the rotation shifts an edge to another edge of the same colour.

Montgomery, Pokrovskiy and Sudakov succeeded in proving that indeed every near-
distance coloured Ko,11 contains a rainbow copy of any tree T on n edges for suffi-
ciently large n. Thus, they completely resolved the conjectures of Ringel and Kotzig
for sufficiently large n. Note that for each vertex v in a near-distance coloured com-
plete graph and any given distance, there are only two vertices which have exactly
this distance from v. More generally, an edge-colouring is called locally k-bounded if
each colour class has maximum degree at most k. The following statement thus im-
plies Kotzig’s and Ringel’s conjecture: Any locally 2-bounded edge-colouring of Koy, 1
contains a rainbow copy of any tree with n edges. Along their way of proving Ringel’s
conjecture exactly [103], Montgomery, Pokrovskiy and Sudakov [104] first proved the
following asymptotic version of this statement, which in turn yields asymptotic versions
of these conjectures (all asymptotic terms are considered as n — 00).

Theorem 3.1 ([104]). For fized k, any locally k-bounded edge-colouring of K,, contains
a rainbow copy of any tree with (1 — o(1))n/k edges.

Our main results are very similar in spirit. Roughly speaking, instead of dealing
with trees, our results apply to general graphs H, but we require H to have bounded
degree, whereas one of the great achievements of [104] is that no such requirement is
necessary when dealing with trees. The following is a special case of our main result
(Theorem 3.3). An edge-colouring is called (globally) k-bounded if any colour appears
at most k times.

Theorem 3.2 (Ehard, Glock, Joos [30]). Suppose H is a graph on at most n vertices
with A(H) = O(1). Then any locally O(1)-bounded and globally (1 — o(1))(5)/e(H)-

bounded edge-colouring of K,, contains a rainbow copy of H.

'A similar approach has previously been used by Drmota and Lladé [27] in connection with a
bipartite version of Ringel’s conjecture posed by Graham and Haggkvist.
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It is plain that any locally k-bounded colouring is (globally) kn/2-bounded. Thus,
Theorem 3.2 implies Theorem 3.1 for bounded-degree trees. Note that the assumption
that the colouring is (1—o0(1))(5)/e(H)-bounded is asymptotically best possible in the
sense that if the colouring was not (4)/e(H)-bounded, there might be less than e(H)
colours, making the existence of a rainbow copy of H impossible.

Beyond the approximate solution of Ringel’s conjecture in [104], Montgomery, Pok-
rovskiy and Sudakov also provide applications of their result to graph labelling and
orthogonal double covers. Our applications are very much inspired by theirs and are
essentially proved analogously. We refer the discussion of these applications to Sec-
tion 3.7.

Rainbow embedding problems have also been extensively studied for their own sake.
For instance, Erdos and Stein asked for the maximal k such that any k-bounded edge-
colouring of K, contains a rainbow Hamilton cycle (cf. [39]). After several subsequent
improvements, Albert, Frieze and Reed [4] showed that k = €(n). Theorem 3.2 implies
that under the additional assumption that the colouring is locally O(1)-bounded, we
have k = (1 — o(1))n/2, which is essentially best possible. This is not a new result but
also follows from results in [78, 102]. However, the results in [78, 102] are limited to
finding Hamilton cycles or F-factors (in fact, approximate decompositions into these
structures). Theorem 3.2 allows the same conclusion if we seek an \/n/2 x /n/2
grid, say, or any other bounded-degree graph with roughly n edges. For general sub-
graphs H, the best previous result is due to Bottcher, Kohayakawa and Procacci [17],
who showed that given any n/(51A?)-bounded edge-colouring of K,, and any graph H
on n vertices with A(H) < A, one can find a rainbow copy of H. For bounded-degree
graphs, our Theorem 3.2 improves the global boundedness condition to an asymptot-
ically best possible one, under the additional assumption that the colouring is locally
O(1)-bounded.

3.1.1 Main result

We now state a more general version of Theorem 3.2. We say that a graph G on n
vertices is (g, d)-quasirandom if for all v € V(G) we have degq(v) = (d £ €)n, and for
all disjoint S, T C V(G) with |S|,|T| > en, we have eq(S,T) = (d £ ¢)|S||T|.

Theorem 3.3 (Ehard, Glock, Joos [30]). For all d,v € (0,1] and A,A € N, there
exist € > 0 and ng € N such that the following holds for all n > ng. Suppose G and
H are graphs on n vertices, G is (e, d)-quasirandom and A(H) < A. Then given any
locally A-bounded and globally (1 —v)e(G)/e(H)-bounded edge-colouring of G, there is
a rainbow copy of H in G.

Clearly, Theorem 3.3 implies Theorem 3.2. We derive Theorem 3.3 from an even
more general ‘blow-up lemma’ (Lemma 3.4). The original blow-up lemma of Komlds,
Sérkozy and Szemerédi [82] developed roughly 20 years ago, is a powerful tool to
find spanning subgraphs and has found numerous important applications in extremal
combinatorics [19, 51, 83, 84, 85, 90, 92]. Roughly speaking, it says that given a k-
partite graph G that is ‘super-regular’ between any two vertex classes, and a k-partite
bounded-degree graph H with a matching vertex partition, then H is a subgraph of G.
Note that the conclusion is trivial if G is complete k-partite, so the crux here is that
instead of requiring G to be complete between any two vertex classes, super-regularity
suffices. Such a scenario can often be obtained in conjunction with Szemerédi’s regu-
larity lemma, which makes it widely applicable. Many variations of the blow-up lemma
have been obtained over the years (e.g. [6, 18, 24, 70, 79, 112]). Recently, Glock and
Joos [50] proved a rainbow blow-up lemma for o(n)-bounded edge-colourings which
allows to find a rainbow embedding of H. The content of this chapter builds upon this
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result. The key novelty is that instead of requiring the colouring to be o(n)-bounded,
our new result applies for almost optimally bounded colourings. (But we assume here
that the colouring is locally O(1)-bounded, which is not necessary in [50]).

In order to state our new rainbow blow-up lemma, we need to introduce some
terminology. If ¢: F(G) — C is an edge-colouring of a graph G and a € C, denote
by e“(G) the number of a-coloured edges of G. Moreover, for disjoint S,T C V(G),
denote by e (S,T) the number of a-coloured edges of G' with one endpoint in S and
the other one in 7.

We say that (H, G, (Xi)ier), (Vi)ier)) is an (g, d)-super-regular blow-up instance if

e H and G are graphs, (X;)cy is a partition of V(H) into independent sets,
(Vi)iep is a partition of V(G), and |X;| = |V;| for all i € [r], and

]

e for all ij € ([2), the bipartite graph G[V;, Vj] is (e, d)-super-regular.

We say that ¢: V(H) — V(G) is an embedding of H into G if ¢ is injective and
o(x)p(y) € E(G) for all xy € E(H). We also write ¢: H — G in this case. We say
that ¢ is rainbow if ¢(H) is rainbow.

We now state our new rainbow blow-up lemma.

Lemma 3.4 (Ehard, Glock, Joos [30] — Rainbow blow-up lemma). For all d,~ € (0, 1]
and A, A, r € N, there exist € > 0 and ng € N such that the following holds for all
n > ng. Suppose (H, G, (Xi)ier) (Vi)iep)) is an (g, d)-super-regular blow-up instance.
Assume further that

(i) A(H) < A;
(ii) |Vil= (1 L e)n for alli € [r];

(iii) ¢: E(G) — C is a locally A-bounded edge-colouring such that the following holds
forallae C:

> eq(Vi, Vi)en(Xi, X5) < (1= 7y)dn?.
ije('y)

Then there exists a rainbow embedding ¢ of H into G such that ¢p(x) € V; for alli € [r]
and x € X;.

The boundedness condition in (iii) can often be simplified, for instance in the
following natural situations: if ey (X;, X;) is the same for all pairs ¢, j, then ¢ needs
to be (1 —v)e(G[V1,...,V;])/e(H)-bounded. Similarly, if ¢ is ‘colour-split’, that is,
e (Vi,V;) € {e*(G), 0}, then ¢ needs to be (1 —v)e(G[V;, V;])/e(H|[X;, X;])-bounded
for all ij € ([g]). Both conditions are easily seen to be asymptotically best possible.
Condition (iii) is designed to work in the general setting of Lemma 3.4. In fact, we
will deduce Lemma 3.4 in Section 3.6 from a reduced instance (Lemma 3.13) where
the colouring c is colour-split. In the proof of Theorem 3.3, we will randomly partition
V(G) into equal-sized (V;);c[,) and see that (iii) holds.

The blow-up lemma for o(n)-bounded colourings of Glock and Joos was applied
in [50] to transfer the bandwidth theorem to the rainbow setting, using Szemerédi’s
regularity lemma. Unfortunately, it seems much more complicated to use the regularity
lemma in the optimally bounded setting. In particular, if the number of clusters r may
be much larger than e~! after an application of the regularity lemma, we are not aware
how to perform the reduction steps in Section 3.4 to refine the partitioning and split
the colours into groups such that the colouring is ‘colour-split’. It would be interesting
whether one could strengthen our result in this direction for an easier applicability in
conjunction with Szemerédi’s regularity lemma.
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3.2 Proof overview

To sketch the approach for the proof our main result, let us consider the following
simplified setup. Suppose V(H) is partitioned into independent sets X1, Xo, X3 of size
n and H consists of a perfect matching between X; and X5, and a perfect matching
between Xy and Xj3. Following our general strategy as explained in Section 1.4, we
proceed cluster by cluster and in the ith step, we embed the vertices of X; into V;.
The desired bijection is obtained as a matching within a ‘candidacy graph’ A;, which
is an auxiliary bipartite graph between X; and V; where zv € E(A4;) only if v is still a
suitable image for x.

Suppose that we have already found an embedding ¢,: X1 — Vi, and next we
want to embed X5 into V5. We define the bipartite graph As between X5 and Vs by
adding the edge zv if ¢1(y)v € E(G), where y is the H-neighbour of z in X;. Now,
the aim is to find a perfect matching o in As. Note that any such perfect matching
yields a valid embedding of H[X;, Xs] into G[Vi, V2|. Moreover, if we aim to find a
rainbow embedding, this can be achieved as follows. For each xv € E(Asg), we colour
zv with the colour of ¢1(y)v. Observe that if ¢ is rainbow, then the embedding of
H[X,, X2] into G[Vi, Vo] will be rainbow, too. Let us assume that As is super-regular.
It is well known that As then has a perfect matching. One key ingredient in [50]
was to combine this fact with a recent result of Coulson and Perarnau [23], based on
the switching method, to even find a rainbow perfect matching. Unfortunately, the
switching method relies upon the fact that the given colouring is o(n)-bounded, and is
thus not applicable in the present setting. There are two key insights that will allow
us to deal with almost optimally bounded colourings.

First, note that given a proper colouring of a graph G, if we take a random subset
U of size u|G|, then with high probability, the colouring induced on U will be (1 +
o(1))p|Ul-bounded, and thus the rainbow blow-up lemma from [50] is applicable (on
U). This gives hope to combine this with an ‘approximate result’ on V/(G)\U to obtain
the desired embedding. Such a combination of techniques has already been successfully
used in [78]. In our simplified discussion, let us thus assume we do not need to find a
perfect rainbow matching o, but would be content if ¢ is almost perfect.

This leads us to the second main ingredient of our proof—matchings in hypergraphs.
Given our candidacy graph As and its (auxiliary) colouring co: E(As) — Ca, we
define a hypergraph H on X9 U Vo U Cy where for every edge e € E(Az), we add
the hyperedge e U {c(e)} to H. A simple but crucial observation is that there is a
one-to-one correspondence between matchings in H and rainbow matchings in As. In
particular, a matching M in H that covers almost all vertices of XoUVs would translate
into our desired almost perfect rainbow matching o in Ay. Here, we can make use of
the hypergraph matching result from Chapter 2. At this point, we remark that since
Ao is super-regular, all vertices of XoUVs have roughly the same degree in H, and if the
degrees of the colours are not larger (that is, the colouring is appropriately bounded),
this will suffice to find the desired matching in .

Moreover, note that we assumed that A, is super-regular and its colouring is ap-
propriately bounded. After embedding X5 according to o, we have to update the can-
didacy graph Aj3 as we updated As after embedding X;. Of course, whether Az will be
super-regular and its colouring appropriately bounded depends heavily on o. For the
embedding not to get stuck, we need to find in As not just any o, but a good one. To
achieve this, we make use of our result on hypergraph matchings (Theorem 2.2) which
guarantees a matching M in H that is in many ways ‘random-like’. This will allow us
to find an almost perfect rainbow matching o for which the updated candidacy graph
Az will have the desired properties. In more detail, the conclusion of Theorem 2.2
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allows to put weight functions on the edges of the hypergraph H and guarantees a
matching M in H such that the weight covered by M is what we would expect from
an idealized random matching. We employ such weight functions to provide that As
will still be super-regular and its colouring appropriately bounded. This is done in
Section 3.5 where we prove an ‘Approximate Embedding Lemma’ (Lemma 3.12). As
discussed, in the end we will make use of the rainbow blow-up lemma for o(n)-bounded
edge-colourings from [50] to turn an approximate embedding into a complete one.

This simplified setup already presents the main ingredients for the proof of our
rainbow blow-up lemma (Lemma 3.4). An important step in the approach of Rodl
and Ruciniski [112] is to refine the partition of H such that H only induces matchings
between its refined partition classes using the Hajnal-Szemerédi theorem. We follow
the same strategy and additionally find a subgraph G’ of G such that the edge-colouring
of G’ is colour-split, that is, each colour only appears between one bipartite pair of the
refined partition classes of G’. This enables us to deduce Lemma 3.4 from a reduced
instance (Lemma 3.13) where we impose that H only induces matchings between its
partition classes and the edge-colouring of G is colour-split. The main tools to perform
these reductions are given in Section 3.4.

3.3 Preliminaries

3.3.1 Colouring notation

For a graph G and a a set C, a function c¢: E(G) — 2¢ is called an edge set colouring
of G. A colour a € C appears on an edge e if « € ¢(e). We define the codegree of ¢ as
the maximum number of edges on which any two fixed colours appear together. For a
colour o € C, a vertex v € V(G), and disjoint sets A, B C V(G), we define

o deg(v) := |{u € Ng(v): a appears on uv}|;
e et (A, B):=|{abe E(G): a € A,b € B, and « appears on ab}|;
e ¢*(GQ) :=|{e € E(G): o appears on e}|.
We say that
e cis (globally) k-bounded if each colour appears on at most k edges;
e cis locally A-bounded if each colour class has maximum degree at most A.

Given a partition (V) of V(G), we say that ¢ is colour-split with respect to (V;);e[y
if for all e, f € E(G) we have c(e) Nc(f) = 0 whenever e € E(G[V;,V;]) and f ¢
E(G[V;,Vj]). If the partition is clear from the context, we just say that c is colour-
split. We call a subgraph G’ of G rainbow if all the edges in G’ have pairwise disjoint
colour sets.

3.3.2 Another rainbow blow-up lemma

Our final tool is the following special case of the rainbow blow-up lemma from [50]
for o(n)-bounded colourings. Even though the global boundedness condition is more
restrictive there, it is still applicable on a random subset of vertices (see the discussion
in Section 3.2). As such, it is the main tool in our proof to turn a partial rainbow
embedding into a complete one.

We say that (H,G, (Xi)ier]y, (Vi)iepo) i an (e, d)-super-regular blow-up instance
with exceptional sets (Xo,Vp) if Xo is an independent set in H, |Vy| = |[Xo| and
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(H — Xo0,G — Vo, (Xi)ie[r), (Vi)igpr)) is an (g, d)-super-regular blow-up instance. We
call graphs (A;);c[y candidacy graphs if A; is a bipartite graph with partition (X;, V;)
for all i € [r].

Lemma 3.5 ([50, Lemma 5.2]). Suppose 1/n < e,up < d,1/r,1/A.

Let B = (H,G,(Xi)ie]y, Vi)ielr)y) be an (g, dg)-super-regular blow-up instance with
exceptional sets (Xo, Vo) and (g, da)-super-reqular candidacy graphs (A;)ic[y, where
da,da > d. Assume further that

(i) A(H) <A;
(i) |Vi| =n for alli € [r];
(i) H[X;, X;] is a matching for all ij € ([g])'

Let c: E(G) — C be a un-bounded edge-colouring of G. Suppose a bijection vg: Xo —
Vo is given such that

(iv) for all x € Xo, i € [r] and z; € Ng(z) N X;, we have Na,(x;) C Ng(o(x));

(v) foralli € [r], z € X;, v € Nyu,(z) and distinct xo,xzy, € Ng(z) N Xo, we have

c(ho(wo)v) # c(tho(wg)v).

Then there exists a rainbow embedding v of H into G which extends g such that
Y(xz) € Na,(x) for alli € [r] and x € X;.

3.4 Colour splitting

The goal of this section is to provide some useful lemmas to refine the partitions of
a blow-up instance and split the colours into groups in order to obtain better con-
trol for the rainbow embedding. In particular, we will refine the partition of H using
the Hajnal-Szemerédi theorem (Theorem 3.8) and we will refine the partition of G
accordingly by a random procedure. This reduction is performed in Lemma 3.9. Ad-
ditionally, we group the edges of GG such that the edge-colouring of G is colour-split,
which is based on a random procedure given in Lemma 3.6. To obtain better con-
trol on the boundedness condition of the edge-colouring of a blow-up instance when
performing these reductions, we first group the edges of G such that G is colour-split
(Lemma 3.7) and afterwards refine the partitions of H and G (Lemma 3.9).

The first lemma will guarantee that with high probability the resulting graph is
still super-regular when we randomly split colours in order to obtain a colour-split
colouring.

Lemma 3.6 ([30]). Let1/n < e < &' < v,d,1/A. Suppose G is an (e, d)-super-regular
graph with vertex partition (A, B) such that |A|,|B| = (1+¢e)n, and c: E(G) — C is a
locally A-bounded edge-colouring of G. Suppose {Yo: a € CYU{Z.: e € E(G)} is a set
of mutually independent Bernoulli random variables such that P [Yc(e) + Z. = 2] =
for every e € E(G). Suppose G’ is the random spanning subgraph of G where e € E(Q)
belongs to E(G') whenever Yoo + Z. = 2. Then G’ is (¢',vd)-super-regular with
probability at least 1 — 1/n'9.

Proof. We call a pair of distinct vertices u,v € A good if |Ng(u,v)| = (d + ¢)?|B|,
and [{w € Ng(u,v): c(uw) = c(vw)}| < ¢|B|. We first claim that almost all pairs are
good.

Claim 1. There are at least (1 — Te)|A|*/2 good pairs u,v € A.
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Proof of claim: Since G is (e, d)-super-regular, at most 2¢|A|? pairs u,v € A do not
satisfy |[Ng(u,v)| = (d £ €)?|B| by Fact 1.11.

We claim that the number of pairs u,v € A with [{w € Ng(u,v): c(uw) =
c(vw)}| > €|B| is at most €|A|?. For this, we first count the number of monochro-
matic paths of length 2 in G with both ends in A. Each vertex w € B is contained in
Y ace (deg%‘(w)) monochromatic paths uwv in G. Since degg(w) < A for every colour
a € Cand ) odegd(w) < |A|, we have

3 (degag<w)) < 3 degl(w)? < AJA].

aeC aeC

Hence, there are at most A|A||B| monochromatic paths of length 2 in G with both ends
in A. This implies that the number of pairs u,v € A with [{w € Ng(u,v): c(uw) =
c(vw)}| > ¢|B| is at most
AlA]|B|
e|B|

Thus, there are at least (l’g‘) — 3¢|A]? > (1 — 7¢)|A|?/2 good pairs u,v € A. -

< e|A]2

We fix a vertex x € AU B and a good pair of vertices u,v € A. Let X, :=
degq () and X, , := |Ngr(u,v)|. Clearly, X, and X, are determined by {Y,: a €
CtU{Z.: e € E(G)}. Note that if w € Ng(u,v) satisfies c(uw) # c(vw), then
P[w € Ngi(u,v)] =~2. Thus, we have

3.4.1 E[X,] = vdeg~(z) = vdn + 3en  and E[X,,| = v2d*n + 10en.
( v degg v ] =7

For all « € C' and e € E(G), let b, and b, be minimally chosen such that changing the
outcome of Y, changes X, by at most b,, and changing the outcome of Z, changes X,
by at most b.. Note that

Z ba + Z be < 2degq(x) < 3n.

acC e€E(Q)

Moreover, we clearly have b, < 1, and since the colouring ¢ is locally A-bounded,
bo < A. Using McDiarmid’s inequality (Lemma 1.8), we obtain that

e2n? 1
(3.4.2) P[|X; — E[X3]| > en] <2exp A3 ) <om
With similar arguments one can show that
1
(3.4.3) P{|Xuo —E[Xyuo]| >en] < 20

A union bound over all x € AU B and all good pairs u,v € A yields together
with (3.4.1), (3.4.2) and (3.4.3) that with probability at least 1 — 1/n!°, we have
degcy(x) = ydn 4 4den for all x € AU B, and |Ng/(u,v)| = v2d?*n £ 11en for all good
pairs u,v € A. Given that, Theorem 1.13 implies that G’ is (¢/, vd)-super-regular.

[l

The next lemma states that we can split the colours of the host graph G into
groups and obtain a subgraph G’ which is still super-regular, and whose colouring is
colour-split and appropriately bounded.

Lemma 3.7 ([30]). Let 1/n < ¢ € ¢/ < d < v < d,1/A,1/r,1/A. Suppose
(H,G,(Xi)iep) Vi)iep)) is an (e, d)-super-regular blow-up instance. Assume further
that
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(1) A(H) < A and ey (Xi, X;) > v*n for all ij € ([T])
(i) |Vil=Q £e)n forallie[r);
(iii) e: E(G) — C s locally A-bounded and the following holds for all « € C':
> (Vi Vien(Xi, X;) < (1 —7)dn”.
ije ()
Then there exists a spanning subgraph G' of G such that
(a) (H,G" (Xi)iep)s (Vi)iepy) s an (€', d')-super-regular blow-up instance;
(b) ¢ restricted to G’ is colour-split;
(c) c restricted to G'[V;,V;] is (1 — f)% bounded for all ij € ([T])

Proof. Let € be such that ¢ < € < ¢’. The proof proceeds in three steps, where we
iteratively define spanning subgraphs G3 C Go C G C G such that G3 satisfies the
required properties of G’ in the statement.

In the first step we suitably sparsify each bipartite subgraph G[V;, V;]. For every

ij € ([T]) let
ern (Xi, Xj)

2An
Note that 42/(2A) < p;; < 1 since v*n < eg(X;, X;j) < A|X;| < 2An. For every
ij € ([g]), we keep each edge of G[V;,V;] independently at random with probability
pi; and denote the resulting graph by G1[V;,V;]. A simple application of Chernoff’s
inequality together with a union bound yields the following claim.

(3.4.4) pij =

Claim 1. The following properties hold simultaneously with probability at least 1 —1/n
for every ij € ([g]).

(CL.1) G1[Vi, V5] is (2e, pijd)-super-reqular;
C1.2) e (V;,V;) < eX(Vi, Vi)pij + en for every colour o € C.
G1 J G J J

Hence, by Claim 1, we may assume that G is a spanning subgraph of G such that
properties (C1.1)—(C1.2) hold. For every colour a € C, we obtain that

N er (Xi, Xj)
Vi, Vi) —
%e@( Ve (VieVy)
ije('y
(C1.1),(C1.2) en (Xi, Xj)
7 F 2
ije ()
a er(Xi, Xj) 2en (X3, Xj)
< (14 2¢/2) Z eg(V%,Vj)T]JFE” Z W
zJE([T]) we([r]) ]
(iif), (3.4.4) 4A
(3.4.5) < (21— + m(;) Wg S1-y+3t<1- %TV'

Note that (3.4.4) and (C1.1) imply that

ec,(Vi, V;) _ (d=eY%)n
€H(Xi,Xj) a QA

(3.4.6)
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Hence, for every colour o € (', we obtain

. N (34.6) (d 4+ ¢1/2)p, N e (X, X;
e (Gl) = GGI(W,V}') S ( 2A ) eGl(%7‘/}) ( - ])
2 2 ec, (Vi, Vj)
ije () ije('y)
(3.4.5) 37\ (d+¢e2)n
4. < -2 )
(3.47) = <1 1 ) 2A

In the next step we define a random subgraph G2 C (G;. This will ensure that
the final colouring is colour-split. We choose 7: C' — ([g]) where each 7(«) is chosen

independently at random according to some probability distribution (q%)” ey and
2
for each ij € ([g]) and each edge e of G1[V}, VJ], let Z. be a Bernoulli random variable

with parameter 2/ qic](e), all independent and independent of the choice of 7. Define
G by keeping each edge e € Eq, (V;,V;) if 7(c(e)) = ij and Z, = 1. Hence,

(3.4.8) for all e € E(G1), we have P[e € E(G2)] = 72

We define ¢f; as follows. For all v € C, let

r 2e — r
(3.4.9) I%:= {z’j € <[2]) ceg, (Vi, Vi) > ZI_((T();;;} and Z¢:= <[2]> \ Z¢.
2

For ij € %, we set a5 = v2. For ij € T, we set

g, Vi, Vj)
Z’i'j/EIO‘ eO‘Gl (V;'/’ V?I)

(3.4.10) = (1— 1Z%]7?)

Note that 72 < gg; < 1forall ij € ([g}), and Zije(m) qi; = 1.
2

Claim 2. The following properties hold simultaneously with probability at least 1 —1/n
for every ij € ([g]) and every colour a € C.

(C2.1) Ga[V;, V;] is (&,~%pijd)-super-regular;

(C22) e (Vi, V) < Zoed (Vi, V) + en.

955

Proof of claim: For every ij € ([5]), by (3.4.8) and (C1.1), Lemma 3.6 with Y, =
I (a)=ij and Z, as defined above implies that (C2.1) holds with probability at least
1—1/n°.

In order to verify (C2.2), note that for ij € ([g]) the colour a appears in G2[V;, Vj]
only if () = ij. Since we keep each a-coloured edge independently at random with
probability 72/ q;;, a simple application of Chernoff’s inequality yields that (C2.2) holds
with probability at least 1 — 1/n5. —

Hence, by Claim 2, we may assume that G2 is a spanning subgraph of G; such that
properties (C2.1) and (C2.2) hold. By the construction of G, the restricted colouring
c|p(as) is colour-split.

We show that also the required boundedness condition is satisfied, see (3.4.14)
below. For ij € ([g]), we deduce from (3.4.4) and (C2.1) that

2
2 (3é~4) (dié1/2>M€H(XﬂXJ)

(3.4.11) ecy(Vi, Vi) = ¥2pij(d £ Y%)n 5A
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For a colour a € C and ij € 72, as G5 C G1, we obtain that

(349) 42
(3.4.12) e, (Vi V) < €8 (Vi V) S — e (Gh)
1= (3)y
For a colour a € C and ij € Z%, we obtain with (C2.2) that
(3.4.10) ~2 S 1 eTa €8 (Vir, Vj,)
o Vi, Vi) < ——=— e (V;,V;) =~ ! +¢
W)= e T e oy e
? 7
(3.4.13) < s Y. ed (Vi Vi) +en = ——e®(Gh) +en
1= (2)/7 ,L.,]./E([r]) 1= (2)7
2

Moreover, for every colour a € C' and every ij € ([gl), we conclude that

2 (347) 1 —3~/4 ~2
@) ten < 7]/2.&
1-(5) 1- (3% 24
(3.4.11) 1 _ -1/, 1/2 /.
E01-39/4 eV Vy) dte (1_2’Y> ¢, (Vi Vi)
1— ()2 en(Xi, X;) d—év2 3/ en(Xi, X;)

(d+€Y?) +en

which implies together with (3.4.12) and (3.4.13) that for every colour a € C and every
.. [r]
ij € (%),

27\ eq, (Vi V)
3.4.14 o (Vv < (1-21) 22 e d)
( ) eGQ( .7) — ( 3 ) GH(X,,X])

Let G3 be a spanning subgraph of G2 where for each bipartite pair G2[V;, V] we
keep each edge independently at random with probability d'/(v?p;;jd). As Ga[V;, V]
is (&, 72p¢jd)—super—regular, we may conclude by simple applications of Chernoff’s in-
equality that with probability at least 1 — 1/n for all ij € ([g]), the graph G3[V;, V] is
(¢/, d’)-super-regular, and for every colour o € C, we have

€G3 (V;? V])

o g
e, (Vi V5) < (1-3) e (X, X;)

2
due to (3.4.14). Clearly, also ¢ restricted to G is colour-split. Hence, we conclude that
there is a spanning subgraph G of G satisfying properties (a)—(c), which implies the
statement with G'3 playing the role of G'. O

The next lemma states that we can refine the partitions of a blow-up instance
(H,G, (Xi)ielr), (Vi)ier)) where the edge-colouring of G is colour-split such that H
only induces matchings between its refined partition classes and the bipartite pairs of
G are still super-regular and colour-split. Similar as in the reduction in [112], we first
apply the Hajnal-Szemerédi theorem to H?[X;] for each cluster X; to obtain a refined
partition of H where every cluster is now 2-independent.? Accordingly, we refine the
partition of G randomly to preserve the super-regularity. Additionally, we partition the
colours into disjoint colour sets such that the colouring between the refined partitions
of G is still colour-split.

We first state the classical Hajnal-Szemerédi theorem.

Theorem 3.8 ([59]). Let G be a graph on n vertices with A(G) < k < n. Then V(G)
can be partitioned into k independent sets of size [ 7] or [%].

2Recall that we say a subset X of vertices in a graph G is 2-independent if it is independent in G2.
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Lemma 3.9 ([30]). Let 1/n <« e € ¢/ < d < v < d,1/A,1/r,1/A. Suppose
(H,G,(Xi)iep), Vi)iep)) is an (g, d)-super-regular blow-up instance. Assume further
that

(i) A(H) <A and ey (Xi, X;) > v*n for all ij € ([g]);
(i) Vil = (1 £ e)n for alli € [r];

(iii) c: E(G) — C is a colour-split edge-colouring such that ¢ is locally A-bounded and
c restricted to G[V;, V] is (1 —v)ec(Vi, V})/er (X, X;)-bounded for all ij € ([g}).

Then there exists an (¢',d')-super-reqular blow-up instance (H',G', (Xi)icigeiad
(V;J)ie[r],je[AQ]) such that

(a) (Xij)jeiaz) is partition of X; and (Vi j);eia2) is partition of V; for every i € [r],
and | X; ;| = |Vijl = (L £ )n/A2 for alli € [r],j € [A?);

(b) H' is a supergraph of H on V(H) such that H'[X;, j,, Xi, j,] is a matching of
size at least y'n/A* for all i1, iz € [r], j1, ja € [A%, (i1, j1) # (i2, j2);

(c) G' is a graph on V(Q) such that G'[Vi, ji,Vis.jo) € G[Viy, Vi, for all distinct
11,12 € [T] and all 51, j2 € [AZ],'

(d) ¢': E(G") — C" is an edge-colouring of G' such that | p(a)nrcry = clE@)nEG)
and c is colour-split with respect to the partition (Vi,j)ie[v“],jG[AQ]f and c 1s locally
A-bounded, and ' restricted to G'[V;, j,, Viy jo] is

(1 — l) oY, Vinga) -bounded
2 eH’(Xil,j17Xi27j2)

Jor all i1,ia € [r], j1, j2 € [A?], (i1, j1) # (i2, j2)-
Proof. Since c¢: E(G) — C' is colour-split, we may assume that ¢ is the union of
edge-colourings ¢;,4, : E(G[Vi,, Vi,]) = Ciyi, for i1ia € ([g]) where Cj,4, N Cyyy = 0 for
distinct iia, 7175 € (1)).

First, we apply Theorem 3.8 to H?[X;] for every i € [r]. Since A(H?[X;]) < A% -1,
there exists a partition of X; into 2-independent sets X 1,..., X; A2 in H each of size
|X;|/A% £1 = (1 +2¢)n’, where n’ := n/AZ%. Hence for all iy,is € [r], j1,j2 € [A?], the
bipartite graph H[X;, j,, X, j,] is a (possibly empty) matching. Clearly, we can add a
minimal number of edges to H to obtain a supergraph H’ such that H'[X;, ;,, Xi, j,] is
a matching of size at least y*n’ for all i1,is € [r], j1,jo € [A2], (i1, 1) # (i2, j2), which
yields (b).

In order to obtain (a), we refine the partition of V(G) accordingly. We claim that
the following partitions exist. For every i € [r], let (V; ;) c[a2) be a partition of V;
such that |V; ;| = | X; ;| for every j € [A?], and such that for all distinct 41,42 € [r], all
J1,72 € [A%, and v € Vj, j, U Vi, j,, We have

(3.4.15) degG[Vil,h’ViQ’jﬂ(v) = (d £ 3¢e)n’
and
. (d + 3e)n’
4.1 RV 1-— _— - .
(3.4.16) clBGIViy 51 Vig.s)) 18 ( 7+6)€H(Xi1, » bounded

That such a partition exists can be seen by a probabilistic argument as follows:
For each i € [r], let 7;: V; — [A?] where 7;(v) is chosen uniformly at random for
every v € V;, all independently, and let V;; := {v € V;: 7;(v) = j} for every j €
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[A?]. McDiarmid’s inequality together with a union bound implies that (3.4.15) and
(3.4.16) hold with probability at least 1 — e Vn, Moreover, standard properties of
the multinomial distribution yield that |V; ;| = |X;;| for all i € [r],j € [A?] with
probability at least (n~2").

Thus, for every i € [r], there exists a partition (Vj;);e(a2) of Vi with the required
properties.

Since G[Vi,,Vi,] is (g, d)-super-regular and due to (3.4.15), it follows that for all
distinct i1,io € [r] and all ji,j2 € [A?], the graph G[Vi, j;, Via.jo] is (2A%e, d)-super-
regular. By the construction of the supergraph H’, we have added at most v*A?n
edges to each pair (X;,, X;,) in H. Hence for all distinct 41,12 € [r],

(3.4.17) er(Xi, Xi,) > e (Xiy, Xiy) — YA n > e (Xiy, Xiy) (1 — 42 A2),

where the last inequality holds since ey (X;,, Xi,) > en(X;,, Xi,) > v*n. Now (3.4.16)
and (3.4.17) imply that for all distinct i1, i € [r] and all j1, j2 € [A2], the colouring

3’y> (d + 3e)n'

(3418) C‘E(G[‘/il,jlv‘/iz,jQ]) iS <1 R eH,(X’Ll)X )

1 -bounded.

Next, we iteratively define spanning subgraphs Go C G; C G and a supergraph
G’ O G5 that satisfies the required properties in the statement.

First, we claim that there exists a spanning subgraph G; C G that is colour-split
with respect to the partition (V; j)ie[, je(a2) and still super-regular. In order to see that
such a subgraph exists, we use a probabilistic argument. For all distinct i1,i2 € [r],
let 75,4, Ciyin — [A2%] x [A2] where each 74,4, () is chosen independently at random

according to the probability distribution (p(;, j1),(iz,j2))j1,jac[a?) With
e (Xiy s Xis o) v

3.4.19 i1 1) (i i0) 1= : 2L >

( ) P(i1,j1),(i2,j2) e (Xiy, X))~ 204 T >

Define G by keeping each edge e € E(G[Vj, j,, Vis.jo]) if Tirin(c(e)) = (j1,72). By
Lemma 3.6 and since G[Vi, j;, Viy.jo] is (2A%¢, d)-super-regular, there exists G; C G
such that the colouring of G is colour-split and G1[Vj, j, s Viy.jo] 18 (€'/2, D3y j1), (i,50) D)-
super-regular for all distinct 41,42 € [r] and all j1, jo € [A2].

For all distinct i1, i9 € [r], all j1,j2 € [A?], and every colour a € Cj,;,, we obtain

(3.4.18) 3y (d—l—3€) 2
XV o Voo < 1— —=
eG( 11,J1) 12732) = < 4 > eH’(szX )
1— 37) D(i1,51),(i2,52) <d + 36)77/2
4 er (Xiyjis Xinga)

and thus, since G1[Vi, j;, Viy jo] 18 (€'/2,D(:1 j1),(in,j2) @)-sUper-regular, we conclude that

2'7 eGl(iiljlaiisz)
3.4.20 & (Vi i Vo) < [1—— ’ : .
( ) €G1< 1,J1 21]2) = ( 3 ) e ’(Xi1,j17 Xig,j2)

Let G2 be the spanning subgraph of G where for each bipartite pair G1[Vi, j,, Vi, j» )
we keep each edge independently at random with probability d'/(p, ji),(is,j2)@)- AS
G1Viyg1s Viaga] 18 (€'/2,D(i11),(in,j2) @)-super-regular, we may conclude by simple ap-
plications of Chernoff’s inequality that with probability at least 1 —1/n for all distinct
i1,92 € [r] and all ji, j2 € [A?], the graph Ga[Vi, ji, Viy.jn) is (€', d’)-super-regular, and
by (3.4.20) for every colour a € C, we have

IN

6%1 (V;ld'l ) Vi27j2)

Y\ €y (Viyji» Viajo)
3.4.21 & (Vi i Vi i) < (1 _ 7) 2\ Vi1,515 Vig,jo
( ) eGQ( o Z27j2) B 2 eH/(Xihjl?X’LQ Jz)
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Finally, we may add edges in the empty bipartite graphs Go[V; ;,V; ] for all i € [r]
and all distinct 7,5’ € [A?] in such a way that we obtain a supergraph G’ D G5 where
G'[Viy jrs Viajo] 18 (€/,d')-super-regular for all 1,92 € [r] and j1,j2 € [A2], (i1,71) #
(i2, j2). Hence, we conclude that (H',G", (X j)icp,jea2), (Vig)iep] jejaz)) is an (€', d')-
super-regular blow-up instance that satisfies (c).

Let c¢*t: (V(QG)) — C%! be a rainbow edge-colouring of all possible edges (V(ZG))
such that C*NC = (). By colouring the edges E(G’)\ E(G2) using c*, we may obtain
an edge-colouring ¢’ : E(G") — CUC%" which extends ¢ and is clearly A-bounded. By
the construction of G, the colouring ¢’ is colour-split, and

(1 — 1) c6' Vi Via.ja) -bounded
2 €H/(Xz'1,j17Xi27j2)

for each bipartite subgraph G'[V;, j,, Vi,.j,] With i1,i2 € [r],j1,72 € [A?], (i1,41) #
(42, j2) due to (3.4.21). This yields (d) and completes the proof. O

3.5 Approximate Embedding Lemma

In this section, we prove the ‘Approximate Embedding Lemma’ (Lemma 3.12), which
allows us to embed a cluster X; into V; (here Xy, Vj) almost completely, while main-
taining crucial properties of other clusters for future embedding rounds. As outlined in
Section 3.2, we track these properties using ‘candidacy graphs’ A;, which are auxiliary
bipartite graphs between X; and V; where zv € E(A;) only if v is still a suitable image
for x given previous embedding rounds.

We say that (H, G, (A;)ic[,,¢) is an embedding-instance if

e H G are graphs and A; is a bipartite graph with vertex partition (Xj,V;) for
every i € [r]o such that (X)), is a partition of V(H) into independent sets,
(Vi)iepr, 1s a partition of V(G), and | X;| = |V;| for all i € [r]o;

e for all i € [r], the graph H|[X, X;] is a matching;

e c: I (GUUiE[T]O A;) — 2% is an edge set colouring that is colour-split with respect
to the partition (X, ..., X, Vo,...,V,) and satisfies |c(e)| =1 for all e € E(G).

We say that (H, G, (A;)ic[,, €) is an (&, (d?)ie[r], (di)iglr)o» s A)-embedding-instance
if in addition, we have that

o GV, V] is (g, d§)-super-regular and c restricted to G[Vp, V;] is
(14 ¢e)ea(Vo, Vi)/ern(Xo, X;)-bounded for all i € [r];

e A; is (g,d;)-super-regular and c restricted to A; is (1 + €)d;| X;|-bounded for all
1€ [T’]o;

e c is locally A-bounded and |c(e)| < ¢ for all e € | E(4;).

i€[r]o

Here, X is the cluster we want to embed into Vj by finding an almost perfect
rainbow matching o in Ag, and ¢ can be thought of as the number of clusters we have
previously embedded. For a matching o, we denote by V(o) the vertices contained
in o, and for convenience, we identify matchings o between Xy and Vy with functions
o: X§ — Vg, where X{ = V(o) N Xp and VJ = V(o) N V. Whenever we write
xv € E(A;), we tacitly assume that z € X; and v € V;.

The following two definitions encapsulate how the choice of o affects the can-
didacy graphs (Az‘)ie[r} and their colouring for the next step (see Figure 3.2). Let
(H,G, (Ai)icpy]y» ¢) be an embedding-instance.
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Xo X X
Zo Ti Z; H
a/C E(A) A; _a [{a} Uc(zjv))
Yo vi :’I /Uj G
Vo Vi ' Vj
o

Figure 3.2: If xo is mapped to vg by o, then only those candidates of z; remain that are
neighbours of vg. Moreover, colour a of the edge vov; is added to the the candidate edge
x;v;, which captures the information that if x; is later embedded at v;, then this embedding
uses .

Definition 3.10 (Updated candidacy graphs). For a matching o: X§ — Vi in Ay,
we define (Af);cy as the updated candidacy graphs (with respect to o) as follows:
for every i € [r], let A7 be the spanning subgraph of A; containing precisely those edges
xv € E(A;) for which the following holds: if x has an H-neighbour xo € X{ (which
would be unique), then o(zg)v € E(G[Vo, Vi]).

This definition ensures that when we embed z in a future round, we are guaranteed
that the H-edge xgx is mapped to a G-edge. Note that this definition does not depend
at all on the colouring ¢. Moreover, we also define updated colourings for the updated
candidacy graphs, where we add up to one additional colour to the edges in the new
candidacy graphs according to o.

Definition 3.11 (Updated colouring). For a matching o: X§ — V§ in Ay, we define
the updated edge set colouring ¢ of the updated candidacy graphs as follows: for each
i € [r] and xzv € E(AY), when x has an H-neighbour o € X§, then set ¢?(zv) :=
c(zv) Uc(o(zo)v), and otherwise set ¢ (zv) := c(xv).

We now state and prove our Approximate Embedding Lemma.

Lemma 3.12 ([30] - Approximate Embedding Lemma). Let
1n < & < & < (d)icp), (d)ieipe 1/A 1/, 1/(2+1).

Suppose (H, G, (A;)icpr)y, ) s an (&, (dZ-G)ie[r], (di)ie[r)o» t> N)-embedding-instance with
Vol =n, |Vi| = (1 £e)n, and eg(Xo, X;) > &'n for all i € [r]. Suppose the codegree of
cis K <./n.

Then there is a rainbow matching o: X§ — Vi in Ao of size at least (1 —€')n such
that for all i € [r], there exists a spanning subgraph AT of the updated candidacy
graph A and

(Drz12 AT is (¢, dSd;)-super-regular;
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(I1)13.12 the updated colouring c restricted to AT is (1 + €')d{ d;| X;|-bounded;
(IIT)13.12 ¢ restricted to A" has codegree at most max{K,n}.

We split the proof into three steps. In Step 1 we remove non-typical vertices and
edges in order to guarantee that certain neighbourhoods intersect appropriately. In
Step 2 we use a suitable hypergraph construction together with Theorem 2.2 to obtain
the required rainbow matching o. By defining certain weight functions in Step 3, we
utilise the conclusions of Theorem 2.2 to show that o can be chosen such that (I)p3 12—
(III)L3.12 hold.

Proof. Without loss of generality we may assume that |c(e)| = ¢ for all e € E(Ap).
(Otherwise, we may simply add new ‘dummy’ colours in such a way that the obtained
colouring still satisfies the conditions of the lemma, and these colours can simply be
deleted afterwards.)

We also choose a new constant £ such that ¢ < € < €.

Step 1. Remowing non-typical vertices and edges

In this step we define subgraphs of G and (A;)c[,, to achieve that certain neigh-
bourhoods intersect appropriately (see properties (3.5.4)—(3.5.6)). Let HT be an
auxiliary supergraph of H that is obtained by adding a maximal number of edges
between X and X; for every i € [r] subject to H"[Xy, X;] being a matching (note
that e+ (Xo, X;) > (1 —e)n).

Let A% be the spanning subgraph of A such that an edge xovy € E(Ap) belongs
to Ae? if there is some i € [r] with {z;} = Ng+ (7o) N X; and

(3.5.1) |Na, () N Ng(vo)| # (dSd; £ 3¢)| V.

For i € [r], let A9 be the spanning subgraph of A; such that an edge x;v; € E(A;)
belongs to A% if {zo} = Ny+(2;) N Xo and

(3.5.2) |Na, (z0) N N (v;)] # (dS do + 3¢)|Vp|.

Let G** be the spanning subgraph of G such that an edge vov; € E(G[Vo, V;]) belongs
to G*[V;, V;] for i € [r] whenever

(3.5.3) eH(NAO (’UQ), NAi (Uz)) 75 (dodi + 36)6H(X0, Xl)

Using Fact 1.11, it is easy to see that A(A%?) < 3ren and A(AY4) < 3¢|Vj| for each
i € [r]. We also claim that for each i € [r]o, there exists V¢4 C V; with |V}**4| < 3ren,
such that all vertices not in V@ U- ..U V*% have degree at most 3ren in G**?. Indeed,
fix i € [r] and let Xy := Np(X;) and X; := Ny (Xg). Recall that | Xo| = |X;| =
ern(Xo, Xi) > e'n. Using Fact 1.11, there exists V"% C V; with |V}?%| < 3¢|V;| such
that all v; € V; \ V2% satisfy |Na, (v;) N X;| = (d; £ ¢)|X;|. Now, fix such a vertex v;.
Let U := Ng(Na,(vi)). Using Fact 1.11 again, we can see that all but at most 3en
vertices vy € Vj satisfy |[Na,(vo)NU| = (doxe)|U| = (dpte)(d; £e)en(Xo, X;). Hence,
degaraa(v;) < 3en. Similarly, one can see that there exists Vobjd C Vp with ]Vg’j‘ﬂ < 3en
such that all vg € Vp \ Vobjd satisfy |Ngeaa(vo) N V;| < 3en. Let VPd .= |JI_, V&?d.
Then Vbbad, R V,,bad are as desired.

Now, let

0= Ao[Xo, Vo \ V5] — B(AY™),  Aj = A; — B(A?),
0i = GIVo \ Vg™, Vi] = E(G™[Vo, Vi \ V], for all i € [r].
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Since we only seek an almost perfect rainbow matching o in Ag, we can remove the
vertices V% from Ag and find o in Aj. By keeping the vertices V% for i € [r] and
the corresponding edges F(G[Vp, V%)) in G),, we can guarantee that the candidacy
graphs A} are still spanning subgraphs of A;.

By Fact 1.12, we have that G, is (¢,d{)-super-regular, that Aj is (¢, dp)-super-
regular and that A} is (&, d;)-super-regular. Crucially, we now have the following prop-
erties.

|Nar () N Ney (v0)] = (df'di £ €)|Vi],

3.54
( ) for all zgvg € E(Aj) whenever {z;} = Ny+(x0) N X5, i € [r];
(3.55) [Ny (20) N Neg (vi)| = (df'do £ &)[ Vo,

- for all z;v; € E(A), i € [r], whenever {z¢} = Ng+(z;) N Xo;
(3.5.6) er(Nay(vo), Nas (vi)) = (dod; + €)er (Xo, Xi),

for all vov; € E(Gy; — V?%?) and i € [r].

Indeed, consider zgvy € E(Af) with {z;} = Ng+(x¢) N X;. By (3.5.1), we have
INa, () N Na(vo)| = (d¥d; + 3¢)|Vi|. Moreover, vy ¢ VP4 Hence, deg jvaa(;),
degarad(vg) < 3ren, which implies (3.5.4). Similar arguments hold for (3.5.5) and (3.5.6).

Step 2. Constructing an auxiliary hypergraph

We aim to apply Theorem 2.2 to find the required rainbow matching o. To this
end, let fo := eUc(e) for e € E(A]) and let H be the (¢ + 2)-uniform hypergraph
H with vertex set XoU Vp U C and edge set {f.: e € E(A{)}. A key property of the
construction of A is a bijection between rainbow matchings M in Aj, and matchings
M in H by assigning M to M = {f.: e € M}.

In order to apply Theorem 2.2, we first establish upper bounds on A(#) and A¢(H).
Since A is (¢, do)-super-regular, | Xo| = n, and c restricted to Aj is (14-¢)don-bounded,
we conclude that

(3.5.7) A(H) < (do + €)n.

Let A := (dp + €é)n. Since c is locally A-bounded, the codegree in H of a vertex
in Xo UV, and a colour in C' is at most A. By assumption, the codegree in H of two
colours in C'is at most K. For two vertices in Xy U Vp, the codegree in H is at most 1.
Altogether, this implies that

(3.5.8) A“(H) < vn < AV,

Suppose W is a set of given weight functions w: E(A)) — [A]p with [W| < n®
(which we will explicitly specify in Step 3 to establish (I)p3.12—(I1T)p3.12.) Note that
every weight function w: E(A}) — [A]o naturally corresponds to a weight function
wy: B(H) — [A]o by defining wy(fe) := wle). If w(E(A))) > n'+e/2, define & := w.
Otherwise, arbitrarily choose @: E(Af) — [A]o such that w < @ and @W(E(A4)) =
n1*e/2. By (3.5.7) and (3.5.8), we can apply Theorem 2.2 (with (do+&)n, &2, t+2, {0y
w € W} playing the roles of A, 0,7, W) to obtain a matching M in H that corresponds
to a rainbow matching M in Aj, that satisfies the following property by the conclusion
of Theorem 2.2:

/
w(E(A:LlO)), for all w € W with w(E(A4})) > n'*+e/?;

0
w(E(4p))

on

(3.5.9) w(M) = (1+£?)

(3.5.10)  w(M) < max{(1+ £/?) ,nf} for all w € W.
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Let 0: X§ — V7 be the function given by the matching M, where X§ = XoN V(M)
and V7 = Vo NV (M).

One way to exploit (3.5.9) is to control the number of edges in M between suffi-
ciently large sets of vertices. To this end, for subsets S C Xy and 7" C Vj such that
|S|,|T| > 2én, we define a weight function wgr: E(A{) — [A]g with

1 ifee E(ALS, T\ Vbad
(3511) WS7T(6) = e ( 0[ 9 \ 0 ])7
0 otherwise.

That is, ws (M) counts the number of edges between S and T that lie in M. Since
Aj) is (€,dp)-super-regular, (3.5.9) implies (whenever wgr € W) that

(3.5.12)
(3:5.9)

(A8 TAVE ) _ (g 4 9172 SIT]

lo(SNXJ)NT| =wsr(M) don m

(1+&/2)

Step 3. Employing weight functions to conclude (I)r,312—(111)13.12

By Step 2, we may assume that (3.5.9) holds for a set of weight functions W
that we will define during this step. We will show that for this choice of W the
matching o: X§ — V{ as obtained in Step 1 satisfies (I)r,3.12—(III)1,3.12. Similar as in
Definition 3.10 (here with H replaced by H™), we define subgraphs (Aj);c(y) of (A})icp
as follows. For every i € [r], let A} be the spanning subgraph of A} containing precisely
those edges zv € E(A}) for which the following holds: if {zo} = Ny+(x) N X7, then
o(xo)v € E(Gy;). Since A, C A; and due to the construction of A, we conclude that
A is a spanning subgraph of the updated candidacy graph A¢ (with respect to o) for
every i € [r] (see Definition 3.10). By taking a suitable subgraph of A} we will later
obtain the required candidacy graph A“".

First, we show that the matching M has size at least (1 — 21/?)n. Adding w Xo,Vo
as defined in (3.5.11) to W and using (3.5.12) yields
(3.5.13) |M| > (1 —28Y2)n.
For every i € [r], define X/ := Ny (Xg) N X;. Note that |X/| = (1 +381/2)|X;| =
(1 +48/2)n.
Step 3.1. Checking (I)13.12

In order to prove (I)1312, we first show that A¥[XH,V;] is super-regular for every
i € [r]. We will show that every vertex in XZ-H UV; has the appropriate degree, and that
the common neighbourhood of most pairs of vertices in V; has the correct size, such
that we can employ Theorem 1.13 to guarantee the super-regularity of A} [XZH , Vil

For all i € [r] and for every vertex z € X with {zo} = Ny+(x) N X7, we have
deg g+ x# v, (2) = [Nas(z) N Ngy (0(20))|. Hence, (3.5.4) implies that

deg 4 x vy (@) = (df' di £ 8)|V].
Forv eV, let U, := NA; (v) C X;. Observe that
(3.5.14) degA;‘[XiH,Vi](v) = |o(Ng+(Up) N X7) N NG;)Z, ()],

and [Ng+(Uy) N Xo| = |Na; (v)| £en = (d; £2€)n, and [Ng (v)| = (d¥ £2¢)n. Adding
for every i € [r] and every vertex v € V;, the weight function wg 7 as defined in (3.5.11)
for §:= Ny+(Uy) N Xg and T':= N (v) to W, we obtain that

(3.5.15)
(3.5.12),(3.5.14) . _ .
deg 4+ (x 1 v (v) = (14 28"2)| N (Uy) N Xo|[Ngy (v)|n™" = (df d; + &'7%)| X [1|.
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Note that these are at most 2rn weight functions wg 7 that we added to W.

We will use Theorem 1.13 to show that Af[X Vj] is super-regular. We call a pair
of vertices u,v € V; good if [Ny (u,v)| = (d;i £ €)?|X;|, and [Ny, (u,v)| = (dS £ é)%n.
By the é-regularity of A, and G, using Fact 1.11, there are at most 28|V;|? pairs
u,v € V; which are not good. For every i € [r] and all good pairs u,v € V;, let S, ,, :=
Np+(Ng;(u,v)) N Xo and Ty, := Ngy (u,v). We add the weight function wg, ,1,,,, as
defined in (3.5.11) to W. Observe that |Syu| = [Na;(u,v)| £en = (d; + 2¢)2|X;| and

Tuv| = (df £ €)?n. Note that these are at most rn? functions wg, .7, , that we add

to W in this way. By (3.5.12), we obtain for all good pairs u,v € V; that

IN as 157 v (8, 0)] = 10(Suo N XG) N T = (1% 2872)[ S| T~
< (d¥d; + Y32 xH).

Together with (3.5.15), we can apply Theorem 1.13 and obtain that
(3.5.16) AXXE Vi is (é1/18, diGdi)-super-regular for every i € [r].

In order to complete the proof of (I)L312, for every i € [r], since |X; \ X7 | <
3¢/ 2| X;|, we can easily find a spanning subgraph Alew of AY that is (¢/, dl-GdZ-)—super—
regular by deleting from every vertex x € X; \ XZ-H a suitable number of edges. This
establishes (I)L3_12.

M Checking (H)L3.12

Next, we show that for every i € [r], the edge set colouring ¢” restricted to A} is
(1+ 5’)diGdi\Xi|—bounded, which implies (II)13.12 because A" C A¥. Recall that we
defined ¢ (in Definition 3.11) such that for zv € E(AY), we have ¢?(2v) = ¢(zv) U
c(o(xg)v) if  has an H-neighbour zp € X{, and otherwise ¢’ (zv) = c(zv). Since

¢ is colour-split, we may assume that c AL E(A) — 2 4% is the edge set colouring
c restricted to A} and cgy : E(Gy;) — Cgy s the edge-colouring c restricted to G,
such that Cy; N Cg; = 0 for all i € [r]. Fix i € [r]. We have to show that for all
a € Cy, UCq , there are at most (1 + ") d¥d;| X;| edges of A¥ on which o appears.

First, consider o € C A, Let Eq € E (A%) be the edges of A, on which a appears. By
assumption, |E,| < (14€)d;| X;|. We need to show that |E,NE(A?)| < (1+¢")df d;| X;|.
To this end, we define a weight function wy: E(Af) — [A]p by setting

wa(zv) = |{v; € Nep (v): zv; € Eg, a2, € E(H"[Xo, X))}
for every zv € E(A}), and we add w, to W. Note that

E.nEMAD < Y ‘{vi € Ngy (0(x)) © wiv; € Eq,aa; € E(H+[X0,Xi])}) FAIX\ XH|
(EiGXiH

< wa (M) + 36Y2A| X

We now obtain an upper bound for w, (M) using (3.5.10). For every edge x;v; € E,
with zz; € E(H'[Xy, X;]), condition (3.5.5) states that

[Ny (€) N Ney (03)] = (dfdo + €)n.
Hence, every such edge contributes weight (diGdo +&)n to wa(E(Ap)). We obtain

wa(E(AE))) < (1 —{—E)dl|Xl| . (ledo + é)n < (dodleG + 2{-5)|X1|TL
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Now (3.5.10) implies that we(M) < (1 + 26%/2)d¥d;|X;| and hence |E, N E(AY)| <
(1 +&")dSd;| X;].

Now, consider a € Cgy . Let Eq C E(Gj,) be the set of edges of G, on which «
appears. We define a weight function wq: E(Af) — [A]o by setting

wa () = Hvz € Ngy.(v): vv; € Eq, x; € E(H[Xo, Xi]), zv; € E(A;)}’

for every zv € E(A}), and we add w, to W. Note that the number of edges of A} on
which « appears is at most wq (M).

In order to bound ws(M), we again use (3.5.10) and seek an upper bound for
wa(E(Af)). Since ¢ is (1 + ¢)eq(Vo, Vi)/en(Xo, X;)-bounded on G[Vy, V;] by assump-
tion, we have |E,| < (1 4+ '/2)d¥ | X;|n/en(Xo, Xi).

For every edge vv; € E, with v; € V; \ Vibad, condition (3.5.6) implies that

CH(NAE)(U)v NA; (’Uz)) = (dgdi + e’-f)eH(X(), Xi)

Hence, every edge vv; € E, with v; € Vi\Vibad contributes weight (dod; £ &)ey (Xo, X;)
to wa(E(Ap)). Since A(E,) < A and |V < 3ren, there are at most 3rAen edges
w; € B, with v; € Vib“d, each of which contributes weight at most n. We conclude
that

(1 + £V/2)d|X |

wa(E(Ap)) < en(Xo, X;)

. (dodl + é)eH(Xo, Xz) + 3T‘AE’I’L2 < (dodzde + 25)|XZ‘7”L

Now (3.5.10) implies that wa (M) < (1 +¢')dfd;| X;|, completing the proof of (IT)13.12.
M C’hecking (IH)Lg,lQ

Finally, we show that for all i € [r], « € Cg, and B € Cy, the pair {a, B} appears
on at most n® edges of A¥. This implies (III)13.12, as the codegree of a pair in Cy/ is at
most K by assumption, and the codegree of a pair in Cgy is 0. Fix i € [r], a € Ca,
and 8 € C’A;. Let

Eo 5 := {vovizi: vov; € E(Gy,), zvi € E(A)), c(vovi) = {a}, B € c(xiv;)}
and define the weight function w, g: E(Aj) — [A]o by setting
Wa, (V) = ‘{vvixi € Eyp: xx; € E(HJ“[XO,XZ-])}‘.

Note that the number of edges of Af on which {«, f} appears is at most wq g(M).
In order to bound w, (M), note that every triple vv;z; € E, g contributes weight at
most 1 to wa g(E(Ap)). By assumption, c is locally A-bounded and (globally) (1 +
e)d;| X;|-bounded on A;, which implies that w, g(E(Af)) < |Ea gl < (1 +)d;A|X;| <
2An. Now, (3.5.10) implies that wq g(M) < n°. Hence, for all i € [r], o € Cg = and
B € Cyr, we add the corresponding weight function wq g to W, which implies (III)1,3.12.
This colmpletes the proof. O

3.6 Proof of Lemma 3.4

In this section, we prove our rainbow blow-up lemma (Lemma 3.4). First, we will
deduce Lemma 3.4 from a similar statement (Lemma 3.13), where we impose stronger
conditions on G and H. This reduction utilises the results of Section 3.4. We will
conclude with the proof of Lemma 3.13.
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Lemma 3.13 ([30]). Let 1/n < e < 7,d,1/r,1/A. Let (H,G, (Xi)ic[s), (Vi)iei)) be an
(e, d)-super-regular blow-up instance. Assume further that

(i) |[Vil= 1 Le)n forallie [r];
(ii) for all ij € ([g}), the graph H[X;, X;| is a matching of size at least v*n;
(iii) c: E(GQ) — C is a colour-split edge-colouring of G such that ¢ is locally A-bounded
and c restricted to G[V;, V;] is (1 —v)eq(Vi, Vj)/en(Xi, X;)-bounded for all ij €
().
Then there exists a rainbow embedding ¢ of H into G such that ¢p(x) € V; for alli € [r]
and x € X;.

Proof of Lemma 3.4. We split the proof into three steps. In Step 1, we apply
Lemma 3.7 in order to obtain a spanning subgraph GGy C G such that the restricted
edge-colouring is colour-split. In Step 2, we apply Lemma 3.9 in order to refine the
partitions of G; and H in such a way that the vertex classes of H are 2-independent.
Then, in Step 3, we can apply Lemma 3.13 to complete the proof.

In view of the statement, we may assume that 1/n < ¢ < v < d,1/r,1/A,1/A.
Choose new constants €1,€2,7/,dy,ds with e K g1 K g9 K ds K v < dy € 7.

Step 1. Colour-splitting
First, let H; be a supergraph of H on V(H) such that ep,—u(X;, X;) < v*n <
em, (Xi, Xj) for all ij € ([g]) and A(Hy) < A’ := A+ 7r. We claim that for all a € C,

we have

o g
> Vi Ve (Xi, X;) < (1 - 7 ) dn?.
i)

Indeed, since c is locally A-bounded, we obtain that
el (Vi, Vider, — (X, X;) < 2An - v*n <2 - ydn?/2

for each ij € ([g]). Hence, we can apply Lemma 3.7 to (Hi, G, (Xi)icy)s (Vi)igr))
(with v/2, A’ playing the roles of v, A), and obtain a spanning subgraph G of G such
that (Hi,G1, (Xi)iepy)s (Vi)ig]) is an (g1, d1)-super-regular blow-up instance, and the
colouring ¢; := ¢[g(q,) is colour-split and

i eG1(Vi7Vj)
1—- -2 ) —————"-bounded
( 4> eHl(Xi,Xj) ounde

for each bipartite subgraph G1[V;,Vj]. Clearly, a rainbow embedding of H; into Gy
also yields a rainbow embedding of H into G.
Step 2. Refining the vertex partitions

We can now apply Lemma 3.9 to the (e1,d;)-super-regular blow-up instance
(Hi, G1, (Xi)iep)s (Vi)iep)) with edge-colouring ¢ and 4/, A’ playing the roles of v, A.
Hence, we obtain an (g2, d2)-super-regular blow-up instance

(H2, G2, (Xij)icpr)jelar)s (Vigier,jea)
such that for n/ := n/A we have that

(a) (Xij)je[ar is partition of X; and (Vj;);ear2 is partition of V; for every i € [r],
and |X; j| = |Vi;| = (1 £ e2)n’ for all i € [r],j € [A™;
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(b) Hg is a supergraph of Hy on V(H) such that Ho[X;, j,, Xi, j,] is a matching of
size at least v/ for all i1, i3 € [r], j1, j2 € [A"%], (i1, 41) # (i2, j2);

(c) Gg is a graph on V(G) such that Ga[Vj, j,, Vi, o] € G1[Viy, Vi,] for all distinct
i1,i2 € [r] and all j1,j2 € [A"?];

(d) c2 is an edge-colouring of Ga such that ca|gc)nEG.) = clE@G)nEG,), and
c9 is colour-split with respect to the partition (Vi,j)ie[r],je[A’Q]a and ¢y is locally

A-bounded, and ¢y restricted to Ga[Vi, j,, Vi, j»] is

(1 N ’}//> eGQ (‘/Zj,jl: ‘/;:20‘2) -bounded
2 €H, (Xil,j17Xi27j2)

for all i1,42 € [r], j1, j2 € [A], (i1, j1) # (i2, j2).

Again, a cy-rainbow embedding of Hy into G2 also yields a cj-rainbow embedding of
H1 into Gl.

Step 8. Applying Lemma 3.18
We can now complete the proof by applying Lemma 3.13 as follows:
parameter || n' | ez | v | dy | rA" | A | Hp | G2 | (Xig)iepjeian) | (Vigliclljela”)

replaces H n ‘ € ‘ 0% ‘ d ‘ r ‘A‘ H ‘ G ‘ (Xi)z‘e[r] ‘ (V%)z‘e[r]
This yields a rainbow embedding of Hs into Ga, and hence of H in G. U

We now deduce Theorem 3.3 from Lemma 3.4 by partitioning H using the Hajnal—
Szemerédi theorem (Theorem 3.8) and G randomly.

Proof of Theorem 3.3. Let r := A + 1. We may assume that ¢ is sufficiently
small and n is sufficiently large. By applying Theorem 3.8 to H, we obtain a partition
(Xi)ie[ of V(H) into independent sets with [X;| € {|7],[7]}. We claim that there
exists a partition (V;);e|; of V(G) such that

(i) G[V;i,Vj] is (2re, d)-super-regular for all ij € ([S]);

(ii) for all @ € C with e®(G) > n3/%, we have e%(V;,V;) = (1 £ £)2e%(G)/r? for all
ij € (4);
(iii) |Vi| = |X;| for all i € [r].
That such a partition exists can be seen using a probabilistic argument: For each
v € V(G) independently, choose a label ¢ € [r] uniformly at random and put v

into V;. Using Chernoff’s inequality (Lemma 1.7) for (i) and McDiarmid’s inequality
(Lemma 1.8) for (ii), it is easy to check that (i) and (ii) are satisfied with probability
at least 1 — e~™"*. Moreover, (iii) holds with probability Q(n~"/2). Hence, such a
partition exists.

Therefore, we conclude that (H,G,(X;)ie), (Vi)iep)) 18 a (2re, d)-super-regular
blow-up instance. Consider a € C. If e*(G) < n/4, then condition (iii) in Lemma 3.4
clearly holds. If e*(G) > n3/4, we use (ii) to see that

D Vi, Vien(Xi, Xj) = (1 +¢)2e*(G)e(H) /r’
ije('y)

<(1+¢)(1- ’Y)QC(G)/TQ

< (1—7/2)d(n/r)*.

Thus, we can apply Lemma 3.4 and obtain a rainbow copy of H in G. U
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It remains to prove Lemma 3.13. The proof splits into four steps as follows. In
Step 1, we split G into two spanning subgraphs G4 and G with disjoint colour sets.
In Step 2, we define the necessary ‘candidacy graphs’ that we track during the approx-
imate embedding in Step 3. We then iteratively apply Lemma 3.12 in Step 3 to find
approximate rainbow embeddings of X; into V; using only the edges of G 4. All those
steps have to be performed carefully such that we can employ Lemma 3.5 in Step 4
and use the reserved set of colours of Gp to turn the approximate rainbow embedding
into a complete one.

Proof of Lemma 3.13. In view of the statement, we may assume that v <
d,1/r,1/A. Choose new constants €g,&1,...,6r41,4 With ¢ € g9 € 61 € -+ K
Ery1 K p K . Fori € [r], let

Xi = Uje X5 Vi = Usepy Vi

Step 1. Colour splitting

In order to reserve an exclusive set of colours for the application of Lemma 3.5, we
randomly partition the edges of G into two spanning subgraphs G 4 and Gp as follows.
For each colour class of G independently, we add its edges to G4 with probability 1 —~
and otherwise to Gp. Let d4 := (1 —7)d and dp := yd. By Lemma 3.6, we conclude
that with probability at least 1 — 1/n,

(3.6.1) Gz[Vi,Vj| is (€3, dz)-super-regular for all ij € ([g}), Z € {A, B}.

Hence, we may assume that G is partitioned into G4 and G such that (3.6.1) holds.
Step 2. Candidacy graphs

We want to show that there is a partial rainbow embedding of H[X,] into G4[V;]
that maps almost all vertices of X; into V; for every i € [r]. Moreover, we need to ensure
certain conditions for the remaining unembedded vertices in order to finally apply
Lemma 3.5. We will achieve this by iteratively applying the Approximate Embedding
Lemma (Lemma 3.12) in Step 3. In order to formally state the induction hypothesis,
we need some preliminary definitions.

For t € [r]o, we call ¢;: Xft Uu...u Xtd)‘ — Vl‘pt Uu...u th)‘ a t-partial embedding if
Xf’t C X, Vi‘bt CV;, and ¢t(XZ¢t) = Vl.‘b’5 for every ¢ € [t], such that ¢ is an embedding
of HIX?* U...UX] into GA[VY* U...UV"]. For brevity, define

X8 = U X7, Vit = Uie V-

Given a t-partial embedding ¢;, we define two kinds of bipartite auxiliary graphs:
for each ¢ € [r] \ [t], we define a graph A;(¢;) with bipartition (X;,V;) that tracks the
still available images of a vertex x € X; in G 4, which will be used to extend the t-partial
rainbow embedding ¢; to a (¢ + 1)-partial rainbow embedding ¢;;+1 via Lemma 3.12 in
Step 3. Moreover, for each i € [r], we define a bipartite graph B;(¢;) that tracks the
potential images of a vertex x € X; in G, which will be used for the completion via
Lemma 3.5 in Step 4. Here, we keep tracking potential images of vertices even if they
have been embedded, since in Step 4, we will actually ‘unembed’ a few vertices.

When extending ¢ to ¢41, we intend to update the graphs A;(¢;) and B;(¢y)
simultaneously using Lemma 3.12. In order to facilitate this, we define B;(¢:) on
a copy (XP,V:P) of the bipartition (X;,V;). For every i € [r], let X? and V. be
disjoint copies of X; and V;, respectively. Let m be the bijection that maps a vertex in
Uiep (X3 UV;) to its copy in Uep,y (XPUVPB). Let GT and H* be supergraphs of G 4
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and H with vertex partitions (Vi,...,V;, V{Z,...,V.B) and (X1,..., X, XP,..., XDP),
respectively, and edge sets

(Ga) U{ur(v),vr(u): uwv € E(Gg)} U Eg,

E(GT)
- (H) U{zn(y), ym(x): 2y € E(H)} U Ef,

=F
E(HY) = E
where we added for convenience a suitable set E¢; C ;e {wv: v € Vi,v € V.B} such
that G [V;, V.P] is (g0, d)-super-regular for all i € [r], and the set E}; := {z7(z): = €
V(H)} so that HY[X;, XP] is a perfect matching for all i € [r]. Note that G*[V;, V] =
GalVi,Vj], whereas GT[V;, V%] and G*[V;P,Vj] are isomorphic to Gp[V;,V;] for all
ij € (%),
We now define A;(¢;) and B;(¢;). Let X! := X; and VA := V; for every i € [r].
For Z € {A, B} and i € [r], we say that v; € V.Z is a candidate for z; € X7 (given ¢;)
if

(3.6.2) Ou(Npz+ (i) 0 X) € N (vs),
and we define Z;(¢;) as the bipartite graph with partition (X7, V;?) and edge set
E(Zi(¢1)) := {wivi: a; € XZ,v; € VZ, and v; is a candidate for z; given dr}.

We call any spanning subgraph of Z;(¢;) a candidacy graph.

Next, we define edge set colourings for these candidacy graphs. For i € [r]\ [¢], we
assign to every edge e = x;v; € F(A;(¢t)) a colour set c¢(e) of size at most ¢, which
represents the colours that would be used if we were to embed z; at v; in the next step.
More precisely, for every i € [r] \ [t] and every edge z;v; € E(A;(¢:)), we set

(3.6.3) (i) = c(B(Galde(Nu(z:) N X, {v:}])).

Tracking this set will help us to ensure that the embedding is rainbow when we extend
¢t to ¢ry1. Since |Npy(x;) N Xt@\ < t and |c(e)] = 1 for all e € E(G4), we have
ler(xiv)| < t.

For the candidacy graphs B;(¢:), we merely need to know that they maintain super-
regularity during the inductive approximate embedding (see S(t) below). Hence, for
convenience, we set ¢;(e) := ) for every e € E(B;(¢1)).

We also assign artificial dummy colours to the edges of E(GT)\ E(G4) as follows.
Let ¢t (V(§+)) — C%! be a rainbow edge-colouring of all possible edges in V(G™)
such that C%* N C = (). Define ¢t on E(GT) by setting ct(e) := c(e) if e € E(G4)
and c*t(e) := ¢*(e) otherwise.

Step 3. Induction
We inductively prove the following statement S(¢) for all ¢ € [r]o.
S(t). There exists a t-partial rainbow embedding ¢;: X — V& with | X2*| = [V >
(1 —¢e¢)|Xs| for all s € [t], and for all Z € {A, B}, there exists a candidacy graph
Z! C Zi(¢¢) such that
(a) Alis (g¢,dY)-super-regular for all i € [r] \ [t];
(b) B! is (et,dly)-super-regular for all i € [r];

(c) the colouring ¢ restricted to Af is (1+¢;)d"y|X;|-bounded and has codegree
at most n'/3 for all i € [r] \ [t].
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The statement S(0) holds for ¢ being the empty function: Clearly, for all Z € {A, B},
i € [r], the candidacy graph Z;(¢o) is complete bipartite, and by (3.6.3), we have
co(e) =0 for all e € E(A;(¢o)), implying S(0).

Hence, we may assume the truth of S(¢) for some ¢ € [r—1]g and let ¢: X — VP
and Al, B! be as in S(t). We will now extend ¢; to a (t+ 1)-partial rainbow embedding
¢r4+1 such that S(¢ + 1) holds. Note that any matching o: X7, | — V%, in A}, with
X711 € Xiyq and V9, C Viqg induces an embedding ¢y 1: Xft UX7, — Vft UV,
which extends ¢; to a (¢ + 1)-partial embedding as follows:

or(x) fxe Xt¢t,
o(x) ifzxeX7,.

(3.6.4) bri1(z) = {

The following is a key observation: Since c¢ is colour-split and by definition of the can-
didacy graph Af ; and the colouring ¢; on E(AL, ), whenever o is a rainbow matching
in A, then ¢441 is a (t + 1)-partial rainbow embedding.

Now, we aim to apply Lemma 3.12 in order to obtain an almost perfect rainbow
matching o in A}, ;. Let H**! := H* — X; and let G"*! := G* — V. We claim that

(3.6.5) (HHL G A et Ue) ds an (e, d, (dYy, dY), t, A)-embedding-instance,

where A:= (A}, ,..., AL, Bl ... Bl) and d := (da,...,da,dp,...,dp) (da repeated
r —t — 1 times and dp repeated r times).

First, note that the colouring ¢ U ¢; is locally A-bounded and colour-split with
respect to the vertex partition

(Xt+l)-"7XTaX1B7"°7X7*B)‘/t+17"'7‘/;“7‘/137"')VB)

T

of G U Uiepp g 4f Y Uiy Bi- Moreover, the colour sets of G'"*1ledges have size 1
and the colour sets of candidacy graph edges have size at most t.

Further, the super-regularity of the G**!-pairs follows from (3.6.1) (and for the
pair G V41, Vi#,] from the choice of Ef,). Moreover, combining (3.6.1) with as-
sumption (iii), we infer that for every i € [r — ¢ — 1], the edge-colouring

ey (Vig1, Vig144)

-bounded.
er (Xiv1, Xig144)

c restricted to GA[Viq1, Vig14i] 1s (1 4 &)

Finally, the super-regularity of the candidacy graphs and the boundedness of their
colourings follows from S(¢). We conclude that (3.6.5) holds. Hence, we can apply
Lemma 3.12 to this instance with the following parameters:

parameter H | X 41 ‘ £t ‘ €141 ‘ t ‘ r—t—1+r ‘ A ‘ nt/3 ‘ d ‘ (d4,d)
replaces H n ‘ 5 ‘ 4 ‘t‘ r ‘A‘ K ‘ (d)iep | (di)iep,

)

Let 0: X7, ; — V%, be the rainbow matching in Af,; obtained from Lemma 3.12
with | X7 1| > (1 —&¢41)[X¢41]. The matching o extends ¢; to a (¢ + 1)-partial rainbow
embedding ¢;41 as defined in (3.6.4). By Definition 3.10, the updated candidacy graphs
with respect to o obtained from Lemma 3.12 are also updated candidacy graphs with
respect to ¢y4+1 as defined in Step 2. (More precisely, we have Zf’a C Zi(p+1) for
Z € {A, B}.) Hence, by Lemma 3.12, we obtain new candidacy graphs A" C A;(¢141)
for i € [r]\ [t + 1] and B! C Bj(¢y11) for i € [r] that satisfy (I)rz.12-(ITT)13.12.
By (I)L3.12, we know that A! is (g441,d'")-super-regular for every i € [r] \ [t +
1], and B! is (g411,dS")-super-regular for every i € [r], which implies S(¢ + 1)(a)
and S(t+ 1)(b). Moreover, the new colouring ¢;4+1 as defined in (3.6.3) corresponds to
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the updated colouring as in Definition 3.11, so we can assume that ¢4 satisfies (IT)13.12
and (ITT)1312. Thus, for every i € [r]\ [t + 1], the colouring ¢;41 restricted to AL is
(14 Et+1)df4+1|Xi\—bounded by (II)13.12, and has codegree at most nl/3 by (I1)1,3.12-
This implies S(t + 1)(c), and hence completes the inductive step.

Step 4. Completion

We may assume that ¢, : X% - VP is an r-partial embedding fulfilling S(r)
with (e, d)-super-regular candidacy graphs B] C B;j(¢,). Recall that we defined
the bipartite candidacy graphs B] on copies (XZ-B ,ViB ) only to conveniently apply
Lemma 3.12 in Step 3. We now identify B! with a bipartite graph B} on (X;,V;)
and edge set E(B]) := {z;v;: m(x;)m(v;) € E(B])}. Hence, for each i € [r], Bl is
(er, dp)-super-regular and for every edge z;v; € E(B]), we deduce from (3.6.2) that

(3.6.6) ér(Ng () N XS C Ngp (v5).

We want to apply Lemma 3.5 in order to complete the embedding using the edges
in Gp and the candidacy graphs (B;);c|,- For every i € [r], let Vi=V;\ Vfr and
X = X; \ Xf’ " be the sets of unused/unembedded vertices. Note that we have no
control over these sets except knowing that they are very small. To be able to apply
Lemma 3.5, we now (randomly) add vertices that have already been embedded back
to the unembedded vertices. That is, we will find sets V/ O V; and X! DO X of size
exactly np := [un] (same size required for condition (ii) in Lemma 3.5) such that
B/[X!,V/] is still super-regular.

For the application of Lemma 3.5, we also have to ensure that not only the colouring
crestricted to Gp[V{U...UV/] is sufficiently bounded (see property (c) below), but also
that the colouring c restricted to Gp between already embedded sets V; \ V/ and sets
Vj’ used for the completion is sufficiently bounded (see property (d) below). Therefore,
for i,j € [r], let GBHV;\ V], ]] be the spanning subgraph of Gg[V;\ V/, V]] containing
those edges vlv] € E(Gg[Vi\V/,V]]) for which ¢, L(v;) has an H-neighbour in Xj. That
is, GV \ V/, V]] contains all the edges between V;\ V" and V] that will potentially
be used to extend the partial embedding when applying Lemma 3.5.

We claim that sets V;r C Vfr can be chosen such that, setting Y:r = ¢, I(V;r),

V=V, UV, , and X=X UX, , we have:
BV}, V] is (er+1,dp)-super-regular for all ij € ([g]);

(a
(b

N X1, VY] is (er41, d)-super-regular for every i € [r];

d) the colouring c restricted to GI[V; \ V7, V!] is u3/?n-bounded for all i, j € [r];

) G

) B
(c) the colouring c restricted to Gg[V{ U...UV/] is ,u,3/ 2n-bounded;
( ) 7 ? J

)

(e

This can be seen with a probabilistic argument. Independently for every i € [r]

and v € st’“, let v belong to V;r with probability p; := (np — \VJ)/]VZ‘M\ We now
show that (a)—(e) hold simultaneously with positive probability.

Note that p; = p + /&,. Recall that Gg[V;,V;] is (eo,dp)-super-regular, B
is (er,d})-super-regular, |V;| = |X;| < 2e.n, and c is locally A-bounded. Using
Chernoff’s bound, it is routine to show that (a) and (b) hold with probability at
least 1 — e~V™, say. Note here that the regularity follows easily from the regularity of
the respective supergraphs.

We show next that also (d) holds with high probability. Let 7,j € [ ] and let @ be

a colour. Let X be the number of a-coloured edges v;v; in Gg[Vi \ V/,V]]) for which

|V/| = |X!| = np for every i € [r].
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vj € V;r and ¢, (v;) has an H-neighbour in Yj_ Note that since |V;| = [X,| < 2e,n
and c is locally A-bounded, the number of a-coloured edges v;v; in Gp[V; \ V/,V}]) for
which v; € V; or ¢, !(v;) has an H-neighbour in X, is at most 4Ae,n. Now, consider
an edge v;vj € E(GB[VZ»%, Vj¢r]) with {z;} = Ng (¢, (v:)) N Xfr. Crucially, observe
that x; # ¢, 1(v;) because v;v; is an edge in G and therefore not in G 4. This implies
that

P v € V;_,a:j S Y;—:| =p§ < 2,[1,2.
Since c is locally A-bounded, o appears on at most 2An such edges v;v; and hence
E[X] < 4Ap®n.

Since ¢ is locally A-bounded, an application of McDiarmid’s inequality yields that, with
probability at least 1 — e*"2/3, we have X < 5Apu%n, which implies that the number of
a-coloured edges in GM!H[V; \ V/, V] is at most 113/?n. Together with a union bound,
we infer that (d) holds with probability at least 1 — eV,

A similar (even simpler) argument using the local boundedness of ¢ and McDiar-
mid’s inequality also works for (c). Thus, a union bound implies that (a)—(d) hold
simultaneously with probability at least 1 — 4e~ V™. Moreover, standard properties of
the binomial distribution yield that ]V:_\ =np —|V;| (and thus, |V/| = | X}| = np) for
all i € [r] with probability at least Q(n~"/2). Hence, there exist such sets X! and V;
for all ¢ € [r] satisfying (a)—(e).

Let

X = Usep X1, V= Uie Vi
X=X\ X, Vo =V \ V.

The restriction of ¢, to X|) clearly yields a rainbow embedding v: X; — V{ of H[X(]
into Ga[Vg]. Let G’ := Gp[V.] UGHV{,V!], and let H' be the subgraph of H with
partition (X;);c), that arises from H by discarding all edges in H[Xy]. (This is
feasible since edges within X|) have already been embedded by 1y.) By (a) and (b),
we have that B' :=(H', G', (X})iciry> (Vi )iepr)y) 18 an (er41, dp)-super-regular blow-up
instance with exceptional sets (X, V) and (41, d;)-super-regular candidacy graphs
(Bi[X}, V{])icp)- Moreover, c restricted to G” is p/?*np-bounded by (c) and (d), and
all clusters have the same size ng by (e). Further,

e from (3.6.6) and the definition of G%*, it holds that for all z € X}, i € [r] and
x; € Npr(x) N X}, we have Np/(2;) C N (vo(2));

o for alli € [r], € X}, v € Np/(x) and distinct zg, 2y € Np/(2) N Xg, we have
c(Yo(xo)v) # c(vo(x()v) because 1o(zo) and 1o(z() belong to different clusters
of (Vi)iepr and c is colour-split with respect to (V;);c|,-

Hence, we can finally apply Lemma 3.5 as follows:

parameter H ng ‘ Era1 ‘ pl/? ‘ dp ‘ dy ‘ T ‘ r—1 ‘ B ‘ (BiX}, ViDiep

VR )

plays the role of H n ‘ € ‘ 7 ‘dc ‘ da ‘ 7"‘ A ‘ B ‘ (Ai)ie[r]

This yields a rainbow embedding ¢ of H' into G’ which extends 1)y, such that ¢ (z) €
Np/(z) for all i € [r] and x € X/. Since the colours of ¢ restricted to G’ C Gp
are distinct from the colours already used by vy, it holds that v is a valid rainbow
embedding of H into G. This completes the proof. U
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3.7 Applications

In this section, we discuss applications of our main result to graph decompositions,
graph labelling and orthogonal double covers. As mentioned before, these applica-
tions are inspired by recent work of Montgomery, Pokrovskiy and Sudakov [104], and
basically transfer their applications from trees to general, yet bounded degree, graphs.

Graph decompositions

We briefly explain the general idea of utilizing rainbow edge-colourings to find graph
decompositions, and then give two examples.

Suppose G is a graph and I is a subgroup of the automorphism group Aut(G). If for
some subgraph H of G, {¢(H)}eer is a collection of edge-disjoint subgraphs of G, we
call this a I'-generated H-packing in G, and if every edge of G is covered, then it is a I'-
generated H-decomposition of G. For instance, in Walecki’s theorem, G is the complete
graph and T is generated by one permutation 7. We say that a packing/decomposition
of K, is cyclic if T is isomorphic to Z,,. Recall Kotzig’s conjecture that for any given
tree T with n edges, there exists a cyclic T-decomposition of Ko, 1. Note that there
are two natural divisibility conditions for the existence of such a decomposition, one
‘global’ edge divisibility condition and one ‘local’ degree condition. First, the number
of edges of Kop,41 is (2n+ 1)n which is divisible by n. Secondly, every vertex of Koy, 41
is supposed to play the role of every vertex of T exactly once, thus we need that
>_vev(r) dr(v) = 2n, which is true by the hand-shaking lemma. However, note that
we have not used the fact that 7' is a tree. The same divisibility conditions hold for
any graph with n edges. We thus propose the following conjecture as an analogue to
Kotzig’s conjecture for general (bounded degree) graphs.

Conjecture 3.14 ([30]). For all A € N, there exists ng such that for all n > ng, the
following is true. For any graph H with n edges and A(H) < A, there exists a cyclic
H-decomposition of Kopy1.

We will provide some evidence for this conjecture below (Theorem 3.16). Before, we
discuss in a general way how to use rainbow embeddings to find I'-generated packings
and decompositions. Let G and I' be as above. Then I' acts on G as a group action
and every element ¢ € I' sends vertices onto vertices and edges onto edges. The orbit
I'- e of an edge e is defined as I' - e := {¢(e): ¢ € I'}. It is well-known that two orbits
are either disjoint or equal. Hence we may colour the edges of G according to which
orbit they belong to. We refer to the orbit colouring cl, of G induced by I' and define
ch(e):=T-eforall e € E(G).

The following simple lemma now asserts that if we can find a rainbow copy with
respect to the orbit colouring, and all orbits have maximum size, then the copies of H

obtained via I' are pairwise edge-disjoint. The proof is immediate and thus omitted.

Lemma 3.15 ([30]). Let G be a graph and let I' be a subgroup of Aut(G) such that
[T -e| =|T| for all e € E(G). Suppose that H is a rainbow subgraph in G with respect
to c. Then {¢(H)}per is a I'-generated H-packing in G.

In particular, if |I'| = e(G)/e(H), then this yields a I'-generated H-decomposition
of G.

Theorem 3.16 ([30]). For all A € N, there exist € > 0 and ng € N such that the
following holds for all n > ng. Suppose H is a graph with |V(H)| <n, A(H) < A and
at most (1 —e)n/2 edges. Then K, contains a cyclic H-packing.
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Proof. Let G be the graph on vertex set [n] that is the complete graph if n is odd and
is otherwise obtained from the complete graph by deleting the edges {i,i+4n/2} for all
i € [n/2]. Consider the subgroup I' of Aut(G) that is generated by the automorphism
which sends a vertex i to i + 1 (modulo n). Clearly, I' & Z, and hence |I'| = n.
In addition, |I'- e = n for all e € F(G) and ¢} is locally 2-bounded. Therefore,
Theorem 3.3 yields a rainbow copy of H with respect to L in G, which by Lemma 3.15
yields a cyclic H-packing in G C K,,. O

We can also deduce a partite version of this. For simplicity, we only consider the
bipartite case.

Theorem 3.17 ([30]). For all A € N, there exist € > 0 and ng € N such that the
following holds for all n > ng. Suppose H is a graph with A(H) < A and at most
(1 —e)n edges, and V (H) is partitioned into 2 independent sets of size n. Then the
complete bipartite graph K, , contains a Zy-generated H-packing.

Proof. We proceed similarly as in Theorem 3.16. Let K, ,, have vertex set {(1,1), (2,4) :
i € [n]} and edge set {(1,4)(2,7) : i,7 € [n]}. Consider the subgroup I" of Aut(G) that
is generated by the automorphism which sends each vertex (¢,7) to (¢,i + 1) (modulo
n in the second coordinate), for ¢ € [2]. Consequently, I' = Z,,. Moreover, |I'-e| =n
for all e € E(K,, ) and cl is proper. Thus, Lemma 3.4 yields a rainbow copy of H in
K, n, with respect to cg . Then Lemma 3.15 completes the proof. O

These results demonstrate the usefulness of rainbow embeddings to decomposition
problems. Clearly, the application is limited to decompositions of a host graph into
copies of the same graph H. Approximate decomposition results which do not arise
from a group action but from random procedures have been studied recently in great
depth. At the expense that one does not obtain very symmetric (approximate) decom-
positions, it is possible to embed different graphs and not only many copies of a single
graph. In particular, the blow-up lemma for approximate decompositions by Kim,
Kiihn, Osthus and Tyomkyn [79] yields approximate decompositions into bounded de-
gree graphs of quasirandom multipartite graphs. Both this and another recent result
of Allen, Bottcher, Hladky and Piguet [7] imply Conjecture 2.1 asymptotically for
non-cyclic decompositions.

Orthogonal double covers

An orthogonal double cover of K, by some graph F' is a collection of n copies of F' in
K, such that every edge of K, is contained in exactly two copies, and each two copies
have exactly one edge in common. Note that F' must have exactly n — 1 edges. For
instance, an orthogonal double cover of K ()41 by K} is equivalent to a biplane, which

is, roughly speaking, the orthogonal double cover version of a finite projective plane.
Only a handful of such biplanes is known and it is a major open question whether
there are infinitely many.

Another natural candidate for F' is a spanning tree. Gronau, Mullin, Rosa conjec-
tured the following.

Conjecture 3.18 (Gronau, Mullin, Rosa [57]). Let T be an arbitrary tree with n
vertices, n > 2, where T is not the path of length 3. Then there exists an orthogonal
double cover of K, by T.

Montgomery, Pokrovskiy and Sudakov [104] proved an asymptotic version of this
when n is a power of 2, using their Theorem 3.1. Similarly, our main theorem yields
approximate orthogonal double covers by copies of any bounded degree graph with
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(1 —o(1))n edges whenever n is a power of 2. We omit the proof as it is verbatim the
same as in [104].

Theorem 3.19 ([30]). For all A € N, there exist € > 0 and ng € N such that the
following holds for all n > ng with n = 2¥ for some k € N. Suppose H is a graph
with |V(H)| <n, A(H) <A and at most (1 —e)n edges. Then the complete graph K,
contains n copies of H such that every edge of K, belongs to at most two copies, and
any two copies have at most one edge in common.

Graph labellings

The study of graph labellings began in the 1960s and has since produced a vast amount
of different concepts, results and applications (see e.g. the survey [48]). Perhaps the
most popular types of labellings are graceful labellings and harmonious labellings. The
former were introduced by Rosa [115] in 1967. Given a graph H with ¢ edges, a graceful
labelling of H is an injection f: V(H) — [¢ + 1] such that the induced edge labels
|f(z) — f(y)|, xy € E(H), are pairwise distinct, and H is graceful if such a labelling
exists. The Graceful tree conjecture asserts that all trees are graceful. Rosa [115]
showed that this would imply the aforementioned Ringel-Kotzig conjecture. Despite
extensive research, this conjecture remains wide open. Adamaszek, Allen, Grosu and
Hladky [1] recently proved that almost all trees are almost graceful.

Harmonious labellings were introduced by Graham and Sloane [56] in 1980. Given
a graph H and an abelian group I', a I'-harmonious labelling of H is an injective
map f: V(H) — T such that the induced edge labels f(x) + f(y), zy € E(H), are
pairwise distinct, and H is I'-harmonious if such a labelling exists. Graham and
Sloane asked which graphs H are Z(p)-harmonious. Note that this necessitates that
|[V(H)| < e(H). In the special case when H is a tree on n vertices, they conjectured
that there exists an injective map f: V(H) — [n] such that the induced edge labels
f(x)+ f(y), zy € E(H), are pairwise distinct modulo n — 1. Zak [123] proposed a
weakening of this. He conjectured that every tree on n—o(n) vertices is Z,-harmonious.
Montgomery, Pokrovskiy and Sudakov [104] proved Zak’s conjecture as a corollary of
Theorem 3.1. Using our Theorem 3.2, we can deduce a similar statement for general
bounded degree graphs.

Theorem 3.20 ([30]). For all A € N, there exist € > 0 and ng € N such that the
following holds for all n > ng. Suppose H is a graph with at most n vertices, at most
(1 —¢e)n edges and A(H) < A. Let I' be an abelian group of order n. Then H is
I'-harmonious.

Proof. Consider the complete graph K1 on I'. Define the edge-colouring ¢: E(Kr) —
I by setting ¢(ij) = i + j, and note that ¢ is proper and thus n/2-bounded. Hence, by
Theorem 3.2, K contains a rainbow copy of H, which corresponds to a I’-harmonious
labelling of H. O



Chapter 4

The blow-up lemma for
approximate decompositions

The content of this chapter is based on the preprint [32] with Feliz Joos.

4.1 Introduction to graph decompositions

Preceding the recent advances on Conjectures 1.1-1.3 (as mentioned in the introductory
chapter), there has been a collection of approximate decomposition results, that is, a
few edges of the host graph are not covered, under various and quite general conditions,
see [7, 16, 41, 79, 100, 104]. We also refer to [21, 42, 77, 92] for further developments in
the field. The importance of these approximate results should not be under estimated.
In fact, numerous decomposition results combine approximate decomposition results
with certain absorbing techniques. This includes [5, 52, 65, 71, 72, 75, 76, 103]. Having
this in mind and in need of a powerful approximate decomposition result, Kim, Kiihn,
Osthus and Tyomkyn [79] proved a far-reaching generalization of the original blow-
up lemma — a ‘blow-up lemma for approximate decompositions’. This result can also
be combined with Szemerédi’s regularity lemma to obtain almost decompositions of
graphs into bounded degree graphs.

The blow-up lemma for approximate decompositions has already exhibited its ver-
satility. It has been applied in [65, 77, 88] and in [21] for a ‘bandwidth theorem for
approximate decompositions’, which in turn is one of the key ingredients for the res-
olution of the Oberwolfach problem in [51]. However, its very complex and long proof
is an obstacle for further generalizations. We overcome this and present a new and
significantly shorter proof in this chapter.

Our approach makes it possible to include some more features: an easier handling of
exceptional vertices, which results in a substantially easier applicability of the theorem,
as well as stronger quasirandom properties for the approximate decompositions. To
be more precise, the first yields shorter proofs of the main results in [21] and [65]
as certain technically involved preprocessing steps are no longer needed; the latter
permits to combine our main result with Keevash’s recent results on designs [72]. We
demonstrate this in Section 4.6 and obtain new results on decomposing quasirandom
graphs into regular spanning graphs. Further, we illustrate in Section 4.6 how our
proof methods also give rise to approximate decompositions for directed graphs.

4.1.1 The blow-up lemma for approximate decompositions

In this section, we first introduce some terminology and then state the blow-up lemma
for approximate decompositions. We say that a collection/multiset of graphs H =

53
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{Hy,...,Hs} packs into a graph G if there is a function ¢ : (Jyeqy V(H) — V(G) such
that ¢|V( ) 1s injective and ¢ injectively maps edges onto edges. In such a case, we
call ¢ a packing of H into G. Our general aim is to pack a collection H of multipartite
graphs in a host graph G having the same multipartite structure which is captured by
a so-called ‘reduced graph’ R. To this end, let (H,G, R, X', V) be a blow-up instance if

e H,G, R are graphs where V(R) = [r]| for some r > 2;

e X = (X)) is a vertex partition of H into independent sets, V = (V;);c|,] is a
vertex partition of G such that |V;| = |X;| for all i € [r];

e H[X;, X,] is empty whenever ij € ([g}) \ E(R).

We also refer to Z = (H,G, R, X, V) as a blow-up instance if H is a collection of graphs
and X is a collection of vertex partitions (X/*);c() mew so that (H,G, R, (X);ci, V)
is a blow-up instance for every H € H.

The blow-up instance % is (e, d)-super-regular if G[V;, V;] is (e, d)-super-regular for
all ij € E(R), and £ is A-bounded if A(R), A(H) < A for each H € H. Now we are
ready to state the blow-up lemma for approximate decompositions.

Theorem 4.1 (Kim, Kiihn, Osthus, Tyomkyn [79]). For all o € (0,1] and r > 2,
there exist ¢ = e(a) > 0 and ng = no(e, r) such that the following holds for all n > ng
and d > «. Suppose (H,G, R, X,V) is an (e, d)-super-reqular and o~ -bounded blow-up
instance such that |V;| = n for alli € [r], |H| < a™'n, and > ey eH(XiH,X]H) <
(1 — a)dn? for all ij € E(R). Then there is a packing ¢ of H into G such that
H(XH) =V, for alli € [r] and H € H.

We remark that there are more general versions of Theorem 4.1 in [79], but omit
the more technical statements here. Instead we state our main result and the interested
reader can easily check that it generalizes® the more technical versions in [79].

4.1.2 Main result

Most blow-up lemmas exhibit their power if they are applied in conjunction with
Szemerédi’s regularity lemma. This, however, comes with the expense of a small set
of vertices over which we have no control. Consequently, in such a setting, when
embedding a graph H into G, it is often the case that some vertices of H are already
embedded and the blow-up lemma is applied only to some nice part of G. To deal with
such scenarios we consider extended blow-up instances. We say (H,G, R, X,V, ¢¢) is
an extended blow-up instance if

e H,G, R are graphs where V(R) = [r] for some r > 2;

e X = (Xi)ig|, is a vertex partition of H into independent sets, V = (V});g|y, is
a vertex partition of G such that |V;| = |X;| for all i € [r]o;

e H[X;, X;] is empty whenever ij € ([g}) \ E(R);

e ¢ is an injective embedding of X into V4.

!Observe that we do not allow different densities between the cluster pairs in G. However, this
technical complication could very easily be implemented by adding at numerous places extra indices.
As this feature has never been used so far in applications, we omitted it for the sake of a clearer
presentation.
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This definition also extends as above to the case when H is replaced by a collection
of graphs H in the obvious way as before. An extended blow-up instance is (e, d)-
super-reqular if G[V;, Vj] is (g, d)-super-regular for all ij € E(R).

Let Z = (H,G,R,X,V, ¢p) be an extended blow-up instance. We say % is (e, a)-
linked if

e at most ¢| X/!| vertices in X} have a neighbour in XZ for all i € [r], H € H;
e |ViN ﬂxoeXgIﬂNH(z) Ne(po(x0))| > a|Vi| for all z € XH i € [r], H € H;
o |¢gt(v)] < e|H| for all v € Vp;

o Y pen INu(aE) NNy (zf) N XH| < e|V;|/2 for all i € [r] and distinct vy, v € Vo
where 28 = ¢y (vo) N X4 and zf! = ¢y (vh) N X! for H € H.

One feature of our result is that one can replace ‘blow-up instance’ in Theorem 4.1 by
‘extended blow-up instance that is (e, a)-linked’. We remark that the above conditions
are easily met in applications known to us and are similar to conditions found elsewhere
for this purpose.

Next, we define two types of structures for % and our main result yields a packing
that behaves as we would expect it from an idealised typical random packing with
respect to these structures. We say (W, Y1,...,Y%) is an (-set tester for A if k < £ and
there exist ¢ € [r] and distinct Hy, ..., Hy € H such that W C V; and Y; C XiHj for all
j € [k]. We say (v,w) is an (-vertez tester for Z if v € V; and w : Jyeqy XiT — [0, £] for
some i € [r]. For a weight function w on a finite set X, we define w(X') :=>"__y/ w(x)
for any X’ C X. The following theorem is our main result.

Theorem 4.2 (Ehard, Joos [32]). For alla € (0,1] andr > 2, there existe = e(a) > 0
and ng = no(a,r) such that the following holds for all n > ng and d > «. Suppose
(H,G,R,X,V,¢0) is an (e, d)-super-reqular, o~ *-bounded and (e, a)-linked extended
blow-up instance, |V;| = (1+e)n for alli € [r], [H| < o 'n, and 3 ey eH(XZ-H,XjH) <
(1 —a)dn? for allij € E(R). Suppose Wset, Wyer are sets of a™-set testers and o~ -
vertex testers of size at most n'°8™, respectively. Then there is a packing ¢ of H into G
which extends ¢g such that

(1) ¢(XH) =V, for alli € [r]o and H € H;
(i) (W NN oY) = WY [Yo|/nt £ an for all (W, Y1,...,Ys) € Wae;

(iif) w(Upey X N7 (v)) = w(Ugey XIT)/n£an for all (v,w) € Weer.

4.1.3 Applications

The multipartite framework can be used to obtain results for the non-partite setting.
The next theorem applies to graphs G that are (g, d)-quasirandom; that is, if n is the
order of G, then |Ng(u)| = (d £ ¢)n and |Ng(u) N Ng(v)| = (d? 4 &)n for all distinct
u,v € V(G). In fact, our result extends Theorem 1.4 by including the following test
structures to control certain quantities of the packing. Given G and a collection of
graphs H on at most n vertices, we say (W, Y1,...,Yy) is an £-set tester if k < ¢ and
there exist distinct Hy,...,Hy € H such that W C V(G) and Y; C V(H;) for all
i € [k]. We say (v,w) is an l-vertex tester if v € V(G) and w : Jyeqy V(H) — [0,£].
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Theorem 4.3 (Ehard, Joos [32]). For all o > 0, there existe > 0 and ng € N such that
the following holds for alln > ng and d > «. Suppose G is an (g, d)-quasirandom graph
on n vertices and H is a collection of graphs on at most n vertices with |H| < a~'n and
S pene(H) < (1—a)e(G) as well as A(H) < o' for all H € H. Suppose Wier, Woer
are sets of o~ l-set testers and a~'-vertex testers of size at most n'°8™, respectively.
Then there is a packing ¢ of H into G such that

o [WNNigyq (Yol = [WIY1]---|Yel /n" £ an for all (W, Y1, ..., Yr) € Wet;

e w(Upey VH)) N1 () = w(Ugey V(H))/n £ an for all (v,w) € Wee-

In many scenarios when one applies approximate decomposition results, as for
example Theorem 4.3, it is important that the graph G — ¢(#H) has ‘small’ maximum
degree. Here, this can be easily achieved by utilising vertex testers (v,w) where w
assigns to all z € (Jy¢qy V(H) the degree of z. We remark that set and vertex testers in
our main result are very flexible and capture many desirable properties. For example,
Theorem 4.3 implies the approximate decomposition result due to Allen, Bottcher,
Clemens and Taraz [5] when restricted to graphs of bounded maximum degree.

We give an example how to apply Theorem 4.3. By exploiting set and vertex testers,
we can combine the approximate decomposition result of Theorem 4.3 with Keevash’s
results on hypergraph decompositions to perfectly decompose pseudorandom graphs
into regular spanning graphs as long as only a few graphs contain a few vertices in
components of bounded size. This is stronger as some results in [51] where a few
graphs with almost all vertices in components of bounded size are required.? For this
result, we need the stronger pseudorandom notion of typicality as also used by Keevash
in [72]. We say a graph G on n vertices is (e, s, d)-typical if | ),cy Na(u)| = (1£e)dVIn
for all sets U C V(G) with |U| < s.

Theorem 4.4 (Ehard, Joos [32]). For all a > 0, there exist € > 0 and s,ng € N such
that the following holds for all n > ng and d > «. Suppose G is a regular (e, s,d)-
typical graph on n wvertices and H is a collection of reqular graphs on n vertices with
S pewn e(H) = e(G) as well as A(H) < o' for all H € H. Suppose there are at least
an graphs H € H such that at least an vertices in H belong to components of order at
most a~ 1. Then there is a decomposition of the edge set of G into H.

Theorem 4.4 makes progress on a conjecture by Glock, Joos, Kim, Kithn and Osthus
who conjecture in [51] that K, can be decomposed into any collection #H of regular
bounded degree graphs with 3,5, e(H) = (3). Without Theorem 4.4, one can show
that there is a decomposition of K, into a collection of r-regular graphs H whenever
at least en graphs in H contain only components of size at most ¢~! (or Hamilton
cycles). Theorem 4.4 implies that H has to contain only en graphs with a very small
proportion of the vertices in components of size at most e~!. We prove Theorem 4.4
in Section 4.6.

In Section 4.6 we also show how our proof methods give rise to a blow-up lemma for
approximate decompositions for directed graphs, which we derive from a more general
setting which was also addressed in [6].

4.2 Proof overview

Before we explain our approach, we briefly sketch the approach of Kim, Kiihn, Osthus
and Tyomkyn in [79]. Their first step is to stack several graphs H € H together to a

2The results in [61] consider only 2-regular graphs. However, their proof for the part where they
consider collections of graphs H that contain a few graphs with almost all vertices in components of
bounded size carries over verbatim to r-regular graphs for any r if n is large in terms of r.



4.3. PRELIMINARIES o7

new graph H such that H (XH, X JH ] is essentially regular for all ij € E(R).> Let H
be the collection of these graphs H. They prove that such graphs H can be embedded
into G by a probabilistic algorithm in a very uniform way. For some v < «, they
apply this algorithm to yn graphs in H in turn. Observe that this may cause edge
overlaps in G. Nevertheless, after embedding yn graphs, they remove all ‘used’ edges
from G and repeat. At the end, they eliminate all edge overlaps by unembedding
several vertices and complete the packing by utilising a thin edge slice put aside at the
beginning.

Our approach is somewhat perpendicular to their approach. We proceed cluster
by cluster and find a function ¢; which maps almost all vertices in (Jzcqy XZH into V;
and which is consistent with our partial packing so far. Our ‘Approximate Packing
Lemma’, stated in Section 4.4, performs one such step using an auxiliary hypergraph
where we aim to find a large matching which is pseudorandom with respect to certain
weight functions. At the end, we complete the packing by also using a thin edge slice
similar to [79]. At the beginning, we partition the clusters of our blow-up instance into
many smaller clusters with the only purpose to ensure that H [XZH , X jH | is a matching
(see Section 4.3.2). This preprocessing is comparably simple and first used in [112].

Both the approach in [79] and ours draw on ideas from an alternative proof of the
blow-up lemma by R6dl and Ruciniski [112]. In spirit, our approach is again closer to the
procedure in [112] as they also embed the clusters of H in turn. Many generalizations
of the original blow-up lemma build on this alternative proof. We hope that our
alternative proof of the blow-up lemma for approximate decompositions paths the way
for further developments in the field. In fact, in Chapter 5 we extend our proof methods
of the blow-up lemma for approximate decompositions to the setting of decomposing
quasirandom hypergraphs.

Some ideas for our proof are taken from the approach of our rainbow blow-up
lemma in Chapter 3. In particular, we also employ our main result on pseudorandom
hypergraph matchings (Theorem 2.3) from Chapter 2.

Clearly, our proof cannot avoid a certain level of technicalities simply because the
statement itself is already somewhat complex. However, we believe that the proof
is substantially less complex and technical than the original proof in [79], as well as
proofs of related results in the area of graph decompositions and embeddings, as for
example [5, 6, 7, 16, 21, 65, 70, 92].

4.3 Preliminaries

4.3.1 The usual blow-up lemma

At the end of our packing algorithm we apply the following version of the blow-up
lemma due to Komlés, Sarkozy, and Szemerédi.

Theorem 4.5 (Komlés, Sarkozy, and Szemerédi [82]). Suppose 1/n < ¢ < 1/A,d
and 1/n < 1/r. Suppose (H,G,R,(Xi)icp), (Vi)iep)) is an (g, d’)-super-reqular and
A-bounded blow-up instance, with d' > d as well as |V;| = (1 £ &)n for all i € [r] and
(Ai)ier) is a collection of graphs such that A; is bipartite with vertex partition (X;,V;)
and (g, d;)-super-regular for some d; > d. Then there is a packing ¢ of H into G such
that ¢(x) € Na,(x) for all x € X; and i € [r].

3In fact, their main theorem only applies to collections of graphs that are essentially regular and
this stacking had to be performed again in [21] and [65] which made the application in both cases
technically involved.
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4.3.2 Refining partitions

Here, we provide a useful result to refine the vertex partition of a blow-up instance
such that every H € H only induces a matching between its refined partition classes.
While in [112] this procedure was easily obtained by applying the classical Hajnal—
Szemerédi Theorem, we perform a random procedure to obtain more control on the
mass distribution of a weight function with respect to the refined partition.

The following lemma is stated such that we can also apply it conveniently for
refining the vertex set in the non-multipartite setting for the proof of Theorem 4.3,
that is, when r = 1, which is the reason for the asymmetry in the statements (iv)
and (v).

Lemma 4.6 ([32]). Suppose 1/n < B < o and 1/n < 1/r. Suppose H is a collection
of at most a~'n graphs, (XiH)Z-e[r] is a verter partition of H, and A(H) < o~ for
every H € H. Suppose nj2 < |XH| = | XH'| < 2n for all H/H' € H and i € [r].
Suppose W is a set of weight functions w: Upey icp XH = 0,07 with W] < eV™.
Then for all H € H and i € [r], there exists a partition (ij)je[ﬁfl] of X1 such that
for all H € H,w € W,i,i € [r],j,j' € [B71] wherei # i or j# j', we have that

(i) th; is independent in H?;
(i) |XA1<...< ]Xi%,ll <|XA1+1;
(iil) w(X2) = Bw(XT) £ p3n;

(iv) D mgen eH(ij,Xﬁj,) =32 > Hen eH(XiH,Xf) + 53 if i £

(V) Xmen €H<ij7XiI,{j/) = (521) 1 > HeH e(H[Xz‘H]) £ 0?3 ifi =il

We omit a detailed proof in this thesis and instead refer to [32]. In fact, we will prove
a very similar statement in Chapter 5 for hypergraphs (Lemma 5.9). Let us only give
an idea of the proof strategy. We first consider every H € H in turn and construct a
partition that essentially satisfies (i)—(iii) by simply partitioning each cluster randomly
into S~! clusters. Then we perform a vertex swapping procedure to resolve some
conflicts and obtain a partitioning that precisely satisfies (i)—(iii). In the end, we
randomly permute the ordering of these partitions for each H € H, i € [r] to also
ensure (iv) (respectively (v)).

4.4 Approximate packings

The goal of this section is to provide an ‘Approximate Packing Lemma’ (Lemma 4.9).
Given a blow-up instance (H,G, R, X,V), it allows us to embed almost all vertices of
Unen XZ-H into V;, while maintaining crucial properties for future embedding rounds
of other clusters. To describe this setup we define a packing instance and collect some
more notation.

4.4.1 Packing instances

Given a graph G and a set £, we call ¢: E(G) — 2¢ an edge set labelling of G. A label
a € £ appears on an edge e if o € 1(e). We define the mazimum degree Ay (G) of 4
as the maximum number of edges of G on which any fixed label appears. We define
the maximum codegree Afb(G) of ¢ as the maximum number of edges of G on which
any two fixed labels appear together.

Let r € Ng. We say (H,G, R, A, 1) is a packing-instance of size r if
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H is a collection of graphs, and G and R are graphs, where V(R) = [r]o;

A = Uneniep, AH is a union of balanced bipartite graphs A with vertex

partition (XZ»H, Vi);
(XiH)iE[T]o is a partition of H into independent sets for every H € H, and (Vi);e[,
is a partition of V(G);

R = R4 U Rp is the union of two edge-disjoint graphs with Ng(0) = [r];

for all H € H, the graph H[XiH,XJH] is a matching if ij € E(R) and empty
otherwise;

¥ B(A) — 2% is an edge set labelling such that A, (AF) <1 for all H € H,i €
[r]o, and for every label o € € with a € (av) NY(2'v') and v,v" € V(G), we
have v = v'.

In such a case, we write for simplicity 2; := Jyey X/ and o7 := |y qy AT for each
i € [r]o, and whenever we write zv € E(%), we tacitly assume that x € 2;,v € V;. The
only reason why R is the disjoint union of two graphs lies in the nature of our approach;
while R4 represents parts of R as in the statement of our main result (Lemma 4.10,
which is very similar to Theorem 4.2), the edges of Rp represent copies of edge slices
of GG that in the end will be used to complete the approximate packing. We use copies
here to obtain a unified setup for the Approximate Packing Lemma, alternatively, we
could have used parallel edges in the reduced graph.

The aim of this section is to map almost all vertices of 2y into Vj by defining
a function o: 2y — Vp in o (that is, zo(x) € E(<%)) where 27 C Zp. (Hence,
we refer to subgraphs of 4 as candidacy graphs.) For convenience, we identify such
a function o with its corresponding edge set M defined as M = M(o) := {zxv: z €
2y, v e Vy,o(x) =v}. We say

o: Zy — Vo is a conflict-free packing if U|%000X51 is injective for all

(44.1) H et and (e)Np(f) =0 for all distinct e, f € M(o).

The set ¢ (xv) will encode the set of edges of G that are used for the embedding when
mapping z to v. The property that ¥ (e) N (f) = 0 for all distinct e, f € M(o) will
guarantee that in the proof of our main result (Lemma 4.10) every edge in G is used
at most once.

Given a conflict-free packing o: Z;7 — Vj in 4%, we update the remaining candid-
acy graphs and their edge set labelling according to the following two definitions. For
an illustration, see Figure 4.1.

Definition 4.7 (Updated candidacy graphs). For a conflict-free packing o: Zy — Vo
in < and all H € H,i € [r], let AH[o] be the updated candidacy graph (with respect
to o) which is defined by the spanning subgraph of AZ-H that contains precisely those
edges xv € E(Af{) for which the following holds: if x has an H-neighbour xo € 2y
(which would be unique), then o(zg)v € E(G[Vo, Vi]).

Definition 4.8 (Updated labelling). For a conflict-free packing o: Zy — Vo in %,
let ¢[o] be the updated edge set labelling (with respect to o) defined as follows: for
all H € H,i € [r] and zv € E(AH[0]), if © has an H-neighbour zo € 2, then set
Ylo](zv) := Y(zv) U{o(xg),v}, and otherwise set plo](xv) := (xv).

In order to be able to analyse our packing process in Section 4.5, we carefully
maintain quasirandom properties of the candidacy graphs throughout the procedure.
To this end, we refer to a packing instance (H, G, R, A, ) of size r as an (&, d)-packing-
instance, where d = (da,dp,do, . ..,d,), if
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Xt X X/t
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Figure 4.1: We have H = {H;, H>} and want to find a conflict-free packing o in E(%%).
If o maps xo onto vp, then only those candidates of x; remain that are also neighbours of
vo. If o maps xo and yo onto vo, then we add the label e to the edge set label ¢ (x;v;) and
1 (y;v;). This captures the information that if z; or y; are mapped onto v; in &, then this
embedding uses the edge e.

(P1) GV, Vj] is (e,dz)-super-regular for all ij € E(Rz),Z € {A, B};
(P2) Al is (e, d;)-super-regular for all H € H,i € [r]o;

)-
(P3) eH(NAH(vl),NA (v5)) = (didjte)ey (X[, X[T) forall H € H,ij € E(Ra),viv; €
B(G[V;, Vj));

(P4) Ay(eh) < (1 +¢€)d;|Vi| for all i € [r]o.

Property (P4) ensures that no edge is a potential candidate for too many graphs
in H and (P3) enables us to maintain this property for future embedding rounds (see
Lemma 4.9(IV)p49 below). Let & = (H,G, R, A,¢) be an (g, d)-packing-instance of
size r. Similarly as for a blow-up instance, we say (W, Y,...,Yy) is an £-set tester for
& if k < ¢ and there exist distinct Hy, ..., H, € H such that W C Vj and Y; C Xéq]
for all j € [k]. For i € Ng,[0] and v € V;, we say w: E(4) — [0,€] is an {-edge
tester with centre v for & if w(z'v') = 0 for all 2/v' € E(%) with v/ € V;,v" # w.
We say w: E() — [0,4] is an ¢-edge tester with centres in 2y if there exist vertices
{xy ey with xy € X! for each H € H such that w(a'v) = 0 for all 2'v' € E()
with 2’ ¢ {xg}gep. Further, let dim(w) be the dimension of w defined as

(4.4.2) dim(w) = {1 if w(E(e)) = w(E(AF)) for some H € H,

2 otherwise.

Moreover, for every H € H, let H; be an auxiliary supergraph of H that is obtained
by adding a maximal number of edges between X({{ and Xl-H for every i € [r] subject
to Hy [ X, XH] being a matching. We call Hy = {Jycqy Hy an enlarged graph of H.
We say that &2 is nice (with respect to Hy ) if
(N1) |Nym(zs) N Ng(vy)| = (didz £ €)|Vi| for all zjv; € E(Af) whenever {z;} =

Nu,(z;)NXF, He N, ij € E(Ry),Z € {A,B};

(N2) |Ng(vi,v;) N Vo| = (d4 £ ¢)|Vol for all ij € E(Ra — {0}) and v;v; € E(G[Vi, Vj)).
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Using standard regularity methods (see Facts 1.11 and 1.12), it is straightforward to
verify the following:

For every (e,d)-packing-instance (H,G, R, A,1) of size r and every en-
larged graph H of H, there exist spanning subgraphs G' C G and A’ C A
such that (H,G', R, A’ 1) is a nice (¢',d)-packing-instance of size r with
respect to H for some &' with e < & < 1/r.

(4.4.3)

4.4.2 Approximate Packing Lemma

We now state our Approximate Packing Lemma. Roughly speaking it states that given
a packing instance, we can find a conflict-free packing such that the updated candidacy
graphs are still super-regular, albeit with a smaller density. Moreover, with respect
to certain weight functions on the candidacy graphs, the updated candidacy graphs
behave as we would expect this by a random and independent deletion of the edges.

Lemma 4.9 ([32] — Approximate Packing Lemma). Let 1/n < ¢ < ¢’ < d,1/r,1/s.
Suppose (H,G, R, A, ) is an (g,d)-packing-instance of size r, ||| < s, |H| < sn,
Vil = (L £ e)n for all i € [rlo, Y pey en (X, X)) < dan? for all i € Ng,(0),
and eH(XiH,XJH) > &”n for all H € H,ij € E(R). Suppose AL() < /n for all
i € Ng,[0], and suppose Wier, Weage are sets of s-set testers and s-edge testers of size
at most n31°8™ | respectively.

Then there is a conflict-free packing o: Xy — Vo in < such that for all H € H,
we have |2 N X3 > (1 — &')n and for all i € [r] there exists a spanning subgraph
AT of the updated candidacy graph AH[o] (where o := ey A" ) with

(Dra9 AZH’new is (¢', didz)-super-reqular for all i € Nr,(0),Z € {A, B};

(II)L49 CH(NAH,new(Ui)aNAH’"ew(Uj)) = (dldjdi :I:E’)eH(X,LflaX]I—I) for all Z] S E(RA —
7 J
{0}) and viv; € E(G[V;, Vj));

()40 w(E(FY)) = (14 &?)daw(E(e%)) £ ?n™@) for all w € Wegge with centre in
Vi, i€ N, 0);

)
(

(IV)L4.9 Aw[g](%new) < (1 + El)didA|Vi| for alli € NRA(O);
)

(V)L4,9 Ai[a] (%new < \/ﬁ fO’f’ all i € NRA (0),

(VDrag [WNNgqo (Y30 27)| = [WIYA|--- Yyl /n £e'n for all (W, Y1,...,Ye) € Wet;

(VID) 49 w(M(0)) = (1 £ € )w(E(eh))/don £ 'n for all w € Weqge with centre in Vi or
centres in Zy.

Properties (I)r49, (II)psg and (IV)p49 ensure that (P2)—(P4) are also satisfied
for the updated candidacy graphs 7", respectively, and (V)49 ensures that the
codegree of the updated labelling v[o] is still small on @7"". Property (III)r4.9 states
that the weight of the edge testers on the updated candidacy graphs .7*“" is what we
would expect by a random sparsification of the edges in o7, and (VI)r4.9 and (VII)149
guarantee that o behaves like a random packing with respect to the set and edge
testers.

We split the proof into two steps. In Step 1, we construct an auxiliary hypergraph
and apply Theorem 2.3 to obtain the required conflict-free packing o. By defining
suitable weight functions in Step 2, we employ the conclusions of Theorem 2.3 to
establish (I)L4.9*(VII)L4.9.

Proof. Let H, be an enlarged graph of H, and for i € [r], let </**¢ and %gOOd be
spanning subgraphs of <7 such that y/ibad contains precisely those edges zv € E(4)
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where Ny, () N Zy = 0, and E(77° .= E() \ E(+/*). We may assume that
[H| = snand 3 gy em (X X)) < (da + £"/2)n? for all i € Ng,(0), where the last
inequality will be only used in (4.4.31). (Otherwise we artificially add some graphs to
H subject to the condition that still ey (X7, XJH) > e?n forall H € H,ij € E(R), and
accordingly we add some graphs to A satisfying (P1)—(P4).) We may also assume that
Y: B(A) — 2 is such that [1)(e)| = s for all e € E(#%) (otherwise we add artificial
labels that we delete at the end again), and (H,G, R, A,v) is a nice (e, d)-packing-
instance with respect to H (otherwise we may employ (4.4.3) and replace £ by some
€, where £ < € < ¢€’; observe also that this does not cause problems with the weight of
the edge testers in (III)r4.9 and (VII)14.9, as the operation in (4.4.3) only deletes few

edges of A incident to every vertex).
Step 1. Constructing an auxiliary hypergraph

We want to use Theorem 2.3 to find the required conflict-free packing o in «%. To
this end, let (Vi) ey be disjoint copies of Vp, and for H € H and e = zgvg € E(AL),
let efl .= a:ov{){ where 05{ is the copy of vy in VOH. Let f. := el U(e) for each
e € B(AY),H € H and let H** be the (s + 2)-uniform hypergraph with vertex set
Upen(XFUVH)UE and edge set {f.: e € E(#)}. A key property of the construction
of H®* is a bijection between conflict-free packings o in 2% and matchings M in H**
by assigning o to M = {f.: e € M(o)}. (Recall that M = M(o) is the edge set
corresponding to o.)

It is easy to estimate A(H***) and A°(H**) in order to apply Theorem 2.3. Since
Al is (e, dp)-super-regular for each H € H, |X{| = |[Vo| = (1 £ &)n, and Ay(a%) <
(1 +¢)do|Vo|, we conclude that

(4.4.4) A(H™Y < (do + 3€)n =: A.

Note that the codegree in H™® of two vertices in |Jyeqy (XE U Vi) is at most 1,
and similarly, the codegree in H** of a vertex in (J HeH(Xéq U V) and a label in
& is at most 1 because Ay (Afl) < 1 for all H € H. By assumption, AY () < /n.
Altogether, this implies that

(4.4.5) AS(H™) < \/n < AV

4logn

Suppose W = UKE[S] Wy is a set of size at most n of given weight functions w €

Wy for £ € [s] with w: (E(f‘))) — [0, s]. Note that every weight function w: (E(fo)) —
[0, s] naturally corresponds to a weight function wyaus : (E (H;M)) — [0, s] by defining
wyauz ({fer, -y fe,}) = w({e1, ..., er}). We will explicitly specify W in Step 2 and it
is simple to check that for each w € W the corresponding weight function wyjaus will
be clean. Our main idea is to find a hypergraph matching in H*** that behaves like a
typical random matching with respect to {wyaus : w € W} in order to establish (I)r4.9—
(VII)L4.9.

Suppose £ € [s] and w € W,. If w(E(e4)) > n'te/2 or £ > 2, define & := w. Oth-
erwise, choose @: F(e%) — [0, s] such that w < & and &(E(a)) = n'**/2. By (4.4.4)
and (4.4.5), we can apply Theorem 2.3 (with (do + 3¢)n,e2, s + 2, s, {Opaue : w € Wy}
playing the roles of A, §, r, L, W;) to obtain a matching M in H*** that corresponds to
a conflict-free packing o: 2 — Vj in o with its corresponding edge set M = M (o)
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that satisfies the following properties (where & := £!/2):

(4.4.6)

w(M) = (14 )2 EA

ot for € Wit € o] where w(E(o)) > ull A7 forall k € [
(4.4.7)
w(M) < max {(1 n g)M

,ne} for all w € Wy.
do’n

One way to exploit (4.4.6) is to control the number of edges in M between suffi-
ciently large sets of vertices. To this end, for subsets S C Xéq and T' C V; for some
H € H with |S|,|T| > 2en, we define a weight function wgr: F(AL) — {0,1} with

(4.4.8) wsr(e) = Lycepeati[sm)y-

That is, wgr(M) counts the number of edges in AJ between S and T that lie in M.
Since AL is (e, do)-super-regular we have that el (S,T) = (do+¢)|S||T| > e3n? which
implies together with (4.4.6) that whenever wgr € W, then o is chosen such that

o _ _ NI
(4.4.9) lo(SNZy7)NT| =wsr(M) = (1+2¢) .

n

Step 2. Employing weight functions to conclude (I)r,4.9—(VII)14.9

By Step 1, we may assume that (4.4.6) and (4.4.7) hold for a set of weight func-
tions W that we will define during this step. We will show that for this choice of W
the conflict-free packing o: 2y — Vj as obtained in Step 1 satisfies (I)p4.9-(VII)L4.9.

Similarly as in Definition 4.7 (here, H is replaced by H. ), we define subgraphs Afl’*
of A as follows.

ForallH € H,i € [r], let AiH’* be the spanning subgraph of AH containing
(4.4.10)  precisely those edges xv € E(AX) for which the following holds: if {xo} =
Ny, () N2y, then o(xo)v € E(G[Vo, Vi]).

Observe that AZH’* is a spanning subgraph of the updated candidacy graph AiH [o]
as in Definition 4.7. By taking a suitable subgraph of AZH’*, we will in the end obtain
the required candidacy graph AZ.H’"ew.

First, we show that |2y N X{!| > (1 — 38)n for each H € H. Adding wxi v, 88
defined in (4.4.8) for every H € H to W and using (4.4.9) yields

(4.4.11) |2 N x| = wyp v, (M) = (1 - 38)n.

Step 2.1. Checking (I)14.9

For all H € H and i € Ng,(0),Z € {A, B} we proceed as follows. Let Y :=
Ny, (Z¢) N XH. We first show that AZH’*[Y?;H,VZ-] is (6118 d;dy)-super-regular
(see (4.4.15)). We do so by showing that every vertex in Y; UV; has the appropriate
degree, and that the common neighbourhood of most pairs of vertices in V; have the
correct size such that we can employ Theorem 1.13 to guarantee the super-regularity
of A [V, Vi].

Note that |V > |2¢ N XH| — 2en > (1 — 4é)n by (4.4.11). For every vertex
z € Y with {zo} = Np, (z) N 2y, we have degAf,*(:L‘) = ‘NAZH(IL‘) N Ng(o(xo))|-
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Since our packing-instance is nice, (N1) implies that deg ,u.(z) = (didz + ¢)|V;|. For
v eV, let Ny := N u(v). Observe that

(4.4.12) degAiH,* (v) = lo(Ng (Ny) N Zy ) N Nag(v)],

[v;,vi]
and |Ng, (Ny) N XIT| = |Ny| £ 2en = (d; £ 5e)n, and [Ng(v) N Vo| = (dz £ 3¢)n.
Adding for every vertex v € V;, the weight function wgr as defined in (4.4.8) for
S = Np,(N,) N X§ and T := Ng(v) NVp to W, we obtain by (4.4.9) and (4.4.12)
that

(4.4.13)
deg 4y i 19 (v) = (1 £ 28)| Nz, (No) N X ||Ng(v) N Vo|n ™! = (didg + V)|V

Next, we use Theorem 1.13 to show that Afl*[YZH, Vi] is (6118, d;dz)-super-regular.
We call a pair of vertices u,v € V; good if |NA51 (u,v)| = (d; £)?|XH|, and |Ng(u,v) N
Vo| = (dz £ ¢)?|Vo|. By the e-regularity of A and G[Vp, Vi], there are at most 2¢|V;/|?
pairs u,v € V; which are not good.

For all good pairs u, v € Vi, let Sy := Nu, (N4 (u,v))NXE and T, := Ne(u,v)N
Vo. We add the weight function wg, , 1,, as defined in (4.4.8) to W. Observe that
|Suw| = [N g (u,v)| £ 2en = (d; £ '/?)?n and |Ty,»| = (dz +£Y/?)?n. By (4.4.9), we
obtain for all good pairs u,v € V; that

[Ny )| = [0 (Sup N 25) N Tl = (1% 28)[Suo|Towln™

v
(4.4.14) < (didg + 32V,

Now, by (4.4.13) and (4.4.14), we can apply Theorem 1.13, and obtain that
(4.4.15) AiH’* [V, V] is (Y18, d;dz)-super-regular.

In order to complete the proof of (I)p49, we show that we can find a spanning
subgraph Af{’”ew of AZH’* that is (¢, d;dz)-super-regular. Let

(4.4.16) BE(A{ Y V) = BA Y V).

For every vertex z € X7\ Y;¥, we have that deg () = (d; £ £)|V;| because A is

(e, d;)-super-regular. Suppose W is a collection of at most n*1°8™ weight functions

whd: B(a7bad) — [0, s]; we will specify WP explicitly when we establish (IIT)49. We
claim that we can delete for every vertex x € XZH \ YZH some incident edges in AZ.H’*
and obtain a subgraph AiH’”ew such that

4.4.17 deg ,mnew () = (d;dz £ 2¢)|V;| for every x € XH\yH,
A i i
(4.4.18) WU E(A"Y)) = (1 + £)d gz (E(27)) + en for every wb® e Whed,

This can be easily seen by a probabilistic argument: For all H € H and x € X \YZH , we
keep each edge incident to x in AZH independently at random with probability dz. Then,
McDiarmid’s inequality (Theorem 1.8) together with a union bound yields that (4.4.17)
and (4.4.18) hold simultaneously with probability at least, say, 1/2.

Since | X| = (1 +¢)n, we have that | X7 \ Y| < 4én by (4.4.11). Hence, (4.4.15)
implies together with (4.4.17) that Af’new is (&, d;dz)-super-regular, which estab-
lishes (I)L4.9-

Step 2.2. Checking (I p49
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For all H € H,ij € E(Ra —{0}), and v;v; € E(G[V;,V}]) we proceed as follows.
Let E := E(H[N 4u(v;), N 41 (v;)]) and
i J

S = {{x}, 2%} C XA vz, vjx; € BE(Hy), zix; € E},

S1:={8"eS:18=1}, and Sy:={5 € S:|5'=2},
Ey:={xv e E(AOH): x € S1,v € Ng(vi,vj)},
By = {{av, 2’} € (PU): {z,2') € Sa.v € Na(w), v/ € Ne(vy),v # v').

By assumption (see (P3)), we have that | E| = (didjEe)en (X1, XJH) Since e (X, XJH) >

2

e’*n, we conclude that

(4.4.19) |S| = |S1| + |S2| = (did; £ e)eq (X[, X[T) + den = (did; + &)en (X[, XTT).

Note that the term of ‘t4en’ in (4.4.19) accounts for possible vertices z; € N 4u (v;)
and x; € N 4u (v;) that do not have an H-neighbour in X{I.
J

We define the following weight functions wy: E(A) — {0,1} and wo: (E(’g(l){)) —

{0,1} by setting wi(e) := Licep,) and wa({e1,e2}) := Life, er)em,) and add them to
W. By the definition of A" (recall (4.4.10) and (4.4.16)), we crucially observe that

(4.4.20) e (N

AH,new (’Ui), N

AH,new (UJ)) - WI(M) + WQ(M) j: 5én
J

Note that the term of ‘£5én’ in (4.4.20) accounts for possible vertices x; € N 4w (v;) and
x; € N,u(vj) that do not have an Hy-neighbour in X (at most 4en), and possible
J

vertices in S that are left unembedded (at most 4én by (4.4.11)).

Let us for the moment assume that | S|, |Sa| > &°n (otherwise the claimed estima-
tions in (4.4.23) and (4.4.24) below are trivially true). Since A¥ is (e, dy)-super-regular
and |Ng(vi,v;) N Vo| = (d% & 3¢)n by (N2), we obtain that

(4421) wl(E(Ag)) = |E1| = (do + 6)|SlHNg(UZ',’Uj) N ‘/0| = (dod% + é)|51|n

By Fact 1.11, all but at most 6en elements {z}, 2} € Sz are such that z} has (do &
g)|Na(vi) N Vo| neighbours in Ng(vg) N Vp for both k € {i, j} because Al is (e, dp)-
super-regular and G[Vy, Vi] is (e,d4)-super-regular. Each of these 6en exceptional
elements contributes at most |Ng(v;) N Vo||Ne(v;) N Vol < 3n? to wa(E(AL)). This

implies that

wa(E(AF)) = | Ba| = (do + 2¢)?(]S2| £ 6en)| NG (vi) N Vo||[Na(vi) N V| £ 18en?
(4.4.22) = (d3d? =+ ¢)|S2|n>.

For all e; € E(Ag), the number of edges es for which {ej,ea} € Eo is at most 2n,
implying [|wa[1 AT < 2nAM" < wo(E(AH)), and clearly, |lwp[sAZT" < AZF <
wa(E(AM)) and ||w; | AT < AlFe® < w) (B(AF)). (Recall that A = (do + 3¢)n.)
Hence, by (4.4.6), we conclude that

E(A)) (4.4
(1.4.23) n(ar) = (1 2UEEED B2 15, oy ey (2, X0,

wa(B(AM)) (4.4.22
(4.4.24) wQ(M):(1ig)W = )diyszyie%H(Xﬁ,Xf[).
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Clearly, the final equalities in (4.4.23) and (4.4.24) are also true if |S1[,|S2| < €°n
because eH(XZ-H,X]H) > ¢?n. Now, together with (4.4.19) and (4.4.20) this implies
that

eH(NAH,new(Ui),NAH,new(Uj)) = d124‘5| Zl:35,2€H(X,L‘I{,Xf{) = (dld]d?q Ztgl)eH(XiI{,X;{),
J

K3

which establishes (IT)14.9.
Step 2.3. Checking (I1I)1,4.9

We will even show that (III)r49 holds for all w € Wegge UW,,y,, With w: E(%) —

[0,s] and centre v € Vi,i € Ng,(0), where W[, . is a set of edge testers that we will
explicitly specify in Step 2.4 when establishing (IV)p49. For all w € Wegge U Wédge
with centre v € V;, i € Ng,(0) we define a weight function wg: E(<%) — [0, s| by

w(xv) if {z;} = Ny, (x0) N Zi, ziv € E(,Q{igo"d) and vov € E(G),

0 otherwise,

wo(zovo) = {

and we add wy to W. (Recall that fszfi‘qwd is the spanning subgraph of <7 containing
precisely those edges z;v; € E(4), where Ny, (x;) N Zo # 0.)

For every edge zv € E(/7°) with {z¢} = Ny, (z;) N 2, property (N1) yields
that

N (20) N Ne(v)] = (dod.a + 3¢)n.

Hence, every edge z;v € E(szfigmd) contributes weight w(z;v)-(doda£3e)n to wo(E (%)),
and we obtain

wo(E()) = w(B(°"))(doda + 3¢)n.

By the definition of &7" (recall (4.4.10) and (4.4.16)), if o(xz¢) € Ng(v) for {zo} =
Ny (x;) N 2o, then the edge z;v € E(%gOOd) is in E(<7"). Hence, if zgvg € M (o) =
M, then this contributes weight wo(zvo) to w(E(7)). If w(E (/")) > en, then
wo(E()) > ntte > sAMe" > ||wol1 AM*, and thus (4.4.6) implies that

wo(E(40))

I (1 + 28)daw(E(H2°Y) + én.

(4.4.25) wo(M) = (1+¢)

If w(E(sziigOOd)) < en, then (4.4.7) implies that

(o) |

wo(M) < max {(1 roas

< én,

and hence, (4.4.25) also holds in this case.
We now make a key observation:

(4.4.26) W(B(")) = wo(M) + w(A) £ w(ID),

for I := {zjv € E(F7"): Ny, (2) N 2 = 0} and A := E(/2%) N E(e""). Next,
we want to control w(I') and w(A).
In order to bound w(T'), we define a weight function wr: E (%) — [0, s] by

w(xv) if {z;} = Ny, (x0) N 25, ziv € E(;zfigwd),

0 otherwise,

wr(zovo) 1= {
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and we add wr to W. Observe that wr(M) accounts for the w-weight of edges
ziv € E(7%) such that Ny, (r;) N 25 € 2 and thus z;0 ¢ T. Hence w(l') =
w(B(/7%°%)) — wp(M). For every vertex zo € 2o, we have deg . (zo) = (do £ 3e)n.
Hence, every edge z;v € E(27/7°°) contributes weight w(zv) - (do %+ 3¢)n to wr(E(4)),
and we obtain

wr(B(eh)) = w(E(7?)(do + 3)n.

If w(E(9°%) > en, then wr (E(e)) > n'te > sA™* > |jwp[1 A1+ and thus (4.4.6)
implies that

(4.4.27) wr(M) = (1+ é)“’r(g('g{o))

b (14 28)w(E(/7) + én.

Again, if w(E(7*")) < en, then (4.4.7) implies that (4.4.27) also holds in this case.
Hence, we conclude that

(4.4.27)
(4.4.28) w(l) = w(B(F2N) —wr(M) < 22w(E(7°%) + én.

In order to bound w(A), we use (4.4.18) and add w| g peq) to Whed Then (4.4.18)
implies that

(4.4.29) w(A) = (1 £ e)dsw(E(£?) + en.
Finally, equations (4.4.25), (4.4.26), (4.4.28) and (4.4.29) yield that

w(E(A)) = (1 £ 28)daw(B(7Y) + (1 + &)d aw( B (7)) £ 2w(E (/7)) + 3én
(4.4.30) = (1 ) dw(E(4)) £ n.

This establishes (IIT)r4.9 for all w € Wegge UW,
Step 2.4. Checking (IV)r4.9

We show that for the updated edge set labelling [0}, we have Ay, (2"") <
(1 + €’)d;da|V;| for every i € Ngr,(0). Recall that we defined ¢[o] in Definition 4.8
such that for zv € E(Af’"ew), we have ¥[o](zv) = ¢¥(av) U{o(zo)v}, if  has an H-
neighbour =g € 2, and otherwise ¢[c]|(xv) = 1 (zv). We split the proof of (IV)L49
into two claims, where Claim 1 bounds the number of edges on which an ‘old’ label of
1 appears on the updated candidacy graph, and Claim 2 bounds the number of edges
on which a ‘new’ label that we additionally added to v[o] appears in the updated
candidacy graph. Let 1;: E(e%) — 2% be the (old) edge set labelling ¢ restricted
to o7 and we may assume that |&;| < n*.

dge*

Claim 1. We can add at most n® weight functions to Wédge to ensure that Ay, (27"") <
(1 +€")dida|Vi| for every i € Ng,(0).

Proof of claim: For all i € Nr,(0) and e € &, let we: E(4%) — {0,1} be such that
we(770;) = Licey,(z0,)) and we add we to Wy, .. By assumption (see (P4)), we have
Ay () < (14 ¢€)d;|V;|, which implies that we(E(%)) < (14 ¢€)d;|V;|. Since (4.4.30) in
Step 2.3 is also valid for w, € Wédge, we conclude that e appears on at most
(L+?)da(l +e)di| V| + £”n < (1 + ) dida V]

edges of 27", which completes the proof of Claim 1. —
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Claim 2.  We can add at most n® weight functions to W to ensure that each e €
E(G[Vy, Vi]) appears on at most (14 €')d;da|V;| edges of <7 for every i € Ng,(0).

Proof of claim: For all i € Ng,(0) and e = vov; € E(G[Vy, Vi]), we proceed as follows.
Let N := Ny, (vo) N Nyy(Ne(vi)). We define a weight function we: E(a4) — {0,1}
by we(2v) := L{y—u, and zen} for every zv € E(#%), and we add we to W. Then, e
appears on we(M) edges of &7, Observe that

we(E(e)) = IN| = Y en(Nam(v0), N s (vs)
HeH
(4.4.31) TS (dods + e)en (XL, XY < (dodid g + 25,
HeH

where the last inequality holds because 3" ;oo e (XE, XH) < (da +€3/%)n?, by as-
sumption. With (4.4.7), we obtain that

(4.4.31)
M,na} < (1+4¢€)didal|Vil,

we(M) < max {(1 ra

which completes the proof of Claim 2. —

Step 2.5. Checking (V)ra.9

Recall that ¢;: E(%) — 2% denotes the edge set labelling v restricted to .. For
each i € [r], e = vov; € E(G[V, Vi]), and f € &;, we show that {e, f} appears on at
most y/n edges of &7, This will imply (V)49 because any set {€’, f'} € (521) appears
also on at most Ay () < \/n edges of &/, and no two edges of E(G[Vp, V;]) appear
together as a label on an edge of 27*“". Let

%f = NH+({x, € %2 xv; € E(,Q/Z),f € IbZ(xZ’Uz)}) N 2.

We define a weight function we ¢: E(2%) — {0,1} by we f(zv) := L e} for
every zv € E(#) and add we ¢ to W. Since Ay (o) < (1+¢€)d;|Vi| by (P4), we obtain
that we r(E(a%)) < 2n. Note that {e, f} appears on at most we, (M) edges of 7",
Now, (4.4.7) implies that w, (M) < n®, which establishes (V)r4.9.

Step 2.6. Checking (VD149

For each (W, Y1,...,Ys) € Wae with Hy, ..., Hy € H such that ¥; C X217 let
H; : E()
By = {Upen o 2w € B foranj e g} < (P60),
and we define a weight function wyy; . v (E(f{o)) —{0,1} by

.....

and add wwyy;,...y,) to W. Observe that
(4.4.32) Wi, o) (M) =W N Ngg o(Y; 0 27)] -

In view of the statement, we may assume that |W/|,|Y;| > &?n for all j € [{]. Since
¢ < s and Al is (g, dp)-super-regular for every H € H, we obtain with Fact 1.11 that
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are at most £!/2n vertices in W that do not have (dy 4 ¢)|Y;| many neighbours in Y}
for every j € [¢]. Hence we obtain that

(4.4.33) Wiy (E(0)) = [ Eqwn...vyl = (do £ ) WY1] - [y,

For k € [(], any set of k edges {e1,...,ex} is contained in at most (2n)*~* (-tuples in
Ewyi,....y;), which implies that

) B , (4.4.33)
oy, .. v IRAME < @n) TFAME < wny vy (B()).-

Hence, by (4.4.6), we conclude that

w0 (Eh)) (ta0) WYV
(don)* nt

Wy, vy (M) = (1£¢) + ¢'n,

which establishes (VI)p4.9 by (4.4.32).
Step 2.7. Checking (VII)14.9

We add Wegge to W and fix some w € Wegge. If w(E (%)) < n'te/2 then we
obtain by (4.4.7) that w(M) < n® and thus, w(M) = (1 £ " w(E())/don £ 'n. If
w(E()) > n'te/2, then we obtain by (4.4.6) that w(M) = (1 + &)w(E(w))/don.
This establishes (VII)L4 9 and completes the proof of Lemma 4.9. O

4.5 Proof of the main result

The following lemma is very similar to Theorem 4.2. We only require additionally
that all graphs in H only span a matching between two clusters that is either empty
or not too small. This reduction has already been used in [112] (and in several other
extensions of the blow-up lemma) and it is also not complicated in our framework.

Lemma 4.10 ([32]). Let 1/n < e € a,d and 1/n < 1/r. Suppose (H,G, R, X,V, ¢*)
is an (e,d)-super-reqular, o~ '-bounded and (e, )-linked extended blow-up instance,
Vil = (1 £ e)n for all i € [r], and |H| < o 'n. Suppose that Y- ycq eH(XiH,XJH) <
(1 — a)dn? for all ij € E(R) and H[XiH,X]H] is a matching of size at least o*n if
ij € E(R) and empty if ij € ([g]) \ E(R) for each H € H. Suppose Wset, Wyer are
sets of o~ L-set testers and o' -vertex testers of size at most n?1°8™ respectively. Then
there is a packing ¢ of H in G which extends ¢* such that

(1) ¢(XH)=V; for alli € [r]o and H € H;
(i) [W N e oY) = [WIYA] - [Yel /0’ £ an for all (W, Y1, ..., Y;) € Wiet;
(iil) w(Upgey XE N1 (v)) = wUyey X)) /ntan for all (v,w) € Wyer and v € V;.

We first prove our main result (Theorem 4.2) assuming Lemma 4.10.

Proof of Theorem 4.2. We choose a new constant 8 such that ¢ < § < «,d. For
each (W, Y1,...,Yy) € Weer with W C V;, i € [r] and k € [{], let wy, : UHeHXiH —
{0, 1} be such that wy, (z) = 1{zey,}, and let Wy be the set containing all those weight
functions. We delete from every H € H the set Xé{ and apply Lemma 4.6 to this
collection of graphs and the set of weight functions W* := {w: (v,w) € Wyer} U Wy,
which yields a refined partition of H; to be more precise, for all H € H and i €
[r], we obtain a partition (Xi%')je[ﬂ—l] of X/ satisfying (i)—(iv) of Lemma 4.6. Let
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X’ be the collection of vertex partitions of the graphs in H given by (X{)yey and
(ij)HeH,ie[r],je[ﬂfl]- In particular, Lemma 4.6(iii) yields that

(4.5.1)  w(X{) = Bw(X[T) £ 53/n, for all H € H,w e Wi € [r],j € [B7'].

Let R’ be the graph with vertex set [r] x [37!] and two vertices (i, 7), (i, j') are joined
by an edge if ii’ € E(R). Note that A(R') < a1~ because A(R) < a~!.

According to the refinement X’ of X', we claim that there exists a refined partition }’
of V consisting of the collection of Vy together with (V; ;)icp jes-1), where (Vi j)jeci5-1
is a partition of V; for every ¢ € [r| such that

(a) [W N Vi | = BIW|+ 3%n for all (W,Y1,...,Ys) € Wse and j € [37!] with
W CV,lelal;

(b) (H,G, R, X'V, ) is an (¢'/2, d)-super-regular, f~2-bounded and (¢'/2, a/2)-
linked extended blow-up instance.

Indeed, the existence of V' follows by a simple probabilistic argument. For each
i € [r], let 7;: V; — [B71] where 7;(v) is chosen uniformly at random for every v € V;,
all independently, and let V; ; := {v € V;: 7;(v) = j} for every j € [371]. Chernoff’s
inequality and a union bound imply that (a) holds simultaneously together with the
following properties with probability at least 1 — eV

o GV, ;, Vi) is (€'/2,d)-super-regular for all ii’ € E(R),j,5' € [37'];

. |ﬂz06Xé{ﬁNH(x) Ng(gbo(.’bo))ﬂ%’ﬂ > Oé/2“/@j| forall x € X{j,l € [’F],j € [B_l],H S

Standard properties of the multinomial distribution yield that |V; ;| = |X£] for all
i €[r],j€[B7Y, H € H with probability at least Q(n*’"ﬁfl). To see in (b) that the in-
stance is (£'/2, a/2)-linked, observe further that the number of vertices in X f‘; that have
a neighbour in XJ is at most | X/| < 51/2|ij\ and > preqy [N (g (v0), 6 ' (vh)) N
XZH;| < e|Vi|V/2 < &2V 5|12 for all i € [r], j € [37'] and distinct vo, v) € Vp. Thus,
for every i € [r], there exists a partition (V;;);ejg-1] of V; satisfying (a) and (b). Let
n' := fBn.

We show how to lift the vertex and set testers from the original blow-up instance
to the just defined blow-up instance. For each (W,Y1,...,Y;) € Wi and distinct
Hy,...,H; € H such that W C V; for some ¢ € [r] and Y} C XiH’“ for all k € [¢],
we define (W;,Y1;,...,Yy;) by setting W, := W N Vi; and Vi ; := ¥}, 0 X for all
j € [,k € [{]. By (a), we conclude that |[W;| = B|W| =+ 3%?n, and by (4.5.1),
we have that |V}, ;| = ka(Xﬁk) = ﬂwyk(Xin) + 33/2n = B|Yi| £ B%/%n. Let W.,, ==
{W;,Y14,...,Ye5):j € [B71], (W, Y1,...,Y;) € Wset}. For each (v,w) € Wyer with
veVij, letw = w|UHEH X2 and W/, := {(v,0): (v,w) € Wyer}.

Next, we add some edgés to the graphs in H ensuring that all matchings between

two clusters are either empty or of small linear size. To this end, we add a minimum

number of edges to H[ij,ij,] for all {(i,7), (¢',7)} € E(R) and H € H such that

the obtained supergraph H’ [XZ%,, XZI,{;,] is a matching of size at least 3*n. Note that
A(H') < A(R') +a=! < 872, Let H' be the collection of graphs H’ obtained in this

manner. Together with Lemma 4.6(iv), we conclude for all {(4, j), (¢, 5')} € E(R’) that
Z eH/(Xgl,Xﬁ;-,) <28%n-a"ln+ Z eH(Xi{g-,Xf{j,)
H'eH HeH

< Bn?+ 52 Z en(XH, X +n°? < (1 —a/2)dn?
HeH
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Obviously, it suffices to construct a packing of H' into G which extends ¢y and satisfies
Theorem 4.2(i)—(iii). By (b) and because 8 < «, also (H',G, R, X',V ¢g) is an
(51/2, d)-super-regular, 3~ 2-bounded and (51/2,62)—linked extended blow-up instance,
and we can apply Lemma 4.10 to (H', G, R, X', V', ¢¢) with set testers W!_, and vertex

testers W, as follows:

n ‘ 81/2 ‘ /82 ‘ d ‘ Tﬁ_l
n ‘ € ‘ o ‘ d ‘ r
Hence, we obtain a packing ¢ of H' in G which extends ¢ such that for all i € [r],j €
[671]
(1) ¢(X[L) C Vi for all H € H;
(ID) [W; 0 Meg (Yeg)l = [Will[Ya 0 - [Ye ] /n £ 820 for all (W;, Y., Ye;) €
/

set?

() &' (Ugep X5 N 671 0) = &' (Ugey X /n' £ 820/ for all (v,u') € W,,, with
v E Vi,j'

Observe that (I) establishes Theorem 4.2(i).
For (W, Y1,...,Ys) € Wset, we conclude that

wo (o) = Y |Win[) ¢V,

ke[l jelB=1] kell]
(I1),(4.5.1) Z (5“1 (IW[Y1| - - |Ye| £ BY3nfHY) n ﬁgn,>
JEB

B (Bn)*
= [W|¥i|--|Yel/n" £ an.

Hence, Theorem 4.2(ii) holds.
For (v,w) € Wyer with v € V;; and its corresponding tuple (v,w’) € W,., we
conclude that

Upen XTI n6710) £ o Upen X 0671 0) D o (Upen XH) /' + 820/

(151) B(Upey X1 £ 5502
5 =

This yields Theorem 4.2(iii) and completes the proof. O

+ 3%n’ = w(Ugey X)) /n £ an.

Theorem 4.3 can be easily deduced from Theorem 4.2 by randomly partitioning
G and applying Lemma 4.6 to H with » = 1. In particular, the proof is very similar
to the proof of Theorem 4.2 and therefore omitted. We proceed with the proof of
Lemma 4.10.

Proof of Lemma 4.10. We split the proof into four steps. In Step 1, we partition G
into two edge-disjoint subgraphs G4 and Gp. In Step 2, we define ‘candidacy graphs’
that we track for the partial packing in Step 3, where we iteratively apply Lemma 4.9
to consider the clusters in turn. We only use the edges of G4 for the partial packing
in Step 3 such that we can complete the packing in Step 4 using the edges of Gp and
the ordinary blow-up lemma.

We will proceed cluster by cluster in Step 3 to find a function that packs almost
all vertices of H into G. Since r may be much larger than e~!, we need to carefully
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control the growth of the error term. We do so, by considering a proper vertex colouring
c: V(R) — [T] of R? where T := a3, and choose new constants g, 1, . . ., €, i,y such
that

EKHKO K KLer K p KLy K a,d.

To obtain the order in which we consider the clusters in turn, we simply relabel the
cluster indices such that the colour values are non-decreasing; that is, ¢(1) < --- < ¢(r).
Note that the sets (¢~ (k))yeqr) are independent in R3. For i € [r],t € [r]o, let

(4.5.2)  ci(t) == max{{0} U{c(j): j € Ng[i]N[t]}}, and my(t) := |Nr(i) N []].

That is, if we think of [¢] as the indices of clusters that have already been embedded,
then ¢;(t) denotes the largest colour of an already embedded cluster in the closed
neighbourhood of 7 in R, and m;(t) denotes the number of neighbours of 7 in R that
have already been embedded.

For t € [r]o, let

2t = Upen X/, X = Uée[t]o 2o, Vi = Ufe[t]o Ve.

For every vertex tester (v,w) € Wy with v € V; for some i € [r], we define
its corresponding function w, on {xv;: x; € Zi,v; € V;} by setting w,(x;v;) =
w(xi)]l{vi:v}. Let

(4.5.3) Wédge = A{wy: (v,w) € Wyer,v € Vi }.

Step 1. Partitioning the edges of G

In order to reserve an exclusive set of edges for the completion in Step 4, we partition
the edges of G into two subgraphs G4 and Gp. For each edge e of G independently,
we add e to Gp with probability v and otherwise to G4. Let d4 := (1 —~)d, dp := vd,
ag = (1- y)o‘ila/Q and ap = 70471@/2' Using Chernoff’s inequality, we can easily
conclude that with probability at least 1 — 1/n we have for all Z € {A, B} that

(4.5.4) Gz[Vi, V;] is (2¢,dz)-super-regqular for all ij € E(R),

s 180 ey Nox (o)l > ealVil or a2 € Xt e
T, €.

Hence, we may assume that G is partitioned into G4 and Gp such that (4.5.4)
and (4.5.5) hold.

Step 2. Candidacy graphs

For ¢ € [r]o, we call ¢: Upey icp, )?ZH — Vi a t-partial packing if )?ZH c xH,
lon = ng*]ng, and d)()?ZH) C V; for all H € H,i € [t]o such that ¢ is a packing of
0
(HIXFU...UX]) ey into Ga[Vy]. Note that X' = X, and ¢| ¢ is injective for

all H € H and i € [t]p. For convenience, we often write
X = xH
t - HeH igtlo “*i *

Suppose t € [r]p and ¢;: Xtd)‘ — V; is a t-partial packing. We introduce the notion
of candidates (with respect to ¢;) for future packing rounds and track those relations in
two kinds of bipartite auxiliary graphs that we call candidacy graphs: A graph Afl (d1)
with bipartition (X, V;), i € [r] that will be used to extend the t-partial packing ¢,
to a (t + 1)-partial packing ¢;;1 via Lemma 4.9 in Step 3, and a graph B (¢;) that
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will be used for the completion in Step 4. For convenience, we define BX(¢;) on a
copy (XB VB of (XH V;). That is, for all H € H,i € [r], let X"P and V;Z be
disjoint copies of XZH and V;, respectively. Let m be the bijection that maps a vertex
in Upepicp (XH UV;) to its copy in Unenicp] (XZ.H’B UVP). Let G4 and Hy be
supergraphs of G4 and H € H with vertex partitions (Vo,...,V,, V{&,...,V.P) and
(Xé{, L XH XHB ...,XTH’B), respectively, and edge sets

E(G4) = E(Ga)U{ur(v): wv € E(Gp)},
E(H:):=E(H)U{ur(v): wv € E(H)}.

Let Rp be the graph on [r]U{15,,... 7B} with edge set E(Rp) := {ij?: ij € E(R)}.
By taking copies (X LB v B) for all (X 1 , Vi) and defining the candidacy graphs B (¢;)
on these copies, and by enlarging G, H and R accordingly to G4, Hy and R U Rp,
we will be able to update the candidacy graphs A (¢;) and B (¢;) simultaneously in
Step 3 when we apply Lemma 4.9 in order to extend ¢; to a (¢ + 1)-partial packing

Pr1-
We now define AX (¢;) and B (¢;). Let Xf’A = X and VA :=V; for all H € H,
i € [r]. For Z € {A,B}, H € H and i € [r], we say that v € V;Z is a candidate for

T € XZ.H’Z given ¢y if
(4.5.6) ¢(Np, (z) N &) € Ne, (v).

For all Z € {A, B}, let ZH (¢;) be a bipartite graph with vertex partition (XHZ VZ)
and edge set

(4.5.7) E(ZH(¢))) == {av: z € XHZ v e Vi, and v is a candidate for x given ¢;}.

We call every spanning subgraph of Z (¢:) a candidacy graph (with respect to ¢y ).

Furthermore, for all H € H and i € [r], we assign to every edge zv € E(AH (¢;))
an edge set labelling v (zv) of size at most a~!. This set encodes the edges between v
and ¢ (Ng(z) N XP*) in G4 that are covered if we embed  onto v; to be more precise,
for all H € H, i € [r], and every edge zv € E(A(¢;)), we set

(4.5.8) Ui(zv) := E(Gal¢(Ng(z) N X7, {v}]).

Tracking this set enables us to extend a t-partial packing ¢; to a (¢t + 1)-partial packing
¢111 by finding a conflict-free embedding (see definition in (4.4.1)) in Uyeqy AF (1)
via Lemma 4.9. Since |Ng(z) N X% | < !, we have [¢y(zv)] < a™!

Before we proceed to Step 3 and extend ¢; to ¢11, we consider the candidacy
graphs and their edge set labelling with respect to ¢*.

Claim 1. For all H € H,i € [r],Z € {A, B}, there exists a candidacy graph ZH C
ZH(¢*) with respect to ¢* (where of; :=Jyeqy AF¥) such that

(CL.1) ZH is (o, az)-super-regular;

(C1.2) Ay, () < eon;

(CL3) A () < Vn;

(C14) en (N (vi), Nan (v)) = (o + eo)er (X, X)) for all viv; € E(GalV;,Vj]),
ij € E(R)

(CL.5) wyo(E(H)) = asw(Z;) + eon? for all w, € Wedge
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Proof of claim: We fix H € H,i € [r],ij € E(R),Z € {A, B}, viv; € E(GalV;, Vj]) and
Wy, € W! cdge 8 defined in (4.5.3). For each k € {i, j}, let )?,f{ be the set of vertices in
X! that have a neighbour in X{T. Observe that Z (¢*)[ X[\ )?,f, Vi| is a complete
blpartlte graph for k € {i,j}, and e (N ZH (67)[XH\XH, V](v,) NZfI(¢*)[XfI\)~(f’,Vj](UJ')) =
eH(XiH,X]H) + 4en because \X,f| < e|X}| < 2en. By (4.5.5) and the definition of
candidates in (4.5.6), we obtain that degZH(¢*)(xi) > ay|Vi| for all z; € X, Note
further that w,(E(Uyey AF X\ XH7 Vi) = w(Z;) + €'/?n?. Hence, there exists
a subgraph ZH C ZH(¢*) that satisfies (C1.1), (C1.4) and (C1.5), which can be
seen by keeping each edge in Z7 (¢*)[XH \ XM, V;] independently at random with
probability az and by possibly removing some edges incident to x; € )?ZH in ZiH (¢%)
deterministically. In order to see (C1.2), note that |1 ! (vov;)| < [Nz (g (v0)) N Zi| <
a Yy H(vo)| < ale|H| < gon. Since the blow-up instance is (¢, a)-linked, we have
S rew |1 Nu (6 (vo), ¢ ' (vh)) N XH| < e|Vi|1/2 for all distinet vov;, vjv; € E(G[Vo, Vi),
i € [r], which implies (C1.3). This completes the proof of the claim. —

Step 8. Induction

We inductively prove that the following statement S(¢) holds for all ¢ € [r]p, which
will provide a partial packing of H into G 4.
S(t). For all H € H and Z € {A, B}, there exists a t-partial packing ¢ : Xt¢t aZ

with | X2 N XH| > (1—e,)n for all i € [t], and there exists a candidacy graph
zH1 C 71 (¢y) (where & := Jpcqy AF) such that

(a) ZH is (€cs(t)s azdgi(t))—super—regular for all i € [r] \ [t] if Z = A and for all
€ [r]if Z = B;
(B) Ay, () < (1+ 0, 0)andy Vi for all i € [r] \ [t];
AL, () < /nfor all i € [r]\ [t];
m; (t)+m;(t

(@) enr(Nap (v), Nan (v7)) = (35" ™Y & i, Jen (X, X[T) for
all He H, ij € E(R t]) and v;v; € E(Ga[Vi, Vj]);

(&) 167 ()] > (1 — /)] — ecyn and 67 () N Nag( \ XP)| < el for
all v eV, i € [t];

(f) wo(B(4)) = andyVw(25) £ e, yn? for all w, € Wiy, and i € [r] \ [t]

(8) IW N e 6e(YsN )] = [WIIY| - [Yel fnf a2 for all (W, Vi, ..., Ye) €
Weer with W C V;, i € [t];

(h) w(ZiN o (v)) = w(Z5)/n+an/2 for all (v,w) € Wye, with v € V;, i € [t].

—
o
~

Properties S(t)(a)—(d) will be used particularly to establish S(¢ + 1) by applying
Lemma 4.9. Property (f) enables us to establish (h), which together with (g) ba-
sically implies Lemma 4.10(ii) and (iii) as we merely modify the r-partial packing ¢,
for the completion in Step 4 where we exploit (a) (for Z = B) and (e).

The statement S(0) holds for ¢9 = ¢* by Claim 1. Hence, we assume the truth
of S(t) for some t € [r — 1]p and let ¢;: X¢t — V, and AY and B be as in S(t);
we set & = Jyey A¥ and B; = Uyey B We will extend oy such that S(t + 1)
holds. Any function o: 2%, — Vi1 with ‘%Hl C Ziy1 extends ¢ to a function

Ori1: é’c’fﬁ U 291 = Vit as follows:

_ o) ifeexy
(4.5.9) br () = {a(ﬂc) ifve 2%,
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We now make a key observation: By definition of the candidacy graphs <%, and
their edge set labellings as in (4.5.8), if o is a conflict-free packing in 271 as defined
in (4.4.1), then ¢4+ is a (¢t + 1)-partial packing.

We aim to apply Lemma 4.9 in order to obtain a conflict-free packing o in %1.
Let

H,B
Hip1 = U Hy [UieNR[tH]\[t} X UUienn(esn) Xi } ;
HeM

Grpri= Gy [UiENR[tH]\[t] ViUlUienp+) Vz‘B} ’

Apy1 = UieNR[tJrl}\[t} Ay U UieNR(tJrl) Bi,
Riyy i= RINR[t + 1]\ [t]] U Rp[Ng,[t +1]].

Note that & := (K41, Grt1, Rit1, A1, YilBa,,,)) s @ packing instance of size degp, , (t+
1) with ¢ 4 1 playing the role of 0, and we claim that & is indeed an (e.(441)-1,d)-
packing instance, where d = (ClA, dB, (aAdZ”(t))ieNR[t+1]\[t]7 (O‘Bdgi(t))ieNR(t—i-l))' Ob-
serve that by definition of ¢;(t) and m;(t) in (4.5.2), we have:

(4.5.10)
If i € Nr(t+1), then mi(t +1) = m;(t) + 1, and c(t +1) = ¢;(t +1) >
max{c;(t),cj(t)} for allj € Nr(i). Ifi € [r]\Ng(t+1), then m;(t+1) = m;(t).

Note that for the inequality in (4.5.10) we used that no pair of adjacent vertices in R has
two neighbours in R that are coloured alike as we have chosen the vertex colouring as a
colouring in R3. In particular, we infer from (4.5.10) that Ec(t+1)—1 = Eci(t+1)—1 = Ecy(t)
for all ¢ € Ng(t + 1). Therefore, (P1) follows from (4.5.4), property (P2) follows
from S(t)(a), property (P3) follows from S(¢)(d) with R[Ng[t+ 1]\ [t]] playing the role
of R4, and (P4) follows from S(¢)(b).

Observe further that

e 1; as defined in (4.5.8) satisfies ||¢y|| < a™%;
o S penen(XH, X)) < (1—a)dn® <dan®for all i € Ng(t+1)\ [t];
o Ay (o) < /nforalli € Ng[t+ 1]\ [t] by S(t)(c).

Hence, we can apply Lemma 4.9 to &2 with

n | ecuin-1 | ey | @7 | degp,, (t+1) | RINg[t+ 1]\ [¢])
n ‘ € ‘ e’ ‘ s ‘ r ‘ Ry

and with set testers WT! where we denote by W' C Wy the set of set testers

(W, Y1,...,Y;) with W C Vi4q, and with edge testers Wé;gle U ;‘dge where we will

define the set W}, . when proving S(¢ + 1)(d) and (e) in Steps 3.3 and 3.4.

Let o: 2%, — V% be the conflict-free packing in .1 obtained from Lemma 4.9
with |25, N thil| > (1 = ec,uq1y)n for all H € H, which extends ¢; to ¢r41 as
defined in (4.5.9). Fix some H € H. By Definition 4.7, the updated candidacy graphs
with respect to o obtained from Lemma 4.9 are also updated candidacy graphs with
respect to ¢y11 as defined in (4.5.7) in Step 2. Hence, the graphs AZH’"ew in Lemma 4.9
correspond to subgraphs gfl C AH(¢141) for all i € Nr(t+1)\[t], and EZH C B (¢r41)
for all i € Np(t+ 1) that satisfy (I)L4.9—(VII)L49.

Step 3.1. Checking S(t + 1)(a)
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By (I)L4.9 and (4.5.10), we obtain that /T is (¢,(t+1)> aAdZ”(tH))—super—regular for
alli € Nr(t+1)\[t], and ELH is (€c;(141) aBdp’ it )) super-regular for all i € Ng(t+1).
Note that for each i € [r]\ Ng(t+1), we have m;(t) = m;(t+1) and A7 (¢;) = AH (¢141)
and BH (¢;) = BH (¢1+1). Fori € [r]\ [t + 1],4' € [r], let

(45.11) A .= /

AHifje Np(t+1)\ [t], BH B if i’ € Ng(t+1),
A{I otherwise. B;I otherwise.

Then the graphs A\ZH and B\ZI,{ are candidacy graphs satisfying S(¢ + 1)(a).
Step 3.2. Checking S(t + 1)(b) and S(t + 1)(c)

The new edge set labelling ;1 as defined in (4.5.8) corresponds to the updated
edge set labelling as in Definition 4.8. By (IV)L4 9, S(t)(b) and (4.5.10), we obtain
for every i € [r] \ [t + 1] that Ay, (Upgey A7) < 1+ z—:cl(tﬂ))aAdm’(tH |V;]. This
establishes S(t + 1)(b). Similarly, by (V)r4.9 Wlth R[Ng[t + 1]\ []] playing the role of
R4 and by S(t)(c), we obtain for every i € [r] \ [t + 1] that A (Upey 4 1y < \/n,
which establishes S(¢ + 1)(c).

Step 3.3. Checking S(t + 1)(d)

In order to show S(t+1)(d), fix H € H, ij € E(R—[t+1]), and v;v; € E(G[V;, V}]).
Observe, that |[{i,7} N Nr(t+1)| € {0,1,2}.

If |{i,7} N Ngr(t 4+ 1)| = 2, then this implies together with (4.5.10) that ¢;(t +
1) =¢j(t+1) = c(t+ 1) > max{c;(t),c;(t)}, and m;(t) + 1 = m;(t + 1) as well as
mj(t) +1=m;(t+1). Hence we obtain by (II)149 (with R[Ng[t+ 1]\ [t]] playing the
role of R4) and S(t)(d) that

(4.5.12)
m; (t+1)+m; (t+1
CH(N,ZZH (Uz')aNg;,i(Uj)) = (a%d) (1) (b4 )iEmax{c,-(t+1),cj(t+1)})€H(XiHaXJH)-

If {i,j}NNgr(t+1)| = 1, say i € Nr(t+1), then this implies together with (4.5.10)
that

ci(t +1) = max{c¢(t + 1),¢;(t + 1)} = ¢t +1) >
(4.5.13) max{c;(t),c;(t)}, and m;(t) + 1 = m(t + 1), m;(t) =
mj(t+ 1).

By (4.5.11), we have that /Tf = Af because j ¢ Ng(t+1). Let N := Nyu(v;) N
Nu(Nyu(v;)) and we define a weight function wy: E(4) — {0,1} by wn(zv) =

J
1(y=v;} L{zeny and add wy to W;,,.. Note that dim(wy) = 1 (with dim(wy) defined as
n (4.4.2)) and that wy(E()) = |N| = (@3d57 00 Y + oo e iy en (X2, XH)
by S(t)(d). This implies that
en(Nzu(vi), Nza (vj)) = [Ngu(vi) O N (N g (0))] = [Nzu (v) A N| = wn(E(Af))

(3

()4
2149 (1+ ez(t+1))dAwN(E(f97)) +e? e+

(4.5.13) m (t4+1)+m ; (t+1
= (O[?‘XdA (t+1)+m; (1) + Emax{ci(tJrl),Cj(tJrl)})eH(XiH’ XJH)

If {i,j}N Ng(t+1)| = 0, then this implies together with (4.5.10) and (4.5.11), that
m;i(t) = m;(t + 1), m;(t) = m;(t + 1), and AH AH . Consequently, (4.5.12) holds
which establishes S(¢ + 1)(d).

Step 3.4. Checking S(t + 1)(e)
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In order to establish S(t + 1)(e), we first consider v; € V; for i € Nr(t+ 1) N [t].
We define a weight function w}: E(#41) — {0,1} by wy, (zv) = Lze g+ for 277 =
Ny (o7 (v5)) N Zigq and every 2v € E(e, 1), and we add w,, to Wiige By S(t)(a),
we have

(4.5.14) woi(B(41)) = (aady ™ £ 3e,,,,0)| 27 I,
and by S(t)(e), we have
(4.5.15) (Bt (06) N Nopg(Xia \ X2 < el/m + 27| = wo (M)

with M = M (o) being the corresponding edge set to o. By (VII)14.9, we obtain that

wo, (B(41)) (4.5.14) o

(VIDrg.9
- aadT 1 Op cern = (L)l 27| = e

wy, (M) (1 £ ect1))

Together with (4.5.15), this implies that [¢; !y (vi) N Ny (X1 \ 25| < enf .

Hence, it now suffices to establish S(t + 1)(e) for all vi11 € Vipq by S(t)(e). We
define weight functions wy,,,,wy,  + E(F+41) — {0,1} by wy,,, (2v) = Ly—y,,,) and

Weyy (@V) == Ly, and vy} for 2y = Ny (X \ an) N Zi41 and every zv €
1), and we add w, and w' - to Observe that S(t) implies that
E () t+1 Vi1 edge p

(4.5.16) Wty (B(Hy1)) = (O‘Admt+1(t) + 3€Ct+1 t))|,H‘7”L,

(4.5.17) Wy (B( 1)) < |2l < e, ] o[ HIn,

and we have that |gz5t_+11(vt+1)| = Wy, (M) and |qz5;+11(vt+1) N 27 < w;tH(M).
By (VII)r4.9, we obtain that

(VIDp 4. Wy sy (E(H11)) (4.5.16) 1/2
Wy (M) U1.4.9 (1 £ ecrsn) t41 T *epryn = (1— c(/t+1 WH| = ecpq1)m;
aady
. (VIDL4 wy, ,, (B(41)) (4.5.17) (12
Wopyr (M) P (L £ ) VIO (i) S gt

Note that (1) = €, (¢4+1)- Altogether, this establishes S(t + 1)(e).
Step 3.5. Checking S(t + 1)(f)—(h)

In order to establish S(t + 1)(f), consider w, € W! edge T0r 1 € Nr(t+ 1)\ [t +1].
By (4.5.10), it holds that c(t + 1) = ¢;(t + 1). With (HI)L4 9 we obtain that

wo(BUpen AlD) = (el y))dawy(E()) £ X,

SO aAdZLi(tH)w(%) + 5C¢(t+1)n2’

which together with S(¢)(f) establishes S(t + 1)(f).
Next we verify S(¢t + 1)(g). Note that (VI)Lag implies that [W N (¢ 0(Y; N
) = [WIIYA] - [Ye| /nf £ eqgrnyn for all (W, Yq,...,Y,) € WEEY, which together
with S(¢)(g) yields S(¢ + 1)(g).
In order to establish S(t+1)(h), let Wit C W, be the set of vertex testers (v,w)

ver
with v € Viy1. Hence, for all (v,w) € WEEL and and its corresponding edge tester
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wy € WL a5 defined in (4.5.3), property (VII)p4.9 implies that

edge
_ (V1I) wy (B (4,
w( @i N (w) =w, (M) 2 1+ Ec(t+1))w T ec1)n
aad, n
i1 (t) 2
S(t)(f) aady T w(Zin) T eo, wn
= (1 + € ) + Ee n
(t+1) aAdzlt+1(t)n (t+1)
= 700(3{2“) + an/2.
n

Together with S(t)(h), this yields S(¢ + 1)(h).
Step 4. Completion

Let ¢ : UHGH,ie[r]o )?lH — V, be an r-partial packing satisfying S(r) with (er, d;)-

super-regular candidacy graphs B C B (¢,) where d; := « Bd%egR(z) for all i € [r].
We aim to apply iteratively the ordinary blow-up lemma in order to complete the
partial packing ¢, using the edges in Gp. Recall that er < p <€ v < a,d. Our
general strategy is as follows. For every H € H in turn, we choose a set X; C XzH
for all i € [r] of size roughly un by selecting every vertex uniformly at random with
the appropriate probability and adding XZ-H \ XZ-H deterministically. Afterwards, we
apply the blow-up lemma to embed H[Xq,...,X,] into Gp, which together with ¢,
yields a complete embedding of H into G4 U Gp. Before we proceed with the details
of our procedure (see Claim 3), we verify in Claim 2 that we can indeed apply the
blow-up lemma to a subgraph of H € H provided some easily verifiable conditions are
satisfied.

Recall that we have defined the candidacy graph BiH on a copy (XZH ’B, V;B ) via
the bijection 7 only to conveniently apply Lemma 4.9 in Step 3. That is, for all
H € H,i € [r], we can identify B with an isomorphic bipartite graph on (X, V;)
and edge set {zv: m(x)7(v) € E(BH)}. Let B be the union over all H € H,i € [r]
of these graphs. For H € H and a subgraph G° of Gp, we write Bgo [XZ-H, V;] for the
graph that arises from B[X,Vi] by deleting every edge xv with z € X, v € V; for
which there exists 2’z € E(H) such that ¢,(z')v € E(G°). (We may think of E(G°)
as the edge set in Gp that we have already used in our completion step for packing
some other graphs of H into G4 U Gg.) For future reference, we observe that

A(B[XE, V] = Bao[XH, Vi]) < a™tA(G®) for alli €

(4.5.18) ol

Claim 2. Suppose H € H, G° C Gp and W; CV; for alli € [r] such that the following
hold:

(a) Vi\ qﬁr()?ZH) CW,;, CV; and |W;| = (u:l:slT/Q)n for all i € [r];

(b) Bgo[Xi, Wi is (ut/3L, d;)-super-regular where X; := (XH o (Wi N qb,n()A(lH))) U
(X X

(c) Gp[Wi, Wj] is (slT/B,dB)—super—regular for allij € E(R);
(d) |Nge(v) N W;| < p3/%n for allv € V; and ij € E(R).

Then there exists an embedding gbﬁ ofﬁ = H[Xy,...,X,] into G = GpWi,...,W,]—

G° such that ¢/ = ¢ U¢T|V(H)\V(f1) is an embedding of H into G where ¢'(X1) = V;
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for alli € [r] and all edges incident to a vertex in |J | Xi are embedded on an edge

in Gg — G°.

i€r]

Proof of claim: Note that |X;| = |[W;| = (1 £ 61/2) (by (a) and (b)) and I;T[Xi,Xj]
is empty whenever ij ¢ E(R) and a matching otherwise. Moreover, by (c) and (d),
Fact 1.12 yields that CNJ[W“VV]] is (u'/3', dp)-super-regular for all ij € E(R) (with
room to spare). This shows that (H,G, R, (Xi)iepr), Wi)igpr) s a (u/3, dp)-super-
regular blow-up instance. We apply Theorem 4.5 to this blow-up instance (with
(BGO [X;, Wil)iey playing the role of (A;);ef,) and obtain an embedding ¢ of H into
G. Recall that ¢T‘V(H)\V(H) is an embedding of H — V(H) into G4. For x € V(H),
2/ € V(H)\ V(H) and z2’ € E(H), we conclude that ng(ar)(ﬁ,«(x’) € E(Gg — G°) by
the definition of the candidacy graphs in (4.5.7) and the definition of Bge. —

Claim 3. For all H € H and i € [r], there exist sets Yfl C X’ZH with \YlH] > (1-2u)n
and a packing ¢ of H into G that extends ¢* such that ¢|YH = gMYH as well as

o(X[T) =V

Proof of claim: We write H = {H1,...,Hyy} and let Hy, = {Hi,...,Hp} for all
h € [|H|]o. Forallv e V;, i€ [r], let 7"(v) := [{H € Hp:v € Vl\@()?f[)}] and
o (v) == o (v) N Unen, jenn NH(X]H \ XJH)}| We inductively prove that the
following statement C(h) holds for all h € [|H]]o.

C(h). There exists a packing ¢" of Hj, into G that extends ¢* such that for G§ :=
Gp N ¢"(H;) we have

(A) degge (v) < a (th(v) + o"(v)) + p?/3n for all v € V(G);

(B) for all H € Hj, and i € [r], there exist sets YZH - )?ZH with ]Yf]\ > (1-2u)n
such that th’YH = ¢r|gn as well as XY =V

Let G§ be the edgeless graph on V(G) and ¢° be the empty function; then C(0)
holds. Hence, we may assume the truth of C(h) for some h € [|H| — 1]y and let ¢" and
GY be as in C(h).

By C(h)(B), there are at most > peqy, ienpji @ 1|X \X | < 5a3un? edges of
G incident to a vertex in V; for each i € [r]. Hence, there are at most 10a~3 ' 3n
vertices in V; of degree at least ,u2/3n/2 in G;. Let Vihigh C V; be a set of size ,u1/4n
that contains all vertices of degree at least ;*/3n/2 in GS. For all i € [r], we select
every vertex in ¢, (X Hh“) \ Vhigh independently with probability ;(1 — x*/4)~! and
denote by W; their union together with V; \ ¢,(X Hh“); we define X; := (th“ N
G (Wi N (X)) U (X X1, Note that S(r) implies that

(4.5.19) x [ X ] = (X1 < 2epm for all i € [r].

In the following we will show that the assumptions of Claim 2 are satisfied with
probability at least 1/2, say, for Hjy1 and G, playing the roles of H and G°, respect-
ively. In particular, there is a choice for W; such that the assumptions of Claim 2
hold.

To obtain (a), we apply Chernoff’s inequality to the sum of indicator variables
which indicate whether a vertex in V; is randomly selected. Together with (4.5.19),
this shows that (a) holds with probability at least 1 — 1/n3, say
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By C(h)(A) and S(r)(e), we obtain that A(G%) < 2u?/*n. We exploit (4.5.18) and
conclude that A(B[XZ-Hh’“,Vi] — Bgo [XiHh“,V;]) < 2o 'p?/3n for all i € [r]. Thus
Fact 1.12 implies that Bge [XZ»H’L“, Vi] is (u'/%, d;)-super-regular for all i € [r]. For all
i € [r] and z € XiHh“, Chernoff’s inequality implies that |NBG; ()N W;| = (d; =
2u/%)|W;| and similarly, for all v € V;, we have |NBGZ () N Xi| = (ds £ 2u5)|X;].
Moreover, for all distinct v, v’ with ’NBGZ (v,0")| = (d; % 2u"/%)?n (which we call good,
and there are at least (1 — 2u1/%)(%) good pairs), we also obtain ‘NBGZ (v, )N X;| =

(d; &+ 3u'/%)?|X;|, all with probability at least 1 — 1/n%. Observe that Theorem 1.8
implies that there at least (1 — 3ut/ 5)(”2") good pairs in W; also with probability at
least 1 — 1/n3. Therefore, we may apply Theorem 1.13 and obtain that BGZ (X, Wi
is (u'/3%, d;)-super-regular for all i € [r] which yields (b) with probability at least
1 —1/n? say.

To obtain (c), for each ij € E(R), we proceed as follows. Observe first that
Ggl[Vi, Vj] is (2¢, dp)-super-regular by (4.5.4). Hence G g[W;, W}] is clearly 5%/3—regular
as |Wil,|W;| > un/2 by (a). Therefore, we only need to control the degrees of the
vertices in Gg[W;, W;| which follows directly by Chernoff’s inequality with probability
at least 1 — 1/n® and because of (4.5.19).

Since A(G%) < 2u?/3n and because of (4.5.19), we conclude by Chernoff’s inequality
that (d) holds with probability at least 1 — 1/n3.

Therefore, the assumptions of Claim 2 are achieved by our construction with prob-
ability at least 1/2. Fix such a choice for W1, ..., W, and apply Claim 2 that returns

an embedding ¢r+1 of ﬁh+1 = Hp1[ X1, ..., X;] into G[W1, ..., W;] -G, such that
¢ = pHrr1y ¢T’V(Hh+1)\v(ﬁh+l) is an embedding of Hy 1 into G where ¢/(X[) = V;
and all edges incident to a vertex in Uz‘e[r} X; are embedded on an edge in G — G7,.
We define ¢"*! := ¢" U ¢/ and obtain C(h + 1)(B) with Y?h“ = XiHh+1 \ X;. Tt is
straightforward to check that by our construction also C(h + 1)(A) holds. -

Let ¢ be as in Claim 3. This directly implies conclusion (i) of Lemma 4.10. Con-
clusion (ii) of Lemma 4.10 follows from Claim 3 together with S(r)(g) as we merely
modified ¢, to obtain ¢. For a similar reason, Lemma 4.10 (iii) follows from Claim 3
and S(r)(h). This completes the proof. O

4.6 Applications

4.6.1 Proof of Theorem 4.4

In this section we prove Theorem 4.4 which provides an illustration for an application
of vertex and set testers so that the leftover is suitably well-behaved. For a graph H,
let H* arise from H by adding a labelled vertex z and joining x to all vertices of H.
We call = the apex vertex of HT.

Theorem 4.11 (Keevash [72, cf. Theorem 7.8], cf. [51, Theorem 3.6 and Corol-
lary 3.7]). Suppose 1/n < ¢ < 1/s < do,1/m. Suppose H is an r-reqular graph
on m vertices. Let G be a graph with vertex partition (V,W) such that W is an in-
dependent set, don < |W| < |V| =n and |(\eprow Na(z)] = (1 £ s)dgﬂ‘dw//ln for
Al VI CV,W CW with 1 < |V'| + |W'| < s where dy = rd|W|/n and dw = d for
some d > dy. Suppose that |[Ng(v) NV| = r|Ng(v) " W| for all v € V' and m divides
degqs(w) for allw € W. Then there is a decomposition of the edge set of G into copies
of HT where the apex vertices are contained in W.
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Proof of Theorem 4.4. Choose ¢ < § < 1/s < < . Among the an graphs in H
that contain at least an vertices in components of size at most o™, there is a collection
H' of Sn r-regular graphs that contain each at least Sn vertices in components all
isomorphic to some graph .J where |V (J)| < o~ and r € [a™].

For all H € H', let H™ arise from H by deleting Sn/|V (J)| components isomorphic
to J. We denote by I a set of Bn isolated vertices disjoint from V(H™). Let H :=
(H\H)UUpeg (H-UIT). Let Gy be a (2e, s, d1)-typical subgraph of G where d; :=
(1+68)(d—82r) such that G— Gy is (2¢, s, d—d )-typical; that is, e(H) < (1—8/2)e(G4).
Clearly, G exists by considering a random subgraph and then applying Chernoff’s
inequality. Now we apply Theorem 4.3 to obtain a packing ¢ of H in Gy with 62
playing the role of a and sets of set and vertex testers Wier, Wher defined as follows.
For all Hy,...,Hy, € H and vi,...,v5, € V(GQ) with 1 < ¢; and ¢ + {5 < s, we add
the set tester (V/, 171, ... Ia) to Wi where V! := V(G) N ﬂie[b] Ng-¢, (vi). Then
Theorem 4.3 implies that (where dy :=d — d)

(4.6.1) () s 0 () Ne—c, (v:)| = (8" dy? +26%)n.
i€[l1] 1E€[l2]

For each v € V(G), we define a vertex tester (v,w) where w assigns every vertex in
V(H) its degree for all H € H and add (v,w) to Wyer. Then Theorem 4.3 implies that
A(G1 — ¢(H)) < 26n._

Let Go := G — ¢(H). Next, we add fn vertices W := {vg } gey to G2 and join vy
to all vertices in ¢(I) and denote this new graph by Gs. Let dy := B%r and dy = .

Hence (4.6.1), the typicality of G — G, and A(G1 — ¢(H)) < 26n imply that for all
wi,...,wy, € Wand vy,...,v, € V(G)

m Ng,(z) = (1 +£V0)8% - (B%)2n = (1 £ V0)dy,d2n

TE{W1 e Wey V15005 V0y }

whenever 1 < ¢1 4+ f5 < s. We apply Theorem 4.11 to G5 to obtain a decomposition
of G'3 into copies of JT where the apex vertices are contained in W. Observe that this
yields the desired decomposition of G into H. Indeed, for H € H’, let Jy be the set of
all copies of J* in G'3 whose apex vertex is vg; hence | Ty | = [I7|/|V (J)| = Bn/|V (J])].
We define a packing ¢’ of H in G as follows. For all H € H\H', let ¢ |y (g):= & |v(m)-
For all H € H', let ¢ |y (u-y:= ¢ ly(u-) and each component of H — V(H~) (which
is isomorphic to J) is mapped to C' — vy for some C' € Jg such that every C' — vy is
the image of exactly one component isomorphic to J of H — V(H™). O

4.6.2 Decomposing directed graphs

In this section we discuss how some modifications of our proof method also yield a blow-
up lemma for approximate decomposition of digraphs. In fact, we can derive such a
result from a more general statement where we allow the graphs in H € H to be edge-
coloured, say with k colours, and we are given k host graphs G, ..., Gy on the same
vertex set (whose union may be a multigraph), each with the same partite structure
as the graphs in H. Given that for each colour ¢ € [k] and each bipartite pair 4, j of
the partition, the sum over all H € H of f-coloured edges in E(H[X/, X jH ]) is slightly
less than the number of edges in E(G¢[V;, Vj]), then we can pack #H into Gi,...,Gj
such that for all colours ¢ € [k], each ¢-coloured H-edge is mapped onto Gy. From this
general statement one can easily obtain a corresponding approximate decomposition
result for digraphs by taking k£ = 2 and colouring all arcs of the same direction with
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the same colour. Such a setting has already been discussed in [6, Remark 7.4] in the
context of embedding a single graph H into sparse host graphs.

Let us state this general result more precisely. For a collection of graphs H, an
edge-colouring &: E(H) — [k] and a collection of graphs G = {G1,...,G}, we call
¢: Ugey V(H) — Uee[k] V(Gy) a &-respecting packing of H into G if ¢|y (g is inject-
ive for all H € ‘H and for each ¢ € [k], the function ¢ injectively maps ¢-coloured edges
in H onto edges in Gy. Further, we extend the definition of a blow-up instance to this
k-coloured version. For each colour ¢ € [k] and H € H, let H[¢~!({)] be the spanning
subgraph of H that contains all /-coloured edges, and let H[¢~1(£)] := {H[¢1(O)]} ren-
We call Z = (H,G, R, X,V, ¢o,€) an (e, d)-super-regular, o~ -bounded, k-coloured ex-
tended blow-up instance if

e V(Gy) =V forall ¢ € [k];

o (H[EL(0)], Gy, R, X,V, ) is an (g, d)-super-regular, o~ !-bounded, extended blow-
up instance which is (g, a)-linked for every ¢ € [k].

Similarly as for an extended blow-up instance, we say that £ is (&, a)-linked where we

replace the second condition by [V; N (Nyepy. T0E XN y1e—1 1 (@) Neg,(¢o(z0))| > a|Vj

for all ¥ € XH,i € [r], H € H. The notion of set and vertex testers as defined in
Section 4.1.2 extends analogously to .

Theorem 4.12 (Ehard, Joos [32]). Let 1/n < e < a,d,1/k and 1/n < 1/r. Suppose
(H,G, R, X,V,¢0,€) is an (g, d)-super-reqular, o~ -bounded, k-coloured extended blow-
up instance which is (g,a)-linked, |V;| = (1 £ &)n for alli € [r], |H| < a~'n, and
Yo Hen GH[g—l(g)](XiI{,XjI{) < (1 — a)dn? for all ¢ € [k] and ij € E(R). Suppose

1 logn
’

Weet, Waer are sets of a~*-set testers and a L-vertex testers of size at most n
respectively. Then there is a £-respecting packing ¢ of H into G which extends ¢g such
that

(1) o(XH) =V, foralli € [r]o and H € H;
() W 0 yegg 905)] = IWIA| - Yil/nf & an for all (WY, ., Yi) € Waai

(i) w(Upgen XiH No~tw)) = wlUpgen XZH)/n + an for all (v,w) € Wyer.

In the following, let us discuss how modifications of our proof method also imply
Theorem 4.12. Even though Theorem 4.2 can be derived from Theorem 4.12, for the
sake of a cleaner presentation of the proof of Theorem 4.2, we only point out the minor
modifications that have to be made to turn it into a proof of Theorem 4.12.

Proof sketch of Theorem 4.12

We first observe that the refinement of the partitions via Lemma 4.6 can be performed
essentially independently for each Gy, ...,G; € G. Hence, we can proceed similarly as
in the proof of Lemma 4.10 and assume that all graphs in H only span a matching
between two clusters respecting the reduced graph R. The two main ingredients for
proving Lemma 4.10 are a partial packing result that packs almost all vertices of H
into the host graph, and the completion step that turns this partial packing into a
complete one.

We first describe how we can obtain such a partial packing result. To that end, we
can proceed analogously as in the inductive Step 3 of the proof of Lemma 4.10 but we
have to modify the definition of our candidacy graphs to obtain a partial £&-respecting
packing. That is, v € V; should only be a suitable candidate for = € XiH if for each
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incident ¢-coloured edge incident to x, there exists also corresponding edge incident
to v in Gy. Hence, in more detail, we modify (4.5.6) as follows. Given a t-partial
&-respecting packing ¢y : Xf’t =V, andx € X veV,; for HeH,ic[r], wesay v
s a E-respecting candidate for x given ¢ if

¢t(Npje—1(0(2) N Xt¢t) C Ng,(v) for each ¢ € [k].

(Here we ignored the notion of Hy and G4 as in (4.5.6) which can be defined ana-
logously.) By adapting the definition of updated candidacy graphs and the updated
labelling of the candidacy graphs in Definitions 4.7 and 4.8 for Lemma 4.9, accordingly,
one can see that we can inductively apply Lemma 4.9 to obtain a partial £-respecting
packing similar as in Step 3.

Next, let us describe how we can turn such a partial &-respecting packing
Or: UHe’H,ie[r]o )?ZH — V, into a complete one. In Step 4 of Lemma 4.10 we iterat-
ively applied the usual blow-up lemma in order to complete the partial packing using
the edge slice G of the host graph G that we set aside in the beginning. Before obtain-
ing our partial {-respecting packing, we also partition the edges of each graph Gy for
¢ € [k] into graphs G 4 and Gy g, analogously as in Step 1 of the proof of Lemma 4.10.
We use the graphs Gy 4 to obtain our partial {-respecting packing and we utilise G p
to complete this embedding. Similar as in the proof of Lemma 4.10, we also track can-
didacy graphs BZH with bipartition (XZH , Vi) with respect to the collection of graphs
{G1,B}eejy) during our partial packing procedure that incorporate which candidates
can be used for the completion. In order to proceed analogously as in Step 4, we would
need a coloured version of the usual blow-up lemma that yields a £-respecting embed-
ding of one single ¢-coloured graph H into a collection of graphs G. Unfortunately, we
are not aware of such a result. However, instead of the usual blow-up lemma we can
also apply a simple matching argument for the completion. We proceed as follows. As
in Step 4, for every H € H in turn, we choose a small set of vertices X; C XZ-H for
each i € [r] by selecting every vertex uniformly at random with probability roughly 4
and adding XZ-H \ XZ-H deterministically. Afterwards, we use a matching argument to
embed H[X1,...,X;] into {G¢ B} where we respect the {-colouring of the edges
in H. In particular, it suffices to replace the application of the usual blow-up lemma in
Claim 2 of Step 4 with the new matching argument. Proceeding similarly as in Claim 3
of Step 4 will then finish the completion.

The crucial observation is as follows. When we select vertices in XZ-H independently
with probability roughly v and consider the subgraph of H induced by these vertices,
then only at most 2.2n vertices in each X; are incident to an edge in this subgraph (even
after adding X/ \)? H deterministically). Therefore, we may simply embed greedily all
such vertices one after another to a potential candidate in V; and afterwards are left
with the task to embed only vertices where all neighbours have already been embedded.
However, this is easy; simply choose in each candidacy graph (which will still be
sufficiently super-regular) any perfect matching and this completes the embedding.
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Chapter 5

A hypergraph blow-up lemma for
approximate decompositions

The content of this chapter is based on the preprint [31] with Feliz Joos.

5.1 Introduction to hypergraph decompositions

Although, there are numerous (approximate) decomposition results for spanning struc-
tures in graphs, the situation for hypergraphs is notably different and there are only
few results concerning types of Hamilton cycles and H-factors (as already mentioned
Section 1.3.3 in the introduction). In this chapter we provide a versatile result for
approximate decompositions of quasirandom hypergraphs into families of spanning
bounded degree hypergraphs.

One key feature of our results is their applicability to hypergraphs with vanishing
density, which answers Question 1.5 of Kim, Kiithn, Osthus and Tyomkyn [79].

In particular, for further applications it turned out that (approximate) decom-
positions of multipartite hypergraphs are highly desirable (to name only two ex-
amples, see Kim, Kiihn, Osthus and Tyomkyn [79] and Keevash [72] which are used
in [51, 65, 75, 76]). In view of this, we provide all our tools also for the multipartite
setting. Our results answer and address questions of Keevash [73] and Kim, Kiihn,
Osthus and Tyomkyn [79].

Whether we have a strong control over the actual (approximate) decomposition,
locally and globally, is another decisive factor if such a result is a powerful tool for
further applications. Therefore, we make a considerable effort to implement two types
of versatile test functions with respect to which the decomposition behaves random-like
(for more details we refer the reader to our more technical results in Section 5.1.1).

The simplified version in Theorem 1.6 is a direct consequence of our main result.
Let us recall the following definitions. For a k-graph G, we define the neighbourhood
N¢g(S) of a (k— 1)-set S of vertices as the set of vertices that form an edge together
with S. Let ¢ > 0, t € N, d € (0,1] and suppose G has n vertices. We say an n-vertex
k-graph G is (e,t,d)-typical if |[\ges Na(S)| = (1 £ £)d!SIn for all sets S of (k — 1)-
sets of V(G) with |S| < t. Observe that the binomial random hypergraph is with
high probability (e,t,d)-typical whenever ¢, t are fixed and d > n~¢ and consequently
with high probability these k-graphs can be approximately decomposed into any list
of bounded degree hypergraphs with almost as many edges.
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5.1.1 Multipartite graphs and the main result

Let us now turn to the statement of our main result. In fact, it applies to multipartite
hypergraphs, but it easily implies a similar statement for non-partite graphs.

We say that a family /multiset of k-graphs H = {H1, ..., Hs} packs into a k-graph G
if there is a function ¢ : Ugey V(H) — V(G) such that ¢[y(g) is injective and ¢
injectively maps edges onto edges. In such a case, we call ¢ a packing of H into G.
Our general aim is to pack a collection H of multipartite k-graphs into a quasirandom
host k-graph G having the same multipartite structure which is captured by a so-called
‘reduced graph’ R. We say (H,G, R, X,V) is a blow-up instance of size (n,k,r) if

e H,G,R are k-graphs where V(R) = [r];

e X = (X)) is a vertex partition of H such that [¢ N X;[ < 1 for all ¢ €
E(H),i € [r];

e V = (V)i is a vertex partition of G such that |V;| = [X;| = (1 £1/2)n for all
ielrl;

e H[X;,...,X;]is empty whenever {i1,...,i;} ¢ E(R).

We also refer to (H,G, R, X,V) as a blow-up instance if H is a collection of k-graphs
and X is a collection of vertex partitions (X/7);cpq mew so that (H,G, R, (X[);ei, V)
is a blow-up instance for every H € H.

Given a blow-up instance £ = (H,G, R, X,V) of size (n,k,r), we generalize the
notion of typicality to the multipartite setting given by the reduced graph R. For finite
sets Ap, ..., Ay, we write | |;cq Ai := {{a1,...,ar}: a; € 4; for all i € [(]}. We say G
is (e, t,d)-typical with respect to R if for all i € [r] and all sets S C User(r): ier Vur\{i)
with |S| < ¢, we have [V; N (Nges Na(S)| = (1 £ )dSI|V;|. We say the blow-up
instance 4 is (e, t, d)-typical if G is (e, t, d)-typical with respect to R and |V;| = | X | =
(L+e)n for all H € H,i € [r]. We denote the maximum vertex degree of a k-graph H
by A(H). We say A is A-bounded if A(R),A(H) < A for each H € H.

We first state a simplified version of our main result for multipartite graphs.

Theorem 5.1 (Ehard, Joos [31]). For all o € (0,1], there exist ng,t € N and ¢ > 0
such that the following holds for all n > ng. Suppose (H,G,R,X,V) is an (e,t,d)-
typical and a~'-bounded blow-up instance of size (n,k,r) with k < a~!, r < nlo8™,
d>n"¢, [H| <n* and Y oy en(XH .,X{z) < (1 — a)dn® for all {iy,...,ix} €
E(R). Then there is a packing ¢ of H into G such that ¢(XH) =V; for alli € [r] and
HeH.

In numerous applications of the original blow-up lemma for graphs, it has been
essential that it provides additional features. In view of this, we make a substantial
effort to also include further tools in our results that allow us to control the structure
of the packings and will be very useful for future applications. We achieve this with
two different types of what we call testers. The first tester is a so-called set tester;
with the setting as in Theorem 5.1, we can fix a set Y C XiH and W C V; for some
i € [r] and H € H. Then we find a packing ¢ such that |[W N¢((Y)| = |W||Y|/n £ an.
Moreover, we can even fix several sets Y; as above in multiple k-graphs H; in H and
the size of their common intersection with W is as large as we would expect it to be
in an idealized random packing.

The second type of tester is a so-called vertex tester. In the simplest form, we fix
a vertex ¢ € V; with 4 € [r] and define a weight function on (Jcs X/ Then we find
a packing such that the weight of the vertices embedded onto ¢ is roughly the total
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weight divided by n. However, for many applications it is not enough to control single
vertices — this is one reason why it is difficult to apply the hypergraph blow-up lemma
due to Keevash [70]. Here, we make a considerable effort to provide a tool to deal
with larger sets. To this end, for a vertex tester, we can also fix ¢; € V; for i € I for
some (k —1)-set I C » € E(R) and define a weight function on the (k — 1)-sets that
could be potentially embedded onto {c;};c;. Then our main result yields an embedding
where the weight of the actually embedded (k — 1)-sets onto {c;};er is the appropriate
proportion of the total weight assigned.

Let us now formally define these two types of testers. Suppose £ is a blow-up
instance as above. We say (W, Y7,...,Y,,) is an {-set tester for Z if m < ¢ and there
exist ¢ € [r] and distinct Hy,..., H,, € H such that W C V; and Y; C Xl-Hj for all
j € [m]. We say (w, ¢) is an {-vertex tester for % with centres ¢ = {¢;}ier in I C [r],
if

e |I|<k—1and I C # for some » € E(R), and ¢; € V; for each i € I, and

e w is a weight function on the |I|-tuples 20;r :== Upen (Uic; XH) with w: 20,; —
[0,¢] and whenever |I| > 2, we have supp(w) = w™'((0,£]) C {z € ZLr: 2 =
e N 2 for some ¢ € H}.

For an ¢-tuple function w: ()Z() — R>( on afinite set X, we define w(X') := ZSE(XI) w(S)

for any X’ C X. The following theorem is our main result.

Theorem 5.2 (Ehard, Joos [31]). Suppose the assumptions of Theorem 5.1 hold and
suppose Wier, Waoer are sets of a~'-set testers and o~ -vertex testers of size at most
n21o8n respectively. Then there is a packing ¢ of H into G in Theorem 5.1 such that

1) WO Njepm ¢Y5)| = [W[Y1] -« [Vl /0™ £ an for all (W, Y1, ..., Yi) € Weet;

(i) w(p™ () = (1 £ a)w(Zur)/nl £ 0 for all (w,¢) € Weer with centres ¢ in 1.

In the same line, we also provide these two types of testers if G is a (non-multipartite)
quasirandom k-graph and the result in fact follows from Theorem 5.2. The definition is
adapted in the obvious way. Suppose the vertex set of G is V' and we aim to pack H into
G where the vertex set of H € H is denoted by X . For set testers (W,Y1,...,Yn),
we proceed as above but select W C V and Y; C X H;  For vertex testers (w,¢) with
{¢i}ier and |I] < k — 1, we also proceed as above but require that {c¢;};cs is an |I|-set
in V and w is a function from the union over all H € H of the ordered |I|-sets of X
into [0, ¢], where supp(w) contains only |I|-tuples that are contained in an edge of H
if |I| > 2. With this we obtain the following result.

Theorem 5.3 (Ehard, Joos [31]). For all a € (0,1], there exist ng,t € N and ¢ > 0
such that the following holds for all n > ng. Suppose G is an (g,t,d)-typical k-graph
on n vertices with k < a~', d > n=° and H is a family of k-graphs on n vertices
with A(H) < o™t for all H € H and |H| < n* such that Y ;05 e(H) < (1 — a)e(G).
Suppose Weet, Wyer are sets of a~l-set testers and o~ t-vertez testers of size at most
nl°8" respectively. Then there is a packing ¢ of H into G such that

(1) W O gy @0 = [WI[Y] -+ [Yoal /0™ £ an for all (W, Vi, ..., Yin) € Wees;

(il) w(p™l(e)) = (1 £ a)w(Ugey V(H))/nM £ 0o for all (w,¢) € Wy, with centres
< l.

We illustrate applications of our main results to the setting of hypergraph decom-
positions as well as decompositions of simplicial complexes in Section 5.8.
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5.2 Proof overview

In the following we outline our highlevel approach for the proof of our main result
in the multipartite setting, that is, assuming we aim to pack k-graphs H € H with
vertex partition (X77,..., X) into G with vertex partition (Vi,...,V,). Our general
approach is to consider each cluster V; in turn and embed simultaneously almost all
vertices of (Jyeqy X/7 onto V;. Afterwards we complete the embedding with another
procedure. We draw and extend several ideas from our proof in Chapter 4 of the
blow-up lemma for approximate decompositions.

Let us turn to a more detailed description. At the very beginning, we will use a
simple reduction to the case where each H [Xf ey XZ-I: | induces a matching for all
{i1,...,ix} € E(R) and H € H by simply splitting the clusters into smaller clusters
(see Lemma 5.9). This makes the analysis simpler and cleaner, and we assume this
setting from now on.

The proof of the main result consists of two central parts. The first part is an
iterative procedure that considers each cluster V; of G in turn and provides a partial
packing that embeds almost all vertices of the graphs in H onto vertices in G (at the
beginning we fix some suitable ordering as r may be even larger than n, in particular,
r is not bounded by a function in terms of €). In the i-th step, we embed almost all
vertices of (Jpcy XZ-H onto V; by finding simultaneously for each H € H an almost
perfect matching within a ‘candidacy graph’ Af{ , which is an auxiliary bipartite graph
between X/ and V; such that zv € E(A) only if v is still a suitable image for = with
respect to the embedding obtained in previous steps. Of course, we have to guarantee
that this indeed yields an edge-disjoint packing; that is, when we map x; € Xf[ ! and
T9 € XZ-H2 on the same vertex v € Vj, then we have to ensure that for all ¢; € E(H,)
with z; € ¢, j € [2], the (k — 1)-sets ¢1 \ {1} and ¢3 \ {z2} are not embedded
onto the same (k — 1)-set (provided they are already embedded). We achieve this by
defining an auxiliary hypergraph Hq,; with respect to the candidacy graphs to which
we apply Theorem 2.3. There will be a bijection between matchings in Hg,, and valid
embeddings of | Jy oy XZ.H into V;. This is one of the main ingredients in the first part
of our proof.

Let us give more details for the construction of Hgqyr. Assume we are in the i-
th step of the partial packing procedure and already found a partial packing ¢, of
the initial ¢ — 1 clusters. We define a labelling 1 on the edges of the candidacy 2-
graphs such that for every edge zv € E(A) and H € H, the labelling 9 (zv) contains
the set of G-edges that are used when we extend ¢, by embedding x onto v. Let
us for simplicity assume that only one G-edge would be covered when we embed =
onto v, say, Y(xv) = gz € E(G). Since the packing will map multiple vertices
of Upen X! onto the same vertex v in V;, we consider disjoint copies (V:¥)gey of
V; where the vertex v’ is the copy of v. For every xv € E(A) and H € H, we
define the 3-set %., := {z,v",¢(zv)} and let Hquz be the 3-graph with vertex set
Unen (XA UVH)YUE(G) and edge set {4, : xv € E(AF) for some H € H}. It is easy
to see that there is a one-to-one correspondence between matchings in H4q, and valid
embeddings of (Jycy XiH into V; such that no G-edge is used more than once. This
hypergraph construction is similar as in Chapter 4.

Of course, whether we can iteratively apply this procedure depends on the choice of
the partial packing in each step. Hence, with the aim of avoiding a future failure of the
process, we have to maintain several pseudorandom properties throughout the entire
process. For instance, we have to ensure that there are many candidates available
in each step; in more detail, we guarantee that the updated candidacy graphs after
each step remain super-regular even though they naturally become sparser after each
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embedding step.

Unfortunately, it is not enough to consider only candidacy graphs between pairs of
clusters. For clusters indexed by elements in I where |I| < k—1, we consider candidacy
graphs A¥ on the clusters {J,c; (X U V;) with edges of size 2|I|. An edge @ in AY
will then indicate whether the entire set of |I| vertices in @ N |J;c; X can (still) be
mapped onto « N |J;c; Vi. We further discuss the purpose of these candidacy graphs
in Section 5.4.1, where we define them precisely.

The main source yielding a smooth trajectory of our partial packing procedure is
the aforementioned Theorem 2.3 from [29], which provides a tool that gives rise to a
pseudorandom matching in H,q, with respect to tuple-weight functions. One difficulty
of the first stage of our proof is the careful definition of these tuple-weight functions.
For instance, we have to ensure that we can indeed iteratively apply Theorem 2.3.
Moreover, we have to guarantee that we can turn the partial packing into a complete
one in the second part of our proof. To that end, we define very flexible but complex
weight functions on tuples of (hyper)edges of the candidacy graphs that we call edge
testers. Dealing with hypergraphs, and especially with hypergraphs with vanishing
density, makes it significantly more complex to control the weight of these edge testers
during our partial packing procedure than for a similar approach for simple graphs.

One single embedding step is performed by our so-called ‘Approximate Packing
Lemma’ (see Section 5.5). The process where we iteratively apply our Approximate
Packing Lemma is described in Section 5.6 and will provide a partial packing that
maps almost all vertices of the graphs in H onto vertices in G.

The second part of the proof deals with embedding the remaining vertices and
turning the obtained partial packing into a complete one. Our general strategy is
to apply a randomized procedure where we unembed several vertices that we already
embedded in the first part and find the desired packing by using a small edge-slice Gp
of G put aside at the beginning (that is, we did not use the edges of G for the partial
packing in the first stage). Of course, we again have to track which vertices are still
suitable images during the completion and respect the partial packing of the first part.
To that end, for each H € H and i € [r], we track a second type of candidacy graphs BiH
between XZ-H and V; with respect to G, where zv € E(BZH) only if we could map z
onto v during the completion. In fact, we track these candidacy graphs already during
the partial packing procedure and carefully control several quantities using our edge
testers. In the completion step, we can then apply a randomized matching procedure
within the candidacy graphs BZH to turn the partial packing into a complete one.

As in many other results that were originally proven for graphs and later lifted
to k-graphs for £ > 3, we have to overcome numerous difficulties that are specific to
hypergraphs. In our case this includes for example the much more complex intersection
structure among hyperedges, which in turn complicates the analysis of our partial
packing procedure considerably. To this end, several novel ideas are needed.

Let us highlight one obstacle. Suppose we are in the i-th step of the iteration where
we aim to embed essentially all vertices |Jzcy XH onto V;, then all z € |J Hen XH
have to be grouped according to the edge intersection pattern of all edges that con-
tain z and the edges that intersect these edges with respect to the clusters that have
been considered earlier. In this context, we will define the patterns of edges in H in
Section 5.4.2.

As we alluded to earlier, a strong control over the actual packing is of importance
for further applications when an entire decomposition is sought. In particular, it
is often not enough to control how many vertices of a certain set are mapped to a
particular vertex, but how many (k — 1)-sets are embedded to a particular (k — 1)-
set. To illustrate this, it is significantly stronger to claim that Ag_1(G — ¢(H)) < an
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than A(G — ¢(H)) < an*~1 (where A;,_1(G) refers to the maximum number of edges
containing a particular (k — 1)-set in G). It is already complicated enough to control
such quantities for the multipartite setting, but in order to transfer this ability to
general quasirandom k-graphs, it is necessary to allow vanishing densities of magnitude
o(log™®n). This is due to the following observation. Suppose P is a partition of [n]
and say a set S is crossing (with respect to P) if each part of P contains at most
one element of S. For k > 3, we need at least polylogn partitions of [n], which are
non-trivial but have only a constant number of parts, such that all (k — 1)-sets of [n]
are (roughly) equally often crossing for the partitions, whereas for k = 2 one partition
suffices (because 1-element sets are always crossing).

Unfortunately, considering sparse k-graphs adds another complexity level to the
problem. To be more precise, o(n) and o(dn) no longer mean the same where d > n™¢
refers to the density, and thus, terms of size o(n) can no longer be ignored. Essentially
at all stages of the proof a substantially more careful analysis is needed to make sure
that several quantities are not only o(n) but o(d™n) because in many natural auxiliary
(hyper)graphs considered in our proof vertices have typically d"n neighbours, where
m € N grows as we proceed in our procedure.

5.3 Preliminaries

In this section we collect some important tools for Chapter 5.

5.3.1 Notation

Let us introduce some general notation and (hyper)graph terminology, some of which
we already introduced in Section 1.5.1, but we recall it here for completeness.

For ¢ € N, we write [(]o := [(JU {0} = {0,1,....¢} and —[(] := {—¢,...,—1},
where [0] := (. We refer to a set of cardinality ¢ as an ¢-set. For sets Ay, ..., A, and
I C [f], we write Ay := [J;c; Ai- For a tuple a = (a1,...,ar) € Rf and I C [{], we
write a; 1= (a;)icr and [af := >, ai. For a finite set A and £ € N, we write 24
for the powerset of A and (? ) for the set of all £-subsets of A. For a graph G, let
(E(EG))_ - (E(KG)) be the set of all matchings of size £ in G. For finite sets A1,..., Ay,
¢ € N, we write | [y Ai = {{a1,...,ar}: a; € A foralli € [(]}, and conversely,

whenever we write {ay,...,a} € Uie[ﬁ} A;, we tacitly assume that a; € A; for all
i € [{]. For I C [{], we write A7 := | |;c; Ai- Whenever we consider an index set
{i1,...,i¢} C Z, we tacitly assume that iy < iy < ... < i, For a real-valued function

f: A — R, let supp(f) := {a € A: f(a) > 0} be its support. For a function
g: A— B, let g(A) := Uscarna 9(a).

For a k-graph G, let V(G) ad E(G) denote the vertex set and edge set, respectively.
For pairwise disjoint subsets Vi,..., Vi, C V(G), let G[Vi,...,Vk] be the k-partite
subgraph of G induced between Vi, ..., V. Let e(G) denote the number of edges in G
and let eq(V1,..., Vi) :==e(G[V1,...,Vi]). For set S of at most k — 1 vertices of G, we
define the neighbourhood of S in G by Ng(5) :={g\S: ¢ € E(G),gNS = S} and let
deg(S) := |Ng(9)|. Note that Ng(S) is a set of (k — |S])-tuples. For m € [k — 1], let
A (G) = MaXge (v(@) degs(S) denote the maximum m-degree of G. We usually write

m

A(G) instead of A1(G) and call Ay(G) = A°(G) the maximum codegree of G. To refer
to the vertices contained in the tuples of Ng(S), let Ng(S) := U Ng(S). Further, we
say that u is a G-vertex if u € V(G), and u is a G-neighbour of v € V(G) if u € Ng(v).
We simplify the notation for a 2-graph G as follows. We usually write Ng(v) instead
of Ng(v) for the neighbourhood of a vertex v and let Ng[v] := Ng(v) U {v}. For
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vertices u and v of G, let Ng(u A v) := Ng(u) N Ng(v),! and for a subset S C V(G),
let Ng(S) = (Uyes Na(v)) \ S. We frequently treat collections of (hyper)graphs as
the (hyper)graph obtained by taking the disjoint union of all members.

We say a k-graph G on n vertices is (e, t,d)-typical if for all sets S C (‘l/c(ﬁ)) with
S| < t, we have | Nges Na(S)| = (1£e)dIn. We often write Ng(S) := Nges Na(S).
Throughout Chapter 5, we usually denote a (k — 1)-set with the letter S, and a set of
(k — 1)-sets with the letter S.

For a k-graph G, we denote by G, the 2-graph with vertex set V(G) and edge set
U 2€E(G) (g) That is, G, arises from G by replacing each hyperedge in G with a clique
of size k.

As in Chapter 4 (see Section 4.4.1), for a graph G and a finite set &£, we call
¢: B(G) — 2¢ an edge set labelling of G. A label o € £ appears on an edge e if
a € P(e). Let ||| be the maximum number of labels that appear on any edge of G.
We define the mazimum degree Ay (G) of ¢ as the maximum number of edges of G' on
which any fixed label appears, and the maximum codegree Afb(G) of ¥ as the maximum
number of edges of G on which any two fixed labels appear together.

5.3.2 Sparse graph regularity

In this section we introduce the quasirandom notion of (sparse) e-regularity for 2-
graphs. FEven though we already introduced similar notation and results in Sec-
tion 1.5.3, we carefully state the analogue results in this section as we allow that
the density d of our host graph tends to 0 with the number of vertices.

For a bipartite graph G with vertex partition (Vi,V2), we define the density of
Wl,WQ with Wl - V; by Clg(Wl,Wg) = 6G(W1,W2)/|W]_HW2‘. We say G is (8, d)—
reqular if dg(Wyi,Ws) = (1 £ e)d for all W; C V; with |W;| > ¢|Vi|, and G is (g,d)-
super-regular if in addition |Ng(v) N Va_;| = (1 £ ¢)d|V3—;| for each i € [2] and v € V;.

We collect several results for (sparse) e-regular graphs. The following two standard
results concern the robustness of e-regular graphs.

Fact 5.4. Suppose G is an (g,d)-regular bipartite graph with vertez partition (A, B)
andY C B with |Y| > €|B|. Then all but at most 2| A| vertices of A have (1 +¢)d|Y]|
neighbours in Y.

Fact 5.5. Suppose 1/n < € and d > 0. Suppose G is an (g, d)-super-reqular bipartite
graph with vertex partition (A, B), where €/5n < |A|,|B| < n. If A(H) < edn and
X C AU B with |X| < edn, then G[A\ X, B\ X| — H is (¢'/3, d)-super-regular.

The following result from [8] is useful to establish e-regularity for sparse graphs
and is an analogue statement for the sparse setting of Theorem 1.13. For a graph G,
let C4(G) be the number of copies of a cycle on four vertices in G.

Theorem 5.6 ([8, Lemma 13]). Suppose 1/n < € and d > n~¢. Suppose G is a
bipartite graph with vertex partition (A, B), |A|,|B| = (1 £ ¢)n, density dg(A, B) =
(1+e)d, and Cy(G) < (14 €)d*|A|?|B|?/4. Then G is ('/'3,d)-regular.

Further, if the common neighbourhood of most pairs in an (e, d)-super-regular
graph has the appropriate size, we can establish the following useful bounds on the
number of edges between subsets of vertices that we allow to be very small.

!Note that in the previous chapters we used the notation Ng(u,v) to denote Ng(u) N Ng(v).
However, this might be confusing since we also use the notation N¢g({u,v}) if G is a hypergraph, and
thus, from now on we use Ng(u Av).
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Lemma 5.7 ([31]). Suppose 1/n < € and d > n™¢. Suppose G is an (g,d)-super-
regular graph with bipartition (A, B) and |A| = |B| = n, and for all but at most n3/?
pairs {a,a'} in A, we have |[Ng(a Ad')] < (1+¢e)d?n. If X C A and Y C B with
n3/43e < | X, |Y| < en, then eq(X,Y) < e'/3dnmax{|X|,|Y|}.

Proof. We have that

1 2 _ ! 1 2 72
52 INe()NX|?= > [Ngland)nY|< 5 (1+2e)| X d*n.
bey {a,a’}e(;{)

Combining this with

1 eq(X,Y)?
=Y Ng(b)nX|? > =2
beY
yields that
(5.3.1) ea(X,Y)? < (1 +2)d% XY |n.

Suppose first that |Y| < |X|, and suppose for a contradiction that eq(X,Y) >
e'/3dn|X|. Together with (5.3.1) this implies that |Y| > £2/3n/4, which is a contradic-
tion to |Y| < | X| < en.

Next, suppose | X| < |V, and suppose for a contradiction that eq(X,Y) > e'/3dn|Y].
Together with (5.3.1) this implies that |X| > £¥/3(|Y|n)Y/2/2. Since |Y| > |X]|, this
yields that |Y| > £2/3n/4, which is a contradiction to |Y'| < en. This completes the
proof. O

We will also need the following result that is similar to [9, Lemma 2] and guarantees
that a (sparse) (g,d)-super-regular balanced bipartite graph of order 2n contains a
spanning m-regular subgraph (an m-factor) for m = (1 — 2¢'/3)dn provided that most
pairs of vertices have the appropriate number of common neighbours. It can be proved
along the same lines as in [9] by employing Lemma 5.7.

Lemma 5.8 ([31]). Suppose 1/n < € and d > n™¢. Suppose G is an (g,d)-super-
reqular bipartite graph with vertex partition (A, B) where |A| = |B| = n, and suppose
that all but at most n3/? pairs {a,a’} in A satisfy that |[Ng(aNa')| < (1+€)d®n. Then
G contains an m-factor for m = (1 — 2Y/3)dn.

5.3.3 Refining partitions

In this section we provide a useful result to refine the vertex partition of a collection H
of k-graphs of bounded degree such that every H € H only induces a matching between
any k-set of the refined partition. The results in this section are very similar to the
analogous result for 2-graphs (Lemma 4.6). For 2-graphs, a similar approach was
already used in [112] by simply applying the classical Hajnal-Szemerédi Theorem.
Our result is based on a random procedure which enables us to sufficiently control the
weight distribution of a weight function with respect to the refined partition.

Lemma 5.9 ([31]). Suppose 1/n < ¢ < B < a,1/k and r < n'°8™. Suppose H is a
collection of at most n?* k-graphs, (Xfl)iem is a vertex partition of H, and A(H) <
o~ for every H € H. Suppose n/2 < |XH| = |XH'| < 2n for all H,H' € H and
i € [r]. Suppose W is a set of weight functions w: 2.7 — [0,a™] with I C [r],
|I| < k, supp(w) C {z € 2L1: = C e for some ¢ € E(H)}, and [W| < n°l°8". Then
for all H € H and i € [r], there exists a partition (ij)je[ﬁ_l} of X such that
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(i) ij is independent in H2 for all H € H, i € [r], j € [37Y];
(i) |X[] < <]XH I <IXEI+1 for all HeH i€ r];

(iii) w(Xﬁ) = Bw(XH) 4+ B32n for all H € H, i € [r], j € [37'], and w € W with
w: Z; = [0,a7Y;

(iv) w (UHEH(UZE[\I\] XH ) = (£ e)pllw(20y) for all w € W with w: 211 —
[0 o ], (e%u]) > nHE, I= {Z'l,...,im} - [T], ‘I‘ <k, cmdjl,...,jm S [571].

We give an analogous statement for the non-multipartite setting, that is, when
r = 1, where the given weight functions assign weight on vertex tuples. It can be
proved along the lines of the proof of Lemma 5.9. For a finite set A and ¢ € N, let
(?) _ be the set of all /-tuples with non-repetitive entries of A.

Lemma 5.10 ([31]). Suppose 1/n € ¢ € f < «a, 1//<:. Suppose H is a collection of
at most n?* k-graphs on n vertices with A(H) < a~!. Suppose W is a set of at most

nPloen weight functions w: Jyey (Vif))< — [0,a™] with m € [k — 1], and whenever
m > 2, we have supp(w) € Ugyeylz € ng) : 2 C e for some e € E(H)}. Then

for all H € H, there exists a partition ( jH jelg-1 of V(H) such that

(i) XJ-H is an independent set in H? for all H € H, j € [371];
(i) [X{| <. < |XEL < X[+ 1 for all H € H;

(iil) w(X; Ay = Bu(V(H)) £ B%?n for all H € H, j € [37Y], and w € W with
w: UHeH V(H) = [0,a7);

(iv) wUgeprXH x - x X)) = (1 & Y2)mw(V(H)) for all w € W with
w: Upgen (V(H))< — 0,07 Y, w(V(H)) > n'"e, and {j1,...,jm} € ([57:}).

m

Proof of Lemma 5.9. Our general approach is as follows. We first consider every
H € H in turn and construct a partition (Yllj )je[-1) that essentially satisfies (i) and (ii)
with YZI]{ playing the role of ij Then we perform a vertex swapping procedure to
resolve some conflicts in Yg and obtain Zf; In the end, we randomly permute the
ordering of ( ”)ge[ g-1) for each H € H,i € [r] to also ensure (iv).

To simplify notation, we assume from now on that |X/!| is divisible by 3= for all
H € H, ¢ € [r], and at the end we explain how very minor modifications yield the
general case. Recall that H, is the 2-graph on V(H) that arises from H by replacing
each hyperedge with a clique of size k. For future reference, we also recall that for every
w € W with w: 217 — [0,a™!] with multiset I C [r], |I| < k, we have by assumption
that

(5.3.2) supp(w) C {z € Z1: z C ¢ for some ¢ € H}.

Note in particular that (5.3.2) implies that w(X}) < 2ka2n for every H € H.
Let H € H be fixed. We claim that there exist partitions (Yig)je[ﬁﬂ} of XH for
each i € [r] such that for all i € [r],j € [87!]

(a) V| = BIX]T| £ 87n;
(b) at most 8%°n pairs of vertices in YH are adjacent in H?Z;

(c) w(YZIj) = Bw(XH) £ f2n for all w € W with w: 2; — [0,a71].
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Indeed, the existence of such partitions can be seen by assigning every vertex in XiH
uniformly at random to some Yg for j € [87!]. Together with a union bound and
Lemma 1.8, we conclude that (a)-(c) hold simultaneously with positive probability
(where we employ (5.3.2) for (c)).

Next, we slightly modify these partitions Yg to obtain a new collection of partitions
ZH. Foralli € [r], j € [37'], let W/ C V1 be such that |V \W/H| = g| x| - 55/n
and ng contains all vertices in ij that contain an HZ2-neighbour in Yg (the sets
ij{ clearly exist by (a) and (b)). For alli € [r], j € [37Y], let {w!,... , wi} = WH =
Ujers-1 W/t and observe that s = | X[/ — > jels-1] I\ Wl = B2/3n.

Now for every i € [r], arbitrarily assign labels in [37!] to the vertices in W; such
that each label is used exactly 8°%n times. Let Zf;(O) = Yg \ Wlhj’ for all 7 € [r],
j € [87!]. To obtain the desired partitions we perform the following swap procedure
for every i € [r]. For every t € [s] in turn we do the following. Say w! € Wg and w}
received label j'. We select j” € [871]\ {j,4'} such that w! has no H2-neighbour in
ijﬁ (t — 1) and such that ij,/ (t — 1) contains a vertex w that has no H2-neighbour

in Z1,(t —1). In such a case we say that j” is selected in step t. Then we define
ZH,(t) .= (ij,, (t—1)U{w;}) \{w}, ij,(t) = ij, (t)U{w} and Zﬁ(t) = Zﬁ(t -1)

i7j//
for all £ € [371]\ {4’,7"}. Note that B|X/T| — 8°/3n < |Z; ,(t)| < B| X} for all ¢ € [s],
¢ € [871]. Observe also that we have always at least 371 /2 choices to select j” in step
t. As s = 82/3n, we can ensure that each j” € [371] is selected, say, at most 108%/3n

times. We write Zf; = Zg(s) and it is plain to verify that for all j € [37!] we have
() 125 = BIX;
(b") ZZHJ is independent in H2;
(<) w(Zﬁ) = Bw(XT) 4+ 832n)2 for all w € W with w: Z; — [0,a71].

As H € H is chosen arbitrarily, the statements (a’)—(c¢’) hold for all H € H. Note
that (¢’) implies (iii).

It remains to show how to find permutations {7/} ;e ;e[ such that (iv) also holds
for w € W with w(20;7) > n'*® where X{g = Zgrff(j)'
by considering random permutations. To see this, fix w € W with w: 207 — [0,a71],
I'=A{i,....q0} C[r], 2 < |I| <k, and j1,...,jj1 € [371]. Note that we would expect
that w(Ugrep (Lo Xii{j[)) = BMlw(201) £ B*3n. Hence, by Freedman’s inequality
(Lemma 1.9) and a union bound we obtain with probability, say, at least 1/2, that
w(UgenUeeyn Xiil,jz)) = (14¢/2)8w(2 ;) for all w € W with w: 201 — [0, 1],
I={ir, ...} C[r], ] <k, and ji,...,j; € [67']. This establishes (iv).

In the beginning we made the assumption that S~! divides \XZH |. To avoid this

This can be easily achieved

assumption, we simply remove a set )?ZI{ of size at most S~ — 1 from XiH such that
B! divides XZ»H \ )Z'ZH and perform the entire procedure with XZ-H \)?lH instead of Xz-H .
To that end, for all H € H and i € [r], let v € [871 — 1]y be such that 77T = | X
mod 71, and let )Z'ZH C XZH be such that

o | XH| =1l
e w(Upen Xy < 2w(2y) for all w € W with w: 207 — [0,a71].

The existence of such sets )le can be easily seen by taking each X fl as a subset of X ZH
of size exactly TZH uniformly and independently at random for all i € [r] and H € H.
We now perform the procedure with X \ X/ instead of X/I. That is, for all H € H
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and i € [r], we obtain a partition ()N(fj)je[ﬁ_q of XA\ )ZLH satisfying (i)—(iv), where
\)?Zh;] = |)?£,] for all i € [r],4,7/ € [87!], and (iii) and (iv) hold with error term
46320 /2 and ‘(1+£¢/2)’, respectively. At the very end we add the vertices in X to
the partition (ij)je[ﬁfl} while preserving (i) and (ii). We may do so by performing
a swap argument as before. Together with (5.3.2), observe that the error bounds give
us enough room to spare. O

5.4 Blow-up instances and candidacy graphs

In this section we introduce more notation concerning blow-up instances, which will
be useful throughout our packing procedure (in Sections 5.5 and 5.6). Let £ =
(H,G,R,X,V) be a blow-up instance of size (n,k,r) that is fixed throughout Sec-
tion 5.4. Note that the reduced graph R with vertex set [r] gives us a natural ordering
of the clusters and we assume this ordering to be fixed (for a different ordering, just
relabel the cluster indices). For simplicity, we often write 2 := |y XZ for i € [r]
and 201 := Uyen(User XJ7) for I C [r]. Further, we call I C [r] an index set (of B),
if I C # for some » € E(R).

We will introduce some important quantities that we control during our packing
procedure. For instance, we track for each edge ¢ € E(G) (and for each subset of g),
the set of H-edges that still could be mapped onto ¢ given a function ¢ that already
maps vertices of some clusters in H onto vertices in G (see Definition 5.16 in Sec-
tion 5.4.4). Similarly, we track for distinct edges ¢,% € E(G), the set of tuples of
‘H-edges that still could be mapped together onto g and 7%, respectively, with respect
to ¢ (see Definition 5.17). To track these quantities, we define edge testers (see Defin-
itions 5.14-5.15) on candidacy graphs (see Definition 5.11) in Sections 5.4.3 and 5.4.1,
respectively. The definition of these edge testers depends on how the edges in H inter-
sect, and to that end, we define patterns (see Definitions 5.12-5.13) in Section 5.4.2.

5.4.1 Candidacy graphs

For the purpose of tracking which sets of vertices in H are still suitable images for
sets of vertices in GG, we will consider auxiliary candidacy graphs. To that end, assume
we are given ro < r and a mapping ¢: (Jycy de{[ro} — VUpr,) with )/{\'f C Xf for
q € [ro] and @y () is injective for each H € H; that is, ¢ already embeds some
‘H-vertices onto G-vertices. We assume 7, and ¢ to be fixed throughout the entire
Section 5.4. We define candidacy (hyper)graphs with respect to ¢ and the blow-
up instance B = (H,G, R, X, V) such that a (hyper)edge « of the candidacy graph
incorporates the property that the set of H-vertices in « can still be mapped onto the
set of G-vertices in « with respect to potential H-vertices that are already mapped
onto G-vertices by ¢.

Definition 5.11 (Candidacy graphs A¥(¢)). For all H € H and every index set I C
[r], let AZ (@) be the 2|I|-graph with vertex set X UVir and U, {zi, vi} € E(A¥(¢))

for {zy,vi} € XF UV ifalle = ecUey, € E(H[)?&[To]\l),Xg[m]) with m € [|I]],

Y H
I, € (7{1), €o C (Xuk([_”;]l\”), and em = {x;}icr,, satisfy

(5.4.1) P(eo) U{vitier, € E(G[Viro\1), VUL,))-

We call A% (¢) the candidacy graph with respect to ¢ and G.
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Let us describe Definition 5.11 in words; for an illustration, see Figure 5.1. Suppose
first that we are given an index set I C [r]\ [ro]. Then the set I contains the indices of
clusters whose vertices are not yet embedded by ¢: |Jyey XL{J{[TO} — Vo). If the set

of vertices {z;}ie; € X can still be mapped onto {v;}icr € Vi1, then {v; }ics are still
suitable candidates for {z;};c;r and we store this information in the candidacy graph
A(¢) by adding the edge ;¢ ;{zi,vi} € E(A¥(¢)). Let us spell out what it means
that {x;}ier can still be mapped onto {v;}icr. It means that all H-edges ¢

e that intersect {x;};cs, say in a set of m vertices ¢, which lie in the clusters with
indices {i1,...,im},

e and whose other k — m vertices ¢, = ¢ \ ¢,, are embedded by ¢,
satisfy (5.4.1), that is
e the embedding ¢(e.) together with the vertices of {v;};cr in the clusters with

{i1,-..,im}, that is ¢(eo) U {vi;,...,v; }, forms an edge in G.

H ¢ ‘1 {@i}ier

b H{zi,vi} € E (A7 (9))

i€l
: * DTS

e o {vitier

Figure 5.1: We have k = 4 in this figure. The set of vertices {z;}ic; can be mapped onto
{vi}tier, and thus |J,c {zs,v:} is an edge in the candidacy graph A¥(¢) if the embedded
parts of the H-edges ¢1 and ¢2 together with the vertices in {vi}iel also form corresponding
edges in G.

We note that we allow I C [r| in Definition 5.11 (and not only I C [r]\[rs]) because
will use this for I C [r], |I| = 1, to track a second type of candidacy graphs between
already embedded clusters. At the end of our procedure we will use this second type
of candidacy graphs to turn an approximate packing into a complete one.

Let us continue with another comment. Clearly, for I = {i}, the candidacy graph
A{I (¢) is a bipartite 2-graph.? It is worth pointing out a crucial difference between
Uses A (¢) and A (¢): If {zvi}ier € |;e; E(AH (¢)), then each vertex z; on its own
can still be mapped onto v;, whereas if (J;c;{zi, vi} € E(A¥(4)), then the entire set
{z;}ier can still be mapped onto {v; }icr.

Let Ar(¢) = Upey A (¢) and let A(¢) be the collection of all A;(¢) for all index
sets I C [r]\ [ro]. We also refer to subgraphs of A¥(¢) as candidacy graphs.

To suitably control the candidacy graphs during our approximate packing proced-
ure, it will be important that the neighbourhood N # (x) in the candidacy graph AiH
of an H-vertex x is the intersection of neighbourhoods of (k — 1)-sets in G. To that

2For the sake of readability, we write A instead of Ag}.
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end, for ¢ >0, ¢ €N, H € H, i € [r] and a candidacy graph A7 C AH(¢), we say

AZH is (e, q)-well-intersecting with respect to G, if for every x € XZH, we

(5.4.9) can find S; C (‘2(_(;1)) with |Sz| < q such that N u(z) = V; N Ng(Sz), and

every x € X is contained in at most n'/4*e pairs {z,2'} € (XQlH) such
that S, NSy # 0.

We note that during our packing procedure the sets S; will be uniquely determined
and thus, (5.4.2) is indeed well-defined.

5.4.2 Patterns

The behaviour of several parameters in our packing procedure depends on the inter-
section pattern of the edges in H, that is, how edges in H intersect and overlap. To
this end, we associate two vectors in N{j with certain sets of vertices in H € H that
we call 15 -pattern and 2"%-pattern. Even though we need the precise definitions of
these patterns at certain points throughout the paper, it mostly suffices to remember
that every set of vertices and every edge in H has a unique 1%*- and 2"%-pattern. This
allows us to track certain quantities with respect to their patterns. We proceed to the
precise definitions of 1%- and 2"-patterns.

In order to conveniently define these vectors for a given set of vertices in H € H,
we consider supergraphs of H (namely, for Z = B in Definition 5.12 below). We do
this because we define candidacy graphs in Section 5.4.1, and we will in fact consider
two collections A and B of candidacy graphs (as mentioned in the proof overview), and
thus, we also have to distinguish two types of 15-patterns and 2"¢-patterns for both
Z € {A, B}. To that end, it is more convenient to imagine that the clusters associated
with the candidacy graphs in B are copies of the original cluster. For all H € H,
JCr],and j € J, let X]H’B be a disjoint copy of X]H, and let 7 be the bijection that

maps a vertex in X]-H to its copy in XJH’B. Let Hj be the supergraph of H with vertex
set V(Hy) := V(H) U XP and edge set E(Hy) == E(H) U {n(z) U (e \ {z}): ¢ €
E(H),z € enXl}}.

We now define 1*-patterns and 2"%-patterns and give an illustration in Figure 5.2.
Note that Hy — H is the empty graph.

Definition 5.12 (Patterns). For all Z € {A, B}, index sets I C [r], J C I, and all
z = {x;}ier € X[} for some H € M, let 2" := {x;i}iepn g U {n(zj)}jes, Ha = H
and Hp := H; — H. We define the 1°-pattern p?(z,J) € N, and the 2"%-pattern
p??d(z,J) € Ny as r-tuples where their (-th entry p?(z,J)¢ and p%?"(z,J), for
¢ € [r] is given by

(5.4.3)

2 (@, )= |{f € E(Hz): (£ N XI)\{wikieny # 0.2\ Xy € 2,1\ X0yl > 2}

(5.4.4)
p??" Nz, )= |{£ € E(Hz): N X[ € {wi}iens, F\ X[y C 2,14\ X[gl = 1}].

Let us describe Definition 5.12 in words. Consider some fixed entry for ¢ € [r].
Depending on Z € {A, B}, we either count edges in Hy or in Hp; note that the
edges in Hp = Hj — H always contain exactly one copied vertex in XSI jB. Further,
z € X! determines the set I and hence the definitions in (5.4.3) and (5.4.4) display
no additional dependence on I.

We first describe the 1%*-pattern entry p?(z,.J), as defined in (5.4.3). The con-
dition ‘(£ N X{) \ {#i}ienns # 0’ means that £ has a non-empty intersection with

?



98 CHAPTER 5. APPROXIMATE HYPERGRAPH DECOMPOSITIONS

X f which does not lie in {x;};cp s; in particular z, " # £. The last two conditions
in (5.4.3) mean that all vertices of / \XL{J{[Z] lie in 2" and these are at least two vertices.
In that sense, £ N X f is the ‘last’ vertex of £ not contained in '

We now describe the 2"4-pattern entry p?2"(z,J), as defined in (5.4.4). The
condition ‘£ N XH € {x;};c r\J’ means that £ has a non-empty intersection with X il
that lies in {z;};cp s; note that we may also count edges /£ € E(Hz) with £ = 2’ if
2' € E(Hyz). The last two conditions in (5.4.4) mean that k — 1 vertices of £ lie in
Xﬁe] and the other vertex of £ lies in 2’; note that the last two conditions in (5.4.4)

imply that this must be the copied vertex £ N Xg jB if Z=B0B.

Xiooxy Xy X X7

A\ i

O/ ' |

plz)=(0 , 1 , 0 , 1 , 1 , 0 , 0)
p**(zp)=(0 , 0 , 0 , 1 , 0 , 2 , 0)
pB(xv{ilyiQ}):( 0 ) 0 ) ) @ ; 1 5 0 5 0 )
p?? Uz {iyis})=( 0 » 0 , 0 ., 0 , ;0 5, 1)
pP(z, {i1,....isp)=(0 ., 0 , 0 , 1 , 1 , 2 , 0)
pB’2nd(x7{i17"‘7i4}) :( 0 ) 0 ) 0 ) 0 ) 0 ) 0 ) 4 )

Figure 5.2: We have k = 5, I = {i1,...,i5} in this figure and the set z = {2s,,..., x5} € X[,
2 ¢ E(H), consists of the five red vertices. Note that the blue hyperedge does not play a role
for any of the displayed 1°!-patterns or 2"%-patterns. Let us explain the marked entries; all others
can be checked similarly. For p?(z, {i1,i2}) we consider (5.4.3) for Z = B and the displayed
edge £ € E(H). For J = {i1,i2} we will obtain two copied edges £, := (£ \ {zs, }) U {z},} and
Fir = (£ \{zi}) U{a},} of £ in E(Hp) = E(H;)\ E(H). By checking the conditions in (5.4.3),
we note that f£;, accounts for the marked entry and /i, accounts for () of pZ(z, {i1,42}).
Similarly, by checking the conditions in (5.4.4), both edges £;, and f;, account for the marked

entry | 2 | of p?2"?(z, {i1,12}).

We make the following important observation concerning Definition 5.12. We claim
that

(5.4.5) Ip? (2, 1) = [p%**!(2, )| - H{z' € E(Hz)}.

To see that this is true, let us first assume that #’ ¢ E(Hz). Note that every /£ that
contributes to [[p?(z,J)||, has a ‘penultimate’ vertex that lies in {z;};ep s, that is,
there exists an index ¢ such that the conditions in (5.4.4) are satisfied, and thus £ also
contributes to |[p??"?(z, J)||. Conversely, every £ that contributes to ||p%2"¢(z,J)||
has a ‘last’ vertex not contained in {x;};cp s if ' ¢ E(Hz), and thus £ also contributes
to [p?(, J)||. Hence, [[p?(z, J)l| = [p?*"*(2,])| if 2’ ¢ E(Hz). If 2’ € E(Hz)
(and thus |I| = k), then £ = 2’ additionally contributes to ||p%?"¢(z,J)| but not
to |[p?(2,J)|| because of the condition ‘(£ N Xf) \ {zi}iens # 0" in (5.4.3). This
implies (5.4.5). Further, note that 2’ € E(Hy4) only if J = (), and 2’ € E(Hp) only if
|J| = 1.
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We will also consider a set of vertex tuples that lie in an edge in H and have certain
patterns.

Definition 5.13 (Ey(2,1,J)). For all index sets I C [r], and p,p*"? € Ni;, let

E’H(pap2nd7[) = {x € Zur: PA(977®) = p7pA’2nd(xa®) = p2nd7
x =eN X for some e € E(H)}.

More generally, we allow to specify whether some vertices of x € Z 1 lie in clusters
with indices in J C I. To this end, for all index sets I C [r], all J C I, and p =
(p?, pA2d, pB pP2nd) € Nj x Nj x Nj x Nj = (N§)*, let

Ey(pn,l1,J) = {x € Zur: p?(z,J) = p?, p?* (2, J) = p?*™ for both Z € {A, B},
x =¢N 2 for some e € E(H)}.

5.4.3 Edge testers

Recall that we consider some fixed 7o < 7 and ¢: gy X Ifro] — Vypo]- Let A be a

collection of candidacy graphs A; = |Jyey AY C A;(¢) for all index sets I C [r]\ [ro].
We will use weight functions on the edges of the candidacy graphs, which we also call
edge testers, in order to track important quantities during our packing procedure.
We start with the definition of simple edge testers (Definition 5.14). In Defini-
tion 5.15 we introduce more complex edge testers that include simple edge testers.
However, because we will frequently use weight functions on the candidacy graphs in
form of simple edge testers, we include both definitions for the readers’ convenience.

To that end, given an index set I C [r], a 1%-pattern vector p, a 2"%-pattern
vector p?"?, vertices ¢ € V[ ; that we call centres, and an (initial) weight func-
tion w,: 21 — Rso with supp(w,) € Ey(p, p?™?, I), we define a simple edge tester
(w,w,, ¢, P, P>"?) with respect to ¢ and the candidacy graphs in A in the following
Definition 5.14. Ultimately, our aim is to track the w,-weight of tuples in 2| ; that
are mapped onto the centres ¢. We can think of w: E(A]\[TO]) — R>¢ as an updated
weight function that restricts the w,-weight that still can be mapped onto the centres ¢
with respect to ¢: Upcy Xﬁro} — Vr,) and the candidacy graphs in A, see also Fig-

ure 5.3. Since supp(w,) € Ex(p, p?"?, I), we specify the 1%-pattern and 2"?-pattern
of the tuples in supp(w,) and thus we know exactly how those tuples intersect with
edges in H. This will allow us to precisely control the weight of an edge tester during
our packing procedure.

2nd))y - For an index set I C [r],

2nd c

Definition 5.14 (Simple edge tester (w,w,,¢,p,p
w,: Zur — [0, 8] for some s € Rwg with supp(w,) € Ey(p, p*?,I) for given p,p
0, and ¢ = {ci}ier € Vur, let w: E(Ap.)) — [0, ] be defined by

(5'4'6) w(a’) = ]l{ﬁ’ N VI\[TO] = {Ci}iel\[ro]} ’ WL(‘/I")

forall e € E(AK[TO]) and H € H where x = (qb\v(H))*1({ci}iem[ro])U(@ﬁXSI(I\[TOD) €

2nd)

XM If no such z exists, we set w(w) :=0. We say (w,w,, ¢, p,P s a simple s-

edge tester with respect to (w,, ¢, p, p>"?), ¢ and A.

For the readers’ convenience, let us discuss Definition 5.14 in detail. Suppose we are
given an (initial) weight function w,: 211 — [0, s] with centres ¢ = {¢;}ics € Vs for
an index set I C [r] and supp(w,) € Fy(p, p?"¢, I) with 1%*-pattern p and 2"?-pattern
p?™@. Recall that our aim is to control the w,-weight of tuples in 2{,; that are mapped
onto the centres <. Therefore, for an edge @ € E(Ap ), we put the weight w, ()
onto « only if the following are satisfied:
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® « contains the centres {c;};cr\[r,] Of the not yet embedded clusters (which is
incorporated by the indicator function in (5.4.6)), and

e z is such that the vertices of # in XSI( I\[ro]) A€ contained in @ and ¢ maps the

vertices in 2 N Xf(m[ro]) onto {c; }iern(ro-

For an illustration, see Figure 5.3, where we also demonstrate in part (B) how we
update these edge testers when we enlarge the embedding ¢ by embedding further
clusters of H into G. This is one of the main purposes of our Approximate Packing
Lemma (Lemma 5.18) in Section 5.5.2.

Nolo

@@
C RSV

(B)

Figure 5.3: (A) illustrates one tuple z € Ey(p, p>™%, I) for I := {i1,...,is} and {i1,i2} C [ro]
whose initial weight w, () accounts for the weight w(«) of @ = {&i,, Tiy, Cis, Ciy } € E(Af[\[ro])
in (5.4.6) for a simple edge tester (w,w,, ¢, p, p>"?).

(B) illustrates several such tuples and the corresponding edges in A?\Z[TO] for £ € [3]. Further,

assume that we enlarge ¢ to some function ¢’ by embedding the vertices of the third cluster
of Hy, Ha, Hs, respectively, onto the third cluster of G which is illustrated by the red dashed
line. Consequently, the size of the hyperedges of the updated candidacy graphs with respect
to ¢’ will be reduced by 2. In (B) only the vertices of H; and Hs in the third cluster that
are contained in the corresponding edges of Afl\l[ro] and AfI\B[TO] are mapped onto the centre c¢;,

and thus by Definition 5.14 only the weight of the tuples z € Ey (p, p>"?,I) of H, and H3 will
account for the weight of the two red edges of the updated candidacy graphs.

Let us now comment on the purpose of more complex edge testers as defined in
Definition 5.15. Our partial packing procedure will only provide a packing
¢ Unen XﬁTO] = Wpro) for [ro] € [r] that maps almost all vertices in gy XSI[

o]
onto vertices in V] and leaves the vertices |y (XLIJ{[TO} \XLIJ{[TO}) unembedded. We
will often call the vertices UHE'H(XSI[TO] \Xﬁro]) unembedded by ¢ or simply the leftover
of the partial packing ¢. In the end, we will have to turn such a partial packing into
a complete one. Therefore, we will utilize a second collection of candidacy graphs B
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during the partial packing that tracks candidates that correspond to edges in G that
we reserved in the beginning for the completion step.? In order for this to work, we
have to take care that the leftover is well-behaved with respect to the candidacy graphs
in B. We achieve this by using weight functions on 2-tuples consisting of one hyperedge
of an A-candidacy graph and of a collection of edges within the B-candidacy graphs.
That is, assume we are initially given a weight function w,: 2y — [0,s] (that we
therefore often call initial weight function) with centres ¢ = {c¢; }ier € Vi1 for an index
set I C [r] and recall that our overall aim is to track the w,-weight of tuples in 2
that can be mapped onto the centres in ¢. Now, in Definition 5.15 of our general
edge testers we allow to specify a set J C I of indices where we track the w,-weight
of tuples z = {z;}ie; € X} for all H € H such that for each j € J, the vertex x;
can be mapped onto ¢; within the candidacy graph BJH € B. That is, if the vertices
{x;}jes are left unembedded, then they can potentially still be mapped onto {c¢;};cs
during the completion process using the candidacy graphs B. Further, we even allow
to specify disjoint subsets Jx and Jy of J, where Jx encodes that exactly the vertices
{z;}jesy of z are left unembedded, and Jy encodes whether the tuple z € X/ lies
in a graph H such that ¢|y(z) leaves the centres {c;};ec s, uncovered.

Assume B is a fixed collection of candidacy graphs B; = (Jpycy BJH C Bj(¢) for

all j € [r], defined as in Definition 5.11. To make our partial packing procedure
more uniform, we will sometimes also treat vertices that are left unembedded by ¢ as
embedded by some extension ¢*: J Hen Xﬁ%} — Vo) Of ¢ (which only serves as a
dummy extension and is not necessarily a packing).
Definition 5.15 ((General) edge tester (w,w,, J, Jx, Jv, ¢, z2)). For an index set I C
[r], J C I, disjoint sets Jx,Jy C J, w,: Zur — [0,s] for some s € Rsqy with
supp(w,) € En(z,I,J) for given n € (N}, and ¢ = {citicr € Vi, let
w: Upen (E(AIIL{([%]UJ)) L (|_|j€J E(B]H))) — [0, s] be defined by

(5.4.7)
w({e,8}) = 1{(a Ubus) N Vin\rohus) = {¢itie\irou } > w,(2)

z is {a,d}-suitable

for all e € E(AR([TO]UJ)), 6 ={bj}tjes € ey E(BJH) and H € H, where we say that
z € X! is {@, #}-suitable if

(i)D5.15 (@ U bUJ) N X1

_ H
S\ ey = 2 N X

I\[ro))UJ)’
(i)ps.as {citienpa\g € é(2 N Xﬁ%});
(iii)ps.15 ¢; & S(XIT) for all j € Jy N [ro;

(iv)psas 2 N (X O\ X ) =20 X, 0

(Vpsas ¢ (2N X

U(Jm[ro])) Ne=0.

Note that for each {,&}, there is at most one {w,&}-suitable tuple z. If no {«,&}-
suitable tuple x exists, we set w({e,t}) = 0. We say (w,w,, J, Jx,Jy, ¢, n) is an
s-edge tester with respect to (w,, J, Jx, Jv, ¢, 2), (¢,¢7), A and B.

3In fact, we partition the edge set of the host graph G into two k-graphs G4 and G, and A will
be a collection of candidacy graphs with respect to ¢ and G4, and B will be a collection of candidacy
graphs with respect to ¢ and Gg.
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We often write Jxy for Jx UJy if Jx and Jy are fixed. Let us comment on Defini-
tion 5.15. Suppose we are given an initial weight function w,: 2,y — [0, s] with centres
¢ = {¢}ier € Vir for an index set I C [r] and J C I, and supp(w,) C Ey(n,1,J).
As in the case for simple edge testers, our aim is to control the w,-weight of tuples =
in Z_; that are mapped onto the centres ¢. The set J C I allows us to specify some
vertices z N XSIJ of such tuples 2z that are not yet embedded by ¢ onto their cen-
ters {¢; };cs and which will potentially be embedded onto those during the completion
process. For the completion, we will use the candidacy graphs BJH in B and therefore,
(N XJH) U{c} =b; € E(BJH) for each j € J. Furthermore, the sets Jx,Jy C J
encode the situations that

e only the vertices N XSI(
or

Jxnlro]) of z are left unembedded by ¢ (see (iv)ps.15),

e the centres {¢;};c, [, are uncovered by ¢|y gy (see (iii)ps.15)-

Note that a (general) edge tester (w,w,,J = 0,Jx = 0, Jy = 0, <, (p,p**?,0,0))
is equivalent to a simple edge tester (w,w,, ¢, p, p>"%) with respect to (w,, ¢, p, p>"%)

¢ and A.

)

5.4.4 Sets of suitable H-edges

Next, we define (sub)sets of H-edges that we track during our packing procedure.
Recall that we consider some fixed 7o < r and ¢: gy )A(ﬁro] — VUpro]- In Defini-
tion 5.16, we define a set X, , ona 4(A) for every edge ¢ € E(G) that contains the sets
of vertices that are contained in an H-edge with 1¥-pattern p and 2"¢-pattern p?"<,
and that still could be mapped together onto ¢ with respect to ¢ and the candidacy
graphs in A. We can track the size of this set X 2nd7¢(./4) by using simple edge

Z.P,p
testers.

Definition 5.16 (X, , 204 4(A)). For all g = go U gm € E(G[V,]) for some » €

E(R) with g, € (‘]/CU_[’;L]), m € [k], and with I := »\ [ro], |I| = m, gm € VL1, and for
all p,p?™¢ € N7, let

X, ppmd g(A) = U {xm DT
HeH

(5.4.8) @m U gm € E(A]),
(549) ((b‘V(H))_l(go) U Tm € E’H(p7 p2nd7 7/()}

Further, for w,: 20, — {0,1} with w,(z) := 1{z € Ey(p,p*?,»)}, we call the
simple 1-edge tester (w,w,,g,p,p>"%) with respect to (w,,g,p,P>"%), ¢ and A (as
defined in Definition 5.14), the edge tester for X, , jona 4(A).

Let us describe Definition 5.16 in words. Suppose we are given an edge g =
g0 U gm € E(G[V,]), where g, contains the vertices of g that lie in clusters that
are already embedded by ¢ and g, contains the remaining m vertices of ¢ in the not
yet embedded clusters with indices I = # \ [r,]. For each H € H, we track the set of
vertices x,, € XI_I?[I where

e z,, still could be mapped onto g, (that is, 2y, U gm € E(AT) in (5.4.8)), and

e z,, lies in an H-edge ¢ with 1%-pattern p and 2"¢-pattern p>*? such that if we

map &, onto g.,, then ¢ is mapped onto g (that is, (¢|V(H))_1(go) Uz, €
Exn(p,p*™, #) in (5.4.9)).
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Further, note that for a simple edge tester (w,w,, g, p, p>"?) for X, pp2nd p(A) as
in Definition 5.16, we have that w(E(Aj)) = |X, , sona »(A)[ for I = 7\ [ro] because
the indicator function in (5.4.6) corresponds to (5.4.8), and the choice of z in (5.4.6)
corresponds to (5.4.9) by the definition of w,.

Next, we define in Definition 5.17 a set E, 4 4(.A) for all distinct G-edges g, %
with identical G-vertex in the last cluster such that £, 4 4(A) contains the tuples of
H-edges (e, £) with identical H-vertex in the last cluster, and ¢ and /£ can still be
mapped onto g and % with respect to ¢ and the candidacy graphs in A. In this case,
we ignore the patterns as we only aim for an upper bound on the number of these
edges and have some room to spare.

Definition 5.17 (E, 5 4(A)). For edges g = {vi,..., v}, % = {wj,...,wj,} €
E(G) with v;,, = wj, and both = € {g, %4}, let

Breo(A) = E (M |67 (% 0 Vo)) Uligpy g N2 1 V)] )
Eg’;z,(ﬁ(A) = {(67/) € Eg’(;s(.A) X E}%,d)(A): enNf N «%k 75 @} .

5.5 Approximate Packing Lemma

In this section we provide our ‘Approximate Packing Lemma’ (Lemma 5.18). Given
a blow-up instance (H,G,R,X,V), it allows us for one cluster to embed almost all
vertices of 7y X/ into V;, while maintaining crucial properties for future embedding
rounds of other clusters. To describe this setup we define a packing instance and collect
some more notation.

5.5.1 Packing instances

Our general understanding of a packing instance is as follows. Recall that we will
consider the clusters of a blow-up instance one after another. A packing instance arises
from a blow-up instance where we have already embedded vertices of some clusters
(which is given by a function ¢,) and focuses only on one particular cluster (denoted
by Upey X&' and Vo) and all clusters that are close to the considered cluster (measured
in the reduced graph R). We track candidacy graphs as defined in Definition 5.11 and
consider a collection of candidacy graphs A between the clusters in H and G that will
be used for future embedding rounds. In order to be able to turn a partial packing
into a complete one in the end, we do not only track the collection of candidacy graphs
in A but also a second collection of candidacy graphs B, where the candidacy graphs
in B will be used for the completion step. To that end, we also assume that the edges
of G are partitioned into two parts G4 and Gpg such that the edges in G 4 are used
for the approximate packing and the edges in G g are reserved for the completion step.
That is, we will think of the graphs in A as candidacy graphs with respect to ¢, and
G 4, and of the graphs in B as candidacy graphs with respect to ¢, and Gp.

We make this more precise. Let n, k,r, 7o € Ng. Wesay & = (H,Ga,Gp, R, A, B, ¢35, o)
is a packing instance of size (n,k,r,ro) if

e 7 is a collection of k-graphs, G4 and G p are edge-disjoint k-graphs on the same
vertex set, and R is a k-graph where V(R) = —[ro] U [r]o;

o {X},cv(r) is a vertex partition of H € H such that |¢ N X/| < 1 for all
ec€ E(H), H € H;

e {Viticv(r) is a vertex partition of G4 as well as G;
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o [ X =|Vi| = (1+1/2)n for each i € V(R);

e for all H € H, the hypergraph H[X!] is a matching if » € F(R) and empty if
e (V) \ B(R);

e A=_J HEM,IC[r]o: T is an index set A? is a union of candidacy graphs with respect
to ¢o and Gu; in particular, A¥ is 2|I|-uniform, and A is a balanced bipartite
2-graph with vertex partition (X7, V;) for each i € [r]o;

e 5= HeH,jeV(R) BJH is a union of candidacy graphs with respect to ¢, and Gp;
in particular, BJH is a balanced bipartite 2-graph with vertex partition (X ]H Vi)
for each j € V(R);

_. H,— . H,— H — H,— —

[ ] (ZSO . UHGH XU—[T’o] — VU*[TQ] Wlth XZ g X’L B (VZSO (XZ ) g ‘/’L and (ZSO
is injective for all H € H,i € —[ro], and ¢o: Upey X1

U=[ro]
extension of ¢; with ¢o(X ) = Vi and ¢o|y# is bijective for all H € H,i € —[r].

‘XZ_H’*
— VUf[ro} is an

For simplicity, we often write G := G4 UGB, Z; := Upey XH 2 = Unen XZAH’f7
Ap = UHeH Afl, B; = UHEH BzH’ Xo = ‘%U—[To]’ s = %U_*[To] and Vs := VU_[TO]
for all i € V(R) and index sets I C [r]yp. Note that the packing instance & naturally

corresponds to a blow-up instance

(1, G, RAX Yicviry.men, (Vitiev(r)

of size (n,k,r + 1, + 1). In particular, we also use the notation of Section 5.4. For the
sake of a better readability, we stick to some conventions:

We will often use the letters (Z,2) € {(A4,A),(B,B)} as many arguments for
candidacy graphs A; with respect to G4, and candidacy graphs B; with respect to Gg
are the same. Whenever we write zv € E(Z;) for some i € [r], we tacitly assume that
x € Zi,v € V;. We usually denote edges in Z; by (non-calligraphic) letters e, f, and
hyperedges in A; by « and a collection of edges from | |;c; E(B;) by & = {bj}jes,
where we allow to slightly abuse the notation and often treat # as by;. Whenever
we write {vi,,...,v;, } € E(Ggz), we tacitly assume that v;, € V;, for all ¢ € [k];
analogously for {z;,,...,z;, } € E(H). We usually refer to hyperedges in Gz with
letters g, 7, hyperedges in ‘H with letters ¢, £, and hyperedges in R with 7.

The aim of this section is to map almost all vertices of 2y into V{ by defining
a function o: Zy7 — Vp in A (that is, zo(x) € E(Ap)) where 2y C Zo, while
maintaining several properties for the other candidacy graphs. We identify such a
function o with its corresponding edge set M (o) defined as

(5.5.1) M(o) :={av:z € Z,v € Vo,o(x) =v}.

To incorporate that ¢ has to be chosen such that each edge in G 4 is used at most
once, we define an edge set labelling ¢ with respect to & on A as follows. For every
edge zv € E(Ap), we set

(5.5.2) Y(xv) = {5 (e \ {z}) U{v}: z € e € E(H) with ¢\ {z} C X }.

We defined the candidacy graphs 4p in Definition 5.11 such that zv € E(Ap) only if
oo (e \ {z}) U{v} € E(G4) for each such edge ¢ as in (5.5.2). That is, ¢)(xv) encodes
the set of edges in G 4 that are used for the packing when mapping x onto v. We say

o: Zy — Vo is a conflict-free packing if U]%OUQX({; is injective for all

(5.5.3) H e H and () NY(f) = 0 for all distinct e, f € M(o).
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Figure 5.4: We have H = {H1, H2} and k = 3. If ¢5 (e1 \{z1}) = ¢5 (€2 \ {z2}) = 2 \ {vo},
then we add the label g to the edge set label ¥ (z1v9) and 1 (z2v0) of the edges z1vo and
z2vg of the candidacy graph Ag. This captures the information that if z; or x2 are mapped
onto vo by o in Ao, then this embedding uses the edge g € E(Ga).

Crucially note that the property that ¥ (e) N (f) = 0 for all distinct e, f € M(o)
will guarantee that every edge in G4 is used at most once. For an illustration, see
Figure 5.4.

Given a conflict-free packing o: Zy7 — W in Ap, we update the remaining can-
didacy graphs with respect to 0. To account for the vertices in Zp \ 2 that are
left unembedded by o, we will consider an extension o+ of o such that o™ also maps
every vertex xg € Zp \ Zy to Vj and a+|XéH is injective for all H € H (and hence

bijective). We call such a o™ a cluster-injective extension of o. The purpose of o7 is
that o | DNZS will serve as a ‘dummy’ extension resulting in an easier analysis of the
packing process as ot will impose further restriction that culminate in more consist-
ent candidacy graphs. Using Definition 5.11, we will consider the (updated) candidacy
graphs A (¢, U o™) with respect to ¢o U ot and G4 for index sets I C [r], as well
as the (updated) candidacy graphs B]H(qbo Uo™) with respect to ¢, U ot and Gp for
j € V(R).

To track our packing process, we carefully maintain quasirandom properties of the
candidacy graphs throughout the entire procedure. Our Approximate Packing Lemma
will guarantee that we can find a conflict-free packing that behaves like an idealized
random packing with respect to given sets of edge testers (as defined in Definition 5.15),
and with respect to weight functions w: (E(“glo))i — [0, s] for £ < s that we will call
local testers.

To that end, assume we are given a packing instance & = (H,G4,Gp, R, A, B, ¢35, ¢o)
of size (n, k,7,75), and d = (da, dp, (di.A)iery> (di,B)icv(r)), and ¢,t € N, as well as a
set Wedge of edge testers. We say & is an (e, ¢, t, d)-packing instance with suitable edge
testers Weage if | XH| = |Vi| = (1 & &)n for all i € V(R), and the following properties
are satisfied (recall (5.4.2) and Definitions 5.15-5.17 for (P2)—(P5), respectively, and
that we write Jxy for Jx U Jy):

(P1) for all i € V(R) and all pairs of disjoint sets Sa,Sp € U,.cp(r). ie, Vi iy With
54 U Sp| < t, we have |V; N N, (Sa) N Nay (Sp)| = (1 + e)d/S4dlssln;
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(P2) for all H € H,i € [r]o,j € V(R), we have that A is (e, d; 4)-super-regular and
(e, q)-well-intersecting with respect to G 4, and BJH is (¢, d; B)-super-regular and
(e, q¢)-well-intersecting with respect to Gp;

(P3) for every edge tester (w,w,, J, Jx, Jy, ¢, 22) € Weqge with respect to (w,, J, Jx, Jv, ¢, ),
(¢5 5 ¢0), A and B, with centres ¢ € V{j; for I C V(R), I, :== (IN]r]o) \ J, and
patterns z = (p A,pA nd pB pB2nd) ¢ (NTOMH) , We have that

1pZ o5 I=IPZ 200 |

w (B(AL,) UlLLes BB))) =(1xv n=lr] =0} £¢) ] dy "> o
Ze{A,B}
Wy %UI) .
11 dlAHdJB an—pap\a] =7

'LEI’I’O

(P4) for all g € E(G4[Vi,]) for some » € E(R) with » N [r]g # 0, and all p,p?™ €

N’”"J””rl the set Weqge contains the edge tester for X . pp2d s (A);

(P5) for all ¢ = {viy,..., v, }, % = {wj,...,w;} € E(Ga) with v;, = wj, and
I:={iy,...,ix} #{Jj1,-.., 9k} =: J, we have that

’Egz,fi,@?

(A)’ < max {nkﬂ(IUJ)ﬂf[ro]He’ns}.
Note that (P1) also implies that Gz is (3e,t,dz)-typical with respect to R for each
Z € {A, B}.

Furthermore, we call a function w: (E(fo)): — [0, s] for £ < s a local s-tester (for
the (g,q,t,d)-packing instance ) if |w||py < nt=Y+* for every ¢ € [¢(]. We introduce
some more notation:

Let EE := {» € E(R): {0,i} = »N ([r]o U {i})} and b; := |EE| =
degp[—[rojufo,})({0:}) for each i € V(R)\{0}. For I C V(R), let
G54 = Y ngoy bie Fori € [, € V(R)\ {0}, let d%0 := d; ad’ and
new ._ bj
'Y :=d; pdp.
Note that for i € V/(R) \ Ng,[0], we have b; = 0 and thus d}'}" = d; 7 for Z € {A, B}.

5.5.2 Approximate Packing Lemma

We now state the Approximate Packing Lemma, which is the key tool for the proof of
our main result.

Lemma 5.18 ([31] — Approximate Packing Lemma). Let 1/n € ¢ < ¢/ < 1/t <
1/k,1/q,1/r,1/(ro+1),1/s. Suppose (H,Ga,Gp, R, A, B, ¢35, ¢o) is an (g, q,t,d)-packing
instance of size (n,k,r,ro) with d > n™° and suitable s-edge-testers Weqge. Sup-
pose further that Wiear is a set of local s-testers, Wy is a set of tuples (w,c) with
w: 2o — [0,5], ¢ € Vo, and Wedgels Wiocatl, [Wo| < nt1o8™ |H| < n®* as well as
er(2,) < dank for all » € E(R).

Then there is a conflict-free packing o: Zy — Vo in Ay and a cluster-injective
extension ot of o such that for all H € H, we have |2 N X > (1 —&')n, and for
all index sets Iy C [r], Ip € V(R) and (Z,2) € {(A,A),(B,B)}, there exist spanning
subgraphs ZH " of the candidacy graphs Zlg (poUa™) with respect to poUc™t and Gz
(where 277 = Jpey Zg’new and 2" is the collection of all Z72*) such that
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(D518 ZZ»H’new is (&’ ,d?ezw) -super-reqular and (&', g+ A(R))-well-intersecting with respect
to Gz for all H € H, and alli € [r] if Z = A, and all i € V(R) \ {0} if Z = B;

(II)15.18 for every (general) s-edge tester (w,w,,J, Jx, Jv, ¢, 72) € Weage with respect to
(wy, I, Ix, v, e, 2), (b5, ¢0), A and B, with centres ¢ € Vi1 for I CV(R), I, :=
(IN[D\J, I, UJ #0, and patterns z = (p?, pH?"e, pP, pP2nd) ¢ (N6°+r+1)4,
the s-edge tester (W, w,, J, Jx, Jv, ¢, z) defined as in Definition 5.15 with re-
spect to (w,, J, Jx, Jv, ¢, 1), (65 Uo,doUc™), A"Y and B"Y satisfies

Mew (E(,A?Tew) L |—|jeJ E(Bgzew)) _ (R{JXV N 7[740]0 _ @} + 6/2)

P2 1, I=IPZ 20
H d o] [rolo
Ze{A,B}
new new Wy ‘%UI) e,
I;Id H Tn—lraJong] £
1ely

(1) 1,518 w(M (o)) :_(1:l:5’2)u}(E(.Ao))/(do,An)f:l:n5 for every local s-tester w € Wipeqr with
w: (E(?O))_ — 10, s];

(IV)518 w({z € 20\ 28 : o7 (z) = c}) < w(Zo)/n'= +n for every (w,c) € Wp.

Properties (I)r5.18 and (II)15.18 ensure that (P2) and (P3) are also satisfied for the
updated candidacy graphs A" and B"¢" respectively. Property (III)1 515 states that
o behaves like a random packing with respect to the local testers, which for instance
can be used to establish (P5) for future packing rounds. Property (IV)ps5.1s allows to
control the weight on vertices that are not embedded by ¢ but are nevertheless mapped

onto a specific vertex ¢ by the extension o*.

Proof.  We split the proof into three parts. In Part A we construct an auxiliary
supergraph H, of every H € H by adding some hyperedges to H[X[L] for every
» € F(R) in order to make the packing procedure more uniform. In Part B we construct
an auxiliary hypergraph Hgy, for Ag such that we can use Theorem 2.3 to find a
conflict-free packing in Ap. In order to be able to apply Theorem 2.3, we exploit (P5)
as well as (P2) together with (P3) to control Ag(Hauz) and A(Hguz), respectively.
In Part C we define weight functions and employ the conclusion of Theorem 2.3 to
establish (I)L5 18*(III)L5 18-

Let Ag :=2("1?). Note that A(R),A(H),b; < Ap for all i € [r]. For simplicity

1/2

we write do := do 4 and € := /. Further, we choose a new constant A such that

g < 1/A < 1/t.

Part A. Construction of H

We construct an auxiliary supergraph H, of H by artificially adding some edges
to H for every » € Ef* and i € V(R) \ {0}. (Recall (5.5.4) for the definition of E/* and
note that it can be that » € Eff N EJR for i,j € —[ro].) For every H € H, we proceed
as follows. We obtain H, from H by adding a minimal number of hyperedges of size k
subject to the conditions that for all i € V(R)\ {0} and » € Eff, an H,-edge meets
every cluster in H[X] exactly once, and

(a) degp, (xu)(x;) € {1,2} for all z; € X and degpy, (x#(2o) < 2 for all 2 € X,

(b) for all e € E(H[X[L]), we have |{z € ¢: degH+[XH]( x) =2} < 1;
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(c) for all {wg,z;} € X U X if {xg,2;} C e for some ¢ € E(H;)\ E(H), then
{zo, 2} € £ for all £ € E(H).

Note that (a)—(c) can be met because | X/?| = (1£¢)n for alli € V(R) and A(R) < Ag.
For all i € V(R) \ {0}, let H’. be an arbitrary but fixed k-graph H C H' C H such
that for all » € E*, we have deg Hi | xti) (i) = 1. Observe that by the construction of
H., we have degyy xu)(z;) =1 for all z; € XH, ielr],»€ ER, and thus H, = Hy
for all i € [r]. We make some observations.

(5.5.5)

For all z € X1,i € V(R)\ {0}, we have 3, pr deger[X{,{,} (x) = b;.

(5.5.6)
By (a), for every x € X1 i € V(R)\ {0}, there are at most AR vertices
' € XH\ {2z} such that x and 2’ have a common neighbour in X in
H [X,, X, XH], that is, ey Ney N X # 0 with e, € E(H[Xo, X3, XH])
and y € ey for both y € {x,z'}.

(5.5.7)
If {xg,z;} lies in an edge of Hy — H, then {xg,z;} does not lie in an edge of
H.

(5.5.8)
If len ng[r]y > 2, then ¢ € E(H) for all ¢ € E(H.).

We introduce some simpler notation how to denote edges in Hy (respectively Hi)
that contain a vertex z € X{T. Let Hy = Uyey Hy, and for i € V(R)\ {0}, let
H' = Upyey HY. Forall z € 25 and y € 2 for some I C V(R), let

(5.5.9)
Ery :={e € E(H4[Xo, 20, ZU1)): w € €,eN 21 C{a} Uy UXo,en(y\ Z0) # 0,

ifen(y\ Zo) € Z; for some i € V(R) \ {0}, then ¢ € E(”Hﬂr)}

That is, E,, contains essentially all #-edges that contain x € 2y and a non-empty
subset of y and whose remaining vertices are already embedded and lie in X,. In
particular, if y = y is a single vertex y € Z;, then E,, contains all Hﬁr—edges that
contain x and y and whose remaining vertices lie in X,. Hence, note that by definition
of H4 and as observed in (5.5.5), we have that

(5.5.10) | Use 2, Bry| = bi for all y € 25,i € V(R)\ {0}.

Part B. Applying Theorem 2.3

Our strategy is to utilize Theorem 2.3 to find the required conflict-free pack-
ing o in Ag. To that end, we will define an auxiliary hypergraph Hg,. for Ap.
Let ©: E(Ag) — 2¢ be the edge set labelling with respect to the packing instance
as defined in (5.5.2). For all H € H, the hypergraph H[X[!] is a matching if » € E(R)
and empty otherwise, and thus we have that ||¢| < (krjl) < Apg. In the following,
we may assume that [¢(e)| = Ag for all e € E(Ap) as we may simply add distinct
artificial dummy labels that we ignore afterwards again.

Further, let (V()H)HeH be disjoint copies of Vj, and for all H € H and e = xqvg €
E(AH), let e = zgvll where vl is the copy of vy in V. Let %, := eff U(e)
for each e € E(AL), H € H and let Hauye be the (Ag + 2)-graph with vertex set
Upen(XF UV )UE and edge set {%.: e € E(Ag)}. A key property of the construction
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of Hauz is a bijection between conflict-free packings o in Ag and matchings M in
Hauz by assigning o to M = {#.: e € M(o)}. (Recall that M(o) is the edge set
corresponding to ¢ as defined in (5.5.1).)

Step 1. Estimating A(Hauz) and Ao(Haus)

In order to apply Theorem 2.3 to Hayz, we estimate A(Hquz) and Ag(Hauz). We
first claim that

(5.5.11) A(Hauz) < (142 don =: Agua.

Since A¥ is (e, dp)-super-regular and | X | = |Vy| = (1 £¢)n for each H € H, we have
that an appropriate upper bound on Ay (Ap) immediately establishes (5.5.11). In the
following we derive such an upper bound on A (Ap) by employing property (P3). For
all » € E(R) with 0 € », |#N—[ro]| = k—1, and all g € E(G4[VL,]) with g\ Vs = {wo},
note that (U, ,2na X, pp2d b= (A) contains by Definition 5.16 all vertices zg € N.4,(vo)
(compare With (5.4.8)) that are contained in an H-edge that could be mapped onto ¢
with respect to ¢ and A (compare with (5.4.9)). Hence, by the definition of the edge

set labelling 1 in (5.5.2), ¢ appears as a label of 1 on at most 3, jona |X, | ona 4 (A)]
edges of Ag. Note that by Definition 5.13 of Ex(p, p?"?,#), we obtaln

(5.5.12) > 1Bu(p, p™, #)| = en(20,) < dan”,
p’and

where the last inequality holds by assumption of Lemma 5.18. For all zg € N Al (vo)

for some H € H, let g} := (o5 lvm) g \ {vo}) U{ao}. If g5} € X, pp2nd oo (A)

for p, p?"® € Ni, then we have by (5.4.9) that Do 1 ¢ Ey(p,p?™?, #), and thus

A2nd ( 2ndH (5é5)

—1.

p" (¢2,.0)=p, P Z2,,0) =p™, and |[p| —lp

By property (P4), the set W,44e contains the (simple) edge tester (w,w,, 7, p, p2"d) for

X, ppa g- (A) (as defined in Definition 5.16) with w(E(Ag)) = [X,, , Lona 4 (A)| and

w(20r) = |En(p, p?¢, #)|. Hence, by (P3) (with I = », J = Jx = Jy =0, p* = p,

pA2nd — p2rd pB — pB.2nd — () we obtain
Ay(Ao) < Z X 2:p.p?n,¢05 (Al
P, p2nd
nd (5.5.12)
p,p 7
S (11 +<)dz o2 (nm L ne) P27 (4 222y gm.
pp2nd

This establishes (5.5.11).

Next, we claim that

(5.5.13) As(Hauz) < 1 < AL—€*

aux

Note that the codegree in Hauz of two vertices in Jy e, (X U V{T) is at most 1, and
similarly, the codegree in H gy, of a vertex in (Jy 4 (XH UVH) and a label in € is at
most 1 because Aw(Ag ) <1 for all H € H. Hence, an appropriate upper bound on
A7, (Ao) establishes (5.5.13). In the following we derive such an upper bound on A, (Ajy)
by employing (P5). For all ¢ = {v;,,..., v, }, % = {wj,,...,wj, } € E(Ga) with v;, =
wj, € Vo, (gU%)\{vi,} Vo, and {i1,..., i} # {j1,...,Jk}, note that ¢ and / appear
together as labels of ¢ on at most |E_ , ;- (A)| edges of Ag. This follows immediately
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from Definition 5.17 of E ,; - (A). Note further that [{i1, ... ik, j1,. .., jk} N —[ro]] =
k because (g U %) \ {vi,} C Vs, and {i1,...,ix} # {Jj1,...,jk}- Hence, by (P5), we

have

‘Eg,/i,qs; (A)’ < max {nk—Hil7---7ik7j1,---,jk}ﬁ—[ToH‘*‘E’ng} =n’,

and thus, A (Ag) < n®, which establishes (5.5.13).
Step 2. Applying Theorem 2.3 to Hayz

4logn

Suppose W = UZe[A] Wy is a set of size at most n of given weight functions

w e W, for £ € [A] with w: (P&1)) — [0, A] and
(5.5.14) lwlle < nf=EF for every ¢ € [().

Note that every weight function w: (E(“;O)) — [0, A] naturally corresponds to a weight
function wyy,,, : (E(H;““”)) — [0, A] by defining wyy, ., ({#e,, ..., e, }) = w({e1, ..., e0}).
We will explicitly specify W in Part C, where every weight function w: (E (240)) — [0, 4]

in W, for £ € [A] will be defined such that supp(w) € Jgey (E(?gl))_ and in partic-
ular, such that the corresponding weight function wy,,, will also be clean, that is
supp(wy,..) C (E (HE‘““))_. Our main idea is to find a hypergraph matching in Hayx
that behaves like a typical random matching with respect to {wy,,.: w € W} in order
to establish (I)L5.18*(III)L5_18.

Suppose £ € [A] and w € W,. If w(E(Ag)) > nte/2, define @ := w. Otherwise,
arbitrarily choose @: (E(fo)) — [0, A] such that w < @, @ satisfies that supp(w) C

Uren (E(?é{))i and in particular supp(@y,,.,) C (E(H;“z)) , B(E(A)) = nfte/2,
and [|@]lpy < n¢+2%" for all ¢ € [¢]. By (5.5.11) and (5.5.13), we can apply The-
orem 2.3 (with Agyz, 2, Ar+2, A, {@3,.,. : w € Wy} playing the roles of the paramet-
ers A, 4,7, L, W, of Theorem 2.3, respectively) to obtain a matching M in Hg,, that
corresponds to a conflict-free packing o: 2 — Vp in Ap with its corresponding edge

set M (o) that satisfies the following properties (where é = £!/2):
w(E(Ap))

(5.5.15) w(M(o)) = (1+e)(1— 552/3)W +nf
(5.5.16) =(1 j:é)M + n® for all w € Wy, £ € [A].
(don)*

Part C. Employing weight functions to conclude (I)15.18—(I1I)15.18

Let o: 2 — Vb be the conflict-free packing in Ay as obtained in Part B and let o
be a cluster-injective extension of ¢ chosen uniformly and independently at random.
We will show that the random o% satisfies with high probability the conclusions of
the lemma and thus, there exists a suitable cluster-injective extension o™ by picking
one such extension deterministically. We may assume that (5.5.16) holds for a set of
weight functions W. Each of these weight functions will only depend on our input
parameters. Hence, we could define them right away but for the sake of a cleaner
presentation we postpone their definitions to the specific situations when we employ
those weight functions to establish (I)p5.18—(I1I)15.18. We now define the candidacy
graphs Zﬁ’mw C Zil (¢oUo™) for Z € {A, B} and all index sets I = I4 C [r], and
i=1Ip€V(R). If I;N =0 for all » € E(R) with 0 € », then we set Z; """ := Z[I .
Otherwise, let

(5.5.17) A?’"ew = A?*(qbo Uo™), and BlH’new = BiIﬁ(QSo Uo™),
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with A?ﬂqﬁo Uo™) defined as in Definition 5.11 with respect to Hy, ¢o Uo™ and G 4,

as well as Bflj’(dh Uo™) defined with respect to H’, ¢ Uo™ and Gp.

Before we establish (I)15.18~(I11)1,5.18, we first estimate | 2 N X{| for each H € H.
We define a weight function wy: E(Af) — {0,1} for each H € H by wy(e) =
1{e € E(A{D)}, and add wy to W. Note that wy (E(AY)) = (1 4 3¢)don? because Al
is (g, dp)-super-regular by (P2). By (5.5.15), we obtain

d0n2

257 0 X = wn (M(0)) = (1 45)(1 - 24 2

+n,
and thus,
(5.5.18) (1= > 127 n x| > 1 —é)n.

We first prove (II)15.18, as we can use this for establishing (I)15.1s.
Step 3. Preparation for checking (11)15.1s

We will even show that (II)1515 holds for edge testers in Weqge U Wédge, where

- ge 15 @ set of suitable edge testers satisfying (P3) that we will explicitly specify in
Step 11 when establishing (I)r5.18. Throughout Steps 3-10 let (w, w,, J, Jx, Jy, ¢, z7) €
Wedge U Wédge be fixed. That is, we fix an index set I C V(R), J C I, disjoint sets
Jx,Jv C J,and let I, :== (IN[rlo)\ J, Iy := (I N[r])\ J, Jxv := Jx U Jy, and we
fix w: E(.A[TO) U |_|]EJE(BJ~) — [0,8], w,: Zur — [0,s], ¢ = {ci}ier € Vo, and p =

(p*, p2d, pP, pP2d) € (Np ) with p? = (b )icv (), PZ2" = (0] " icv(m) €
N6°+T+1 for Z € {A, B}, and we may assume that I Nz # () for some » € F(R) with
0 € # because otherwise we do not update the weight of the edge tester. Recall that
the statement (IT)r5.1s concerns the weight of the edge tester (w"",w,, J, Jx, Jv, ¢, 22)
defined as in Definition 5.15 with respect to (w,,J, Jx, Jv, ¢, 2), (¢35 U o, do Uc™),
Anew and Bnew.

We will consider three different cases depending on whether 0 € (V(R)\ I) U (J \
Jxv), 0 € I\ J, and 0 € Jxy. Even though we proceed similarly in each of these
cases, the effects on (II)1515 are quite different in each scenario as we try to illude in
the following. Recall that (II)151s ensures that (P3) is also satisfied for the updated
candidacy graphs. If 0 € (V(R)\ I) U (J \ Jxv), we have to update the density
factors whereas the magnitude of w,(2,7)/n/I"~<D\l in (P3) equals the magnitude
of wL(%u])/nKm*[“}O)\J' in (IT)p5.18. In contrast, if 0 € I\ J, we additionally have to
ensure that the magnitude of w, (2Z{,7)/n!I"=D\ in (P3) will be updated by a factor
of n~! to obtain the the magnitude of wL(e%LI)/nKm_[TO}U)\J' in (I)518. If 0 € Jxy
the magnitudes are again equal, but besides updating the densities we additionally
have to consider that 0 € Jyxy and thus (P3) will potentially be updated by the factor
(1{Jxy N —[ro]o = 0} £ &) =04 2.

We collect some common notation that will be used to establish (II);515. Recall
that the centres ¢ are fixed and for all H € H and & = {«, 4} € E(Ar, )UL];c; E(B))
with & = {bj}je], we have w(e#d) > 0 only if {Ci}iEImUJ = (eU&)N VU([TOUJ) by
Definition 5.15 of an edge tester in (5.4.7). (Recall that we allow to treat & = {b;};ecs €
L;jcs £(B;) as buy.) To that end, for all H € H and a4 € E(Ago)l_lujej E(BJH) with

{Ci}iEITOUJ =(eUéd)N VU(ITOUJ)a let y sz = {yi}ie[TOUJ =(eU&)N XLIJ{(ITOUJ)' Our
overall strategy in all three cases is to define for vertices x in some set %"‘ﬁ - Xéq
a target set T, ,s of suitable images for x such that if all z € %”’ﬁ are embedded

into T 44, then @& (or @&\ {co,yo}} if 0 € I\ J) is an element in E(Ag’”e“’) L

Hnew .
Ujes E(B; ). Hence for all H € H, z € X! and <& € E(Aﬁo)uujej E(BJH) with
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w(ed) > 0, we define the following sets. We give more motivation for these definitions
in the subsequent paragraph. For an edge ¢ € E(H), let », € E(R) be such that
€ € Xé{,ﬂ.

S;p’@ﬁ,j = {¢o(€) U{citicrnr,: € € Ecm{yi}ielr }%

Seat,y = {5 = ¢o(e \ {y;}) U{citicr.nun: 1SI =k —1,e € Evy,,.j € J\{0},y; € ¢};
Vo,es :=Vo N Na, (Sm,a,ﬁ,j) N Nag (Sx,a,ﬁJ);
Ty ot = Vaas NAgf (x).

That is, S, .47 and S; s are sets of (k — 1)-sets. In general, these (k — 1)-sets
consist of the image ¢o(€) = ¢o(e N X,) of an H -edge ¢ € E, y , together with the
centres corresponding to the clusters that ¢ intersects. The set S, ,, ; contains all
(k —1)-sets that only intersect with clusters of I, whereas S; 4 j contains (k —1)-sets
that intersect with a cluster of J \ {0}. Consequently, T, ,» is the intersection of the
Ag -neighbourhood of x in Vj with the common neighbourhood V, .4 in G4 and Gp
of all these (k — 1)-sets in S, ., 7 and S; 44, (see also Figures 5.5 and 5.6). Note
that S, .4 7USs s = 0if Epy,, = 0. Further, since w(wd) > 0 and it is required
for the edge tester w that ¢, does not map any vertices {y;};cjn—|r,] Onto its centres
by (vV)ps.15, we have that S, ., 7 and S; .4 are disjoint sets. We estimate the sizes
of Ty ,s and V, .z in Step 3.2. Further, for e« = {«, 4} € E(Ar,)U |_|jeJ E(B;j), let
T, =aNX, zs:=6N0 X (note that z, or x4 might be empty), and

(5.5.19) 25" = {z € X' \{xe}: |S0,00,7 U Su,u6,g

>1}.

Step 3.1. Weight functions to establish (II)1513

We emphasize again that the general strategy for establishing (IT)5.1g is to define
tuple weight functions for the edges between the vertices x € Qfoaﬁ and their corres-
ponding target sets T} .z, which we will do in this step depending on the three cases
whether 0 € (V(R)\I)U (J\ Jxv),0€ I\ J,and 0 € Jxy.

Forall H e H, et = {a,t} € E(Ago) Uldjes E(B]H) with w(ed) > 0, and Z**
as defined in (5.5.19), we make the following definition. (For notational convenience,
we treat {0} as () in the following definition.)

B(Af) ).

(5.5.20) E,4 = {{0« N(Xg' UV0)} Ufentyeppn € (n{o eI\ J}+ |27

ez € E (A {2}, Ty 04]) forall z € %f“ﬁ}.

Let us explain the definition of E, 4. If 0 € (V(R)\I)U(J\ Jxv), then «N(XHUVy) =
0. Thus, E,z is the set of clean |2*|-tuples of edges in E(AE) between a vertex
z € Z;? and its target set Ty 4. If 0 € I'\ J, then « N (X UVy) = {x,,co}. (Recall
that 2, = «NX{!.) Thus, E, is the set of clean (1+]2y*%|)-tuples of edges in E(AX)
where we additionally require that the tuple contains the edge x,co. If 0 € Jxv, we
will not make use of the definition of E 4.

With E_, we can define the following weight function w,4: (H{OEI£€§?1)|%'¢£|
0

[0, 5] by

) —

wes(e) :=w(wd) - 1{e € E, 4}

The motivation behind this is the following observation for the two cases 0 € (V(R

)
NHU(J\Jxv),and 0 € I\ J. We claim that for «4 = {«, 4} € E(A}{O) Ul,es E(BJ

\
)
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with w(ed) > 0, if wee(M(c)) > 0 and o7 (zg) # ¢ if 0 € J, then a8 :=
{e\(en(XHuW)), 6} € E(AH "YUl;e, E(B Hnew). To see that this is true, note
that if w,4(M (o)) > 0, then the 'definition of the target sets T .4 implies that (5.4.1)
of Definition 5 11 for the updated candidacy graphs Aﬁ’new = AZ* (¢o U o) and

BJH M = B (gbo Uo™) is satisfied. Hence in this case, for the edge tester W as
defined in the statement of (II)r51s, we obtain by (5.4.7) of Definition 5.15 of w™*
that w"" (@d"") = w(wd) requiring that ot (z4) # co if 0 € J so that (v)ps.i5 of
Definition 5.15 is satisfied. Note that <& = e if 0 € (V(R)\ 1)U (J \ Jxv).

In order to ensure that o™ (z4) # ¢o if 0 € J, we apply an inclusion-exclusion
principle and introduce another weight function w_, that accounts for the weight in
the case that 0 € J and o7 (x4) = ¢p. To that end, similarly as in (5.5.20), for all
HeH, ab={a,b}ec E(AH JUUjes (BH) with w(e#) > 0, and 2% as defined

n (5.5.19), we define the followmg set of edge tuples

E(AY -
E, = {{ﬁﬂ XEuw)u {ex}me%w\m} € <1{0 - +(‘£/()lﬁ \ {xﬁH) :

ex € E (A [{2}, Ty n4]) for all z € 2577\ {xﬁ}}.

Analogously to w,s, we define the weight function w_,: (H{OEJ}Jr(\g”O‘Zﬁ\{m}\) — [0, s]
by w ,(e) :=w(wd) -1{e c E_,}.

The size of the tuple weight functions depends on the cardinality of %‘”ﬁ . To that
end, let

(5.5.21) bmax = max{| 2¢"|: et € E(Ar, ) U|l;c; E(B;),w(ed) > 0},

and we will group the tuple functions for all «# with w(w#) > 0 into all possible
(1{0 € I\ J} + b)-tuple weight functions for b € [bpax]o. To this end, for each
b € [bmax]o, We set

(5.5.22)  Qi={adec B4 ) UlLe, E(B)): w(ad) > 0,2 = b} ,

0 = {aﬁ € E(Ar,) UlLic; E(B)): w(ad) > 0,| 2%\ {ws}| = b} ,
as well as

g Weg, and wp = g W,

A albefd”

In the two cases when 0 € (V(R)\ I)U (J\ Jxv), and 0 € I\ J, we will see
that > e, 1, wb(M(0)) is the major contribution to w™** (E(A7™) Ul s E(B?ew)).
However, since 2 is a proper subset of Z(, we additionally need to consider those
at € E(Ar, ) U|];c; E(B)) for which a relevant vertex in 2 “% has not been embed-
ded by o as this might also contribute to the weight of w" “’. This is also the case
when 0 € Jxy, because then we require that either zz, = &N X({{ is not embedded or
no H-vertex is mapped onto the centre cg.

We collect some notation. For all «& € E(Ar, )U|];c; E(B)) with w(ad) > 0, let

H,; € M be such that ¢4 € E(AH“") UlLjes E(B]*), and let 25°"7 = 25°%\ 2.
Recall that Jx,Jy C J are dlSJOIIlt sets and Jxy = Jx UJy. Let z4 := x4 if 0 € Jx,

and let z4 := ¢g if 0 € Jyy. We can now define the following set of edge tuples that we
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describe in detail below. For b € [bmax]o, £ € [blo, ma, mp € [A]o, let

(5.5.23)
Lyp(6,ma, mp) = {@ﬁ ey | 2577 =2, > 1Spasil=ma, D> [Spassl=ms,

xe%-()aﬁ,& $€g%/0aﬁ’5
0(2) € Ty pp for all 2 € 2579 N 2, if 0 € T\ J then o(z,) = {co},
if 0 € Jyy then zs € (20 \ 27) U (Vo \ o( X1 n %U))}.

That is, I'y(¢,ma,mp) is the set of edges «# € ), such that there exists an ¢-set
%@ﬁ’& of vertices in %@ﬁ which are not embedded by o, and these ¢ vertices in
3&”0{”&’6 contribute m4 and mp many (k — 1)-sets, and all remaining b — ¢ vertices
T € %@ﬁ N Zy are embedded onto their target set T .. Additionally, if 0 € I\ J,
then we require that z, is mapped onto ¢y by o, and if 0 € Jx, then we require that
Ty is not embedded by o, and if 0 € Jy, then we require that no vertex of Xéq “f i
mapped onto ¢y by o. Further, let

(5.5.24)
ngt(&mA,mB) = {aﬁ €Ty(l,ma,mp): 07 (z) € Vi pp for all z € %@ﬁ’ﬁ,

if xz € %ﬁﬁ’ﬁ then ot (z4) # co}.

That is, Ff}it(ﬂ, ma,mp) C I'y(¢,ma, mp) contains those edges «# € )y, where the not
embedded vertices in %“ﬁ are nevertheless mapped onto their target set V, ,s by the
random cluster-injective extension om of o, and ¢* does not map s onto cy. Thus,
in such a case the weight of @« # will ‘accidentally’ be taken into account in addition to
the ‘real’ contribution given by ¢ (compare also with (5.5.25) below).

Crucially note that in the two cases when 0 € (V(R)\I)U(J\ Jxy)and 0 € T\ J,
we know for a# = {a, 8} € O that 26" = {e \ (e N (X UW)), 6} € E(AT*) U
Ujes E(B?) only if 07 (x4) # co if 0 € J and either w,4(M(0)) = w(ws) > 0 or
et € TV (0, ma,mp) for some ¢ € [b], ma,mp € [Alp. (Recall that " = «&
if 0 e (V(R)\I)U (J\ Jxv).) This holds by (5.4.1) of Definition 5.11 and since
we defined A7 and B}“e“’ in (5.5.17) as updated candidacy graphs with respect to
¢o Uo™. (Note that since we choose o1 as a ‘dummy’ enlargement, we do not require
that ot (z) € N, (x), which is the reason why ot (z) € V, .z in (5.5.24) instead of
ot (z) € Ty ,4.) Hence, for the two cases when 0 € (V(R)\I)U(J\ Jxv)and 0 € T\ J,
we make the following key observation:

e (E(A?f“’) UL E(Byew))

(5.5.25)
= > @ME)-1oe I\ Ixvhey (M) + > w(TEH (G mamp)).
belbmasls b€t LE1,

mA,mBG[A]O

In the case that 0 € Jxy, it suffices in view of the statement to establish an
upper bound for w™¥ (E(A?f“’) Ules E(B;Lew)) Similarly as in (5.5.25), we have
in this case for @4 € Q and b € [bmax|o that & € E(A}™) U|];c; E(B}*") only
if @ € T (¢, m4, mp) for some £ € [blg, ma,mp € [Alp. This holds by (5.4.1) of
Definition 5.11 and since we defined A7¢ and B} in (5.5.17) as updated candidacy
graphs with respect to ¢, U o™. Hence, for the case that 0 € Jxy, we make the
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following key observation:

(5.5.26) w”ew(E(A’}fw)l_lquJE(B;lew))g 3 w(FZit(E,mA,mB)>.

be[bmax}0766[b107
ma,mp€[Alop

In Steps 4-7, we will estimate the weight of the contributing terms in (5.5.25)
and (5.5.26). To do so, we first determine the sizes of the target sets T, ,» and V, .
in the next step.

Step 3.2. Size of the target sets T .4 and Vi .4
Let b € [bmax| and @& € Q, be fixed. We observe that

(5.5.27)
|Vx7a,ﬁ| — (1 :l: 3€)dllfx,aﬁ,j|dgm,aﬁ,t]|n’ and ‘Tx,aﬁ| — (1 :l: Sg)dfac,mﬁ,j‘dgx,ﬂﬁ,‘”don’

for x € 2%, where we used (P1) and that A is (¢, dp)-super-regular and (e, q)-well-
intersecting for each H € H. For an illustration of the sets S, ,, 7 and T} ,# in the
case that 0 ¢ I and J = (), see Figure 5.5.

X, xyooooxbxgy X
1@
H,y
€3 @
°
Ga
°

Figure 5.5: This illustrates the case that 0 ¢ I and for simplicity J = (. That is, we
consider the edge @& = {ciy, Ciy; Cig, Yir» Yia, Yis } € E(Aﬁo) with yes = {Yi1, Yiss Yis} C 21.
Note that the edges ¢i1,¢2,¢3 in H; belong to E.y,. For the set S, .7, we have
Siras, 7 = {bo(e1) U{ciy }, do(e2) U{ciy, cis}, do(e3) U{ciz }}. Accordingly, T s is the intersec-
tion in Vo of the G a-neighbourhoods of these (k — 1)-sets in S, ,, 7 and the neighbourhood of
x in AY'. Note that the blue edges ¢; and ¢3 in Hy satisfy that le1 Nyes| = les Nyas| = 1,
and thus they do not account for the 1°¢-pattern p(zr,®) of 2 by (5.4.3) of Definition 5.12.
By considering all possible 2 € X{, there are in total by, = D ic 7, bi many such blue edges
in Hy. Further, note that the grey edge e2 satisfies that |e2 Ny.s| = 2 and thus, e2 belongs to
H by (5.5.8) and accounts for the 15*-pattern pA(xI, @) of ;. Again, by considering all possible
x € X4, there are in total p” (21, 0)o many such grey edges in H .

For b, =3 ,c; biand by = 3, ; b; as defined in (5.5.4), we claim that

(5.5.28)

§ : A A,2nd o B B,2nd
|Sx,@ﬁ,j’ = blr + Po — Pg ) and § |Sx,@ﬁ,J’ — bJ + Po — Dy .
z€ 2y’ z€ZFE
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X

, Xg! X\ X
e
H €2(@ [_."" <8 )
P A

Figure 5.6: This illustrates the case that 0 € I and y.s = {yo, ¥i,, Yi» } C 21, and we assume that
I., ={0,41,i2} and J = (. Note that yo = z.. By Definition 5.14 of an edge tester we require that
1 lies in an H-edge if we assigned positive weight to the tuple ;. Hence, by the construction
of Hy (see (5.5.7)), we have that ¢1,e2,es are edges in H. Note that the edges ¢1,e2,¢3 in H
belong to Eyg,y,, U Eyg,y;,. By definition, yo = =, ¢ 25" and we thus do not consider the
possible target set T}, .s because yo has to be mapped onto the centre ¢y in G. Hence, the edges
€1, €2, ¢e3 do not account for er%oﬁ,,; |Ss.ws.7]- Since y.s C 21, there are p42 (21 0)o many

such blue edges by the definition of the 2"%-pattern p*?"?(z;,0) in Definition 5.12.

We establish the first equation in (5.5.28); the second one then follows similarly.
At this part of the proof it is crucial to refresh Definition 5.12 because we make use
of all the details of the pattern definitions. Further, recall that y.s = {yi}ier, us =

(e UZ&)N XSI(I uJ) and thus z, = yo if 0 € I,; otherwise, , = (. Note that in
o

order to compute |S, ., j| it is equivalent to count |E, (,.1,., |- By definition of Hi
we have that |, c 9. Euy;| = b; for all i € (I, UJ)\ {0} (see (5.5.10)). That is, there

are by, = > ;c; bi edges € € U,ca Er fyiyic;, With [e N {yitier,| = 1. Out of these

by, edges, we claim that p64’2"d edges ¢ satisfy that z, € e, that is, Y ,c; [Ez, y] =

pé’%d. For an illustration of these edges in Uiel,- E;, 4, see Figure 5.6. Indeed,
since w(w &) > 0, we have by Definition 5.14 of an edge tester that y,» C 2 for some
xr € Zy with 2 € Ey(z,1,J). Thus, by Definition 5.13 of Ey(2, I, J), we have that
p(z1,J) = p* = (pM)icv(m) and pP?d(zy, J) = p? = (p*")icy(g). Hence,
by the definition of a 2"?-pattern in Definition 5.12 and because H. is constructed
such that each subset {z,,y;} only lies in proper edges of H due to (c¢) and (5.5.7),

we have pé"Qnd =Y icr, | Bz, |- By the definition of 2% in (5.5.19) which excludes

Z,, this accounts for the term ‘b;, — pé’znd’ in (5.5.28). It is worth pointing out that

pgmnd = p(?’%d =0if 0 ¢ I,, because then z, = (.

Further, we claim that there are p{' edges ¢ € Ure2y o lyitier, With [eN{yitier,| >
2 but z, ¢ e. Since y,s C @y for some z; € 2 with ;7 € Ey(pn,I,J), we
have that p4(z,J) = p? = (p?)iGV(R)‘ Hence, by the definition of a 1%-pattern
in Definition 5.12 and by (5.5.8), there are p{' edges ¢ € Ure2s Lo fyitics, With [eN
{yi}tier,| > 2 because of the last two conditions in (5.4.3), and all of these edges ¢ satisfy
that 2, ¢ ¢ due to the condition ‘(£ N X) \ {zi}ens # 0 in (5.4.3). Altogether,
this implies (5.5.28).

Hence, for «& € ), we have by (5.5.27) and (5.5.28) that

2n

A_, A2nd B_,B,2nd
(5.5.29) [T |Toasl = (L&) P00 gy P00 ghyb,

T€ %O“ﬁ

Step 4. Estimating 3 yep, o wo(M(0)) in (5.5.25)

In this step we estimate the contribution of the first term 3 ,cp, 4 wy(M(0))
in (5.5.25). Throughout this step, let us consider the case that 0 € (V(R)\I)U(J\Jxv ).

At the end of the step we explain how the estimate of > ¢, 1 wy(M (o)) changes if
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0e€I\J. Note,if 0 € (V(R)\I)U(J\ Jxv), then wy is the empty function and
thus, > pepado @M (0) = D peppng wo(M(0)). (That is, b = 0 is only relevant if
0erl\J.)

We first consider wy(M (o)) for some b € [bpax|. By (5.5.29) and the definition of
wp, we have

A__Az2nd __B,2nd
(55.30)  wh(E(Ag)) = (1+28)d P07y gbnb SN (4 ).
ﬁ/ﬁeﬂb

We verify that w;, satisfies (5.5.14). For all {ej,..., ey} € (E(Zfo)),b’ € [b], the
number of edges Jéeb/+1,...,eb} such that e = {e1,...,ep} € (E(fo)) with wy(e) > 0
is at most An’~? (recall that we have chosen A such that ¢/ < 1/A < 1/t <
1/k,1/r,1/re,1/s), implying that [|lwp|y < A2nb= < nd=Y+=* Hence, by adding wp
to W, (5.5.16) implies that

@b (E(Ao))
M = 1+8)——F+nf
Wb( (J)) ( 8) (d(]n)b n
A,2nd B,2nd
(5.5.31) O30 (1 4 21/2) g 20700 P N ) e,
aBEQ,
Finally, observe that
YN wes) = 3 w(ad) = w (E(AITU) Ujey E(Bj)> ,
bE [bmax] ¢6EQ, @bE€E( AL, UL, B(B))

and thus (5.5.31) implies that

(5.5.32)
A, A2nd . B,2nd
> w(M(e)) = (1= Ay T I (B, ) ULy B(B))) £ 0,
be[bmax]

which is the desired estimate of 3 ycr, 1 wp(M(0)) = D pep, .1 wo(M(0)) in the case
that 0 € (V(R)\ ) U (J\ Jxv).

Let us now assume that 0 € I'\J and we explain how the estimate of 35y, 1 wy(M(0))
changes. (Note that we allow for b = 0.) The intuition is that we additionally require
that z, is mapped onto ¢y which we would expect to happen in an idealized random
setting with probability roughly (don)~!. In fact, (5.5.30) is still true in the case that
0 € I'\ J, but note that wj, is now a (1 + b)-tuple weight function which yields an addi-
tional factor of (dgn)~! in (5.5.31) and thus also in (5.5.32). Hence, we obtain (5.5.32)
with an additional factor of (don)~! as the desired estimate in the case that 0 € I\ J.

Step 5. Estimating 3 e, y (M(0)) in (5.5.25) if 0 € J \ Jxv

max]O w

In this step we establish an upper bound on the contribution of the minuend
2 b lbmaro Wo (M(0)) in (5.5.25) and therefore, suppose that 0 € J '\ Jxv.

We first consider w, (M (o)) for some b € [bmaxJo. It suffices to establish only a
rough upper bound which follows directly by the definition of w; :

(5.5.33) wy (B(Ag)) < 2n° )~ w(ab).
2450
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It is easy to verify that w, satisfies (5.5.14). Further, note that w, is a (b + 1)-tuple
weight function- Hence, by adding w, to W, (5.5.16) implies that

wy, (E(Ao))
(don)b‘H

_(6533)
+n° < nf Z w(ed) + nc.

alefd,”

(5.534)  wy (M(o) < (1+8)

Finally, observe that

Z Z w(ed) <w (E(AITO) Uljes E(BJ’)> )

be [bmax]O @ﬁegb_

and thus (5.5.34) implies that

(5.5.35) 3wy (M(0) < 0w (E(AITO) U ey E(Bj)) + 2.
b€ [bmax]o

Hence, combining (5.5.32) and (5.5.35) in the case that 0 € J \ Jxv, yields that
A, A2nd B_,B,2nd
(5536) > (wp(M(0)) —wy (M(0))) =(1 £ 26Y/3)d’y 707707 g t#o o
be[bmax]o

w (E(AI,,O) Uje E(Bj)> + on2.

Step 6. Estimating w(I'y(£,ma, mp))

In this step we derive an upper bound for w(I'y(¢, m4, mp)) for fixed b € [byax]o, £ €
[blo, ma,mp € [Alg, and Ty(¢,ma, mp) 2 T}(¢,ma, mp) as defined in (5.5.23). We
will use this bound in the subsequent Step 7 to derive an upper bound for w(Ff}” (¢,ma,mp))
as in (5.5.25) and (5.5.26). Throughout this step, let us again consider the case that
0e (V(R)\I)U(J\ Jxv), and thus b, > 0. At the end of the step, we explain how
the estimate changes if 0 € I\ J or 0 € Jxv.

Our general strategy is based on the following inclusion-exclusion principle. For
every & € ), we estimate the

w-weight w(e?&) with tuples = € (%2“) such that b — £ vertices x of

2 are mapped onto their target set T .4 and the remaining £ vertices
(5.5.37) T1,..., 20 of z salisfy

(*) Z ’Saci,aﬁ,j‘ =may, Z ‘S"Ei7@ﬁ’=]| = mp,
i€[f] i€[f]
w-weight w(wd) as in (5.5.37) with tuples  where we additionally
(5.5.38) require that the remaining ¢ vertices vertices x1,...,xy of  are em-

bedded by o and satisfy ().
Now, subtracting (5.5.38) from (5.5.37) yields the

w-weight w(e?) as in (5.5.37) with tuples  where at least one of
(5.5.39) the remaining £ vertices x1,...,xy of  is not embedded by o, and

T1y..., Ty Satisfy (x).

Hence, summing over the w-weight as in (5.5.39) for all ¢ & € )} yields an upper bound

for
w(Ty(¢,ma,mp)) as defined in (5.5.23) when 0 € (V(R)\ I) U (J \ Jxv).
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First, in order to estimate (5.5.37) and (5.5.38), we define the following sets of
tuples of edges in Ay. For all H € H and <& € E(Ago) Ul s E(BJH) with e & € (U,
let

al,o,mp,m %@ﬁ
gipsemns e (P1): 5 nil = X Sl =
zed ze€X
(5.5.40)

5.5.37 E(AH) B
E;ﬁ ) = U {{ex}xeg{(fﬁ\% S < b—of :

%.ei%,o@ﬁ,&,mA,mB

ex € B(AY {2}, T 0s]) for all x € 2577\ 3&”};

(5.5.41) o
ey = U {{ex}xe%we(E(fO )):

%G%Oaﬁ,ﬁ,mA,mB

x € e, forall z € 2577, e, € B(A{ {2}, Ty 0g]) for all z € 257\ 3&”}

Note that the edges in ES;'W) and Eff'gs) correspond to the described situations

in (5.5.37) and (5.5.38), respectively. We define weight functions wff'w): (El(ﬁ?)

[0, s] and wff’%): (E(’:g)) — [0, s] by

=

w53 (e) .= 1{e € ECPN} w(es), and P (e):= 1{e € EC ™} . w(as).
Let

UJI(-\5.5.37) (e) — Z wg)£5.37) (e)’ and wl(—‘5.5.38) (e) — Z wfé5.38) (e)
aBEQy b€y,

We estimate w§5'5'37)(E(A0)) and w1g5'5'38) (E(Ap)). By (5.5.29) and the definition

of Effm) and Eff'gg) in (5.5.40) and (5.5.41), respectively, we obtain

(5.5.42)

A_ A,Qnd_m _ B,Qnd_m —
w§‘5'5'37)(E(A0)) — (1 + 2é)dlxr+p0 Po Ad%]+p(‘)3 Py B(dgn)b 0 Z W(@ﬁ),

MAASIA

(5.5.43)

A_pA2nd_ _pB2nd_
w§5.5.38)(E(A0)) _ (1 + Qé)dererO Po AdeJ+p§ Po B(don)b Z w(@ﬁ)

albEQ

Again, we can add w§5'5'37) and w§5'5'38) to W and employ property (5.5.16). This
yields that

(5.5.37)
(5.5.37) B WP (E(Ao))
M) = (1 T
A,Qnd_m _ B,2nd_m
(5.5.44) e A A I S e

ey,
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and
(5.5.38)
(5.5.38) . ~ Y (E(Ao))
W (M(o)) = (1+¢) o)’ +n°
A*2"d,m _ B,anim
(5.5.45) (B29) (1 1 gz) b0 =P mma oatef o 73 w(ad) 0.

@ bey

Finally, as observed in (5.5.39), subtracting (5.5.45) from (5.5.44) gives us an upper
bound on w(T'y(¢,ma,mp)). We obtain

w(Ty(t,ma,mp)) < w0 (M(0)) — %) (M (o))
B,2nd

A_ A2nd_ B_ _
(5.5.46) < e TR T TmA G T N (4.8) + 20
aﬁGQb

Let us now first assume that 0 € I\ J and we explain how the estimate on
w(ly(¢,ma,mp)) changes. If 0 € I\ J, then by the definition of I'y(¢,ma, mp)
in (5.5.23), we additionally require that x, is mapped onto ¢y by o which we would
again expect to happen with probability roughly (don)~!. That is, we have to modify
the definitions in (5.5.40) and (5.5.41) by additionally adding the edge z,co to the
tuples. Again, the estimates for the total weights in (5.5.42) and (5.5.43) are still true
but we obtain an additional factor of (don)~! in (5.5.44) and (5.5.45) as the sizes of
the tuple functions increased by 1. Thus, we also obtain (5.5.46) with an additional
factor of (dgn)~! which will be our desired estimate in the case that 0 € I\ J.

Finally, let us assume that 0 € Jxy and we explain how the estimate of the
weight w(I'y(¢,ma, mp)) changes. If 0 € Jxy, then by the definition of I'y(¢,m 4, mp)
in (5.5.23), we additionally require that either x4 is left unembedded by &, or no H*?-
vertex is mapped onto ¢g. This can be achieved by modifying the definition in (5.5.41)
such that the edge tuples are increased by adding the Ag -edges e, such that zz € e,.
This ensures that for z; € {x4, o}, we either have z, is left unembedded by o, or no
H*’_vertex is mapped onto ¢g. The modification adds another factor of dyn to the
total weight in (5.5.43) but also another factor of (dgn)~! to (5.5.45). Thus, (5.5.46)
will also be our desired estimate in the case that 0 € Jxy .

Step 7. Estimating w(I}(¢,ma, mp)) in (5.5.25) and (5.5.26)

We will use the bounds on w(I'y(¢, m4, mp)) of Step 6 to derive an upper bound for
the w-weight w(T (¢, m 4, mp)). Let us first assume the two cases that 0 € (V/(R)\I)U
(J\ Jxv), and 0 € Jxy, since both cases yield the same bound on w(I'y(¢,ma, mp))
in (5.5.46). The general idea is that we will obtain additional factors ‘d’y*” and ‘djz®’
in (5.5.46) when we extend o to o, that is, when we embed the ¢ unembedded H -
neighbours of each «# contributing to w(I'y(¢,ma, mp)). Only if these ¢ vertices are
mapped onto their target set V, .4, then «# also contributes to w(I’git(ﬁ, ma, mp));
that is, if o7 (z) € V, 44 for all z € 257\ 2. (Recall the definition of TP (¢, m 4, mp)
in (5.5.24).) This happens roughly with probability d’yd;?. We proceed with the
details.

Note that I'}(¢,ma, mp) = Ty(¢,ma, mp) for £ = 0, and thus we may consider
fixed b € [bmax], ¢ € [b], ma,mp € [A]p with myg + mp > 0. Note that we extend
olvm) to U+|V(H) for every H € H by choosing a bijective mapping of X{T \ 2y
into Vo \ o(X{T N 2¢) uniformly and independently at random. To that end, for
al € E(Ago)l_lujej E(BJH), HeH,andx € %@ﬁ, let Vy pps == Vx’dﬁ\a(Xglﬁ%").
We first estimate |V, ,s5|.- To that end, let «# € E(Aﬁo) Uljes E(Bf]), H € H, and
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T € 3&”0{“5 be fixed. For every v € V, .4, we define a weight function w,: E(Ag) —
{0,1} by wy(e) :=1{v € e} and let wy, ,, == >,y wy. Observe that wy, (M (o)
counts the vertices v € Vy o4 \ Vz,0s,6. Hence,

(5.5.47) Va,et,6] = [Va,asl —wv, ., (M(0)).
Since A¥ is (g, dy) super-regular, we have

WV, .0 (B(AY) = (1 £ 3¢)don| Vi, aal.
Adding wy, ,, to W and employing (5.5.15) yields that

wy,,..(E(A))

W o(M(0)) = (1 £)(1 = /)=t

+nf = (145e)(1 — e¥3)|Vy sl

We conclude that

5.47)

(5.5. 5.27)
(5.5.48) Veetol < <

(5. 1S, 0,51 IS
252/3|V$7@ﬁ’ 382/3dAx,aﬁ,J d‘Bw,aﬂ,ﬂn.

For et € Ty(¢,ma,mp), let 5&”0@&’6 = 257\ 2. By the definition of ['y(¢, m 4, mp)
in (5.5.23), we have

Z |Sx,@ﬁ,j| = ma, Z |Sw,@ﬁ,J| =mp.

ISk e 2"
Hence, by (5.5.48) and because |<%{°ﬁ’&| = {, we obtain

(5.5.49) [T WVeessl < dirdy®(36*n)".

gy @l,G
€LY

By (5.5.18), we have that Vy \ o(X4 N 2Zy) > £*?n/3. Now, with (5.5.49) we obtain
that the probability that all £ vertices x € %@ﬁ’a are mapped onto their target set
Vi wss and if s € %‘w’& then it is not mapped onto ¢y — that is, the probability
that «& € T'y(¢, m4, mp) is also contained in I"b”t(ﬁ,mA,mB) — is at most

dTXAdTgB (382/3n)€
e2/3n - (e2/3n — 1) -+ (e2/3n — £+ 1) /3¢

< 10fdpAdye.
Finally, we can derive an upper bound for the expected value of w(T(¢, m 4, mp)).

E[w(Th (Cmamp))] < w(o(tsma,mp) 10°d72dg

(5.5.46) b A_pA2nd B_, B.2nd
S €1/4dAIT+p0 Po dBI'i‘p() Po Z L{)(—@ﬁ)‘i‘TZQE

@ﬁeﬂb

By using Theorem 1.8 and a union bound, we can establish concentration with
probability, say, at least 1 —e~™ . Thus, we conclude

. A_A2nd B_,B,2nd
(5.5.50) w (Fé”t(ﬂ, mA,mB)> < 281/4dlxr+p0 Po d%ﬁpo Po Z w(ed) + 2n*
AN
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for all b € [bmax], ¢ € [b], ma,mp € [A]p with m4 +mp > 0. By summing over all
values of b, ¢, m 4, mp, we obtain

Z w (F?it(ﬁ, mA,mB))

b€ [bmax],LE[D],
ma, mBE[A]O
(5.5.50) __A2nd B_ . B.2nd
(5.5.51) <My I gyt (E(AL-O) Ulljes E(Bg‘)) o

which is the desired estimate for the second term in (5.5.25) for the case that 0 €
(V(R)\T)U(J\ Jxv), and it is the desired estimate for the right hand side in (5.5.26)
for the case that 0 € Jxy (where we also allow b,/ = 0 in the summation).

In the case that 0 € I\ J, we obtain (5.5.51) with an additional factor of (dgn)~!
since the estimate on w (I'y(¢,m4,mp)) from the previous step yields an additional
factor of (dgn)~!

Step 8. Concluding (I1)15.18 if 0 € (V(R)\I)U (J \ Jxv)

Finally, we can establish (II)p515 if 0 € (V(R)\ I)U (J \ Jxv) by the estimates
derived in the Steps 4 and 7. So, let us assume that 0 € (V(R)\ I) U (J \ Jxv).
Using (5.5.32) (respectively (5.5.36) if 0 € J \ Jxy) and (5.5.51) in our key observa-
tion (5.5.25) yields that

A,2nd B,2nd

oW (E(A?Tew> L |_|jeJ E(B;‘Lew)> (1 + 3A1/3)deT+Po —Py’ d%]+p0 —Py’
(5.5.52) w (E(AITO) U Loy E(Bj)) + 2n3,

We will use (P3) for w (E(AIT()) Ujes E(Bj)) in order to obtain (IT),5 18 from (5.5.52).
For0¢ I or 0 € J\ Jxy, we have that

(5.5.53) dIXT H dia= H d%d; 4 = H vy

i€l icl, icl,
for d7'%" defined as in (5.5.4) because I, = I, and similarly
b,
(5.5.54) dy [1dis =1 d5din =] %
Jj€J jeJ Jj€J

because by the definition in (5.5.4), we have by = 0 and d%’ =dy =1and dyp = doF -
Hence, altogether using (P3) together with (5.5.52), we obtain

W (B(AF™) ULy BB))

— (1:|:3A1/3)dblr+170 Po de]—HJO _p(l)? 2nd
|| =22 e, = e 22|
(14xv N =[re] = 0} £ ¢)d P2l 8ol 1P I
W, <%‘IJI) 3
H dzAHd,B TP reD\T] n€> +2n>°
’LGITO
(5.5.53),(5.5.54) ( LTy 0 —[re]o = 0} ig,z) Hp rolo 1= P2 I dnp rolo I P oo |
= xv 1 —=[Tojo =

H dnew H new W, ‘%UI) 4 ns”

I(IN=[ro]Jo)\J|
i€l jedJ
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which establishes (II)r5.1g in the case of 0 ¢ T or 0 € J \ Jxvy.
Step 9. Concluding (I1)15.18 if0 € I\ J

Similar as in Step 8, we can establish (I)p515 if 0 € I\ J by the estimates de-
rived in the Steps 4 and 7. So, let us assume that 0 € I\ J, and recall that we
obtained an additional factor of (don)~! in (5.5.32) and (5.5.51). Together with our
key observation (5.5.25) this yields that

wnew (E( new) |_| I_|JEJ E(BTLEM))
(5.5.55)
B,2nd
= (2 g g oy (B(A,) ULy (B ) + 20

We will use (P3) for w (E(AITO) Ues E(Bj)) in order to obtain (II)1,5 18 from (5.5.55).
For 0 € I'\ J, we have that

(5.5.56) do' &t T dia = [ deia = T 2

ZEL,O el i€l

for dj'%" defined as in (5.5.4) because dg = do 4, and similarly

(5.5.57) dy [[dis =[] 3%

jeJ jeJ

Hence, altogether using (P3) together with (5.5.55), we obtain

W (BT U ey E(BW))

_ (1+ A1/3)dbu+p0 -ry° d%ﬁp?—pf’%d(d )~

B,2nd

; up R[0T SO 1B S|
( {Jxvﬂ [T’o]—@}i ) dB

w, %UI) € 2e
11 dZAHdJB (=W ) +2n
ZEITO

ol [ S (B Sl
pZ P_irolo

Ip# [To]o” Hp [rolo d

(5'5'56!5'5'57) <]1{JXV N —[To]o = @} + 8/2)d

H dnew H new W, %UI) + n5’7

[(IN—[ro]o)\J]
’LGI’I‘

which establishes (II)5.1s in the case of 0 € I'\ J.
Step 10. Concluding (II)15.18 if 0 € Jxv

For the last case that 0 € Jxy, we employ the estimate derived in Step 7 in our
key observation 5.5.26. For 0 € Jxy, we have that

b i new
(5.5.58) dy" H dia = H d%di,A = H i, A
i€y, i€, iel,
for d}'%" defined as in (5.5.4) because I, = I, and
b, new
(5.5.59) dy [1ds =113 = [[ 4%

Jj€J JjeJ JjeJ
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because by the definition in (5.5.4), we have by = 0 and d%’ = d% =1 and do,p = d%-
Hence, altogether using (P3) together with (5.5.51) in our key observation (5 5. 26)
obtain

W (BAG) U e E(Bnew))

< 61/5dizr+p647p0 d%ﬂrpo B 2nd
Hp o IR IBE =l
(IL{JXVO [ ] ®}+ ) dB
w, ‘%-\_II) € 2¢e
HdZAHdJB s [ro)\J|+n>+2n
’LEI’I‘O
(5.5.58),(5.5.59 1pZ ), I1- HpZ[Qn]d I w,(Z0Lr) /
[rolo rolo new newb—UI €
< | 1] 4 H 3B el T
ZE{A B} icl,

which establishes (II)15.1s in the case of 0 € Jxy and concludes the proof of (II)1,51s.
Step 11. Checking (I)15.18

In order to establish (I)1518, we fix H € H, Z € {A,B} and i € [rJI if 7 = A,
i € V(R)\ {0} if Z = B, and we may assume that i € Ng, (0) otherwise Z; " = ZH.
We will first show that ZiH MY as defined in (5.5.17) is (¢, d*")-regular by employing
Theorem 5.6. In order to do so, we verify that every vertex in Xl-H has the appropriate
degree in Z; Hnew ond that most pairs of vertices in XZ»H have the appropriate common
neighbourhood in Z; Hnew - hege properties follow easily due to the typicality of Gz
and because Z is (5 q)-well-intersecting. Finally, we show that also each vertex in
V; has the correct degree in ZH " by employing (II)p5.1s. Altogether this will imply
that ZZ-H M s (¢f, d*™)-super-regular. Since we basically obtain ZZ-H e from ZH by
restricting the neighbourhood of every vertex by b; < A(R) additional (k — 1)-sets in
Gy (see (5.5.60) and (5.5.61) below), we will obtain directly from (P1) that 2" is
(¢',q + A(R))-well-intersecting. We proceed with the details.

For every vertex y € XiH , let
(5.5.60) Sy :={¢o(e) Vo™ (z): € € Epy,z € 20}

with Ey, defined as in (5.5.9). Note that Sy € U,.cpr Viagiy and [Sy| = b;.
Since G is (e, t,dyz) typical with respect to R by (P1), and since Z¥ is (e, d; z)-super-

Hnew

): i€x

regular and (e, ¢)-well-intersecting by (P2), we conclude by the definition of Z;
in (5.5.17) that for all y € X/, we have

(5.5.61) deg ytminen (y) = | Nz (y) N No, (Sy)| = (1% €)d; zdZ| V.

Note that (5 5. 61) 1mphes in partlcular that the density of X7 and V; in Z/7"" is
We can proceed similarly as for the conclusion (5.5.61) and obtain that all but at

most n?/2 pairs {y,y'} € (XQZH) satisfy

(5.5.62) [N ptnen(y A1) = (£ )(ds z%)° Vil
To see (5.5.62), note that

Nytinen (Y NY') = Nyu(y Ay') 0 Na, (Sy) N Na, (Sy),
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and for all but at most 2Agn pairs {y,y'} € (XéH), we have |Sy, US,/| = 2b; by (5.5.6).
By employing again (P1) and (P2), we obtain (5.5.62), where we used (5.4.2) that for
all but at most 2n - n'/4*¢ pairs {y,y'} € (XéH) the sets of (k — 1)-sets corresponding
to Ny (y) and Nyn (3') are disjoint. Hence, all but at most 2n°5/4t¢ 4+ 2Agn < n3/?

pairs {y,y'} € (XQZH) satisfy (5.5.62).

We can now easily derive an upper bound for the number of 4-cycles in ZiH new
by (5.5.62). To that end, note that every pair {y,vy'} € (XQiH) together with a pair of
common neighbours in N Zimew (y Ay') forms a 4-cycle in ZiH M€Y Hence, by (5.5.62),

e

the number of 4-cycles in Zfl M s at most

X2 d; 7d%) Y| Vi |?
C4(ZiH,new) < | 3 | -(1+2é)( A Z2> | z‘ +n3/2'n2
04 v H (211 |2
Thus, we can apply Theorem 5.6 and obtain that
(5.5.63) ZZ-H’new is (5’,di7zd%)—regular.

For every v € V;, in order to control the degree of v in ZZ-H M we define weight

functions wy,: E(Z7) — {0,1} by wy(xv;) = 1{v; = v}, and w,: Z; — {0,1} by
w, := 1{x € X7}, and add the 1-edge tester
(wvvaaJ =Jz,Jx = (DaJV = ®a0 = {v}aﬂ = (0507070))

for J4 := 0 and Jp := {i}. This is indeed a (general) 1-edge tester satisfying
B,2nd(z)

to Wédge
Definition 5.14. In particular, p?(z) = pA?"(z) = pB(z) = p = 0 for every
T € XiH by Definition 5.12 because the 1%t-pattern and 2"?-pattern of a single vertex
is always 0. Since ZiH is (e, d; z)-super-regular, we have that

wo(B(Z{1) = (1 £ e)d; 7| X"

Hence in particular, this general edge tester satisfies (P3). By (II)15.18, we obtain

11 ’
deg yrnew(v) = W (B(Zmey) (DLs.18 1+ dr | X £

Together with (5.5.61) and (5.5.63), this implies that ZiH’new is (¢, d}'%")-super-regular
because d}'%" = d;, Zd% (see (5.5.4)). Further, since the neighbourhood of every vertex
y € XH in ZiH’new is the intersection of a set S of (k —1)-sets in Gz (see (5.5.61)),
and every y € X/ is contained in at most n'/4*¢ 4 Ag pairs {y,y'} € (X2ZH) such
that S NS # (), we also obtain that ZiH M s (¢, ¢ + A(R))-well-intersecting as
defined in (5.4.2). This establishes (I)r5.1s.

Step 12. Checking (111)15.18

For every w € Wipew with w: (E(?O))_ — [0, s], we add w to W. Hence, (5.5.16)
yields (III)L5_18.

Step 13. Checking (IV)Ls5.18

In order to establish (IV)y518, we fix (w,c) € Wy with w: Zp — [0,s] and ¢ €
Vo. By (5.5.18), we have that Vo \ o(X{T N 2y7) > €¥3n/3 for every H € H, and
thus, the probability for a vertex x € Zp \ £y to be mapped onto ¢ is at most
3/e%/3n. We therefore expect that w({z € 2o\ 2y : 0T (z) =¢}) < w(Zo)/n' "%,
By an application of Theorem 1.8 and a union bound, we can establish concentration
with probability, say at least 1 —e™™ . This establishes (IV)15.1s and completes the
proof of Lemma 5.18. U
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5.6 Iterative packing

In this section we essentially prove our main result, Theorem 5.2. We prove the fol-
lowing lemma whose statement is very similar because we only require additionally
that for every graph H € H and every reduced edge » € E(R), the graph H[X/]]
is a matching. This reduction can be achieved by an application of Lemma 5.9 and
simplifies several arguments; it is presented in the proof of Theorem 5.2 in Section 5.7.

Lemma 5.19 ([31]). Let 1/n < e < 1/t < o, 1/k and r < n?1°8™ as well as d > n~*.
Suppose (H,G, R, X, V) is an (&,t,d)-typical and o~ -bounded blow-up instance of size
(n,k,7) and |H| < n?*. Suppose that ey (2,) < (1 — a)dnF for all » € E(R), and
H[X!)] is a matching if » € E(R) and empty if » € ([E) \ E(R) for each H € H.
Suppose Wset, Wyer are sets of aL-set testers and o~ -vertex testers of size at most
n3logn respectively. Then there is a packing ¢ of H into G such that

(1) ¢(XH) =V, for alli € [r] and H € H;
(i) (W NNeg oYl = IWIYA]- - Yol /n® £ an for all (W, Y1,...,Ye) € Weet;

(iil) w(d'(e)) = (1 £ Q)w(Zur)/nll £ n* for all (w,¢) € Wyer with centres ¢ in I.

Proof of Lemma 5.19. We split the proof into five steps. In Step 1, we define a
vertex colouring of the reduced graph which will incorporate in which order we consider
the clusters in turn. In Step 2, we partition G into two edge-disjoint subgraphs G 4
and Gp. In Step 3, we introduce candidacy graphs and edge testers that we track for
the partial packing in Step 4, where we iteratively apply Lemma 5.18 and consider
the clusters in turn with respect to the ordering of the clusters given by the colouring
obtained in Step 1. We only use the edges of G 4 for the partial packing in Step 4 such
that we can complete the packing in Step 5 using the edges of Gp.

Step 1. Notation and colouring of the reduced graph

We will proceed cluster by cluster in Step 4 to find a function that packs almost all
vertices of H into G. Since we allow r to grow with n and only require that < nlo8”,
we need to carefully control the growth of the error term. Recall that R, is the 2-graph
with vertex set V/(R) and edge set (,cp(p) (5)- Let c: V(R) — [T] be a proper vertex
colouring of R? where T := k3a~3. The colouring naturally yields an order in which
we consider the clusters in turn. To this end, we simply relabel the cluster indices such
that the colour values are non-decreasing; that is, ¢(1) < --- < ¢(r). Note that the sets
(c_l(j))jem are independent in R2. We choose new constants €g, 1, ..., er, i1,y such
that

e KK KLer L pKLy L/t < a,1/k.

For i,q € [r] and I C [r], we define counters ¢;(q), cr(q), mi(q) (see (5.6.1)—(5.6.3)
below). Our intuition is the following: If we think of [¢] as the indices of clusters that
have already been embedded, then ¢;(q) is the largest colour of an already embedded
cluster in the closed neighbourhood of ¢ in R,. That is, ¢;(q) is the largest colour that
is relevant to i after embedding the first ¢ clusters, and ¢;(¢) will incorporate how to
update the error term.

To be more precise, for i,q € [r] and an index set I C [r] (that is, I C » € E(R)),
let

6.1) ci(q) == max {{0} U {c(j): j € Ng,[i{]N[q]}};
cr(q) = T%}X{O,Q(CI)}-
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Similarly as ¢;(q), we define m;(q) as the number of edges in R that contain ¢ and
where k — 1 clusters excluding i have already been embedded. That is, for i,q € [r],
let

(5.6.3) mi(q) = {r € E(R):i€r|»N[g \{i}| =k —1}].

Further, for all i € [r] and index sets I C [r], we set ¢;(0) = ¢7(0) = m;(0) := 0.
For q € [r], recall that 25 = ey X2, and we set

Xq = Uée[q} 2, Vy = Uee[q] |2

Step 2. Partitioning the edges of G

In order to reserve an exclusive set of edges for the completion in Step 5, we partition
the edges of G into two subgraphs G4 and G'p. For each edge g of G independently,
we add ¢ to Gp with probability v and otherwise to G4. Let d4 := (1 — 7)d and
dp := vd. Using Chernoft’s inequality and a union bound, we can easily conclude that
with probability at least 1 — 1/n it holds that

(5.6.4)
for all i € [r] and all pairs of disjoint sets Sa,Sp C U#eE(R): ier Vi iy with

5.4 USg| < t, we have |Vi N Na,(Sa) N Nay (Sp)| = (14 £0)d 34 diS .

Hence, we may assume that G is partitioned into G4 and G such that (5.6.4) holds.
In particular, (5.6.4) implies that Gz is (2e9,t,dz)-typical with respect to R for both
Z € {A,B}.

Step 3. Partial packings, candidacy graphs and edge testers

For g € [r], we call ¢: UHE’H,iE[q] )?ZH — V, a g-partial packing if )A(ZH C XH and
gb()?lH) C V; for all H € H,i € [q] such that ¢ is a packing of (H[XH U ... U)?;I])HGH
into Ga[Vy]. Note that ¢|;x is injective for all H € H and i € [g]. For convenience,
we often write

._ Y H
X9 = Unenicg X7

Further, we call ¢ : X; — V, a cluster-injective extension of ¢ if ¢ is an extension of
¢ such that ¢*|yu is injective (and thus bijective) and ¢+ (X)) =V for all H € H,i €
[¢]. Note that we do not even require that ¢t is an embedding of H[ X U...U X f ]
for H € H.

Suppose ¢ € [r] and ¢g: Xf ¢ =V, is a g-partial packing with a cluster-injective
extension <Z>q+. We consider two kinds of candidacy graphs as in Definition 5.11: Can-
didacy graphs A (qﬁj) with respect to q§q+ and G4 for all index sets I C [r] \ [¢g], and
candidacy graphs BJH ((ﬁ;r) with respect to qulr and Gp for all j € [r]. The candidacy
graphs A (d);) will be used to extend the g-partial packing ¢, to a (¢ + 1)-partial
packing ¢44+1 via Lemma 5.18 in Step 4, whereas the candidacy graphs Bf (p.F) will
be used for the completion in Step 5.

Given ¢¢, ¢ and a collection A? and B? of candidacy graphs A?’q C A (¢4 ) and

BJH 4 C BJH (¢) for all index sets I C [r]\ [¢] and j € [r], we introduce (general) edge
testers as in Definition 5.15 to track several quantities during our packing procedure.

To that end, we first define a set Wipitiar of tuples (w,, J, Jx, Jy, ¢, 7). We also
define a superset Wy of Wy, containing tuples (w,¢). For every vertex tester

(Wyer, €) € Wayer as in the assumptions of Lemma 5.19 with centres ¢ € Vj; for
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an index set I C [r], and for all J C I and pairs of disjoint sets Jx,Jy C J, all
pA, pA?d pB pB2nd ¢ [ka |5, we define a tuple (w,, J, Jx, Jv, ¢, 2) with w,: 21 —

[0,a7"], z2:= (p?, p**"¢, p”, pP2"), by
(5.6.5) w(z) =Wz € Ex(n,1,J)} - wper(x),

and we add this tuple to Winitiai- (Recall Definition 5.13 for Ey(z,1,J).) We also
add (wyer, ¢) to Whyt.

Similarly, for every » € E(R), all J C # and pairs of disjoint sets Jx,Jy C J,
g € Vi, and pA,pA2 pB pB2nd ¢ [ka~|r we define a tuple (w,,J, Jx, Jv, ¢, 2)
with w,: 20, — {0,1}, 2 := (p4, p»?™, pP, pP2md), by

(566) wl,(x) = ]l{x € EH(ﬂv 7 '])}7

and we add this tuple to Wipitiai, and we define a tuple (w, ¢) with w: 21, — {0,1}
by w(z) = 1{z € E(H)} and add (w, g) to Whj;.

To control the number of unembedded H-vertices in one graph H that could poten-
tially be mapped onto a fixed vertex v during the completion, we define for all j € [r],
H e H,and v € V}, a tuple (w.u,J = {j},Jx = {j},Jv = 0,¢ = {v},(0,0,0,0))
with w, g: 25 — {0,1} by

(5.6.7) w.u(z) =1z e X[},

and we add this tuple to Wipitial-

For one single graph H € H, we also consider tuples with only two centres. That
is, for all H € H, » € E(R), distinct j,jx € », v € V;, w € V}, and p? = pA2nd =
0,p%,pP? € [ka 15, we define I = J := {4, jx}, Jx = {jx}, Jv := 0 and a tuple
(wo, J, Ix, Jv, {v,w}, 2) with w,: 2.1 — {0,1}, 22 := (p?, pA?™, pB, pB27d), by

(5.6.8) w(x) =Wz € Ey(pn,l,J),z CV(H)},

and we add this tuple to Wipitiail-

We now define a set ngge = ngge(gbq,qS;,Aq,Bq) of edge testers with respect
to the elements in Wipiia. That is, for every (w,,J, Jx,Jv,¢,2) € Winitial, let
(wg,wi, J, Ix, Jv, ¢, 72) be the edge tester with respect to (w,, J, Jx, Jv, ¢, 22), (¢q, gb;r),

A? and B? as in Definition 5.15, and we add (wq, w,, J, Jx, Jy, ¢, z2) to ngge.

Step 4. Induction

We inductively prove that the following statement S(q) holds for all ¢ € [r]yp, which
will provide a partial packing of H into G 4.

S(q). For all H € H, there exists a g-partial packing ¢,: qu — Vg with ]qu NXH| >
(1 — &¢,(q))n for all i € [q], and with a cluster-injective extension qu; of ¢q, and
for all index sets Ix C [r]\ [q], Ip € [r], and (Z,Z) € {(A, A),(B,B)}, there
exist subgraphs Zg’q of the candidacy graphs Z}Z (¢4) with respect to ¢} and

Gz (where 2] = Upycy Zlfé’q and 27 is the collection of all Zj ) such that
(a) Zg’q is (€c; , (q) d;iz(q))—super—regular and (e, (q); Ciz (q)t'/?)-well-intersecting
with respect to Gz for all ig € [r]\ [g], ip € [r] and Z € {A, B};
(b) for every edge tester (wq,w,, J, Jx, Jv, ¢, 7) € W?

edge(@q, A1, BY) with centres
¢ € Vyr for I C [r], non-empty I, := (I \ [q]) U J, patterns n =
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(pA, pA2, pB pB2md) and with Jxy = Jx U Jy, we have that

“q (E(‘A(}q\J) U jes E(ng‘)> :(]l{JXV Nlg =0} =+ eclq(q)> 11 d”p[‘”” 1Pl

Ze{A,B}

m;(q) m;(q) W %—'—’I) Eer, (a).
GII_I\J‘Z g]d Al £
icly, j

(c) for all g = {viy,...,vi. }, % = {wy,,... w]k} € E(Ga) with v;, = wj,,

I={iy, i} # i, gkt = J, and € i= max{e.,, (g Ecp (@)} Ve
have that
‘Eﬁyﬁ@q (Aq)‘ < max {nkf‘(IUJ)ﬂ[q]Hs*’na*} :

(d) for all (w,¢) € Whr with ¢ € Vj; and all non-empty J C I, we have that
w({z e 2L 2 Ceec E(H),of (2N Ziung)) € <¢})
< w(%uj)/n\Jﬂ[QH*E

(e) |(Vi\ ¢(X{)) N Nay(S)| < er|Vin Nay(S)| for all H € H, i € [q] and
S C U er(r): ier Vur\fip With [S] < £

(6) IW N Njepg 2a(Y9)| = [WIIYA]- - [Yel /0 + a®n for all (W, Y1, ..., Yy) € Wier
with W C Vi, i € [q];

(8) wlo;'(e) =1+ er)w(Zug)/nl £ nf for all (w,¢) € Wyer with centres
¢ €V for I Cq].

e\ q] (@) e\ g1 (D).
N @ 4 e @,

Let us first explain S(¢)(a)—(g). Properties S(¢)(a)—(c) are used to establish S(g+1)
by applying Lemma 5.18. In particular, these properties will imply that the assump-
tions (P2), (P3) and (P5) are satisfied, respectively, in order to apply Lemma 5.18.
Properties S(gq)(b) and (e) can be used to control the leftover for the completion in
Step 5. Properties S(r)(f) and (g) will imply the conclusions (ii) and (iii) of Lemma 5.19
as we merely modify the r-partial packing ¢, during the completion in Step 5.

We now inductively prove that S(q) holds for all ¢ € [r]op. The statement S(0)
holds for ¢y and gbg being the empty function and ZIZ’O being complete multipartite
2|Iz|-graphs: Clearly, for all Z € {A, B}, and all index sets I4 C [r] and Ip € [r], the
candidacy graph Z Ii (¢g) is complete 2|I|-partite. For S(0)(b), consider an edge tester
(wyw,, J, Ix, Jx, ¢, n) € Wed . with centres ¢ € Vj; and note that, by the definition
of an edge tester (see Deﬁmtlon 5.15), we have w(E(Ap j) U;es E(B;)) = w.(Z01).
For S(0)(c), we observe that for all ¢ = {v;,,...,v;, }, % = {w;,,...,w;. } € E(Ga)
with v;, = wj,, we have that ‘Eg}ﬁyd)o(AO)‘ <atey(Ziy,..., X)) < a"lnF < phteo
because ey (21,) < (1 — a)dn* and A(H) < a~! for each H € H by assumption.
(Recall Definition 5.17 of E, 4 4,(A").) S(0)(d)—(g) are vacuously true.

Hence, we assume the truth of S(q) for some ¢ € [r — 1] and let ¢: X% — Vs

¢4, and A7 and B7 be as in S(g). Any function o: 2.7, — V+1 with 2.7, C 2441

naturally extends ¢, to a function ¢g41 := ¢4 U o with ¢g41: Xq TUZ = Vet

We now make a key observation based on the Definition 5.11 of candidacy graphs:
By definition of the candidacy graphs A, = Upcy Aﬁql where Aéiql - Aéﬂrl(gﬁ;),
if o is a conflict-free packing in AZH as defined in (5.5.3), then ¢4 is a (¢ +1)-partial
packing. See also Figure 5.4 in Section 5.5.1.

We aim to apply Lemma 5.18 in order to obtain a conflict-free packing o in AZ 41- To
this end, we consider subgraphs Hq11,Ga,g+1,GB,g+1, Rg+1 of H, G, G, R, respect-
ively, that consist only of the ‘relevant’ clusters when finding a conflict-free packing

Z,2nd
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in Ag +1- Note that all relevant clusters lie in Nps[q + 1]. That is, by considering all
clusters in Nps[q + 1], we also account for hyperedges » € E(R) and all R-edges that
intersect » where ¢+ 1 ¢ » but » N #7gy1 # 0 for some 741 € E(R) with ¢+ 1 € 7¢41.
Let Q:=[q] N Ngs(q + 1) and for each Z € {A, B}, let

Hopr = |J H [UieNR3[Q+1] X@'H] ;
HeM :

GZ,q+1 =Gz |:Ui€NR§ [q+1] Vi] )
Rgi1:= R [Ngslg +1]] .

Correspondingly, for (Z, Z) € {(A,A),(B,B)}, we also define a subset Z9[R,;] of
Z49. Let Z9[Rg41] be the collection of all candidacy graphs Z}JZ for index sets I4 C
Nrslg+ 1]\ [q], Ip € Ngslg +1].

Following the definition of a packing instance in Section 5.5.1, we observe that

P = (Hq+17 GA,q+17 GB,q+17 Rq+17 Aq[Rq-i-l]v B4 [Rq-i-l]a ¢q|%ug7 (ZS;’%UQ)

is a packing instance of size
(n.k, [Ngs(g+1) \ [q]],12Q]).

Further, we claim that & is an (€.(g41)—1, (c(g+1) — 1)t'/2, ¢, d)-packing instance with
suitable edge testers ngge, where

d = (da,ds, (d’,Z“(Q))ieNRé [-+1]\[a]» (d}?i(”)iezv@ [a+1)-

To establish this claim, we first make some important observations. By the definition
of ¢;(q) in (5.6.1) and ¢;(q) in (5.6.2), we have:

(5.6.9)
Ifie Ngr,(q+1), then c(q+1) = ci(qg+ 1) > cr(q) for every index set I C [r]
with v € 1.

Note that for the inequality in (5.6.9) we used that an index set I is contained in some
hyperedge » € E(R), and no vertex of a hyperedge # in R has two neighbours in R,
that are coloured alike as we have chosen the vertex colouring as a colouring in R2. In
particular, we infer from (5.6.9) that

(5.6.10)
for all i € Ng,(q+ 1), we have ecg11)—1 = €c;(g+1)=1 = Eci(q) AN Ec(gr1) =
Ec;(g+1)- For every index set I C [r]\ [q+1] with IN# # ) for some » € E(R)
and ¢+ 1 € 7, we have €(q11)-1 = E¢;(q+1)-1 = Ecr(q) AN Ec(qr1) = Ecp(q+1)-

Similar, by the definition of m;(q) in (5.6.3), we have:

(5.6.11)
Ifi € Np,(¢+1), then

mila+1) = mi(a) + | {# € BR): {a+ L,i} =0 (F1\ [a) U 1)) }.

Ifi € [r]\ Ng,(¢+ 1), then m;i(q + 1) = m;(q).

Hence to see that & is an (gq(q41)-1, (c(g+1) — 1)t'/2,t, d)-packing instance, note
that (P1) follows from (5.6.4), property (P2) follows from S(g)(a), property (P3) follows
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from S(q)(b), property (P4) holds by the definition of the edge testers in (5.6.6),
and (P5) follows from S(g)(c).

Observe further that by assumption, we have |H| < n?*, and ey (2.,) < (1 —
a)dn* < dan* for all » € E(R,y41). Hence, we can apply Lemma 5.18 to & with

parameter H n ‘ Ec(g+1)—1 ‘ €c(g+1)

(c(g+1) =Dt [ o' | [Nps(a+1)\ ]l | |Q]

replaces‘ n € € ‘ q ‘ S ‘ r ‘ To

and with

e local o !-testers in Wjyeq that we will define explicitly in Steps 4.3-4.7 when
establishing S(¢g + 1)(c)—(g);

e tuples (w,c) in Wy that we will define explicitly in Step 4.4 when establish-
ing S(¢ +1)(d);

e edge testers in WY edge

Let o: 271 — Vgt1 be the conflict-free packing in .Aq 1 obtained from Lemma 5.18

with |2, 1 NX +1‘ > (1= ¢&c(g41))n for all H € H, which extends ¢g to ¢pg11 = ¢gUc
with ¢gq1: Xq U221 = Vgt1, and let M = M (o) be the corresponding edge set
to o defined as in (5.5.1). Further, let o© be the cluster-injective extension of o
obtained from Lemma 5.18. Analogously, ot extends gb; to a cluster-injective extension
¢q+1 = ¢+ Uo™ of ¢gy1 with ¢ g+1° Xgr1 = Vop.

For allH eEH,(Z,2) e {(A, A) (B,B)}, and all index sets T4 C [r]\[q+1], Ip € [r]
with Iz N# # () for some » € E(R) with ¢+ 1 € 7, let ZHqul C ZH(QS;—LJ{UQ Uot) =
Z}Z(qu; Uo™) be the candidacy graph ZH new —. ZH q“ obtained from Lemma 5.18
satisfying ( )L5.18 (III)L5.18

For all H € H, (Z,2) € {(A,A),(B,B)}, and all index sets I C [r]\ [¢ + 1],
Ip € [r] with Iz N7 = for all » € E(R) with ¢+ 1 € », note that m;(q) = m;(¢+ 1)
for all i € Iy and Z{L(¢)) = Z{. (¢ 1). Thus, in such a case we set Zg’qﬂ = Zg’q
Let Z}I;l = Upney ZIh;qH and let Z9*! be the collection of all Z}J;l for all index
sets T4 C [r]\ [¢+ 1], Ip € [r]. We will employ Lemma 5.18(I)r518—(III)r5.18 to
establish S(g + 1)(a)—(g).

Step 4.1. Checking S(q + 1)(a)

We fix some H € H, Z € {A, B} and establish S(g)(a) for the candidacy graph
ZI For all iy € Ng,(¢+ 1)\ [g] and ip € Ng, (g + 1), we have by our obser-

iz
vation (5.6.11) for mi,(q + 1) that dy 2" = dpew for dgew in (T)15.45 as defined

n (5.5.4). Hence with (I)p5.1s, (5.6. 9) and (5.6.11), we obtain that the candidacy

,q+1 dmlz (g+1

graph Zg is (e €ciy(q+1)s )-super-regular and (Eciz(q+1)’ ci, (q 4+ 1)tY/?)-well-
intersecting for all i4 € Np,(¢+ 1)\ [¢] and ip € Ng,(¢+ 1). For all iy € [r]\
(Ngp.,(¢+ 1)U g+ 1]) and ip € [r] \ Ng.[¢ + 1], we have m;,(q) = mi, (¢ + 1)
and ZZZ’(HI = Zg’q. Hence with S(g)(a), we also obtain in this case that ZH it g

(€cs, (g+1)> d?iZ(qH))—super—regular and (e, (g+1), Ciz (q+ 1)t1/2)—well—mtersectmg. This

establishes S(¢ + 1)(a).
Step 4.2. Checking S(q + 1)(b)

In order to establish S(g + 1)(b), we fix an edge tester (wgt1,w., J, Jx, Jv, ¢, 2) €

Wgczlle(gbqﬂ,gb;rH,AqH,BQH) with centres ¢ € V[j; for I C [r], non-empty [ 41 :=

(I\[g+1])UJ, and patterns 2 = (p#, p#?"¢, p5, pB2nd).
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If 1,11 N7 =0 for all » € E(R) with ¢+ 1 € #, then the conflict-free packing o does
not have an effect at all on the considered edge tester; that is, (wg, w,, J, Jx, Jv, ¢, z7) =
(Wgt1,we, J, Ix, Jv, ¢, z2) by Definition 5.15, and thus, S(¢+1)(b) holds by S(¢q)(b). In
this case, note in particular that if 2 is such that w,(Z0;) > 0, then ||pfﬂ | = ||pé+1} I

and Hp[qu”dH = |pZ2™| for all Z € {A, B} because by Definition 5.12 of a 15-pattern

[g+1]
and 2"%-pattern we have for the (¢+1)th entries that ng = quf{ld =0asIppinNr=10

for all » € E(R) with ¢+ 1 € 7.

Hence, we may assume that I, N7z # () for some » € E(R) with ¢+1 € ». It is im-
portant to note that the edge tester (wgt1,w,, J, Jx, Jv, ¢, 2) € Wg(;;(tbqﬂ, ¢;+1, Adtl patl)
is defined in the same way as the edge tester (W™, w,, J, Jx, Jy, ¢, z2) that we obtain
from (II)15.18, and thus, they are identical. As in Step 4.1, for i € I,41, we have
by our observation (5.6.11) for m;(q + 1) that d’;i(qﬂ) = dyy’ for Z € {A, B} and
dp%’ in (I)r5.1s as defined in (5.5.4). Hence with (5.6.10), (5.6.11) and (I)15.15, we

obtain that the edge tester (wgt1,w.,J, Jx,Jv, ¢, 2) € Weq(;;le(gbqﬂ, ;H,Aq“‘l,BqH)

with respect to (w,, J, Jx, Jv, ¢, 2), ¢g+1, AT and BIT! satisfies S(g + 1)(b).
Step 4.3. Checking S(q + 1)(c)

In order to establish S(q + 1)(c), we fix ¢ = {viy,..., v, }, 2 = {wj,,...,w; } €
E(G) with v, = wj,, I = {il, R Zk} # {j1,.--,Jr} = J,and EZ = max{acj\[q](q),5CJ\[q](q)}.

Ifg+1¢TUJ, wehave [(IUJ)N]q]| =|(IUJ)N][g+1]], and thus S(g + 1)(c)
holds by S(g)(c).

Hence, by symmetry, we may assume that ¢ + 1 = iy for some ¢ € [k]. Our
strategy is to define a weight function that bounds from above the number of elements
in E, 5.4,(A7) that still can be present in E, 4 4. ., (A%™) by employing (III)15.15.
For (e,f) € Eg5.4,(A?), let {z;,} = ¢ N Z;, and we define a weight function
we 0 B(AG1) = {0, 1} by we (20) = L{zp=s,,0,,)- Note that (e, £) € Ey s dger (AT
only if w, ,(M) = 1 as it is necessary that o embeds x;, onto v;,. Let w, s =
Z(%/)GE%&’% (A7) We, /- A key observation is that

2nd

(5.6.12) |Eg s,6gsr (AT S w4 (M).

By the definition of w, 4, we have that

(5.6.13) wg,n (E(Ags1)) = |Egs.0,(AT)].

By adding w, s to Wiseqr and by employing (I1I)15.18, we obtain with (5.6.13) that
(5.6.14) wea(M) = (L £ 2 ) ) dy ™ Dn) Y Ey 4 4,(AT)] £ nfearnr,

We further observe that

S c
Bt (AN 2 e k000 i,

and thus by (5.6.10), (5.6.14) and because d > n~¢, we finally obtain
Wy (M) < max {nk*\(IUJ)ﬁ[Q}\*1+€c(q+1) 7 n£c(q+1)} )

By our key observation (5.6.12), this establishes S(q + 1)(c).
Step 4.4. Checking S(q + 1)(d)

In order to establish S(¢ + 1)(d), we fix (w, ¢) € Wh with ¢ € Vjy and J C I. In
view of the statement, we may assume that ¢ + 1 € J, otherwise S(q + 1)(d) holds by
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S(g)(d). Our general strategy is to define two weight functions and employ (III)15.18
and (IV)ps5.1s to derive the desired upper bound.

For p € {q,q + 1}, let W, := {z € Zir: « C ¢ for some ¢ € E(H), ¢} (z N

o)) € ¢}, andlet ¢ := ¢ N Vyy1. We define a local tester wy: E(AYT) — [0,07"]
by

wy (uv) = Z 1{v = clw(=z),

xeWy: ucx

and we add wy t0 Wipear. We also define a tuple (wy+,c) with wy+: Zg41 — [0,
by

Wy (u) == Z w(2),

x€EWy: uez

and we add (w,+,c) to Wy. We make the following observation
(5.6.15) (W) = o (M) + i (& € Zipia \ 2010 0 (@) = ¢}).
We first employ (III)15.1s to derive an upper bound on w, (M)

oo (M L8, g1 (@), Lo (B(ATTY)) 4+ pfetarn-1
A
S(@)(@ mq+1(q) _\—1 w(ZLr1)
A n)

nlJm[Q]|7gc(q+1)fl

+ 2nfela+1)-1

(%ul)

IJﬂ[q+1H e,

(5.6.16) - 9nfelat)—1

c(q+1) 1
Next, we employ (IV)1518 to derive an upper bound for the last term of (5.6.15)

IV)L5.18

wor({x € Zyp1 \ X107 (x) =¢}) < Wot (Zgp1)/ntEe@rD=1 4 ple(arn—1
S(g)(d
(5.6.17) (q%( ) w(Zur) 4+ Infela+)—1

n‘Jm[Q+1]|_26c(q+l)71
Finally, plugging (5.6.16) and (5.6.17) into (5.6.15), yields that

W(%u[)

7ﬂJﬂM+4H—5dq+n

w(Wys1) < + nSelatD),

Together with (5.6.10), this establishes S(g + 1)(d).
Step 4.5. Checking S(q + 1)(e)

In order to establish S(g + 1)(e), we fix H € H and S € U,cpp): g+1e, Vir\{g+1}
with |S| < t. Let W := V41 N Ng,(S). Our general strategy is to define a weight
function that estimates the number of vertices in W N O'(Xq 1) from which we can
derive an upper bound for |W \ U(Xﬁ_lﬂ.

Hence, let wy: E(A7 ;) — {0,1} be defined by ww(e) := I{w € e,w € W}. A
key observation is that

(5.6.18) W\ o(Xgh)| < W] —ww(M).

d q+1(Q))

By the definition of wyy and because Aq s (e super-regular for every

H € H by S(q)(a), we have that

Cq+1()

(5.6.19) ww (B(AL)) = (1% 3, ()4 D).

cq+1(q)
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By adding wy to Wieeq: and by employing (I11)15.15, we obtain with (5.6.19) that

ww (E(AZ11))

) (IM)y,5.18
dzbq+l(11)n

o (5.6.19)
= (1;&53(q+1)) 4+ pfeqtila) (1£er)|W|.

wy (

Now, this together with (5.6.18) implies that |W \ J(X(ﬁl)| < ep|W|. Together
with S(gq)(e) this establishes S(q + 1)(e).

Step 4.6. Checking S(q + 1)(f)

Let (W,Y1,...,Ys) € Wset be a set tester with W C Vg and Y C ngl for all
J € [¢]. We define

E(W7Y1»~--,Ye) = {{61, .. .,eg} € |_| FE (Aﬁj_’lq[ﬂ/’ Y}]) : ﬂ € % (Z)}

i€l i€l

and a weight function wwy,, . v,): (E(Aeg“)) = {0,1} by wawyi,..yv)(e) =
{e € Egvy,,..v,) - Note that

(5.6.20) WY,y (M) = [W N0 e o (Y5)].

In view of the statement, we may assume that |[W|, [Y;| > €41y for all j € [¢]. Since

qu 3
Aq+1 18 (ECqul(‘I)’

Fact 1.11 and because ¢ < a~! that there are at most Ei

dzlq“(q))—super—regular for every H € H by S(q)(a), we obtain by

/2

a+1(q)
not have (1 + ECqH(q))dZLqH(Q)\Yj[ neighbours in Y; for every j € [¢]. Hence, we obtain
that

(5.6.21)
Wy (BAL D) = 1B vyl = (£ eagin) (da ™ D W (Vi) - - - Yal.

n vertices in W that do

q
We check that wyy, .. y,) is a local tester: For all {e1,...,ex} € (E(“t‘;“)), 0 € [{], the
q
number of edges {ep 1, ..., e/} such that e := {e;} ey € (E(A;“)) with ww ;.. v, (e)
’ . L—0' €2
is at most (2n)¢~Y, implying that lwwys,...vplle <n e,

.....

we conclude that

Wi, 1) (E(Ag))

Wy, (M) = (LEeggyn) (dy )t o
(5.6.21) w + a’n,
n

which establishes S(¢ + 1)(f) by (5.6.20).
Step 4.7. Checking S(q + 1)(g)

In order to establish S(g + 1)(g), let (wyer,¢) € Wier be an a~l-vertex tester
with centres ¢ = {c¢;}ier € Vir where I C [¢g+ 1] and ¢+ 1 € I. By (5.6.5), we
defined in particular for all pA,pA2" ¢ [ka~']} and 2 := (p4,p*?"¢,0,0) a tuple
(w,J =0,Jx =0, Jy =0, ¢, ) with initial weight function w, =: w, , corresponding
to (wyer, ¢). That is, by (5.6.5), we have

(5622) wver(%ul) = Z wb,ﬁ(%uf)'

7 pApA2nde[ka~t]y
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Note that w, ,(Z0r) > 0 only if HPQ]H = HP{;andH by (5.4.5) since |I| < k — 1. For
_ . A
pA,pt?d € [ka ] and 2 = (p?, p??"?,0,0) with Hp[f‘l]H = ||p[q]’2ndH, let 7, :=

wg,w,,J = 0,Jx = 0,Jy = 0,¢,72) be the edge tester with respect to (w,,J =
q

0,Jx = 0,Jy = 0,¢,n), (¢q,¢;r), A? and B9, which is contained in ngge, and

wy: B(AL, ) = (0,071, and let wg,, := wq. By S(g)(b), we obtain

() We,p(Z01)

+ near1(@),
nll-1

(5.6.23) Wy, 72 (E(AZ-H)) =1+ <’5cq+1(q))dz%1+1
A key observation is that
(5.6.24) woer (B4 11 (2)) = > wau (M),

7z pAphindelka=t]y

which follows from the definition of the edge tester 7, for 7 = (pA, pA?71,0,0) as

in Definition 5.15. Note that A7, is (e, (), df”l(q))—super—regular by S(q)(a). For
all p,p 42 € [k~ with [pAy| = [p{5" ] and 2 = (p%, pA2,0,0), we add
Wa, E(AZH) — 0,27 to Wipea and obtain by (II)5.15 that
(1518 ) Wq,p(E(AgH)) Eeqi1(a)
we,n(M) =77 (1£ €c(q+1))W + ntatte
A
(5.6.23) Wi, (Z0r)

1+ 5c(q+1))T + 2n cat1 (@,
Together with (5.6.22) and (5.6.24), this implies that

err(QZ)qjil (¢) =Q1=+ 5T)err(3{ul)/nll| +nT,
which establishes S(q + 1)(g).

Step 5. Completion

Let ¢r: Upenicp X'ZH — V, be an r-partial packing satisfying S(r) with (er, d;)-
super-regular and (e, t2/ 3)-well-intersecting candidacy graphs B{I = BiH " C BZ-H (o)
where d; := d%egR(Z) = d%“m for all i € [r] and X" = Unenicp] )?ZH We will apply
a random packing procedure in order to complete the partial packing ¢, using the

edges in Gp. Recall that ep < p <7 < 1/t < a,1/k and we often call the vertices
UHEH,z'e[r] (XH\ X)) unembedded (by ¢,) or the leftover (of ¢.). Our general strategy

is as follows. For every H € H in turn, we choose a set Y; C )A(ZH for all i € [r] of
size roughly pn by selecting every vertex uniformly at random with probability p and
adding XZ-H \XZH deterministically. Afterwards we apply a random matching argument
to pack H [Yu}{r]] into Gp, which together with ¢, yields a complete packing of H
into G4 U Gp. Before we proceed with the details of our random packing procedure in
Claim 6 (Steps 5.6-5.11), we verify in Claim 4 (Steps 5.3-5.5) that we can indeed pack
a subgraph of one single H € ‘H into G using another random embedding argument
as long as our random packing procedure does not deviate too much from its expected
behaviour. To that end, we collect some more notation in Step 5.1, and establish
several important leftover conditions in Step 5.2.

Step 5.1. Notation for the completion
We introduce some more notation. We arbitrarily enumerate the graphs in H and
write H = {H\,..., Hp}. For G° C Gp and B with H € H, i € [r],
(5.6.25)
let (Bf)S" be the subgraph of BH where Npmce () = ViN Ngp—qo(Sz) for
every T € XiH,
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and S, C (‘g(ﬁ)) is the set such that Ngu(x) = Ng,(Sz). Note that S, exists because

BZH is (ep, t2/ 3)-well-intersecting. This implies in particular that we removed every edge
zv from BH for which there exists an edge ¢ € E(H) such that ¢,(e \ {z}) U {v} €
E(G°). We may think of E(G°) as the edge set in Gp that we have already used in
our completion step for packing some other graphs of H into G4 U Gp. Consequently,
(Bf)E is the subgraph of the candidacy graph B! that only contains an edge xv if
we do not use an edge in G° when we would map x onto v. To count the number of
removed edges incident to a vertex v € V; in BiH , we define

(5.6.26) pls(v) = {z € NBﬁ(”): SuU{v} € E(G®) for some S € S, }

)

where S, C (‘,:(_(’1)) is the set such that Npm () = NG (Sz). Note that
(5.6.27) degpn (v) — deg gryee (v) = pl. (v) for every v € V;, i € [r].

During our random packing procedure we will guarantee that pgo (v) is negligibly
small (Step 5.10) and that the probability for a Gp-edge to be ‘used’ during the com-
pletion is appropriately small (at most p3/4, see Claim 7). To that end, we control
certain conditions for the leftover of ¢, in the next step.

Step 5.2. Controlling the leftover for the completion

In this step we make some important observations for the completion. In general,
we will employ S(7)(b) multiple times in order to suitably control the leftover, that is,
the structure of the vertices that are left unembedded by ¢,.

We start with an observation how to control the number of neighbours of a vertex
v in Bf that are left unembedded by ¢,.

Claim 1. |Ngu(v) N (X \ XH)| < 2epdjn for all H € H, j € [r] and v € V.
J

Proof of claim: Recall that we defined edge testers in (5.6.7) for all H € H, j € [r]
and v € V; to count the number of neighbours of v in Bf that are left unembedded by
¢r. Let (w,w.m,J ={j},Jx ={j},Jv =0,¢ = {v},(0,0,0,0)) be the edge tester in

tage(@r ¢, A7, BT) that we obtain from S(r)(b). Definition 5.15 of this edge tester
implies that

S(r)(b)

!Ngf(v)ﬂ(Xf’\)?f{)\ =w(E(B})) =w(B(Bf)) < 2erdn.

This establishes Claim 1. —

Next, we control the number of neighbours of a vertex v in BZH that are embedded
but lie in an H-edge that contains unembedded vertices.

Claim 2. |NBH(v)ﬂXﬁs’"ﬂNH*(Xr\XT¢T)| < 51T/2dm forall He H,i€[r] andv € V.

Proof of claim: Our general strategy is as follows. We do not only consider a single
vertex v € V; but also a second vertex w € Vj for some j € Np, (i). We can use
our defined edge testers and employ S(7)(b) to count for a fixed vertex w the number
of 2-sets {z;,z;} where z; € Npr (v) and z; € X]H is left unembedded. Hence, by
summing over all possible choices of w, we count all such 2-sets but multiple times.
Hence, by a double counting argument, for one fixed j and all choices of w € V}, we
can establish an upper bound for |NBiH (v) N X" N Ny, (XJH \ X%")|. In the end, this

implies Claim 2 as there are at most ka ' choices for j. We proceed with the details.
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We fix H € H,i € [r], v €V, j € Np,(i) and consider w € V;. For all
= (0,0, p?, BQ”d) we defined a tuple (w,,J = {4,j}, Jx = {j}, Jv = 0, {v,w}, )
(5.6.8) Let (w,w,,J, Jx, Jv,{v,w}, z2) be the edge tester in W[, (¢, ¢;, A", B")
With respect to (w,, J, Jx, Jv,{v,w}, 2), (¢r, ¢;"), A", and B" that we obtain from S(r)(b).
In order to be able to distinguish these edge testers according to the pattern vec-
tor 2, we write w, , = w, and w, = w. Note that >_ w,»(XH U X]H) < 2a7n
by (5.6.8). Thus, by Definition 5.15 of an edge tester and by summing over all patterns
2 =(0,0,p% p B, 2nd) with pB, pB2 ¢ [ka~1]}, we can employ conclusion S(r)(b) to
count the tuples {z;,z,;} € X7 U X ]H where z; is left unembedded but {z;, z;} could
still be mapped onto {v,w}; that is, {{z;,v}, {z;,w}} € E(BI) U E(BJH) Note that
we count each such tuple {z;,z;} multiple times, namely, for every w € V; such that
i, v}, {zj,w}} € E(BI)U E(BH) By the Definition 5.11 of the candidacy graphs
and because BH is (e, dj)-super-regular, there are ]NBH ()] = (1 £ 2e7)d;jn choices

for w € Vj such that {{z;,v},{z;,w}} € E(BH)U E(BJH) Altogether, this implies
that

Np,(v) "X ANy (XN X)) < (A =2er)din) ™ > > w, (E(B)) UE(BY))
weV; 7

S(r)(b)
< (1 —2ep)djn)" QnZ (erdidjw, ,(Z5) + n°T)

7
4d-_1 . (204_16Td¢djn + naT)

< 2/3dn

IN

Summing over all j € Ny, (i) establishes Claim 2. -

The last observation for controlling the leftover concerns the number of H-edges
that contain unembedded vertices and could still be mapped onto an edge ¢ € E(Gp).
We define the following set in a slightly more general way as we will use this definition
again in Step 5.11, where we also consider subsets of edges. For all » € E(R), I C 7,
< € V1, non-empty J C I, and all pairs of disjoint sets Jx, Jy C J, let
(5.6.28)

Ey (¢, ], Ix,Jv) = U {x e XL 2 C ¢ for some ¢ € E(H),¢ N Vo € or(2),
HeH
br(2) # ¢, e NV, Ce\ op(XT), 2\ X9 = xﬁXUJX,

{n X" ¢V} € B(BY) for alleJ}.

Let us first explain this definition in words for the following more special case. For
I=rcER),c=ygcE(GB), Jx,Jv,J as above, Ey (g,J, Jx, Jy) is the set of all
H-edges ¢ for all H € H such that

(1)(5.6.28) {€N X]H,g NV;} is an edge in Bf for every j € J,
(i) (5.6.28) the k — [J| vertices € N Xf(y\J) are mapped onto ¢ N Vi, ys

(iil) (5.6.28) 2 M VUsy is a subset of the vertices of ¢ onto which no H-vertex is embedded by
¢T7 a‘nd

(iv)(s.6.28) all vertices in e but the [Jx| vertices ¢ N XSIJX of ¢ are embedded by ¢,.

This means, that if we modified ¢, and allowed the vertices eN.X, LIJ{( J\Jyx) o be embedded
somewhere else, we could potentially embed e onto ¢. Note that for an edge ¢ €
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€
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Figure 5.7: Illustration of one edge ¢ in Ey, (g, J, Jx, Jv) for kK = 6. Note that the vertices ¢ N XSIJX
of ¢ are left unembedded by ¢., and no H-vertex is embedded onto ¢ N Xy, -

E(Gp), we naturally have that ¢,(e) # g because ¢, maps H-edges onto G 4-edges.
For an illustration, see Figure 5.7.

Claim 3. |Ey.(g,J,Jx,Jv)| < ({Jxy = 0} + 2e7) v~ 'nl/l [Ljcsdj, for all » €
E(R), ¢ € E(Gg[VL,]), non-empty J C », all pairs of disjoint sets Jx,Jy C J, and
Jxv = Jx UJy. Note that epy~! < 5;/2. Hence |Ey, (g, J, Jx,Jv)| < 8;/277,”' HjeJ d;
if Jxv # 0.

Proof of claim: We fix » = I, g, J, Jx and Jy as in the statement of Claim 3, and
recall that in (5.6.6) we defined a tuple (w,,J, Jx, Jv, g, 2) for each 2 € ([ka=1]5)%.
Let (w,w,, J, Jx,Jv, g, 7) be the edge tester in ngge(tﬁr, oF, A", B") with respect to
(Wi, J, Ix, Jv, g, 72), (dr,d)), A", and B" that we obtain from S(r)(b). In order to

be able to distinguish these edge testers according to the patterns z € ([ka‘1]6)4,
we write w, , = w, and w, = w. Note that for z = (pA, pA2nd pB pB2d) such

that w, ,(ZL,) > 0, we have that supp(w, ,) € Ey(z,#,J) by Definition 5.15 and
thus, by (5.4.5) and because I = » € E(R) and J C # is non-empty, it holds that
IpA]| — P22 = 0 and ||p?| — |p??"¢|| € {~1,0}. By Definition 5.15 of an
edge tester and by summing over all patterns 2 € ([ka~!]5)*, we can utilize our
general edge testers to count the edges in Ey (g¢,J, Jx,Jv). Note that the proper-
ties (i)(5.6.28) (V) (5.6.28) of the definition of Ey (g, J, Jx, Jv) in (5.6.28) correspond to
the properties (i)ps.15—(iv)ps.15 of Definition 5.15 for a general edge tester, respectively.
Due to (v)ps.15 of Definition 5.15, the edge tester (w,,w, ,,J, Jx, Jv, z) additionally
requires for an element ¢ € Ey(2,I,J) that ¢ (e N 20Ls) Ng = 0. That is, elements
e € Ey (g, J, Jx, Jv) where some vertices ¢ N 2{,; are already embedded by ¢, onto
g during the partial packing procedure, are not counted by any edge tester. However,
our intuition is that the number of such edges only yields a minor order contribution,
and in fact, we can employ S(r)(d) to also account for those edges. We make the
following observation

|E¢r(ﬁ? J7 JX7 JV)|
(5.6.29)

< D wp (l—ljeJ E(B§>) +Y " |{e € E(HIZU): ¢ (e 0 Zopuena) € 2} -
7 jeJ
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We obtain an upper bound on the first term in (5.6.29) by employing S(r)(b) as follows

1 S _ Wi (Zlw) | .
>wn (Ujes BB)) < 30 | (xy = 0} +er)dg! [ dy - 5555 +nr
7 7 jed
Z |EH(7-777/{7‘])|
_ —1 A P 2
< (H{Ixv =0} +er)dy Hda' =] +ner
jeJ
(5.6.30) < (WJxv =0t +er)y 1 ] 4,
jeJ

where we used that >_  [Ey(z2,7,J)| < dan* and d;ldA = (yd)"1(1 —7)d <~y L.
An upper bound on the second term in (5.6.29) can be obtained by employ-
ing S(r)(d)

(5.6.31)
Z ‘{6 c E(H[%Uﬂ]): ¢;’_(6 N %U({j}u(f\J))) c g}‘ < an—\{j}u(f\J)HQeT < nldl=1+3eT
JjeJ JjeJ

Substituting (5.6.30) and (5.6.31) in (5.6.29) establishes Claim 3. -

Step 5.3. Embedding one H € H by a random argument — Claim 4
We proceed with our argument for embedding one subgraph of a fixed graph H € H.

Suppose we are given Y, C X! for all i € [r]. For all » € E(R) and i € [r], let

Bt = le e B(H[X)): len YL > 2};

£ = U,ep(r) BN

v .= {enYH: ¢ € ghY;

£9°d .= {¢ c E(H): |en Yﬁrﬂ =1}

d
Y;goo — Y;H \ }/;bad.

Claim 4. Suppose G° C Gp, H € H, and Y C X for all i € [r] such that the
following hold for all i € [r], where WH := V; \ ¢, (X1 \ Y;H):

(A)as XFAXI SV C X[ and [V = [WH| = (14 /") un;
(B)ca |E24| < 1?0 for all » € E(R);
(C)ca |Ngu(v)N Yibad\ < M3/2dm forallie[r], ve WiH;

(D)ca (B is (u'/5, d;)-super-regular for all i € [r];
E)cs (BT [V, WH] is (45, d;)-super-regular for all i € [r];

(2

C

)
(E)
(F)cs G —G° is (,ul/Q,t, dp)-typical with respect to R;
(G)ea for all S €U, cpn): icr Vi fiy with [S| < t, we have

(W N Neay—co(S)| = (14 e3/*)pu|Vi N Ney—co(S))-

Then there exists a probability distribution of the embeddings (f)g 0f.F~I = H[YJ[IT]] mto

é — GB[W&T]] — G° with ¢H = ¢I§ U ¢T|V(H)\V(ﬁ) such that
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(H)ca ¢ is an embedding of H into G where ¢ (XH) = V; for all i € [r];

(J)ca ¢ embeds all H-edges that contain a vertex in Y. onto an edge in G — G°;

H
ulr]
(K)ca P[¢7(en X)) ={viticr] < J[  2(udin)™
iel: \eﬂYH#fZ)
for all m € [k], index sets I € ( ) {vitier € Vur, and H-edges e that contain a
vertex in Yﬁ.

Proof of claim: We split the proof of Claim 4 into two parts, Step 5.4 and 5.5. In
Step 5.4, we greedily embed all the H-edges of £°%¢ into G — G° by considering the
clusters in turn. Afterwards, in Step 5.5, we are left with the H-edges in £9°°%; that
is, where only a single vertex is not yet embedded. The assumptions (B)cs and (C)cy
will guarantee that we only used few edges in Gp —G° in Step 5.4, such that we merely
have to modify our candidacy graphs. Hence, we can easily find a perfect matching in
each of these candidacy graphs to embed the H-edges of £9°°¢, which will complete the
embedding of H. This matching procedure can be performed independently for each
cluster as the H-edges in £9°°¢ only contain a single vertex that is not yet embedded.
Clearly, this approach will establish (H)c4 and (J)cy.

In both steps, we will embed the vertices of H by a random procedure in order to
establish (K)cy. We will do so by making several random choices sequentially which
naturally yields a probability distribution. Since some of these choices lead to instances
that do not yield a valid or good embedding, we will discard some of these instances
and say the random procedure terminates with failure in these cases. We will show
that the proportion of choices with failure instances is exponentially small, that is,
the probability that the random procedure terminates with failure is exponentially
small in n. This allows us to discard some of these choices / instances and to restrict
our probability space to the remaining ‘nice’ outcomes. Since the failure probability
is exponentially small in n, this does not have a significant effect on the probability
in (K)C4-

Step 5.4. Proof of Claim 4 — Embedding the H-edges in %4

Suppose qbgad Yjﬁﬁl — Wu[ ]

didacy graphs in Definition 5.11, we will also define updated candidacy graphs of BZH
with respect to gbgad for i € [r] \ [¢]. To that end, for all i € [r] \ [¢] and B C B, let
B (gbgad) be the spanning subgraph of B, where we keep the edge xv of B in B (¢gad) if

all ¢ € £ with ¢ N Yj?[i]\ ) = = {z} satisfy that

is an injective function. Similarly as we defined can-

(5.6.32) rly v (€ \ V(H)) Uey(enYii) u{v} € B(Gp - G°).

Observe that (5.6.32) is very similar to (5.4.1) in Definition 5.11. For all ¢ € [r],
ie[r]\ g, y €Y, let

be(y) == He e &b, ¢n Ybar]\ {y}}’

That is, by(y) is the number of edges ¢ in £ containing y whose (k — 1)-set ¢ \ {y}
has already been embedded by ¢7”|V( H\V () U gbgad

. bad . H - degR g+1)
We make one more observation and fix y € Y '{. Since B,% is (er,dy )-

super-regular and (e, t%/ 3)-Well—intersecting by S(r)(a), we have that for all » € F(R

)
and ¢ € E%? with ¢ NY? E’qu] {y}, there exists a (k — 1)-set S, = ¢ (e \ {y}) €
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Vi {g+1}), as well as there exists a set S, of (k — 1)-sets with S, € S, and |S,| =
degr(q + 1) such that NBerl(y) = Vy+1 N N, (Sy) and \NBﬁrl(yN =(1+ 6T)d‘gy‘n.
(See (5.4.2) for the definition of well-intersecting.) Note that ¢;” embeds ¢\ {y} onto S,
but ¢T’V(H)\V(H) does not. Hence, S, only serves as a ‘dummy’ (k—1)-set for updating
the candidacy graph Bgl conveniently and to artificially restrict the candidates for y.
That is, V11 N Ngy(Sy \ {S-}) are also suitable candidates where we could embed v,
assuming that ¢ \ {y} has not been embedded yet. Let S§“™ be the set of all these
(k — 1)-sets S, for y, and note that |Sg“™™| = b,(y).

During our process of embedding the H-edges in £%%¢, we will have to drop this

artificial restriction of the candidate sets. To that end, suppose we are given a spanning

subgraph B C Bgrl, Yy € Y;’f‘f, and there exists a set Sz// of (k — 1)-sets such that we

can write
N5(y) = Vg1 N Nag-c=(S,)-

Then let BS®™™Y he the spanning supergraph of B where the neighbourhood of each
vertex y € Yqbﬁcll is given by

(5633) NBedummy (y) - ‘/q+1 N NGB*GO (S?; \ Sgummy)

We inductively prove that the following statement C(q) holds for all ¢ € [r]y, which
will extend ¢T‘V(H)\V(ﬁ) by embedding the edges in £%¢ into G — G°. To that end,
we define a set of good pairs of vertices.

(5.6.34)
}(good

For everyi € [r], let YZ-gOOd pairs ( = ) be the set containing all pairs {y,y'}
with Sy NSy = 0 where Su € U,epp): ie, Vurfiy 18 such that Npu(z) =

ViN Ngy(Sz) for each x € {y,y'}.

1€+
We note for future reference that

S 2n . n1/4+€T S n4/3’

Ygood i vai
; ood pairs
(5.6.35) ‘( ' >\Yﬁ P

since Bf is (e, t?/3)-well-intersecting as defined in (5.4.2).

ad

C(q). There exists a probability distribution of the injective functions ¢Zad: YSM —

Wity with ¢ := ¢ U érly, ), vz Such that

(Dca ¢ is an embedding of Hy := H[Y!4 U (V(H) \ V(H))] into G;

(IT)cyq all edges in H[Yj{l;}l U (V(H) \ V(H))] that contain a vertex in Yj[‘f]”]l are

embedded on an edge in Gg — G°;
(IT) ¢y for every vertex = € YigOOd and i € [q], there are at most p*/3d;n vertices
y € Yol with §(y) € Ny (z),
(W)os Ploylen X)) ={vikicr] < J[  2(udin)™
i€l enY;H #0
for all » € E(R), m € [k], I € ("), {v;};e1 € Viiy and ¢ € B2
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The statement C(0) clearly holds for ¢3* being the empty function. Hence, we
assume the truth of C(q) for some ¢ € [r — 1]p. Our strategy to establish C(¢q + 1) is
as follows. We extend the probability space given in C(q) by making further random
choices. For QSg“d as in C(q), we aim to find a matching agidl K;’ﬁcf - wh 4+1 In asuitable
candidacy graph between Ybal and W 1 that extends ¢bad to Zidl = gad U Ug‘ﬁ
If we can find such a matching agidl, then C(q + 1)(I)cs and (II)c4 will hold by the
definition of this suitable candidacy graph. In particular, we will find Jé"}fll by a random
procedure to also ensure (IV)cy. We will discard an exponentially small proportion
of random choices during this procedure in order to satisfy (III)cs and to obtain a

. . bad
suitable embedding o,55.

Let us describe this suitable candidacy graph. We will choose alq"jrdl randomly in

B i= (BY) & (getyStmmyyed, Wil |

That is, B arises from Bgrl as follows.

o First, we restrict the candidate sets in Bgrl to those edges whose corresponding
edges in G p have not been used in G° for packing graphs Hi, ..., Hy in previous
rounds.

e Second, we restrict the candidate sets with respect to the packing ¢Zad of the

vertices in Yjﬁi according to (5.6.32).

e Third, we drop the restriction of the candidate sets to the dummy (k — 1)-sets
as in (5.6.33).

e In the end, we consider the induced subgraph of this candidacy graph on the bad

vertices Yquz‘f and the vertices chil that can be used for the completion.

For the sake of a better readability, let B := (Bgrl) G,

To guarantee the existence of aé’idl, we will show that the degree of every vertex

Yqbﬁ‘li is sufficiently large in B and also in B. Let y € Yqui‘f be fixed. Since ng is

(5T, t2/3)-well-intersecting by S(r)(a), there exists a set S, C Usermr): gries Vor{a+1}

of (k — 1)-sets with |S,| < #?/3 such that NB’il(y) Va+1 N Ng,(Sy). Hence, by the
q

definition of B = (Bgrl) & in (5.6.25), we have

(5.6.36)  Np(y) =Ver1 N Nag-co(Sy), and  degp(y) = (1 +2u"°)dysin,

because B is (u'/®,d,y1)-super-regular by (D)cs. Of course we have to restrict the
potential images of y according to the vertices we already embedded by gzﬁgad. To this
end, let

Syt = { oo (e NYBE) U by gy iy (€ \ VD) € € € e 0 Y0 ) = {w} }

and note that |55“d| = by(y). By the definition of the candidacy graph B(gbgad)
in (5.6.32) and by (5.6.36), we obtain

NB(¢gad)(y) = Vi1 N Ngp—go(Sy U S?l;ad)7
and thus, together with (F)c4 and (5.6.36), we have that

b
degB(d)gad) (y) = (]_ + ,ul/G)ququ(y)n.
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Since [ST™™| = b,(y), this implies

(5.6.37)
e (gpuayoanmns (§) = Ve 0 Nog-go (8, \ S™) U SH) | = (1 /)y am.

Now, we obtain
(5.6.38) Ni(y) = WH, 0 Na oo (S, \ SFummyy U Shed)
and thus, by (G)c4 and (5.6.37), we have that

(5.6.39) degz(y) = (1 p/T)dyr1pim.

In order to guarantee (IV)c4, we find aé’idl via the following random procedure:

e for every vertex y € Y:]bjfcll in turn, we choose a neighbour in Nz(y) uniformly at

random among all neighbours that have not been chosen in previous turns;

e we terminate the random procedure with failure at some step of the procedure,
say at the turn of some vertex y € Yquf“f,

— if we have less than 2(ud,1n)/3 choices to select an image for y in Nz(y),
or

— if there is a vertex = € Klgf‘l)d such that (III)cy4 is violated, that is, we

mapped in previous turns already more than u4/ 3dq+1n vertices of qul‘ﬁ‘f
into NBHH(:B).
q

We show in the following claim that this random procedure terminates with failure only
with exponentially small probability. If the procedure does not terminate with failure,

: bad : : bad . vy bad H : B :
we obtain a random Y, }'{-saturating matching o545 : Y'Y — W, 1, in B, which by

definition of the candidacy graph B(fH and B implies C(q + 1)(I)ca—(I11)cy. Further,

Ug‘idl satisfies the following.

(5.6.40)
For all y € Yqbff, w E quip we have that agidl(y) = w with probability at

most 2(udg1n) "t

Hence, the following claim together with C(q)(IV)cy4 establishes C(g + 1)(IV)c4.

Claim 5. The random procedure for computing ag‘fl terminates with failure with
probability at most e 2,
Proof of claim: Let Yqufcf ={y1,...,ym} and we consider every vertex in turn, that is,

yer1 will be treated after y,. For all z € Yq{{l and ¢ € [m], let {(x) be the random
variable that counts the number of covered neighbours so far, that is, the number of
vertices v € NBéil (x) such that Ug‘idl (y) = v for some y € {yi}icy. We say the random

procedure fails at step ¢ € [m], if £ is the smallest integer such that
o &(2) > p?/2d, 11 pm for some vertex z € quf‘fd U {yi ticpm)\[g-

We show that the random procedure fails at some step ¢ € [m]| with probability at

_p2/3

most e . A union bound then establishes Claim 5.
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We fix £ € [m] and a vertex z € Y7 U{yz}le \[q- By employing (5.6.38), (5.6.39)
and that Bgrl is (e, t%/3)-well- mtersectmg, we obtain

(5.6.41)
INg(yA2)|= (1= u1/7)dq+1;m for all but at most n'/? vertices y € {itielg
Further, at the turn of each y;, ¢ € [¢], we have at least

(5.6.39)
(5.6.42) IN5 ()| — 0 Pdgsipm > (1= 20T dgy1pm

choices for the embedding of y;. Hence, by (5.6.41) and (5.6.42), the probability that
a vertex y;, i € [¢] which satisfies (5.6.41) is mapped into Nz(2) is at most
(1+ M1/7)d2+1M”
(1= 20"y 1pm

< 2dq+1.

This implies that
E[&(2)] < 2dg410 + n!/? < 2d +1|Yb“d| +nl/? < 3dq+1o¢_1,u3/2n

where we used that [V 4| < a1 ®?n by (B)ca. Hence Theorem 1.8 implies that

’I’L

&o(z) > ,u2/5dq+1,un with probability, say, at most e * for some z € YJr1 U{yl}Ze -

n2

Thus, the random procedure fails at step £ with probability at most e . A simple
union bound completes the proof of Claim 5. —

Step 5.5. Proof of Claim J — Embedding the H-edges in £9°°¢

Let ¢b2?: Yjﬁi — W U] and ¢, = ¢t U ¢7"|V i be as in C(r) obtained in
Step 5.4. Recall that for all 7 € [r], we have Y;gwd = YZH \ Y and let WP .=
WH \ gbad(yhad) and thus clearly, [Y7° = [W9°)|. For every i € [r], we aim to
embed the vertices wad onto I/Vigwd by finding a perfect matching in (B)%°

Let ¢ € [r] be fixed. By (E)c4, we have that B; = (BIC Y H W] is (u!/9, d;)-
super-regular. We show that for every vertex in Y} ood | Wigo‘)d, we only removed few
incident edges when take the subgraph B! := B[y W9°°/] of B;. For a ver-
tex v € WigOOd, we removed at most p3/2d;n incident edges by (C)cy. For a vertex
T € Yigmd, we removed at most p*/3d;n incident edges by (I1T)c4. Hence, by employing
Fact 1.12, we obtain that B**? is (u!/19, d;)-super-regular for every i € [r].

Our strategy is to apply Lemma 5.8 that allows us to find a regular spanning sub-
graph of BigOOd from which we can easily take a random perfect matching. In order
to satisfy the assumptions of Lemma 5.8, we show that the common neighbourhood
of most of the pairs in YigOOd is also not too large in BfOOd. To that end, we fix a

pair of vertices {y,y'} € Y72 PU"* a5 defined in (5.6.34) and let S,, S, be the sets of
(k — 1)-sets such that Ngu(z) = V; N Ng, (Sy) for each = € {y,y'}. We have that

(5.6.43) Ng (yAy) =W 0 Ngaee (y Ay') = W0 Nap—go(S, U Sy).
Hence, we obtain
[Npseaa(y AY)l < INg (yAY)

< (14 ePulVin Nay—ao (S, U Sy)

(5.6.44) < (1426 pd?n,
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where we used for the last equality that S, NS, = 0 since {y,y'} € YigOOd Pairs and

SyuS, s . . . .
thus, d‘ByU vl d?. Hence, (5.6.35) implies that all but at most n*/3 pairs of vertices

in Y7 satisfy (5.6.44).

Finally, we can apply Lemma 5.8 and obtain a spanning ud;n/2-regular subgraph
of Bfwd. In particular, BfOOd contains pd;n/2 edge-disjoint perfect matchings, from
which we choose one perfect matching afOOd: Y7 ood _, WfOOd for each ¢ € [r] uniformly
and independently at random. We crucially observe:

(5.6.45)

For all i € [r], y; € Y7, w; € Wi we have that o9 (y;) = w; with

probability at most 2(ud;n)~!.

Further, since all the vertices in H, [Yj[‘:, (})d] are isolated, we have that ¢9°°? := | J, el 9001

is an injective function ¢9°°%: Yj{; ‘})d — Wgﬁfid such that ¢7”|V( (i) Y $9°°% is a ran-

dom packing of H[Yg[?;])d U(V(H)\ V(ﬁ))] into G that embeds all edges in H[Yg[‘:])d U

(V(H) \ V(H))] that contain a vertex in Ygﬁd on an edge in Gg — G°. In particu-
lar; since we find the perfect matchings in the candidacy graphs (BZH )@ induced on

Y92l U W for each i € [r], we have for ¢ := Srly v Y ¢ U ¢9°°¢ that

e ¢ is an embedding of H into G where ¢ (X/) = V; for all i € [r], which
establishes (H)cy;

e all H-edges that contain a vertex in YJ{T] are embedded on an edge in Gg — G°,
which establishes (J)cy;

e for all m € [k], index sets I € ([;;3), {vi}icr € Vi1, and H-edges ¢ that contain
a vertex in YL, we have that ¢ (¢ N X!) = {v;}ic; with probability at most
[ier: crvizo 2(ud;n) = by C(r)(IV)c4 and (5.6.45), which establishes (K)cy.

This completes the proof of Claim 4. —

Step 5.6. The random packing procedure — Claim 6

We now proceed to our Random Packing Procedure (RPP). Let G§ be the edgeless
graph on V(G) and let ¢° be the empty function. We perform the following random
procedure.

Random Packing Procedure (RPP)
For h=1,...,|H| do:

e Set H := Hy,. For alli € [r], independently activate every vertex in )?ZH
with probability p and let YZH be the union of XZH\XZH and all activated
vertices in XZ-H.

o [f the assumptions of Claim 4 are satisfied, apply Claim 4 and obtain
a random packing ¢f that satisfies (H)cy—(K)ca; otherwise terminate
with failure.

o Set ¢h ="t UG and G5 =G5, U (¢" (H) N Gp).




146 CHAPTER 5. APPROXIMATE HYPERGRAPH DECOMPOSITIONS

Claim 6.  With probability at least 1 — 1/n, the RPP terminates without failure and
satisfies conclusion (iii) of Lemma 5.19.

Proof of claim: We prove Claim 6 in Steps 5.7-5.11. Our general strategy is to guar-
antee that we can apply Claim 4 in each turn of the procedure. To that end, we will
introduce a collection of random variables that we call identifiers. Such an identi-
fier indicates an unlikely event and if this event happens, we say the identifier detects
alarm and we simply terminate the RPP with failure. This means, if an identifier
detects alarm at some turn h € [|H|], we terminate the RPP and deactivate all further
identifiers; that is, the probability that they detect alarm is set to 0. We show that
the probability that an individual identifier detects alarm is exponentially small in n.
In the end, a union bound over all identifiers will imply that with probability at least
1—1/n, none of the identifiers will detect alarm and thus, the RPP terminates without
failure.

For most of the identifiers, it follows by a standard application of Theorem 1.8
that the probability to detect alarm is exponentially small (in fact, often Chernoff’s
inequality suffices). To that end, in the subsequent Steps 5.7-5.11, we often describe
only the random variables to which we apply Theorem 1.8.

First, let us observe that S(r) implies that
(5.6.46) | XHN\ X = |Vi\ ¢ (XIT)| < 2e7m for all H € H, i € [r].

Further, for Y as in the RPP, let WH = V; \ qﬁr()?iH \ Y;#). For convenience, we also
call a vertex w € W N ¢,.(XH) activated by H € H. (Recall that we only activate
vertices in XH.)

Step 5.7. Proof of Claim 6 — Establishing (A)cs—(G)c4

In this step, in order to establish (A)c4—(G)c4q at each turn of the RPP, we consider
several random variables for which we individually introduce an identifier that detects
alarm if the considered random variable is not within a factor of (1 £ ¢) of its expect-
ation. As mentioned above, for each identifier a standard application of Theorem 1.8
implies that the probability to detect alarm is exponentially small, say, "%, Let us
only describe the random variables that we consider for establishing (A)cs—(G)c4.

To establish (A)c4, for each H € H, i € [r], we consider the sum of indicator
variables which indicate whether a vertex is activated in X/1. Together with (5.6.46),
this implies (A)cy.

To establish (B)ca, for each H € H and » € E(R), we consider the random
variable that counts how many H-edges ¢ lie in X@ where at least two vertices of ¢
are activated; in view of the statement, we may assume that ey (X/1) > 13?0, Note
that the probability for an edge e that at least two vertices are activated is at most
k%pu?. Together with (5.6.46), this implies (B)cy.

To establish (C)cy, for all H € H, i € [r], and v € V;, we consider the random
variable £ that counts how many BlH -neighbours of v in XZ-H are activated and lie in
an H-edge ¢ where a second vertex in ¢ is either activated or left unembedded. With
Claim 2 we have that E[¢] < 2k?p2atdin + 2u6;/2dm < pP3din.  Together with
Claim 1, this implies (C)c4.

To establish (G)ca, for all i € [r], S € U,cp(ry: ie, Vur(i}» [S| < t, we consider

the sum of indicator variables which each indicates whether a vertex in (br()?ZH )N
Nep-cg (S) is activated. By S(r)(e), we further have that

(5.6.47) |(Vi\ &r (XI) N NG (8)] < er|Vin Ne, (5).
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Altogether, this implies (G)c4.

In order to establish (D)cs—(F)c4, we claim that if no identifier detected alarm
until turn A € [|H|], then for all i € [r]

(5.6.48)
Uses (VN N6 (5) 1 Neiy ()| < 225 for all § € Userny. ey Voo 181 <

(5.6.49) pge (v) < p*Pdin for all H € H, v €V,

where pgz (v) is defined as in (5.6.26). We verify (5.6.48) and (5.6.49) in the subsequent
Steps 5.9 and 5.10, respectively, and first establish (D)c4—(F)c4 assuming (5.6.48) and
(5.6.49).

To establish (F)qy, recall that G is (2¢9, t, dp)-typical with respect to R by (5.6.4).
Hence, we obtain from (5.6.48) and the definition of typicality that Gp — G} is
(/2 t, d)-typical with respect to R, which implies (F)cy.

To establish (D)cy for H = Hjyq, recall that B is (er,d;)-super-regular and
(e7, t?/?)-well-intersecting with respect to G for all i € [r]. Observe that there exists
a set S, for every x € XM with |S,| < t?/3 and NBH(x = ViN Ng,(Sz). By the

) =
definition of (Bf)%h in (5.6.25), we have that N(BH o (z) = ViN Ngg—gg (Sz). This

together with (5.6.48), and (5.6.49) together with (5.6. 27) implies that we removed at
most %/3d;n edges incident to every vertex to obtain (Bf)%: from B. Now Fact 1.12
yields that (B)%h is (u'/®, d;)-super-regular. This implies (D)cy.

To establish (E)c4 for H = Hy, 1, we exploit that (BJT)%h is (u!/?, d;)-super-regular
and only have to show that every vertex in (BH)“a[Yf WH] has the appropriate
degree. To that end, we consider the following random variables for all x € XZ-H ,
v € Vi, i € [r]. For x, we consider the random variable that counts the number of

activated vertices by H in N (B (z), and by employing (5.6.47) and that B/ is
(e, t)-well-intersecting with respect to G, we expect that N(BH)GZ (2) NWH has size
| N (BHYH (x)| & 2epd;n. This yields the appropriate degree for z. For v, we consider

the random variable that counts the number of activated vertices in N, s (v), and by

(Bf)
(BH)H o (v)N NYH has size ,u,\N BTG o (v)| £ 2erdin.

This yields the appropriate degree for v. Altogether this implies ( )04

employing Claim 1, we expect that N

Step 5.8. Probability to use a Gp-edge during the completion

We say an edge ¢ € F(Gp) is used during the RPP if there exists a graph Hy, € H
and an edge ¢ € Hj, such that ¢"(¢) = g. In this step we show the following claim
that we will apply to establish (5.6.48) and (5.6.49) in Steps 5.9 and 5.10.

Claim 7. For every edge g € E(Gp), the probability that g is used during the RPP
3/4

18 at most |
Proof of claim: Let g € E(Gp) and » € E(R) with g = {v;}ic, € E(Gp[VL,]) be fixed.
We consider different cases and sets of H-edges that could potentially be embedded
onto g, say in each case with probability at must 145 In the end, a union bound
will establish Claim 7. Therefore, for all m € [k], J € (;L), we consider different sets
of edges in H[ZU,] where the m vertices corresponding to the clusters in J are either
unembedded or activated and can potentially be mapped onto {v;};cs, and where the
remaining k — m vertices corresponding to the clusters in 7\ J have already been
embedded onto {vi};e,\ . Let m € [k] and J € () be fixed.
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We first consider the set of H-edges ¢ = {x;}ic, for all H € H where no ver-
tex of ¢ is left unembedded by ¢, and for every vertex of g, there is an H-vertex
that is mapped onto g. That is, the m vertices {z;};c; as well as the m vertices
{vi}ies are activated, the vertices {z;};c;s can potentially be mapped onto {v;};cs, and
ér({witiesg) = {vitie,\s- To that end, we first consider the set £ := Ey (g,J, Jx =
0,y =0)\ Ey.(g,J,Jx =0,Jv # 0) as defined in (5.6.28). (Note that we defined
this set in (5.6.28) only in the more convenient way that ¢ N Vi, C ¢ \ ¢-(X{L),
which is the reason why we remove the set Ey (g, J, Jx = 0, Jy # 0) from the current
consideration.) For an edge ¢ = {z;}ic, € E, in order that {zi}ies can be mapped
onto {v; };es during the completion, it must hold that the vertices {z;};c; and the ver-
tices {v;}ics must become activated. Since ¢(2) # ¢ and ¢r({Zi}ic,\ 1) = {Vitiea
it holds that ¢, ({x;}ics) # {vi}ics. Hence, the probability that {z;}cs and {v;}ics
become activated is at most ™! because every vertex in )A(ZH forallie[r], He H
is activated independently with probability . Further, by (K)cy4, activated vertices
{zi}ics are mapped onto {v;}ic; with probability at most 2™ []..,(udin)~'. Alto-
gether, this implies that that the probability that some edge in E is mapped onto g is
at most

prt2em [ [(udin) ™| By, (g, ], Jx =0, Jv = 0) |

icJ
Claim 3
(5650) S Mm+12m+1 H(Hdzn)il . ,yflandi S /144/57
ieJ ieJ

where we used for the last inequality that p < 7.

Next, we consider the sets Ey (g, J, Jx, Jv) where Jxy = Jx U Jy is non-empty
for disjoint Jx,Jy € J. For an edge ¢ = {x;}ic, € Fy,.(g,J,Jx,Jv), the vertices
{zi}ics are mapped onto {v;}ics with probability at most 2™ [T, ;(udin)~! by (K)ca.
This implies that the probability that some edge in Ey (g, J, Jx = 0, Jy) is mapped
onto ¢ is at most

2™ H(/‘Ldln)_l‘E(ﬁr (g’ J7 JX7 ‘]V) ‘

i€J
Claim 3
(5.6.51) < 2 [J(udin) ™t - e *nm [ di < el
ieJ ieJ

Now, Claim 7 is established by a union bound over all m € [k], J € (), and all
possible sets Jx, Jy that we considered to be fixed in (5.6.50) and (5.6.51). -

Step 5.9. Proof of Claim 6 — Bound in (5.6.48)

We use Claim 7 to verify the claimed bound in (5.6.48). We fix i € [r], S C
U#eE(R): ier Vur\giy With |S| <t and S € S. By Claim 7, each G p-edge is used with
probability at most p?/# during the RPP, and thus, by an application of Lemma 1.10,
we have that [V; N Ngeo (S) N Ng,(S)| < ,u7/10d‘§|n with probability at least, say,
1 —e ™", Otherwise we detect alarm. Together with a union bound this implies the
claimed bound in (5.6.48) because t - ,u7/10d‘§|n < /ﬂ/?’dljgg‘n.

Step 5.10. Proof of Claim 6 — Bound for pg}i (v)
We also use Claim 7 to verify the claimed bound for pgz (v) in (5.6.49). (Recall

the definition of pgz (v) in (5.6.26).) For all H € H, i € [r] and v € V}, we have that v
has at most (1 + 2e7)d;n neighbours in B, For each such neighbour z € Ngu(v),
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there exists a set S, C (‘2(7(’1)) with |S,| < t?/% such that Ngu(z) = Ng,(S,). Hence,

there exist at most 2t%/3d;n edges ¢ = S U {v} in Gp for some S € Useny () Sa- By
B

Claim 7, each such G p-edge ¢ is used with probability at most x%/4 during the entire
RPP. We therefore expect that for each h € [|#|] at most p3/42t*/3d;n edges incident
to v in B have to be removed when we obtain (Bf)%. Hence, by an application of
Lemma 1.10 and a union bound, we obtain that pgz(v) < p?Bdin for all h € [|H]],

H € H, i€ [r], v eV, with probability at least, say, 1 — e="*"* . Otherwise we detect
alarm. This implies the claimed bound in (5.6.49).

Step 5.11. Proof of Claim 6 — Establishing (iii) of Lemma 5.19

In order to establish conclusion (iii) of Lemma 5.19, let (w, ¢) € Wy, with centres
¢ = {ci}ier in I be fixed. We split the proof into two parts, depending on whether
we activate a vertex of a tuple z € 2 that ¢, already mapped onto ¢, or whether
a tuple z € 21 contains vertices in X, \ Xf’ " and « is mapped onto ¢ during the
completion.

Let us first consider tuples € %7 that we have already embedded onto ¢, that

is, ¢r(2) = ¢, and where some vertices of # become activated. We claim that during
the entire RPP not too many such tuples become activated. That is, we claim that

(5.6.52) w < U {ze Xl ¢ (z)=c,2nY] # @}) < u?w(p7 (e)) + n°T,

HeH

with high probability. To see (5.6.52), note that for every € 2|1, the probability that
2 contains an activated vertex is at most |I|u. Hence, an application of Theorem 1.8
and a union bound yield (5.6.52) with probability, say, at least 1 —e™"".

Next, we consider tuples z € %1 that have not been embedded onto ¢ by ¢,. To
that end, we fix m € [|I]] and J € (TIN), and a pair of disjoint sets Jx,Jy C J. We
aim to control the w-weight on the tuples in Ey (¢, J, Jx, Jv) as defined in (5.6.28).
Analogously as in Claim 3, we can employ S(r)(b) and (d) for the edge testers that
we defined for (w,¢) in (5.6.5). Proceeding as in Claim 3 yields that

W(e%'u])
nH1=1J]

(5.6.53) w(Ey, (e, Jx, Jv)) < (M{Jxy = 0} + 2e7) [ [ ds + n?T,

icJ

We can now proceed similarly as in the proof of Claim 7 in Step 5.8; that is, we consider
different cases and sets of tuples z € 27 that could potentially be embedded onto
¢, and derive an upper bound on the expected w-weight used in such a case. In the
end, a union bound over all these cases gives us an upper bound on the total expected
w-weight of tuples that are embedded onto ¢ during the completion. Therefore, we
consider different choices for Jx, Jy C J.

For # = {xi}icr € Ey.(¢,J,Jx = 0,Jy = 0) \ Eg (¢, J,Jx = 0,Jv # 0), in
order that {x;};c; can be mapped onto {¢;}ics during the RPP, it must hold that the
vertices {z;}ics and {c;}ics become activated because Jy = 0. Since ¢, ({z;}ics) #
{¢;}ie s, this happens with probability at most ™!, Further, by (K)c4, the activated
vertices {z;}ic; are mapped onto {c;}ic; with probability at most 2™ [, ,(udin) '
Altogether, this implies that the expected weight of edges in Ey, (¢, J,Jx = 0,Jy =
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0)\ Eg, (¢, J, Jx =0, Jy # 0) that are mapped onto ¢ during the RPP is at most

Mm+12m H(Mdin)_lw (Ed)r (0’ J, Jx = @, Jy = (Z)))

ieJ
(5.6.53) w( 201 w(201)
(5.654) < pm 2 [[(udin)™ <2Hd i uw —l—nQ‘ET) < u‘*“’Tﬁ + pieT,
ieJ ieJ

Next, we consider the set Ey (¢, J, Jx, Jy) for disjoint but fixed Jx, Jy C J such
that Jyy = Jx U Jy # 0. The vertices {x;};c; are mapped onto {¢;}ic; with prob-
ability at most 2" [, (ud;in)~" by (K)cs. Hence, the expected weight of edges in
Ey, (¢, J,Jx,Jv) that are mapped onto ¢ during the RPP is at most

(5.6.53)
(6.655) 2 [J(udin) e By, (e, x,0v) < ey

iceJ

+ 3T,

nlll

Altogether, a union bound over all m € [|I|], J € (Tln), and all sets Jx,Jy C J
that we considered to be fixed in (5.6.54) and (5.6.55) together with an application of
Lemma 1.10 yields that

w ({Qﬁ e 2ur: dp(2) # ¢, oM (2) = 0}) Ml/zw(%uf) + pler

nH|
with probability at least, say, 1 — e T
Combining this with (5.6.52) yields

w(((f)ml)*l(c)) _ (1iu1/2)w(¢;1(c)) 1/2W('%‘;TII) i2n4€T

S0® | w(Zur)
- ]

1+a) +n*.

This establishes conclusion (iii) of Lemma 5.19 and completes the proof of Claim 6.

Step 5.12. Finishing the completion

As the RPP outputs ¢\H\ with positive probability by Claim 6, we obtain a packing
¢ := ¢!"! of H into G which clearly satisfies conclusions (i) and (iii) of Lemma 5.19.
Note that by the construction of ¢/*!, we have that Gl xr = ¢T]Xg\y_H U¢H |y u for all

H €M, i€ [r]. Since V| = (1+ ElT/Q)/m, we therefore merely modified ¢, to obtain
¢ and thus, S(r)(f) easily implies conclusion (ii) of Lemma 5.19. This completes the
proof of Lemma, 5.19. O

5.7 Proof of the main results

In this section we prove Theorem 5.2 and Theorem 5.3.

Proof of Theorem 5.2. Our general approach is as follows. Given a blow-up
instance (H,G, R, X,V), we refine the vertex partition X of the graphs in H using
Lemma 5.9 and we randomly refine the vertex partition V of G accordingly. Afterwards
we can apply Lemma 5.19 to obtain the required packing of H into G.

Suppose 1/n € ¢ < 1/t € f < a,1/k for a new parameter 5. For each
(W, Y1,...,Yn) € Waer with W C V;, i € [r], and each £ € [m], let wy,: Upey X —
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{0,1} be such that wy,(z) = 1{z € Y;}, and let Wy be the set containing all those

weight functions. Further, for all » € E(R), let w,: 21, — {0,1} be defined by

wy(2z) == 1{z € E(H)}, and let Wy be the set containing all those weight functions.

We apply Lemma 5.9 to H with weight functions {w: (w, ¢) € Wyer } UWy UWy. This

yields a refined partition X’ = (Xi,Hj)HeH,z‘e[r],je[ﬁfl] of H such that for all H € H and

i € [r], the partitions (ij)je[g—l} of X/ satisfy the conclusions (i)—(iv) of Lemma 5.9.
Let R’ be the k-graph with vertex set [r] x [37!] and edge set

{{(Gie,5o) Yoew): {icoe) € E(R),je € [B71]} .

Note that A(R') < a~'~* =1 because A(R) < a~'. Let n’ := fn.
Employing conclusion (iv) of Lemma 5.9 for the weight functions in Wy implies
for all {(ig, je) }oer) € E(R') with 7 := {ig}scp € E(R) that

S en(X[ LX) < (14 e)BFw(20,) + n'tE
HeH
= (14 ¢)B%en(2i) +n'te < (1 —a/2)dn',
because by assumption, ey (21,,) < (1 — a)dn* and d > n=°.
Further, note that Lemma 5.9(i) implies for each H € H that H[X/]] is a matching
if » € E(R') and empty if » € ([T]Xl[f_l]) \ E(R).
According to the refinement X’ of X', we claim that there exists a refined partition
V= (Vij)iepjelp-1) of V, where (V; ;) c5-1 is a partition of V; for every i € [r] such
that

(a) (W NV | = BIW|+ B3?n for all (W,Y1,...,Y;,) € Wse and j € [7] with
W C Vi

(b) B = (H,G, R, X', V') is an (¢'/2,t,d)-typical, B~*-bounded blow-up instance
of size (n', k, 37 1r) with n’ = Bn.

The existence of such a partition V' can be seen by a probabilistic argument. For all
i € [r] and j € [87'], we take disjoint subset V; ; of V; of size exactly ]ng\ uniformly
and independently at random. We analyse the probability that (a) or (b) are not
satisfied. To that end, we consider the slightly different random experiment where we
assign for all ¢ € [r], every vertex in V; uniformly and independently at random to
some V; j for j € [371]. For this experiment and a fixed i € [r], we consider the bad
events that (a) or (b) are not satisfied; in such a case, we say the experiment fails (in
step i). Standard properties of the multinomial distribution yield that |V ;| = |XZH;

for all j € [37Y], H € H with probability at least Q(n~? ). Hence, together with
Theorem 1.8 and a union bound, this yields that the original experiment fails in step
1 with probability, say, at most e~ Since in fact we take Vi ; of size exactly |X£ ,
this altogether implies the existence of a refined partition V' of V satisfying (a) and (b)
with positive probability.

We show how to adapt the vertex and set testers from the original blow-up instance
to the blow-up instance %’. For each (W, Y1,...,Y,,) € Wser and distinet Hy, ..., Hy, €
‘H such that W C V; for some i € [r] and Y, C XiH" for all £ € [m], we define
(W, Y1, ., Yim,) by setting W := W NV and Yy ; := ;N X/ forall j € [371],¢ €
[m]. By (a), we conclude that |W;| = B|W|+ 8%?n. Employing conclusion (iii) of
Lemma 5.9 for the weight function wy, € Wy, we have that
(5.7.1) Vel = wy (X;7) = Buy, (X)) = 5°%n = B|Yil + 0.

(2
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Let W, :={(W;,Y1j,...,Ymj): j € [B7Y], W, Y1,...,Ym) € Wset}. For each (w,¢) €
Woer with centres ¢ = {¢;}ieq in I C [r] and multiset {j; }ie; C [} such that ¢; € Vi s
for each i € I, let ' := w|UHE7—L,i€I pes and W), == {(w,¢): (w,¢) € Wyer}.

Hence, we can apply Lemma 5.19 to %' with set testers WY, and vertex testers W,
as follows:

parameter || n' | ¥/ | ¢ | gF | d | rp~!

playstheroleoan‘ € ‘t‘ Q ‘d‘ r

This yields a packing of ‘H into G such that
(I) ng(ng) =V, foralli€[r],je[p71], HEH;

(ID) W50 Noepmy Vel = [Wyl[Y15] - [Yon gl /0™ £ B0 for all (W, Y1 j,...,Ye ) €
/

set?

() (671 (e)) = (1 B Upen(Uies X)) /mM £ 0" for all (', <) € W,

with centres ¢ = {c;}ie; in I C [r] and multiset {j;}ic; € [87!] such that
ci €V j, for each i € I.

For (W, Y1,...,Yn) € Wset, we conclude that
WO Negpm) ¢(Ye) = > ‘Wj N eepm] <Z5(Y£,j)’
jelp=1]

WG 5 (ﬁ’”“ (IW||Y1|---|YnTIiB1/3nm“)iﬁkn,>
jeB (Bn)

= W Y1+ | V| /2™ £+ an.

This establishes Theorem 5.2(i).

In order to establish Theorem 5.2(ii), we fix (w, ¢) € Wy, with centres ¢ = {c¢; }ier
for I C [r] and multiset {j;}icr C [37}] such that ¢; € V;j, for each i € I, and we fix
the corresponding tuple (&', ¢) € W/,,. We conclude that

—~
=

(1)

W' , H
w6 L o) D (1449 (UHGHTEHZEIX”Z» £

)w (UHeH (l—lief X{i)) + /B

_ k
a (1 +5 n/Ml
i 1+e)llw(2) £ntte
©) (1 1 gty LEEFTWLL) ENTE sk (1 4 ayo(20) /1 0,
(Bl
where we employed conclusion (iv) of Lemma 5.9 in the penultimate equation. This
establishes Theorem 5.2(ii) and completes the proof. O

We now proceed to the proof of Theorem 5.3. The highlevel strategy is similar as
in the proof of Theorem 5.2. Additionally, we group the hypergraphs in ‘H into P =
polylog n many collections of hypergraphs Hi,...,Hp and accordingly we partition
the edge set of the host graph G into G, ..., Gp subgraphs. Afterwards, we partition
the vertex sets of the graphs in H via Lemma 5.10 and randomly partition the vertex
set of each G), for p € [P] accordingly. Then, we can iteratively apply Lemma 5.19 for
each p € [P] to map H, into G),. Note that this yields a packing of H into G, and
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considering P = polylogn partitions enables us to establish conclusions (i) and (ii) of
Theorem 5.3.

Proof of Theorem 5.3. We set P := log'n and suppose 1/n < ¢ € 1/t € B <
a, 1/k for a new parameter [3.

First, we group the graphs in H into P collections H1, ..., Hp with roughly equally
many edges. That is, we claim that there exists a partition of H into P collections of
graphs #1,...,Hp such that each H € H belongs to exactly one #, for p € [P], and
for each p € [P], we have

(5.7.2) e(Hp) < (1 +e)P te(H) +n'te,
and for every w € Wy, with w(V(H)) > n'*® and each p € [P], we have
(5.7.3) w(V(H,) = (1 £e)P  w(V(H)).

The existence of Hy, ..., Hp can be easily seen by assigning every graph H € H to one
collection H,, for p € [P] uniformly and independently at random.

We now aim to apply Lemma 5.10 to each #H,. Let p € [P] be fixed. For each
(W, Y1,...,Yy) € Wy and each £ € [m] such that Y, C V(Hy) for H, € H,p, let
wy,: V(Hp) — {0,1} be such that wy,(z) = 1{z € Y}, and let Wy be the set contain-
ing all those weight functions. Further, let Wedges: Jgeny (V(kH)) L {0,1} be defined
by Wedges((x1,...,21)) = L{{z1,..., 2} € E(H,)}, and let Wy, be the set con-
taining all those weight functions. We apply Lemma 5.10 to H, with weight functions
{wlove,) : (W, €) € Waer fUWy UWyy,. This yields a partition X}, = (XJH)Her’je[ﬁfl]
of H, such that for all H € H,, the partitions (XjH)je[ﬂ—l] of V(H) satisfy the conclu-
sions (i)—(iv) of Lemma 5.10.

For each p € [P], let R, be the k-graph with vertex set [37!] and » € ([671]) is
an edge in R, if H[X/L] is non-empty for some H € H,. Clearly, A(R,) < f~F. Let
n' ;= fBn.

Employing conclusion (iv) of Lemma 5.10 for the weight functions in Wy, yields
for all » = {i1,...,ix} € E(R)) that

I

37 en(XI) = wedgesUprep, (XH % ... x X)) < (14 5Y2) BFweqges (V (Hy)) + 0!t
HeM,

(5.7.2)
(5.7.4) = (14 BY2)B*kle(H,) + 0T <" (1 —a/2)P Ldn/*
because by assumption, e(H) < (1 — a)e(G).
Now, we want to prepare G accordingly to Hi,...,Hp and their partitions. To

that end, we first partition G into P edge-disjoint spanning subgraphs Gi,...,Gp
such that G, is (e'/2,t, P~1d)-typical for every p € [P]. The existence of G1,...,Gp
can be seen by assigning every edge in G to one subgraph G, for p € [P] uniformly
and independently at random.

Further, we claim that there exist partitions V,, = (V});cp-1] of V(Gp) according
to the partition &), of H,, such that for every p € [P] and V, = (V) ¢[-1), we have

(a) [WNV;| = BIW|+ B3 2n for all (W,Y1,...,Y;,) € Wi and j € [371],

(b) By = (Hp,Gp, Rp, Xp,Vp) is an (eY/2,t, P~1d)-typical, B~*-bounded blow-up

instance of size (n’, k, 37!) with n/ = fn,

as well as



154 CHAPTER 5. APPROXIMATE HYPERGRAPH DECOMPOSITIONS

(C) ZpG[P]: centres collide W(V(Hp)) < /61/2(“)(‘/(%)) for all (w’ 0) € WUET’ with W(V(H)) >

nl*e, where we say that the centres ¢ collide (with respect to V) if |¢ NV;| > 2
for some V; € V).

The existence of such partitions V), can be seen by assigning for every p € [P], every
vertex to some V; for j € [37!] uniformly and independently at random. Theorem 1.8
and a union bound establish (a) with probability, say, at least 1 — e ™"?. For (b),
note that standard properties of the multinomial distribution yield for p € [P] that
|Vj| = \X]H| for all j € [37!] and H € H with probability at least Q(n=? ). For (c),
note that for p € [P], the probability that the centres ¢ collide with respect to V),
is at most k?3. By (5.7.3), we therefore expect that at most > pelP] k2Bw(V (Hp)) <
2k%Bw(V (H)) weight of w collides in (c). Since P grows sufficiently fast in terms
of n, we can establish concentration. That is, Theorem 1.8 and a union bound that
yield (c) with probability, say, at least 1 —n 198", Hence, a final union bound yields the
existence of these partitions V, for p € [P] satisfying (a)-(c) with positive probability.

Next, we iteratively apply Lemma 5.19 to 4, for p € [P] which yields a packing ¢,
of H, into G,. Let us first explain how we adapt the vertex and set testers from the
original blow-up instance to the blow-up instance %,.

For p € [P], we define

Woer (D) := {(wp, <)t (w,¢) € Wyer, centres ¢ = {¢;}ier do not collide with respect to V),

Wy 1= W H
p ’UHE’Hp,iEIin }’

where we define {j;};e; C [37}] as the indices such that ¢; € Vj, for centres ¢ = {¢;}icr
that do not collide w.r.t. V, = (V}) cp-1]-

For all j € [371], (W,Y1,...,Yn) € Wy and distinct Hy, ..., H,, € H such that
Y, C V(Hy), we define Yy ; ==Y ﬂX]H[ for each £ € [m]. For j € [37Y],p € [P], we
define

Wset(jvp) = {(Wj(p)7 {n,j}ﬁe[m]: Yg,]-QV(’Hp)) : (M/y Yi,... 7Ym) € Wet, Yu[m} N V(Hp) 7é w}a

where we define Wj(p) for (W, Y1,...,Y,,) € Weet recursively by
Wi(p) == Wi(p—1)n M dp-1(Yey)
telml: Yo SV (Hpo1)

with ¢¢ being the empty function and thus, W;(1) = W;(0) := W nNV;. By (a), we
have that |W N V;| = B|W| £ £%?n. By employing conclusion (iii) of Lemma 5.10 for
the weight function wy, € Wy, we have that

(iii

(5.7.5) Yoyl = wyo(XT0) D Buoy, (V(HL)) + 87n = BIYi| + 8.

Hence, we iteratively apply Lemma 5.19 for every p € [P] to %, with set testers
Uje[ﬂ—l] Weet(J, p) and vertex testers W, (p) as follows:

parameter H n’ ‘ gl/2 ‘ t ‘ o ‘ P~1d ‘ B
playstheroleofH n‘ € ‘t‘ @ ‘ d ‘ r

For every p € [P], this yields a packing ¢, of H,, into G, such that
(1) ¢p(X[1) =Vj for all j € [87'], H € Hy;
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(H) |Wj(P)mﬂzg 1: Yo, CV(Hp) </5p(Y£,j)‘ = ’W( )’Hze[ Y@va(ﬂp _1|Y€y’i5k !
for all (W;(p), {Yej}eepm): vicv(my,)) € Waet (4,), 5 € [B71];

(1) wp(6; " (¢))) = (18" wp(Upren, (Uier Xi1))/n1 0" for all (wp, ) € Waer (p)
with centres ¢ = {¢; };er that do not Colhde with respect to V, and {j; }ier C [671]
such that ¢; € Vj, for each i € I.

Let ¢ := UpE[P] ¢p and note that ¢ is a packing of H into G.
For (W, Y1,...,Y) € Wset, we conclude that

WO e 00D = 3 WP O N va v 02 (Ves)|
JelB=1]

(I -
=Y (WOl Vg l/n™ £ mtn')

jeB1]
(a),(5.7.5 m
CE WY - [ Yol /o™ £ am.

This establishes Theorem 5.3(i).

In order to establish Theorem 5.3(ii), we fix (w, ¢) € Wiy, with centres ¢ = {c; }ier-
Recall that supp(w) C E(#H) for |I| > 2, and thus, if the centres ¢ collide with respect
to one of the partitions V,, then w(¢,'(¢)) = 0. Therefore, we can consider the
corresponding tuples (wp, ¢) € Wyer(p) for p € [P] and conclude that

w(@(e) = D w(g,'(0) = > wp(¢y ' (¢))

pE[P] pE[P]: no collision

1+ 8% “rUnen, Uier X5) + n'ﬁk>

n/I|
p€E[P]: no colhs10n

o ( (14 gy LEBDI (V) W)
(1) |

/1]
n
pE[P]: no Colhslon

9 (12 a)V00)

nl|

This establishes Theorem 5.3(ii) and completes the proof. O

5.8 Applications

We believe that our main results will be useful for fruitful outcomes in forthcoming
applications. We illustrate and discuss some of these applications in the following
sections. Indeed, Theorem 1.6 can be applied to several natural questions on hy-
pergraph decompositions, which we consider in Section 5.8.1. In particular, a direct
consequence of our main result is an asymptotic solution to a hypergraph Oberwolfach
problem asked by Glock, Kiithn and Osthus [53].

Closely linked to hypergraphs are simplicial complexes which are equivalent to
downward closed hypergraphs H; that is, whenever ¢ is an edge of H, then H contains
also all subsets of ¢ as edges. Gowers was one of the first who suggested the investig-
ation of topological analogues of 1-dimensional graph structures in higher dimensions
as we may consider a Hamilton cycle in a graph as a spanning 1-dimensional simplicial
complex that is homeomorphic to S! and hence a Hamilton cycle in higher dimensions
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may be viewed as spanning k-dimensional simplicial complex that is homeomorphic
to S¥. In particular, Linial has considered further questions of this type under the
term ‘high dimensional combinatorics’ and has achieved several new insights. We dis-
cuss implications of Theorem 1.6 to this type of questions in Section 5.8.2.

5.8.1 Applications to hypergraph decompositions

As we pointed out in the introduction, Conjectures 1.1-1.3 intrigued mathematicians
for decades. In the following we propose several conjectures of similar spirit for k-
graphs. Our main results will imply approximate versions thereof.

Recall that the Oberwolfach problem asks for a decomposition of K, into (n—1)/2
copies of a graph on n vertices that is the disjoint union of cycles. There are many
definitions for cycles in k-graphs and tight cycles are among the most well studied
cycles. A k-graph is a tight cycle if its vertex set can be cyclically ordered and the
edge set consists of all k-sets that appear consecutively in this ordering. We refer to the
number of vertices in a tight cycle as its length. One potential version of a hypergraph
Oberwolfach problem has recently been asked by Glock, Kithn and Osthus.

Conjecture 5.20 (Hypergraph Oberwolfach problem; Glock, Kithn and Osthus [53]).
Let k > 3 and suppose n is sufficiently large in terms of k and k divides (Zj) Sup-
pose F is a k-graph on n vertices that is the disjoint union of tight cycles each of length
at least 2k — 1. Then there is a decomposition of Kék) into copies of F'.

Clearly, Theorem 1.6 yields an approximate solution of Conjecture 5.20.
We think that an even stronger result is true.

Conjecture 5.21 (Hypergraph Oberwolfach problem [31]). Let k > 3 and suppose n
n—1

is sufficiently large in terms of k and k divides (kil). Suppose F' is a k-graph on n
vertices that is the disjoint union of tight cycles each of length at least k 4+ 2. Then

there is a decomposition of KT(Lk) into copies of F.

Observe that Conjecture 5.20 includes the natural generalisation of Walecki’s the-
orem to hypergraphs, namely decompositions into Hamilton cycles. This has already
been conjectured by Bailey and Stevens [11] (and when n and k are coprime by Baran-
yai [13] and independently by Katona) and there are a few results that provide approx-
imate decompositions of quasirandom graphs into Hamilton cycles (of various types);
see for example [12, 45, 46].

Whenever we allow cycles of length k41 and the cycle factor consists (essentially) of
cycles of length k 4+ 1, we suspect that there are more divisibility obstructions present.
Hence we pose the following problem.

Problem 5.22 (Hypergraph Oberwolfach problem [31]). Let k > 3 and suppose n is

sufficiently large in terms of k and k divides (Z:i) Which disjoint unions of tight

cycles whose length add up to n admit a decomposition of KT(Lk) ?

It immediately follows from Theorem 1.6 that the hypergraph Oberwolfach prob-
lems are approximately true in a sense that K contains (1— 0(1))(2:}) /k disjoint

copies of I (for any choice of F' as above); in fact, we can we take any collection of
(1-0(1)) (Z:})/k cycle factors.

Similarly as for cycles, there is more then one notion for trees in k-graphs. Let us
stick to the following recursive definition of tree to which we refer as a k-tree. A single
edge is a k-tree. A k-tree with ¢ edges can be constructed from a k-tree with ¢ — 1
edges T' by adding a vertex v and an edge that contains v and a (k — 1)-set that is
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contained in an edge of T'. For this definition, we propose the following generalisation
of Ringel’s conjecture.

Conjecture 5.23 ([31]). Let k,n € N\ {1}. Suppose T is a k-tree with n edges. Then

K®

k1 admits a decomposition into copies of T'.

Observe that similarly as for Ringel’s conjecture, the order of the complete graph
needs to be at least kn 4+ k — 1 if we allow T to be any tree with n edges as the natural
generalisation of a star shows. It is an easy exercise to show this conjecture for stars.

There is a conjecture related to Ringel’s conjecture for bipartite graphs due to
Graham and Haggkvist stating that K, , can be decomposed into n copies of any tree
with n edges. We propose here the following strengthening.

Conjecture 5.24 ([31]). Suppose k,n € N\ {1} and T is a k-tree with n edges. Then
there is a decomposition of the complete balanced k-partite graph on kn vertices.

The tree packing conjecture has arguably the least obvious strengthening to k-
graphs and there may be more than one. We propose the following one.

Conjecture 5.25 ([31]). Suppose k,n € N\ {1}. Let T be a family of k-trees such
that T contains (”]:;1) trees with i edges for i € [n —k + 1]. Then K admits a
decomposition into T .

It follows directly from Theorem 1.6 that Conjectures 5.23 and 5.25 are approx-
imately true when restricted to bounded degree trees (and similarly an approximate
version of Conjecture 5.24 follows from our main theorem, see Theorem 5.1 in Sec-
tion 5.1.1).

5.8.2 Applications to simplicial complexes

Generalizing long-studied and nowadays classical combinatorial questions to higher
dimensions appears to be a challenging but insightful theme. There are several results
considering k-dimensional permutations and it was Linial and Meshulam [96] who
introduced a random model for simplicial complexes whose probability measure is the
same as those of a binomial random (d+ 1)-graph; simply add all d’-faces for &’ < d—1
with points in [n] and add every potential d-face independently with probability p.
Recently, Linial and Peled investigated and determined the threshold in Yy(n,p) for
the emergence of a what may considered as an analogoue of a giant component [97].

With this topological viewpoint of treating a k-graph as a simplicial complex, a
cycle in a graph is simply an object homomorphic to S! and hence a 2-dimensional
Hamilton cycle a collection of 2-faces containing every vertex and which is homo-
morphic to S?. In [98], Luria and Tessler determined the threshold in Ya(n,p) for the
appearance of such a Hamilton cycle (another suitable term may be spanning triangu-
lation of the sphere).

An analogue of Dirac’s theorem was proved by Georgakopoulos, Haslegrave, Naray-
anan and Montgomery; to be precise, when every pair of vertices is contained in at
least n/3 4 o(n) edges/2-faces of a 3-graph G, then there is a spanning triangulation
of the sphere in G. This bound remains the same when we replace S? by any other
compact surface without boundary [49].

Instead of only asking for a single triangulation of some surface, we can of course
also investigate decompositions into (spanning) triangulations of surfaces. Our results
imply that every quasirandom simplicial complex (this in particular includes almost
all graphs in Yy(n,p)) can even be almost decomposed into any list of triangulations
of any kind of manifolds provided the density does not vanish too quickly with n
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and as long as every vertex is contained in at most a bounded number of d-faces.
The triangulations may even be chosen in advance. Hence a precise statement for
2-complexes is as follows.

Corollary 5.26 ([31]). For all o > 0, there exist no,h € N and € > 0 such that the
following holds for all n > ngy. Suppose G is an (g, h,d)-typical 3-graph on n vertices
with d > n~¢ and Hy,...,Hy are spanning triangulations of S? where every vertex is
contained in at most a~! 2-faces and ¢ < (1—a)dn?/12. Then G contains edge-disjoint
copies of Hy, ..., Hy such that every 2-face of G is contained in at most one H;.

We omit statements for higher dimensions as they follow in the obvious way from
Theorem 1.6. We wonder whether there is always an actual decomposition (subject to
certain divisibility conditions). This might be easier than a decomposition into tight
Hamilton cycles as the structure of tight Hamilton cycles seems to be more restrictive.



Conclusion

In this thesis I provided new versatile tools for graph and hypergraph decomposition
problems. In general, one expects that each of these results is useful for further ap-
plications.

The presented result on pseudorandom hypergraph matchings in Chapter 2 is a
convenient and flexible generalization of a classical result due to Pippenger and allows
to find an almost perfect hypergraph matching with pseudorandom properties in a
hypergraph with small codegrees. Since many combinatorial problems can be stated as
a hypergraph matching problem (in particular, not only in the area of decompositions),
we believe that this will be useful for future research in different areas of extremal
combinatorics. We note that our result has already been used in the resolutions of
Conjecture 1.1 in [76] and of Conjecture 1.3 in [75].

Problems on rainbow embeddings and rainbow colourings are a vibrant research
area nowadays, not only from the perspective of graph colouring but also because
many problems can be phrased as a rainbow problem (as we alluded in Chapter 3).
The presented rainbow blow-up lemma in Chapter 3 is a general tool that allows to
find a rainbow spanning subgraph in a quasirandom host graph whose edge-colouring
is almost optimally bounded. We provided applications of this result in Section 3.7 to
graph decompositions, graph labelings and orthogonal double covers. It is very likely
that our result can be applied to further problems. Recently, our rainbow blow-up
lemma has already been used in [40].

In Chapter 4 we strengthened the blow-up lemma for approximate decompositions
and provided a short proof. The blow-up lemma for approximate decompositions has
already shown its versatility and has been applied successfully in [21, 65, 77]. It is a
key ingredient for the resolution of Conjectures 1.1 and 1.2 for bounded degree trees
in [65], and it has been used to establish a bandwith theorem for approximate decom-
positions [21] which is in turn a key ingredient in the resolution [51] of Conjecture 1.3.
Our result simplifies the statement of the main result and provides stronger quasi-
random properties, which leads to an easier applicability.

By providing a new and significantly shorter proof of the blow-up lemma for approx-
imate decompositions, we were able to overcome the obstacle for further generalizations
of this decomposition result. Building upon our developed proof methods, we lifted
the blow-up lemma for approximate decompositions to the setting of hypergraphs in
Chapter 5. This is the first result on hypergraph decompositions into arbitrary span-
ning hypergraphs H, provided that H has bounded maximum degree. Similar as in
the graph case, we believe that this approximate decomposition result will be suitable
to obtain perfect hypergraph decompositions. To that end, it might be useful to apply
it in combination with Keevash’s results on designs and to use absorbing techniques
for hypergraphs as pioneered by Glock, Kithn, Lo and Osthus [52]. In particular, it
would be interesting to obtain deeper insights into the decomposition of simplicial com-
plexes, and to make further progress on Conjectures 5.21-5.25, which are hypergraph
analogues of Conjectures 1.1-1.3.
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