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It’s the questions we can’t answer
that teach us the most.

They teach us how to think.

If you give a man an answer,

all he gains is a little fact.

But give him a question

and he’ll look for his own answers.

— Patrick Rothfuss
The Name of the Wind

My mother and my dearest friends






Abstract

This thesis covers miscellaneous topics in the field of time series analysis and stochastic
processes and consists of four topics where the first two are connected by the appearance
of random coefficients and the last two by inference of Lévy driven continuous time moving
average processes.

In Chapter 2, we consider a random recurrence equation of the form X,, = M, X,,_1+Q,,
n € N, where (M, Q,)nen is assumed to be an i.i.d. sequence in R?. Much attention has
been paid to causal strictly stationary solutions of that random recurrence equation, i.e.
to strictly stationary solutions of this equation when X is assumed to be independent of
(M,,, Qn)nen. For this case, a complete characterization when such causal solutions exist
can be found in literature. We shall dispose of the independence assumption of X, and
(M,,, Qn)nen and derive necessary and sufficient conditions for a strictly stationary, not
necessarily causal solution of this equation to exist.

In Chapter 3, we introduce a continuous time autoregressive moving average process
with random Lévy coefficients, termed RC-CARMA (p,q) process, of order p and ¢ < p
via a subclass of multivariate generalized Ornstein-Uhlenbeck processes. Sufficient condi-
tions for the existence of a strictly stationary solution and the existence of moments are
obtained. We further investigate second order stationarity properties, calculate the auto-
covariance function and spectral density, and give sufficient conditions for their existence.

In Chapter 4, we study a Lévy driven continuous time moving average process X sam-
pled at random times which follow a renewal structure independent of X. Asymptotic
normality of the sample mean, the sample autocovariance, and the sample autocorrelation
is established under certain conditions on the kernel and the random times. We compare
our results to a classical non-random equidistant sampling method and give an application
to parameter estimation of the Lévy driven Ornstein-Uhlenbeck process.

As an extension of the results in Chapter 4, we consider in Chapter 5 multivariate Lévy
driven continuous time moving average processes X = (X;);cr, given by

Xt:/wr/f(t—s)dLs, tER,
R

where € RY f: R — R™™ and L = (L;)ier is an R™-valued Lévy process. We first
sample the process X at a non-random equidistant sequence (An),cz for some A > 0
and establish the asymptotic normality of the sample mean. Secondly, we use a renewal
sampling sequence independent of X and derive also in this case the asymptotic normality
of the sample mean.






Zusammenfassung

Die vorliegende Arbeit beschéftigt sich mit verschiedenen Themen der Zeitreihenanalyse
und stochastischer Prozesse und besteht aus vier Teilen, von denen die ersten beiden durch
die Betrachtung von zufélligen Koeffizienten und die letzten beiden durch Inferenz von
Lévy getriebenen Moving Average Prozessen als jeweils miteinander verkntipft betrachtet
werden konnen.

In Kapitel 2 betrachten wir die zuféllige Rekurrenzgleichung X,, = M, X,,_1+Q,, n € N,
wobei (M, Q,)nen als unabhingige und gleichverteilte Folge in R? angenommen wird.
Kausale, strikt stationdre Losungen jener zufalligen Rekurrenzgleichung, d.h. strikt sta-
tionédre Losungen dieser Gleichung wenn X als unabhéngig von (M,,, Q,,)neny angenommen
wird, sind weitreichend untersucht worden. Eine vollstindige Charakterisierung solcher
kausalen, strikt stationdren Losungen konnen in der Literatur gefunden werden. Wir
werden die Unabhéngigkeitsannahme von Xy und (M, @, )nen beiseite lassen und leiten
notwendige und hinreichenden Bedingen fiir eine strikt stationére, nicht notwendigerweise
kausale Losung obiger Gleichung her.

In Kapitel 3 stellen wir einen zeitstetigen Autoregressiven Moving Average Prozess mit
zufalligen Lévykoeffizienten, genannt RC-CARMA (p,q) Prozess, der Ordnung p und ¢ < p
als eine Unterklassen mehrdimensionaler verallgemeinerter Ornstein-Uhlenbeck Prozesse
vor. Wir geben hinreichende Bedingungen fiir eine strikt stationare Losung und fiir die
Existenz seiner Momente. Weiterhin untersuchen wir Eigenschaften zweiter Ordnung,
berechnen die Autokovarianzfunktion und die Sprektraldichte und geben hinreichende
Bedingungen fiir die Existenz derselben.

In Kapitel 4 studieren wir den Lévy getriebenen zeitstetigen Moving Average Prozess X,
welcher an zufalligen Zeitpunkten, die beziiglich einer Erneuerungsstruktur unabhéngig
von X definiert sind, abgegriffen wird. Asymptotische Normalitat des Stichprobenmittel-
wertes, der Stichprobenautokovarianz und der Stichprobenautokorrelation werden unter
bestimmten Voraussetzungen an den Kern und den zufélligen Zeiten nachgewiesen. Wir
vergleichen unsere Ergebnisse mit denen einer klassischen nicht zufélligen und dquidis-
tanten Stichprobenentnahme und wenden unsere Resultate zur Parameterschitzung eines
Lévy getriebenen Ornstein-Uhlenbeck Prozesses an.

Als Erweiterung unserer Ergebnisse aus Kapitel 4 betrachten wir in Kapitel 5 mehrdi-
mensionale Lévy getriebene zeitstetige Moving Average Prozesse X = (X;);er, welche
durch

Xt:/H/Rf(t—s)dLs, tER,
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Zusammenfassung

wobei € R4, f: R — R™™ und L = (L;)ser ein R™-wertiger Lévy Prozess sind, definiert
sind. Als Erstes tasten wir den Prozess X an einer nicht zufilligen dquidistanten Folge
(An)pez fiir ein A > 0 ab und weisen die asymptotische Normalitat des Stichprobenmit-
telwertes nach. Nachfolgend nutzen wir zur Stichprobenentnahme zufalligen Zeiten, die
einer Erneuerungsstruktur unabhéangig von X gentigen, und weisen auch in diesem Fall
die asymptotische Normalitit des Stichprobenmittelwertes nach.
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1 Introduction

Time series describe phenomena which are regularly or irregularly observed such as the
annual birth rate, the monthly unemployment rate, or high frequency data. Nowadays,
the increasing availability of data, also at high frequency, in finance, economics, and
physics has highlighted on the one hand the need of more complex models to describe
their dynamics and on the other hand the necessity of versatile statistical methods capable
of dealing also with irregularly spaced data.

To account for these two sides, we focus in this thesis on three classes of models to
which has been paid considerable attention in the last decades. We first study the class
of AR(1) processes with random coefficients and extend known results. Secondly, we
generalize the class of CARMA processes to account for random coefficients and examine
their properties.

In the third place, we propose a renewal sampling scheme for continuous time moving
average processes, which embrace irregularly spaced data and comprise high frequency,
and analyze the asymptotics of its sample mean and sample autocovariance.

In Section 1.1, we start with a collection of preliminary theory needed to introduce the re-
sults presented in the chapters to come, whereas Section 1.2 is concerned with a summary
of the main results of this thesis.

1.1 Preliminaries and Notations

In this section we present some preliminary results and used notations. We start with
some basic concepts before we dive more deeply into the subject matter in the subsections
afterwards.

Throughout, when it comes to stochastic integration, we will always assume as given a
complete probability space (2, F, P), i.e. the o-algebra F contains additionally all subsets
of nullsets. In addition we have given a filtration F = (F;);>o. By a filtration we mean a
family of o-algebras (F;);>¢ that is increasing, i.e. Fs C F; for all s < ¢. Our filtration
satisfies, if not stated otherwise, the usual hypotheses, i.e. Fy contains all P-nullsets of
F, and the filtration is right-continuous.

We will use N for the set of all strictly positive integers and write Ny to include zero.
Further, Z denotes the set of all integers, R the set of all real numbers, and C the complex
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plane. For real-valued vector or matrix spaces of dimension n or n x m, respectively, we
use R™ and R™™, and we write A’ to denote the transpose of a vector or matrix A. With
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we denote equality in distribution, N convergence in distribution, and similar for

. e P . a.s.
convergence in probability, —, and almost sure (abbreviated a.s.) convergence, —.
The term “cadlag” describes stochastic processes with right-continuous sample paths and
finite left limits, similar does “caglad” for processes with left-continuous sample paths and
finite right limits. With £(X) we denote the law of a random variable X.

In time series analysis, a subfield of stochastics, to which this thesis belongs to, one of the
most important and commonly examined properties of the processes under consideration
is stationarity. We differ between two concepts, strict stationarity and weak stationarity,
and give the definition of both.

Definition 1.1. Let 7" C R be an arbitrary index set and X = (X;)ier a stochastic
process.

(a) X is called strictly stationary if its finite-dimensional distributions are shift-invariant,
ie. foralln € N, forall t1,...,t, € T and all h € R such that t;+h,...,t,+heT
it holds

(Xerins ooy Xeon) = (Xays oo, X0 )

(b) X is called weakly stationary if E(X?) < oo for all t € T, the mean E(X}) is
constant over time, i.e. does not depend on ¢, and the covariances Cov (X4, X;) =
E(Xiin — E(Xin))E(X: — E(X})) do not depend on ¢ for all h € R such that
t+heTl.

Observe that any strictly stationary process X = (X;);er with E(X?) < oo forallt € T
is also weakly stationary whereas the converse is not true in general. An example for
a strictly stationary time series is an i.i.d. sequence (X;)ier, which is, if E(X?) < oo,
also weakly stationary. A weakly stationary but not necessarily strictly stationary time
series is, for example, a white noise, i.e. a sequence (X)ier such that E(X?) < oo,
E(X;) = 0, Var(X;) = ¢% for all ¢t € T, where ¢* > 0, and Cov(X;, X,) = 0 for all
s,t € T such that ¢ # s. We also write (X;)ser ~ WN(0, 0%). Most often we use the term
stationary instead of weakly stationary. If a sequence X = (X;);er is stationary, we call
v(h) = Cov(Xiin, Xt), h € Z, the autocovariance function (of X) at lag h.

1.1.1 Random recurrence equations

Crucial ingredients in time series are moving average and autoregressive processes. In
this section, we especially examine the discrete time AR(1) process. For a polynomial
a(z) =1—ayz—a2*— -+~ —a,2?, we call X = (X;)iez an AR(p) process or autoregressive
process of order p if

CL(B)Xt:Zt, tEZ,
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where B denotes the backshift operator, i.e. BX; = X; 1, and (Z})iez ~ WN(0,0?).
Cleary, if a(z) = 1 — az, then the process X = (X;);ez which satisfies

Xt:CLXt,1+Zt, teZ, (11)

is an AR(1) process. By iterating (1.1) it can be shown, cf. Example 3.1.2 in Brockwell
[23] that

X, =Y dZ_; Pas., teL, (1.2)

=0

is the unique stationary solution to (1.1) if |a| < 1, and

Xy=-Y a’Zy; Pas., tei, (1.3)

=1

is the unique stationary solution to (1.1) if instead |a| > 1, whereas, if |a| = 1, it can be
shown that there does not exist a stationary solution. Clearly, if we assume that (Z;)ez
is an i.i.d. sequence with finite second moment, (1.2) and (1.3) become now strictly
stationary solutions.

If we relax the finite variance condition on the i.i.d. sequence (Z;);cz and assume, in case of
la] < 1, that E(log® |Z1]) < oo, then the series in (1.2) converges almost surely absolutely
and is the unique strictly stationary solution, cf. Lemma 1 in Yohai and Maronna [68].
Analogously, by the same arguments as in Yohai and Maronna [68], one can show that, if
la] > 1 and E(log" |Z|) < oo, the series in (1.3) converges almost surely absolutely and
is the unique strictly stationary solution to (1.1).

We turn our attention now to the so called random recurrence equation
X, =M, X, 1+Q,, neN, (1.4)

where (M,,, Q,)nen is an R?-valued i.i.d sequence and the starting random variables X
is assumed to be independent of (M, Qn)nen. (1.4) can be recognized as a discrete time
AR(1) process with random coefficients. In time series analysis, the assumption that X
is independent of the sequence (M, @, )nen is termed a causality-assumption or also a
non-anticipativity assumption, and a corresponding solution a causal solution. If we drop
this causality-assumption, i.e. Xy depends on the future, we call a corresponding solution
a non-causal solution.

Iterating (1.4) leads to
Xnin = MpynMyih—1Xpih—2 + MpinQnin-1 + Qnin

n+h n+h n+h
:...:( H Ml-)Xh—i- Z ( H Mj)Qi Vh,n € Ny,

i=h+1 i=h+1 \ j=i+1
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where we set [, M; := 1. If [T7=' M; converges almost surely absolutely to 0 for n —
oo and 0% ([T7=! M;)Q,, converges almost surely absolutely, a unique (in distribution)
causal strictly stationary solution to (1.4) is given by

n k— n
k

=1 \i=1 i=1

where X is chosen independent of (M,,, @, )nen and such that

oo n—1
L(Xo) = E( S II M,Qn> .
n=1 i=1
In the following theorem, necessary and sufficient conditions for the sum in (1.5) to con-

verge almost surely absolutely are given. If P(X > 0) > 0 we denote the truncated mean

Ax(y) =E(XT Ay) :/OyP(X>x)d:v7 y>0. (1.6)

Theorem 1.2. (Theorem 2.1 of Goldie and Maller [41])
Let (My,, Q)nen be an i.i.d. sequence in R* with generic copy (M, Q) such that it holds
P(Q=0) <1 and P(M =0) =0. Then the following are equivalent:

(i) TI'-y M; — 0 a.s. asn — oo and [{° %P@(dq) < 00.

(i) The infinite sum
00 n—1
> (T )e.
n=1 i=1

converges almost surely absolutely.

The theorem above is a reduced version of Theorem 2.1 in Goldie and Maller [41]. When
an additional nondegeneracy condition holds, convergence of (1.6) occurs under certain
moment assumptions on the i.i.d. sequence (M, @, )nen-

Theorem 1.3. (Corollary 4.1 of Goldie and Maller [41])

Let (M, Qn)nen be an i.i.d. sequence in R? with generic copy (M, Q) and suppose that
P(M =0)=0and P(Q+ Mc=c) <1 and —oo < E(log|M|) < 0. Then the infinite
sum 300 (T M;)Q,, converges almost surely absolutely if and only if E(log™ |Q|) < oco.

The random variable S°°° ([T M;)Q,, is called perpetuity in actuarial sciences, which
describes the actual value of a permanent commitment to make a payment at regular
intervals into an infinite future. (Q,)nen describes these regular payments and (M, )nen
the cumulative discount factors which are both subject to random fluctuations.

A complete characterization of perpetuities and of causal strictly stationary solutions to
the random recurrence equation (1.4) under various assumptions can be found in Goldie
and Maller [41] and references therein.
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1.1.2 Dependence of random variables and central limit theorems

To develop valid asymptotic inference, it is necessary to have central limit theorems for
stochastic processes with various dependence structures at hand. This means, tools which
describe for a stochastic process (X} );er with index sets T C R whether and at which rate
for example the sample mean X,, := % > r_1 X or the sample autocovariance at lag h, i.e.
F(h) =L S0 (X — X0) (Xprn — X ), h € {0,...,n—1}, converge to a limit distribution
(assuming 7" O N). We give in here a short overview on central limit theorems which are
used in Chapter 4 and 5.

We start with the most well-known central limit theorem by Lindeberg and Lévy for a
sequence where convergence of the sample mean towards a normal distribution is achieved

at rate \/n.

Theorem 1.4. Let (X,)nen be a sequence of i.i.d. random variables with E(X;) = p and
Var(X,) = o2, where 0® € [0,00). Let X, = L S 1_| Xy, then

V(X = i) =5 N(0,0%), n— o0

Proof. Theorem 27.1 in Billingsley [12]. O

The i.i.d. assumption in Theorem 1.4 can be relaxed and replaced for example by the
Lindeberg condition or the Lyapunov condition, cf. Billingsley [12]. But we want to relax
it even further which is the purpose of the following definition and the theorem thereafter.

Definition 1.5. (m-Dependence)

A strictly stationary sequence of random variables (X;);cz is called m-dependent, where
m € Ny, if for each ¢t € Z the two sets of random variables (X;);<; and (X;);>¢+m are
independent.

Observe that, if m = 0, a 0-dependent strictly stationary sequence is an i.i.d. sequence.
The following theorem is due to Hoeffding and Robbins [45] where the form given here
can be found in Brockwell and Davis [23].

Theorem 1.6. Let (X;)iez be a strictly stationary m-dependent sequence of random vari-
ables with mean zero and autocovariance function ¥(-). If v, = v(0) + 2372, v(j) # 0,
then

(i) lim Var(X,) = v, and

(it) VX, -5 N(0,v,) asn — co.

Proof. Theorem 6.4.2 in Brockwell and Davis [23]. O

Sometimes, different notions of asymptotic independence are needed and therefore, we
introduce the concept of strong mixing. There are various mixing coefficients, like «, 3,
p, ¥, et. al, but for the present elaboration a- and p-mixing are sufficient.



1 Introduction

Definition 1.7. (Mixing)
On a probability space (€2, F, P) for any two o-algebras A,C C F the following measures
of dependence can be defined

a(A,C, P) :=sup|P(ANC) — P(A)P(C)|, Aec A, CecC,
p(A,C, P) :=sup|Corr(f,g)|, [feL*QAP), geL*Q,C,P).

We say that a strictly stationary sequence of R%-valued random variables Z = (Z,),cz is

strongly mizing if o, == a(A,Cp; P) - 0 asn — o0,
p-mizing if p, == p(A,C,; P) = 0 asn — oo,

for the o-algebra of the past A = o(Zy,Z_1,Z_5,...) and the o-algebra of the future
Cn = U(va Zn-‘,—la Zn+2a s )

More general, the o-algebras A and C, for a non-stationary time series X = (X,,)nen are
defined as A7 := o(X},,—00 < k < J) and Cjyp, := 0(Xy,J +n < k < 00) and the
corresponding strong mixing coefficient as

o =supa(A’,Crn),
Jez
see also Bradley [20] for more information on strong mixing coefficients as well as for the
subsequent remark.

Remark 1.8. Suppose that X = (Xy)rez is a strictly stationary, strongly mizing sequence
of random variables.

(a) Suppose that f: R — R is a Borel function. Define the random sequence Y =
(Ye)kez by Yi = f(Xk), k € Z. Then the sequence Y is strictly stationary and
strongly mizing with o < X for each n € N.

(b) If d is a nonnegative integer and g: R™! — R is a Borel function and Z = (Z})rez
is given by Zy = g(Xg—a, ..., Xx), k € Z, then Z is strictly stationary and strongly
mizing with a? < «X_, for eachn > d + 1.

There is a certain connection between a- and p-mixing which we need and which is due
to Bradley [19].

Remark 1.9. Let (Q, F,P) be a probability space, ¢ > 0 and A,C C F two sub-o-
algebras. Assume that D € F such that P(D) > 1 — ¢ and p(A,C, P(:|D)) < ¢, then
a(A,C, P) < 4e.

The following theorem gives asymptotic normality of the sample mean under the assump-
tion of existing 2 +  moment for some & > 0.

Theorem 1.10. Let (Xy)rez be a strictly stationary strongly mizing sequence of random
variables such that E(Xo) = 0. Suppose that for some § > 0 it holds E(]Xo|**°) < co and
52 ()% < 00. Then
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(a) 0% = E(X]7)+2> E(XoX,) ezists in [0,00) and the sum is absolutely convergent.

n=1

) VnX, % N(0,0%) asn — oc.

Proof. Theorem 10.7 in Bradley [20]. O

The so called growth condition 3°° (v, )%+ < oo can be strengthened such that the
moment assumption can be relaxed. This is the contents of the next theorem.

Theorem 1.11. Let (Xy)rez be a strictly stationary strongly mizing sequence of random
variables such that E(Xy) = 0 and E(X?) < oo. Further, suppose that the mizing coeffi-
cients oy, are exponentially decreasing as n — oo and E(|Xy|*log™ | X,|) < oo.

Then

(a) 0% = E(X7)+2> E(XoX,) ezists in [0,00) and the sum is absolutely convergent.

n=1

) VnX, - N(0,0%) as n — oc.

Proof. Corollary 10.20 (c) in Bradley [20]. O
An always useful result is the following variant of Slutsky’s Lemma.
Theorem 1.12. Let (X,)nen and (Yonj)nen for each j € N be sequences of R%-valued
random variables, and Y and R%-valued random variable. Suppose that

(i) Ynji>Y} as n — oo for each j € N,

(i7) Y}L>Y as j — 00, and

(ii) lim limsup P(|X,, —Y,;| > ¢) =0 for every e > 0.

J—7X®  n—oo

Then
X, -5Y, n—oo.

Proof. Theorem 6.3.9 in Brockwell and Davis [23]. O

1.1.3 Lévy processes

In this subsection, we give the definition of Lévy processes, state some of their important
properties and give a short overview of so called multiplicative Lévy processes.

Definition 1.13. (Lévy process)
An Rvalued stochastic process X = (X;);o is called a Lévy process if it satisfies the
following conditions.
(i) X has independent increments, i.e. for all n € Nand all 0 <t, < t; <--- <, the
random variables X, , Xy, — Xy, Xv, — X4y, ..., Xy, — X4, , are independent.

(ii) X has stationary increments, i.e. X;is — X 4 X, for all t,s > 0.
(ifi) Xo =0 a.s.
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(iv) X is stochastically continuous, i.e. for every t > 0 and ¢ > 0, it holds
LIEEPOXt — X, >¢)=0.
(v) X has almost surely cadlag paths.

We call an R%-valued stochastic process X = (X;)i>o an additive Lévy process, if X
satisfies Definition 1.13. If we drop the Assumption (v) in Definition 1.13, we call L
a Lévy process in law. Lévy processes in law have a strong connection with infinitely
divisible distributions. In what follows, we also consider Lévy processes with index set R,
so called two-sided Lévy processes, i.e. L = (L;);er which can be constructed by taking
two independent copies (X/);>0 and (X})i>o of a Lévy process (X;)i>o and setting

L X ift >0
XY, ift<o,

where X/ denotes the left-limit of X/'.

Definition 1.14. (Infinitely Divisible Distributions)
A probability measure 1 on RY is infinitely divisible if, for any positive integer n, there is
a probability measure p,, on R? such that g = u", where

n __
oy = o % =+ [y,
—_——
n-times

denotes the n-fold convolution.

Examples of infinitely divisible distributions are among others the Gaussian, Poisson,
exponential, and gamma distributions. If X = (X})cr is a Lévy process and p denotes
the distribution of X;, then p is infinitely divisible. Conversely, if p is an infinitely
divisible distribution, then there is a Lévy process in law X = (X;)er such that Py, = p,
where we denote with P, the distribution of a random variable Z.

Lemma 1.15. (Properties/Implications of Infinitely Divisible Distributions)
The following statements hold:

(i) If py and ps are infinitely divisible, then so is uy * pus.
(ii) If (pr)ken s a sequence of infinitely divisible distributions and pu SN W, k — oo,
then p is infinitely divisible.
(ii1) If p is infinitely divisible, then u' is well-defined for every t € [0,00) and infinitely
divisible.

(iv) If (X;)>0 is an R%-valued Lévy process in law, then Px, is infinitely divisible for

each t > 0. Further, letting Px, = p, we have Py, = p'.

(v) Conversely, if u is an infinitely divisible distribution on R®, then there is a unique
Lévy process in law (X¢)i>o such that Px, = p.

(vi) Every Lévy process in law has a modification which is a Lévy process.
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Proof. Lemma 7.4, Lemma 7.5, Lemma 7.8, and Lemma 7.9, Theorem 7.10 together with
Theorem 11.5 and Corollary 11.6 in Sato [61]. O

An infinitely divisible distribution can be characterized in terms of its characteristic triplet
which is the contents of the following theorem.

Theorem 1.16. (Lévy-Khintchine formula)
Let D = {x € R%: |z| < 1}, the closed unit ball. Then

(i) If u is an infinitely divisible distribution on R?, then for z € R?
1 ‘
a(z) = exp —§<z, Az) + iy, 2) + /]Rd (ez<z””> —1—i(z, x>1D(:c)) v(dz)

where A is a symmetric nonnegative-definite d x d matriz, v € R?, and v is a
measure on R, called Lévy measure, satisfying

v({0}) =0 and /Rd(\x|2/\1)1/(dx)<oo. (1.8)

. (L7)

(i) The representation of [i(z) in (1.7) by A, v, and v is unique.
(iii) Conversely, if A is a symmetric nonnegative-definite d X d matriz, v a measure on

R? satisfying (1.8), and v € R?, then there exists an infinitely divisible distribution
p whose characteristic function is given by (1.7).

Proof. Theorem 8.1 in Sato [61]. O

Definition 1.17. (Characteristic Triplet of a Lévy process)

We call (A, v,v) in Theorem 1.16 the generating or characteristic triplet of p or, because
of Lemma 1.15 (v), of the Lévy process X = (X;)i>o with Px, = u in which case we write
(Ax,vx,vx). A or Ax, respectively, is also called the Gaussian covariance matriz and
we write 0% instead of Ax if the Lévy process X is univariate. If A =0, u is called purely
non-Gaussian. Sometimes, the Lévy measure is also denoted by ITy.

GL(R,m) denotes the general linear group, i.e. the set of all m x m invertible matrices
associated with the ordinary matrix multiplication. The group structure therefore allows
us to define left increments X, X' and right increments X' X, for 0 < s <t < oo of a
GL(R, m)-valued process.

Definition 1.18. (Multiplicative Lévy process)
Let m € N. A GL(R, m)-valued stochastic process X = (X})i>0 is a (multiplicative) right
Lévy process, if the following conditions are satisfied:
(1) Foranyn > land0 < t; < --- < t,, the random variables Xo, X;, Xo', ..., X;, X; 1,
are independent.

(2) Xo=1 as.
(3) The distribution of X; X! for s < t depends only on ¢t —s, i.e. X; X! 4 X, Xyt =
X,

(4) It is stochastically continuous.
(5) It has cadlag paths.



10

1 Introduction

X is called a (multiplicative) left Lévy process, if X satisfies the condition (2), (4), (5) and

(1) Foranyn > land 0 < t; < --- < t,, the random variables Xo, X; ' X;,, ..., X; ' X,
are independent.

(3’) The distribution of X; X, for s < ¢ depends only on t —s, i.e. X;'X; 4 Xo' X, =
Xi_s.

Given a filtration F = (F3)s>0, a right Lévy process (X;):>o is called a right F-Lévy process
if it is adapted to F and for any s < ¢ the left increment X; X! is independent of F.
Left F-Lévy processes and (additive) F-Lévy processes are defined similarly.

1.1.4 Stochastic Integration

A crucial ingredient for Chapters 3-5 is the theory of stochastic integration whose review
is the contents of this section. We start with the definition of a semimartingale for which
we first need the definition of the total variation of a real-valued function. More on the
theory of stochastic integration can be found in the books of Protter [58] and Medvegyev
[55].

Definition 1.19. (Total Variation)
Let g: [0,00) — R. For every t > 0 the (total) variation of g on [0,¢] is defined by

n—1

Vi) = s { T la(tn) < gt 0=t <t <<t =t e ).

i=0
We say that g is of finite variation on compacts if Vi(g) < oo for all ¢ > 0.

Definition 1.20. Let (Q, F,F = (F;)i>0, P) be a stochastic basis. A stochastic process
M = (My)>o is called a martingale if
(i) M is adapted to the filtration F.
(i) E|M;| < oo for all t > 0.
(iii) E(M|Fs) = M, P-a.s. for all s,t > 0 such that s <.

Definition 1.21. (Semimartingale)
A process X = (X})i>0 is a semimartingale with respect to the filtration F = (F})s>o, if
there exist processes M and A with My = 0 and Ay = 0 such that

Xt:X0+Mt+At

where

(i) M is a local martingale, i.e. M is adapted to the filtration F, cadlag and there exists
an increasing sequence of stopping times (7,,)neny With 7,, — oo almost surely for
n — oo such that the stopped process (Miar, 1{7,>0})e>0 is a uniformly integrable
martingale for every n € N.

(ii) A is a finite variation process, i.e. A is adapted to F, cadlag and has paths of finite
variation on compacts.
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Theorem 1.22. An additive Lévy process is a semimartingale.

Proof. P. 55 in Protter [58]. O

Definition 1.23. (Matrix-valued Semimartingales)

A matrix-valued stochastic process X = (X;);>¢ is called an F-semimartingale or simply
a semimartingale if every component (Xt(i’j ))tzo is a semimartingale with respect to the
filtration F.

Definition 1.24. (Locally Bounded Processes)

A stochastic process H = (Hy)¢>o with values in R™*! is said to be locally bounded if there
exists a sequence of stopping times (7, )n,eny With 7,, — oo almost surely for n — oo such
that for each n € N the stopped process (Hiar, 1{r, >0} )¢>0 is bounded.

Definition 1.25. (Predictable Processes)

Let (2, F,F = (Fi)t>0, P) be a stochastic basis. The predictable o-algebra P on Ry x Q
is the smallest o-algebra making all F-adapted, caglad processes measurable. Therefore
a stochastic process X = (X;)i>o is called predictable if it is, considered as a mapping
(t,w) = Xi(w) of Ry x £ into R, measurable with respect to P.

The following definitions and properties are stated here for matrix-valued stochastic in-
tegrals, but are also valid in an univariate setting with the obvious simplifications, cf.
Karandikar [46] and Protter [58].

Definition 1.26. (Matrix-valued Stochastic Integrals)
For a semimartingale X in R™*" and a locally bounded predictable process H in R*™
the R™"-valued (left) stochastic integral J, = [ HdX is defined by is components

JED = 3 / R Qx k)
k=1

Similiar, for X € R>™ H € R™ " the R*"-valued (right) stochastic integral J, =
[ dX H is defined by its components

JED =3 / HED QxR
k=1

and for X € R™" H ¢ R>™ and H' € R™P? the R™*P-valued stochastic integral
Js = [ HdX H' is defined by its components via

JG _ z”: i / FGn) ) g x (k)
k=1h=1
Remark 1.27. By the previous definitions, it can be easily seen that also in the multi-
variate case the stochastic integration preserves the semimartingale property as stated for
example in the one-dimensional case in Protter [58] (Definition I11.3 and Theorem 1V.29),
i.e. if H and H' are locally bounded predictable processes and X a semimartingale then
also, in the notation of the previous definition, Jy, Jo, and J3 are semimartingales.

11
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Definition 1.28. (Matrix-valued Quadratic Covariation)
For two semimartingales X € R>™ and Y € R™ " the quadratic covariation [X,Y] is
defined by its components via

m
X Y (4,9) Z X(z k k]
k=1
and similar its continuous part [X,Y]¢ via

(16 YP) = YLx00,y )

such that it also holds true for matrix-valued semimartingales

(X, Y] = [X, Y 4+ XoYo+ > AXAY., >0.

0<s<t

Proposition 1.29. (Properties of the Matrix-valued Stochastic Integral)
For two semimartingales X, Y € R™*™ and two locally bounded predictable processes
G,H € R™™ the following two equalities hold almost surely

V( }GstS,/( ]dYSHS] — [ G AX,Y]H,, t>0,
0, 0,

[X.,/ GSdYS] :l/ dXSGS,Y] Ct>0,
(07'] t (Ov'] t

and the integration by parts formula takes the form

t t
(XY), = / X, dY, + [ dX.Y, +[X.Y],, t>0.
0+ 0+

Proof. Equations (4)-(6) in Karandikar [46]. O
An application of multivariate stochastic integration which is used in Chapter 3 is the
multivariate stochastic exponential.

Definition 1.30. (Multivariate Stochastic Exponential)

Let X = (Xi)i>0 be a semimartingale in R™*™. Then its left stochastic exponential

e
£ (X), is defined as the unique R™*™-valued, adapted, cadlag solution (Z;);>o of the
integral equation

Z, =1+ Z, dX.,, t>0,
(04

—
and its right stochastic exponential £ (X), is defined as the unique R™*"-valued, adapted,
cadlag solution (Z;):>¢ of the integral equation

Z,=IT+ | dX.Z,, t>0.
(0.4]
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It is clear, by Remark 1.27, that the left and the right stochastic exponential are semi-

— —
martingales and it can be shown that for its transpose it holds &€ (X); = & (X'),. As
observed by Karandikar [46] and stated by Behme and Lindner [8], the right and the left
stochastic exponentials of a process X are invertible at time ¢ if and only if

det(I + AX;) #0 forall s <t.

1.1.5 Infinite moving average processes

Moving average processes are together with autoregressive processes main ingredients in
time series analysis. In this section, we examine the moving average processes in discrete
time and continuous time of infinite order. Let 6(z) = 14612+ - -46,29 be a polynomial.
We then call X = (X)iez an MA(q) process or moving average process of order q if

XtZQ(B)Zt, tGZ,

where (Z;)iez ~ WN(0, 0?) or an IID(0, 02) sequence. X is then a stationary process with
mean zero and autocovariance function

o2 M. if |h| < ¢
h) = Cov(Xyyn, X,) = J=0 ZHAl =0
7(h) (e, X {o, if [h] > q.
Definition 1.31. (M A(c0) process)
If (Zi)iez ~ WN(0,0?), and p € R some constant, then we say that X = (X;)icz is a
two-sided moving average of infinite order (MA(oco) process) if there exists a sequence
(1) jez such that

j=—o00

It can be shown that X is a strictly stationary process, for which a necessary condition is
the convergence of the series in (1.9). The series converges almost surely absolutely and in
mean square to the same limit if 3572 |1);| < oo and X has the autocovariance function
v(h) = 0?52 ¥jpm, h € Z, see Proposition 3.1.2 in Brockwell and Davis [23].
Other conditions for convergence can also be found in Theorem 1.4.1 in Samorodnitsky

[60).

In continuous time, a moving average process of infinite order X = (X});cr is defined by
Xt::,u+/ f(t—s)dL,, teR, (1.10)

where L = (L;)icr is a mean zero two-sided Lévy process, called the driving Lévy process,
and f: R — R a suitable kernel function. Necessary and sufficient conditions for the

13
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integral to exist can be found for example in Rajput and Rosinski [59] or in Chapter 57
of Sato [61]. If f € L*(R) and E(L?) < oo, the integral can be defined in the L?-sense.
Observe that X, if the integral exists, is strictly stationary and then its distribution is
infinitely divisible, cf. also Rajput and Rosinski [59].

By the Wold decomposition, it is well-known that any discrete time mean zero stationary
process X = (X;);ez which is not deterministic can be expressed as a sum X; = U; + V},
where U = (Up)iez is a one-sided MA(oo) process and (V;)icz a deterministic process
which is uncorrelated with U, cf. Theorem 5.7.1 in Brockwell and Davis [23]. Similarly
in a continuous time setting, a weakly stationary process can be represented in terms of
a two-sided moving average process (with respect to an orthogonal increment process) if
and only if its spectral distribution is absolutely continuous, cf. Doob [36], page 533. A
key example is the CARMA process as can be seen in Brockwell [22].

Since a large class of stationary processes permits a moving average representation, there
is an interest in inference of moving average processes. In discrete time, the following
results are taken from Brockwell and Davis [23]. Theorem 1.32 shows the asymptotic
normality of the sample mean of a moving average process of infinite order, and Theorem
1.33 the asymptotic normality of its sample autocorrelation function which is given by

p(h) = 7(h)/7(0), where J(h) = . EZ;?(XIC — Xn) (Xppn — yn)’ he{0,....,n—1}.

Theorem 1.32. Let X = (X})iez be given by
Xi=p+ Z¢th—j7 tez,
j=—00

where Z = (Z;)iez 18 an i.i.d. sequence of random variables with E(Z?) = 02 € (0,00)
and mean zero, Y2 _ || < 0o, and Y52 1; # 0. Then

j=—00 j=—00

V(X = p) =5 N(0,0), n— o0,

where v =332 v(h) = 0* (52 ¥;)?, and y(-) is the autocovariance function of X.

Proof. Theorem 7.1.2 in Brockwell and Davis [23]. O
Theorem 1.33. Let X = (X;)ez be given by
Xt::u—i_ Z'l/}th,j, tEZ,
j=—00

where Z = (Z;)sez is i.i.d with mean zero and variance o* € (0,00) such that E(Z}) < oo,
and Y222 _ || < co. Then, for each h € N,

Jj=—00

V((p(1), ., () = (p(1), .., p(h))') == N(0,W), n— oo,
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where W = (w;;)ij=1...n is the covariance matriz whose entries are given by Bartlett’s

.....

formula,
wij = > (p(k +1) + p(k = i) = 2p(0)p(F)) - (p(k + J) + p(k = ) = 20(7)p(F)) -
k—oo
Proof. Theorem 7.2.1 and Remark 1 thereafter in Brockwell and Davis [23]. O]

In the continuous time case, Theorem 1.34 shows the asymptotic normality of the sample
mean X, A = %22:1 Xga of a continuous time moving average process, and Theorem
1.35 the asymptotic normality of its sample autocorrelation function. They are due to
Cohen and Lindner [31].

Theorem 1.34. Let X = (X)iez be given by (1.10) with p € R and L = (L;)ier a Lévy
process with mean zero and variance o € (0,00). Let A > 0. Suppose that

(FA: [0,A] = [0,00], u+~ Fa(u Z | f( u+jA)|> € L*([0,A]). (1.11)
j=—o00
Then 352 |v(AR)| < oo,
o 2
> @n = [*( 3 slutna) a,
h=—00 h=—00
and )
\/H(Xn;A—u)i>N<0 o /0 ( > fu—i—hA)) du), n — 0o.
h=—00
Proof. Theorem 2.1 in Cohen and Lindner [31]. H

Observe that, if 1 = 0, further natural estimator for the autocovariance function 7(-) and
the autocorrelation function p(-) are given by

Ymea(RA) = ZXtAX t+ha, heN,

t 1
pZ,A(hA) = ’Yn,A(hA)/’)/n,A(O) ) heN.

Theorem 1.35. Let X = (X,)iez be given by (1.10) with p € R and L = (L)er a
Lévy process with mean zero, variance o € (0,00), and finite fourth moment. Denote
n = o *E(L}) and suppose that A >0, f € L*(R) N L*(R),

([0,A]—>[o,oo], u i f(u+kA)2> € L*([0,A)), (1.12)

k=—00

as well as

(/\f s+m)\ds>2<oo. (1.13)

k=—00

15
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(a) If p =0, then for each h € N

V(s (D) vma(m) = (1), (R)) =5 N(0,Va), n— o0,

.....

(b) Assume p € R, and that in addition to (a) (1.11) holds. Denote by

17z _
’YnA hA ﬁz XtA_ )(X(tJrh)A—Xn;A), h:O,l,...,n—l,
t=1
the sample autocovariance. Then for each h € N

VI(Fa (D), Ama(B) = (1), -y (R)) =5 N(0,Va), n— o0,

.....

(c) Assume that f is not almost everywhere equal to zero and denote with p,(hA) =
An:a (RA) /404 (0) the sample autocorrelation. Then, under the assumptions of (a),
we have for each h € N

Vi(paa(D)s - oha(m) = (p(1), ., p(R))) == N(0,Wa), n— oo,

where Wa = (wij.a)ij=1,..n @S the covariance matriz whose entries can be given
explicitly in terms of Bartlett’s formula plus an additional term, cf. Theorem 3.5 in
Cohen and Lindner [31]. If additionally (1.11) holds, we have for each h € N

V(Prs(D) s Bua ()Y = (p(1), . p(B))) ~55 N(0,Wa), = oo.

Proof. Theorem 3.5 in Cohen and Lindner [31]. O

Besides the representation of weakly stationary processes as moving averages, there are
also very well-known processes inside the class of moving averages. For example, if f: R —
R, s+~ (dﬂ)(si (s —1)1), for some d € (0,3), the moving average process becomes
a fractlonal Lévy noise based on increments of length 1 provided L has finite second
moment, and if the kernel function is f: R — R, s = €™ *1g)(s), a > 0, the process
obtained is the Lévy driven Ornstein-Uhlenbeck process. The Ornstein-Uhlenbeck process
can be used to model the volatility of a financial asset, see Barndorff-Nielsen and Shepard
[1], or the intermittency in a turbulence flow, see Barndorff-Nielsen and Schmiegel [2].
Marquardt [52] showed that fractional Lévy processes in the moving average context
permit long memory behavior. Other applications for fractional Lévy processes can be
found in Cohen [30] and in the references therein.

For more applications of continuous time moving average processes see also the references
in Basse-O’Conner and Pedersen [3].
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1.1.6 CARMA processes

In here we present the definition of CARMA processes and restate some of their already
discovered properties.

Definition 1.36. (CARMA Process)
Let L = (Ly)ser be an R-valued additive Lévy process and p, ¢ € N. We define a (complex
valued) CARMA process Y = (Y;)ier driven by L through

K:b/Xt, tER,

where X = (X)er is a CP-valued process which satisfies the stochastic differential equa-
tion (SDE)

dXt :AXtdt+est, tGR, (114)

or equivalently

t
X, = A9X_ | / Alt-vedl,  Vs<teR.

Here are
[0 1 0 0 ] 0] [ by
0 0 1 ... 0 0 b1
A= : : : ,e= 1], and b= :
0 0 0 A | 0 bp—2
|—ap —Gp-1 —Gpo ... —a1] 1] _bp,l_

with ay,...,ap,bo,...,b,—1 € C such that b, # 0 and b; = 0 for j > ¢. For p = 1 the
matrix A is considered as A = (—ay).

To understand why a definition like this makes sense, first of all recall that we call any
solution Y = (Y;)sez of

Yi—oYii— =Yy =4+ 000+ + 0,7, (1.15)

where p,q €N, ¢ < p, ¢1,...,¢0p,01,...,0, € Cand Z = (Z)sez i.i.d. or WN(0, 0?), an
ARMA (p,q) process.

If we define the polynomials

Q(z)=1—¢1z—---—¢p2, z€C, and
O(z) =14+b1z2+ - +0,27, 2€C,

and denote with B the backshift operator, i.e. BY; =Y, 1, we can write (1.15) as

®(B)Y, =0O(B)Z,, teZ.

17
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By defining the backward difference as A = (Id — B), where B denotes the backshift
operator, i.e. AY, =Y, —Y,_;, we are able to find ag,a4,...,a,, by, b1,...,b, € C with
P ya; =1and Y7 ,b; =1 such that

Yi— 1Yo — = @Y p = aoYs + a1 AY; + - -+ + ap, APY]

Zt + 61Zt,1 + -+ qutfq - bOZt + blAZt + -+ quth
so that (1.15) takes the form

(apA” + a1 A' + -+ + a, AP)Y; = (b A° + by A + -+ b,AN) Z,
= (boA” + by A + -+ b AT)AS,

with a random walk S; = 2»:1 Zj.
From the above we recognize that the continuous time analogue, i.e. where the difference
of time points become infinitesimal small, should be of the form

(apD" + a; D' + - - + a,D?)Y; = (byD° + b, D' + -+ + b,D") DL, , (1.16)

where D denotes the differentiation operator with respect to ¢, and the choice of L =
(L¢)ter to be a Lévy process reflects the fact that we also want to have an i.i.d. noise
in continuous time for what a Lévy process is the natural extension of a random walk
S = (S¢)tez. Remark that it is not possible to differentiate in our setting without changing
the definition of the ordinary differentiation operator such that the above differentiation
is understood informally.

We write X; = (X},..., X?) and have for i = 1,...,p— 1
(1.14) = dX;=X/"dt
— X X = /txfjldu
e XM DX es  Xi— DX (1.17)
and for ¢ = p, arguing formally,

(1.14) = dX} =—a, X} dt —- - —a, X} dt + dL,
"<=" DX!+a X!+ - +a,X =DL
WD pprix! 4 a,DP X! + -+ a,D°X} = DL,
—  a(D)X} = DL,,
where a(z) = 2? + a12?~!' + - - 4 a,,. From this
a(D)X! = a(D)D"'X}! = D" 'a(D)X}! = D" 'DL,
such that through Y; = b'X,, t > 0, and with b(z) = by + b1z + -+ + b,_127~! we get

a(D)Y; = a(D)(boX} + -+ + b1 X7)
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=byD°DL; + byD'DL; + -+ + b, 1D’ "' DL, = b(D)DL, .

This formal deviation gives exactly what we wanted to have by formulating the extended
difference equation (1.16).

Processes as in Definition 1.36 were first considered for L being a Gaussian process by
Doob [35]. Brockwell [21], [22] gave the now commonly used definition with L being a Lévy
process and showed when a strictly stationary solution exists assuming that E(L3) < oc.
This work was later completed by Brockwell and Lindner [26] who gave conditions for
existence and uniqueness of strictly stationary solutions of CARMA processes.

Proposition 1.37. Let Y = (Y;)ier = (b'X})ier be a CARMA(p,q) process such that
X = (Xy)ter fulfills (1.14). Let L = (Li)ier denote the corresponding Lévy process and A
the companion matriz.

(a) If Xy is independent of the Lévy process L = (Li)er and E(L?) < oo then (Y;)i>o s
strictly stationary if and only if the eigenvalues of A all have strictly negative real
parts and X 4 o etedL,.

(b) Suppose that L is not a deterministic Lévy process and that a(-) and b(-) have no
common zeroes. Then there exists a unique strictly stationary CARMA process Y
if and only if E(log™ |L1|) < oo and a(-) is non-zero on the imaginary axis.

Proof. (a) Proposition 2 in Brockwell [24]. (b) Theorem 3.3 in Brockwell and Lindner
[26]. O

The condition in Proposition 1.37 (a) that E(L?) < oo can be relaxed to E(L7) < oo for
some 7 > 0, cf. Brockwell [22].

In both cases of Proposition 1.37, the CARMA process permits a moving average repre-
sentation of the form

V= [ glt=s)dL,, t=0, (1.18)

—00

where we can choose ¢t € R in case of Proposition 1.37 (b), and if the eigenvalues of A all
have strictly negative real parts,

b'edte, ift >0,
g(t) = .
0, ift <0,

which is known as the kernel of the CARMA process Y and can be written more explicitly
as

1 oo b(iN)
t) = — i d\, teR.
9(t) 27r/,ooe ain) 'S

The more general representation of g in case of Proposition 1.37 (b) can be found in
Proposition 3.2 of Brockwell and Lindner [26].
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CARMA processes are nowadays a quite popular class of processes in time series analysis
and modeling. There are extensions to the original definition, like multivariate CARMA
processes (MCARMA processes) as in Marquardt and Stelzer [54], fractionally integrated
CARMA processes (FICARMA processes) as in Brockwell and Marquardt [29] which in
contrast to CARMA processes show long memory behavior, and multivariate fractionally
integrated CARMA processes (MFICARMA processes), see Marquardt [53].

Recently, Basse-O’Conner et al. [5], showed that a CARMA process Y = (Y;);cr permits
besides the moving average representation in (1.18) also a continuous time autoregressive
(CAR) representation, i.e.

R(D)Yt:/myt,sf(s)derDLt, teR,
0

where R is a polynomial of order p — ¢ and f: R — R a deterministic function, both
defined through the polynomials a(-) and b(-). Another such representation can be found
in Basse-O’Conner et al. [4].

CARMA processes provide a wide field of applications and can therefore serve, for ex-
ample, as stochastic volatility models, cf. Brockwell [21], Todorov and Tauchen [65], and
Todorov [64], as well as temperature models, cf. Benth et. al. [10], and electricity, cf.
Garcia et. al [37].

A comprehensive overview on recent results can also be found in Brockwell [25] and the
references therein.

1.2 Main Results of this Thesis

In Chapter 2 we extend the results of Subsection 1.1.1. We consider again the random
recurrence equation (1.4). The aim of Theorem 2.3 therefore is to characterize completely
when X, possibly dependent on (M,,, Q),,)nen, can be chosen such that a strictly stationary
solution (X, )nen to (1.4) exists.

If we choose (M, Qy,)nen, as an i.i.d. sequence in R? with generic copy (M, Q), we obtain
the following results regarding (1.4).

(a) Under the assumption of P(M = 0) > 0, a random variable X (possibly on a
suitably enlarged probability space) can be chosen such that the stochastic process
(Xn)nen, is strictly stationary. This stationary solution is unique in distribution
and obtained by choosing X, independent of (M, Qp)neny With

v ({1 o) o

(b) Suppose that P(M = 0) = 0 and that ]/, M; converges almost surely to 0 as
n — oo. Then the following are equivalent:
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(i) A random variable X (possibly on a suitably enlarged probability space) can
be chosen such that (X,,),en, is strictly stationary.

(ii) The infinite sum Y2, ( 3-:1 Mj) Q11 converges almost surely absolutely.
(ili) With A_iog|a as defined in (1.6), it holds that

oo log q
1 A log | M| (log Q)

Pg(dg) < o0o.

If these equivalent conditions are satisfied, then the stationary solution is unique
in distribution, and it is obtained by choosing X, independent of (M,,, @, )nen and
with distribution £(X,) given by (1.19).

(c) Suppose that P(M = 0) = 0 and that [["~, M; " converges almost surely to 0 as
n — oo. Then the following are equivalent:

(i) A random variable X, can be chosen such that (X, ),en, is strictly stationary.

(ii) The infinite sum Y%, ( 1 Mj_l) (Q); converges almost surely absolutely.

(ili) With Ajgas as defined in (1.6), it holds

o0 log q
————— P1g/(dg) < 0.

1 Alog | M| (log q) | N

If these equivalent conditions are satisfied, then the stationary solution is unique

and given by

Xn:_Z(HMn_-&j) Qnvi, n€Np.

i=1 \j=1

(d) Suppose that P(M = 0) = 0 and that neither [], M; nor [[7, M; ' converges
almost surely to 0 as n — oo. Then a random variable Xy can be chosen such
that (X, )nen, is strictly stationary if and only if there is some ¢ € R such that
P(Q + Mc = ¢) = 1. If this condition is satisfied, a strictly stationary solution is
given by the degenerate and constant process X,, = ¢ for all n € Ny. If additionally
P(]M|=1) < 1, then (X,, = ¢)nen, is the only strictly stationary solution of (1.4).

These results can be extended to the index set Z with the only difference that in case of
(a) and (b) above the solution is not only unique in distribution but almost surely and

given by X, = 32, (IT;Zf My—;) Qu—i for all t € Z.

In Chapter 3, Section 3.2, we introduce a CARMA process with random coefficients of
order p and ¢ < p, termed RC-CARMA(p,q) process. More specifically, let p € N and
C = (Cmo = (MY, ... M L) be a Lévy process in RP*! with IT,,;a ({1}) = 0.
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1 Introduction

Let by, ...,b,_1 € R. Let U = (U;);>0 be RP*P-valued defined by

0 t 0 - 0 0 bo
0 0 t . 0 0 b1
Uy := : : : : , ex= 1|1, b:=1] 1 |, (1.20)
0 0 0 - t 0 bp_g
_Mt(p) _Mt(Pfl) _Mt(P*Q) o _Mt(l) 1 bp—l

and ¢ := max{j € {0,...,p—1}: b; # 0}. Then we call any process R = (R;);>o which
satisfies

R,=bV,, t>0, (1.21)
where V' = (V});>0 is a solution to the SDE
AV, = AUV, +edL,, t>0, (1.22)

an RC-CARMA(p,q) process.

It is easy to see that when we choose (Mt(l), . ,Mt(p)) = (ay,...,ap)t with a1,...,a, € R,
we get a classical CARMA (p,q) process (St)i>0 = (b'V})i>0, although on the positive real
line.

Brockwell and Lindner [28] gave a rigorous interpretation of (1.16) by showing that a
CARMA(p,q) process (S; = b'X;);er driven by a Lévy process L satisfies the integral
equation

a(D)JPS; = b(D)J* (L;) + a(D)JP(b'e*X,), teR,

where a(z) and b(z) are as in the discussion of Section 1.1.6, and J denotes the integration
operator which associates with any cadlag function f = (fi)ier: R — C,t — f;, the
function J(f) defined by J(f); := [ fsds.

We show that the RC-CARMA (p,0) process can be interpreted to satisfy a similar p'* order
differential equation, as the CARMA process does, which then can be done thoroughly by
showing that the RC-CARMA (p,0) process satisfies a certain integral-differential equation.
Conversely, every process satisfying this certain integral-differential equation is an RC-
CARMA(p,0) process.

That the state vector process V = (V};);>0 satisfying (1.22) is an MGOU (see Appendix
A.2 for its definition and properties) driven by a Lévy process (X,Y) which can be given
explicitly in terms of the Lévy process (U, L) is proved as well as the existence of a strictly
stationary solution of (1.22) and hence of (1.21) if E {logJr ||U1||} < o0, E {log+ |L1|} < 00,
there exists a tg > 0 such that

E {log £ (),

’ —

} <0, (1.23)
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F
and Vj is chosen independent C' and such that Vp < 15" € (U),_edLs which exists if (1.23)
holds for some t, > 0. Conversely, if Vj can be chosen independent of C' such that V is
strictly stationary, M = ( t(l), e Mt(p ))tZO is independent of L, and L not deterministic,

then there exists a ¢ty > 0 such that (1.23) holds.
It is shown in Section 3.3 that if

E||C4]]> < oo and all eigenvalues of D have strictly negative real parts, (1.24)

where D = E[U] ® [ + 1 ® E[U;] + E[U; ® U] — E[U;] ® E[U;], then the state vector V
is strictly and weakly stationary and, if further E[L,] = 0, the autocovariance function of
the RC-CARMA (p,q) process can be given explicitly as

Cov(Ryp, R)) = bW yec ! (=D e ,2) E(L?)b,

where ® denotes the Kronecker product and vec the vectorizing operator on which more
information are provided in Section A.1. Moreover, we give conditions for the existence
of higher moments in terms of the moments of C'.

Further, we give the spectral density of the RC-CARMA process and show that we can
associate to every RC-CARMA process R = (R;)¢>0 a certain CARMA process S = (S¢)i>0
where A is chosen to be E[U;]. In this case, the autocovariance functions of R and S differ
only by a constant.

In Chapter 4, we consider a continuous time moving average process X = (X;)icr as
defined in (1.10) for f € L*(R) and L = (L;)ser a Lévy process with zero mean and finite
second moment o2 sampled at a renewal sequence. This means, we consider a sequence
of increasing random times (7,),ez defined by

- M/’L ) € Na
To:=0 and T, := =1 L "
- Zl_:n VVZ ) —n c N )
where W = (W, )nez\(0y is an iid. sequence of positive supported random variables

independent of the driving Lévy process L and such that P(W; > 0) > 0. Moreover, we
define the sampled process Y = (Y},)nez by

Y, =Xr,, neZ, (1.25)

and study the behavior of its sample mean Y, = %Zzzl Y}, its sample autocovariance

Yu(h) = L5020 (Ve = Y0)(Yisn — Yy), h =0,1,...,n— 1, and its sample autocorrelation

Pn(h) = Fn(h)/7,(0). Throughout, we compare our results to the non-random equidistant
sampling of Theorem 1.34 and 1.35.

Under the condition that E(|L;|?log™ |Li]) < oo, f € L2(R), [ |f(s)[*log™ | f(s)|ds < oo,
and

/R]f(u)] SOE|f(Ty + )| du < oo, (1.26)

kEZ
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we show in Section 4.2 that 02 := Y ,cz Cov(Yp, Y}) exists in [0, 00), is absolutely con-
vergent,

ot =E(L}) Y [ F@E(f(T,+w)du,
and
Vi (Y, —p) -5 N(0,0%) asn — 0o.

The proof of this result relies on the foundations of Section 4.1 where we show that
the sampled process Y is strictly stationary and that every m-dependent process X (™)
sampled in the above way (1.25) is strongly mixing with exponentially decreasing mixing
coefficients. We then consider the “truncated” moving average

xm ::u+/Rfm(t—s)dLs, teR,

where fn, = f1/_m/2,m/2, and prove that its sampled version Y (™) converges, by a cen-
tral limit theorem for strictly stationary strongly mixing sequences with exponentially
decreasing mixing coefficients, c¢f. Theorem 1.11, towards a normal distribution. Showing
the other conditions of Theorem 1.12, we establish the asymptotic normality of the sample
mean Y,,.

In Section 4.3 we exhibit that assuming for the Lévy process L = (L;)icr to have ex-
pectation zero and E(|L;|*(log™ |L1|)?) < oo, f € L*(R) N L*(R), f # 0 A-a.e, (1.26),
Je 1 f(8)|*(log™ | f(s)])?ds < oo, and for an h € N

/R|f(u)|ZE|f(u—|—Tp)f(u+Tk)f(u+Tk+q)|du<oo, ¥p,q e {0,..., h},

k=1

as well as

< 00,

iE[( / |f(u)f(U+Tk)|du>2

that it holds
Vi(pa(1) = p(L), .., pu(h) — p(h)) =5 N(O, W), n— oo.

Here W = (W), 4=1...1n € R"*" is given by

.....

Wy = (Zpg — p(p)Zog — p(q)Zpo + p(p)p(9)Zio) /7(0)?,

where Z = (Z,)pg=0.,...h € R 1Ixh+1 g the covariance matrix obtained in the limit normal
distribution of the autocovariance function. An explicit expression for Z is also available
and given. The proof of the asymptotic normality result of the autocorrelation function
follows in a similar manner as the one for the sample mean.
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In Section 4.4, we propose an estimator for the parameter of an Ornstein-Uhlenbeck
process for which we apply the results of Section 4.3.

In Chapter 5, Section 5.1, we extend the results of Cohen and Lindner stated in Theorem
1.34 to a multivariate setting. More precisely, we consider an R%valued continuous time
moving average process X = (X;);cr defined by

Xt::u+/f(t—s)dL5, teR, (1.27)
R

where 1 € RY L = (Lt)ser is a two-sided R™-valued Lévy process with mean zero and
finite second moment, and f: R — R¥™™ is in L?(R¥™) i.e.

LA (R&™) .= {f: R — R™™ measurable: / £ ()] ds < oo}
R

for some norm on R4*™,

We see that the integrals on the right-hand side of (1.27) exist since f € L?(R%™) and
E||L1]|> < co. X is then strictly stationary. We show that the autocovariance function
of X is given by

D(Ah) = / F()S0f(s) ds
R
where Y1 denotes the covariance matrix of the Lévy process L.

Further, when X is sampled equidistantly at a sequence (An),en for some A > 0, then the

asymptotic normality of the sample mean Ayn = %2221 XA can be established under
the assumption that

(ﬁA: 0.4] = 0,00, e Fa(u)= 3 Hf(u+hA)H> e L2([0,A]).  (1.28)

h=—00

More precisely, if (1.28) holds, f € L*(R™™) and L = (L;)ier is an R™-valued Lévy
process with zero mean and finite second moment, we have that >;° ___ ||[['(AR)|| < oo,

S T(AR) = /OA F(s)SpF(s) ds,

h=—00

where Fa(u) =32 f(u+ hA), and
A< d A
vn( Xn—u)—>N<O,/O F(S)ELF(S)'ds> asn — 0o.

Finally in Section 5.2, we extend the results of Section 4.2 on the sample mean of a renewal
sampled moving average process to a multivariate setting. More precisely, we show that

V(Y — 1) =5 N(0,5y) as n— oo,
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where

Sy =3 [ F@ZE(f (T +w)) du,

kEZ

assuming that E(|[Ly]|*log™ || L1]]) < oo, fi [If(s)|[*log" [ f(s)]| ds < oo, and

JL 101 BTt ) o < oo

In both Sections 5.1 and 5.2 we see that the conditions of the univariate cases extend
naturally towards a multivariate setting.

Some known results on the Kronecker product are summarized in Appendix A.1. Ap-
pendix A.2 provides a collections of results on multivariate generalized Ornstein-Uhlenbeck

(MGOU) processes which are due to Behme and Lindner [8] and Behme [9], while Ap-
pendix A.3 contains some detailed calculations for the results of Section 4.4.

Chapter 2-4 are based on research articles, namely Chapter 2 is based on Brandes and
Lindner [16] (published), Chapter 3 is based on Brandes [14] (published), and Chapter 4
is based on Brandes and Curato [15] (submitted).



2 Non-causal strictly stationary
solutions of random recurrence
equations

This chapter is based on the published article by Brandes and Lindner [16] “Non-causal
strictly stationary solutions of random recurrence equations”. Let (M, Qp)nen be an i.i.d.
sequence in R?, (M, Q) a generic copy of it, and let the real-valued process (X, )nen, be
defined recursively by

Xn = Man,1 + Qn, n € N, (21)

where X is some starting random variable, defined on the same probability space. Our
goal is to characterize when the starting random variable X, can be chosen such that the
derived process (X, )nen, is strictly stationary, meaning that for all n € Nyg,m € N and
hi,..., hy, € Ny,

E(Xhl, e ,Xhm) = E(XhlJrn, . >Xhm+n)

where £(Y') denotes the law of a random vector Y. Much attention has been paid to this
question when Xj is assumed to be independent of (M,,, Q@ )nen, in which case (X,,)nen,
becomes a time-homogeneous Markov process. In this case, an independent X, can be
chosen such that the process becomes stationary if and only if the Markov process admits
an invariant probability measure p, in which case X, and p are related by p = £(Xp).
By the definition of the invariant measure, this is further equivalent to saying that the
distributional fixed point equation

L(X)=L(Q+ MX), with X independent of (M, Q),

has a solution. A complete solution of when such a distributional fixed point and hence a
choice of an independent X exists making (X, )nen, strictly stationary has been achieved
by Goldie and Maller [41, Theorem 3.1], while necessary and sufficient conditions under
some extra conditions had been obtained earlier by Vervaat [67, Theorems 1.5 and 1.6]. We
also mention Brandt [17, Theorem 1], who gave sufficient conditions when (M,,, Qp)nen,
was allowed to be stationary and ergodic rather than i.i.d., the book by Brandt et al. [18],
where this equation and more general recursive equations with stationary and ergodic
input are treated, and Bougerol and Picard [13] who consider a multivariate extension of
Vervaat’s result. We refer to the paper by Goldie and Maller [41] for further references
when X is assumed to be independent of (M, Q,)nen-
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In time series analysis, the assumption that X is independent of the sequence (M,,, Q) nen
is termed a causality-assumption or also a mon-anticipativity assumption, and a corre-
sponding solution a causal solution. The aim of this chapter is to dispose of this causality
assumption and to characterize completely when X, possibly dependent on (M,,, Q,)nen,
can be chosen such that (X,,)nen, becomes strictly stationary. It will turn out that non-
causal solutions which depend on the future may indeed exist. This chapter can then
be seen as a discrete time analogue of Behme et al. [6], who consider strictly stationary
solutions of the stochastic differential equation dV; = V,_dU; 4+ dL; with Lévy noise. Note
also that related questions for ARMA processes (with deterministic coefficients) have been
dealt with in Brockwell and Davis [23, Theorem 3.1.3 and Problem 4.28] for the second
order stationary case, and in Brockwell and Lindner [27, Theorem 1] for the strictly sta-
tionary case. A discussion of non-causal autoregressive models in economic time series
can be found in Lanne and Saikkonen [50].

2.1 Preliminaries

Let (M,, Q,)nen be an R%-valued i.i.d. sequence defined on a probability space (Q, F, P),
let X, be a random variable on the same probability space, and define (X, ),en, by (2.1).
Denote

Hn::HM’ia nENo,
=1

with the usual convention that the empty product is 1. By successive iteration, it is easy
to see that

n+h n+h n+h

i=h+1 i=h+1 \j=itl

By Theorem 3.1 (c) of Goldie and Maller [41], if P(M =0) =0 and P(Q + Mc=¢) <1
for all ¢ € R, then a causal strictly stationary solution of (2.1) exists if and only if

o0 II,,_1Q,, converges almost surely absolutely, in which case £(>°0°, II,,_1Q),,) is the
unique invariant measure. In Goldie and Maller [41, Theorem 2.1], of which a reduced
version is given already in Chapter 1 as Theorem 1.2, they also give a necessary and
sufficient condition for this sum to converge almost surely absolutely. It will be also an
important tool for the proof of our characterization of all (not-necessarily causal) solutions
we give in Theorem 2.3 below. For a random variable X, we denote its distribution by

Px, and if P(X > 0) > 0 we denote
Ax(y) = E(X+Ay):/yP(X>x)dx, y>0. (2.3)
0

Then the function (0,00) — (0,1], y — AXT(y) is nonincreasing, cf. [41, Remark 2.2].
We can now state those parts of Theorem 2.1 of [41] which are relevant for our further
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investigations. In the formulation below, the equivalence of (ii) and (iii) and the last
assertions follow from Theorem 2.1 together with Lemma 5.5 (applied with Z; := 0) in
Goldie and Maller [41].

Theorem 2.1. [41, Theorem 2.1]
Let (M, Qn)nen be an i.i.d. sequence in R? with generic copy (M, Q) such that P(Q =
0) <1 and P(M =0) =0. Then the following are equivalent:

(i) I, = 0 a.s. asn — oo and [{° %P@(dq) < 00.

(ii) The infinite sum Y o2, 11, 1Q,, converges almost surely absolutely.

(iii) 11, — 0 a.s. asn — oo and Y1, I1;_1Q); converges in distribution to a finite random
variable as n — 0o.

If11,, — 0 a.s. (n — o) but [~ %P@(dq) = 00, then |Y0  II;_1Q;| converges
g

in probability to oo as n — oo. Further, if I, does not converge almost surely to 0 as

n— oo and P(Q+Mc=c) <1 forallc € R, then | X1 | I1;_1Q;| converges in probability

to 00 as n — o0.

Conditions for the almost sure convergence of II,, to 0 have been obtained by Kesten and
Maller [48, Lemma 1.1]. To state their results, let (M,,)nen be an ii.d. sequence of real
valued random variables such that P(M; = 0) = 0. Consider the random walk
S, = Z(—logMi) , neN.
i=1

Then [ ; M; converges almost surely to 0 if and only if 5,, drifts almost surely to 4+o00
as n — oo, and [, M; ' converges almost surely to 0 if and only if S, converges almost
surely to —oo as n — oo. Further, it is well known that (S, ),en either converges almost
surely to 400, or converges almost surely to —oo, or oscillates in the sense that —oo =
liminf, . S, < limsup,,_, . S, = +00 almost surely. Then by Lemma 1.1 in Kesten and
Maller [48], we have S,, — oo a.s. as n — oo if and only if either 0 < E(—log|M|) <
E‘ log | M| ‘ < 00, or E(log|M|)~ = o0 and [{° mﬂogw‘(dy) < 0o with A_og|u
as defined in (2.3). Similarly, S,, — —oo a.s. as n — oo if and only if either

0 < E(log|M|) < E[log|M] | < oo, (2.4)
or

o Yy
E(log |M|)t =00 and / -
( | |) 1 Alog\M|(y)

Since limy o Aiog [a((y) is finite if and only if E(log |[M])" < oo, we see that

P_10g|M‘(dy) < 0. (25)

o Y
/1 mp—logwl(d?/) < 0 (2.6)

is implied by both (2.4) and (2.5), hence (2.6) always holds whenever [T, M;' — 0 a.s.
(n — 00).

29



30

2 Non-causal strictly stationary solutions of random recurrence equations

Remark 2.2. If P(M = 0) = 0 and E‘log|]\/[]‘ < o0, then I, — 0 a.s. (n — o0) if
and only E(log |M]) < 0, in which case A_\ogn)(x) converges to E((—log|M]|)") < oo

as x* — 0o. Hence, provided that E‘ log|M|’ < 00, condition (i) of Theorem 2.1 can be
replaced by
E(log|M|) <0 and E(log"|Q]) < o0,

where log* (x) = log(max{1,z}) for x € R, ¢f. Theorem 1.5.

2.2 Results

The following is our main result and characterizes when X, can be chosen for (2.1) to
have a strictly stationary, not necessarily causal, solution.

Theorem 2.3. Let (M, Q,)nen, be an i.i.d. sequence in R? with generic copy (M, Q).
Consider the random recurrence equation (2.1).

(a) Suppose that P(M = 0) > 0. Then a random variable Xy (possibly on a suitably
enlarged probability space) can be chosen such that the stochastic process (X, )nen, 1S
strictly stationary. This stationary solution is unique in distribution and obtained by
choosing Xo independent of (M, Qpn)nen with

L(Xo) =L (i (ﬁ Mj) Qi+1) . (2.7)

i=0 \j=1
(b) Suppose that P(M = 0) = 0 and that [I}_, M; converges almost surely to 0 as n — oo,
i.e. that 31 log |M;| — —o0 a.s. as n — oo. Then the following are equivalent:

(i) A random wvariable Xo (possibly on a suitably enlarged probability space) can be
chosen such that (X, )nen, s strictly stationary.

(ii) The infinite sum Y32, ( 3:1 ]\/[j) Qi1 converges almost surely absolutely.
(7it) With A_iog 0| as defined in (2.3), it holds that

00 log q
1 Al log|M|(lOg Q)

Pg|(dg) < oo.

If these equivalent conditions are satisfied, then the stationary solution is unique in distri-
bution, and it is obtained by choosing X independent of (M, Q,)nen and with distribution
L(Xy) given by (2.7).

(c) Suppose that P(M = 0) = 0 and that [['_;, M;" converges almost surely to 0 as
n — oo, i.e. that Y1 log|M;| = +00 a.s. asn — co. Then the following are equivalent:

(i) A random variable Xo can be chosen such that (X, )nen, 1S strictly stationary.

(ii) The infinite sum Y32, ( ;‘:1 Mj’l) Q; converges almost surely absolutely.



2.2 Results

(7it) With Awg|m| as defined in (2.3), it holds

0 log q
————— Py-10/(dg) < 00.

1 Alog|M|<lOg Q) | Q‘( )
If these equivalent conditions are satisfied, then the stationary solution is unique and given
by

Xn = — Z (H M’Vl_-:j) Qn+i , neE NO . (28)

i=1 \j=1

(d) Suppose that P(M = 0) = 0 and that neither [[7_, M; nor [17-, M;"" converges almost
surely to 0 as n — 0o. Then a random variable X, can be chosen such that (X,)nen, S
strictly stationary if and only if there is some ¢ € R such that P(Q+ Mc = ¢) = 1. If this
condition is satisfied, a strictly stationary solution is given by the degenerate and constant
process X, = c for all n € Ny. If additionally P(|M| = 1) < 1, then (X, = C)nen, is the
only strictly stationary solution of (2.1).

Observe that the solution given by (2.8) depends on the future and is a non-causal solution.

Proof. (b) Suppose that P(M = 0) = 0 and that [}, M; — 0 a.s. as n — oo. The
equivalence of (ii) and (iii) is clear from Theorem 2.1. Now assume (i) and let (X,,)nen,
be a strictly stationary solution of (2.1). Since L(X,1pn,,---, Xntn,) = L(Xnys -, Xn,,)
for all m € N and hq,..., h, € Ny by strict stationarity, and since H?j{ﬂfhk M; — 0 a.s.
as n — oo for each k € {1,...,m}, it follows from (2.2) and Slutsky’s lemma that

i=1+hy \j=i+1 i=14+hm \j=1+hm

converges in distribution as n — oo to L(Xp,, ..., Xp,, ). Since this limit does not depend
on Xy, we see that the stationary solution must be unique in distribution. Further, setting
m =1 and h; = 0, we get convergence in distribution of > 7 ; (H?:Z- 41 Mj> (;, and since

(E(i o) elg(tu)a) e

as a consequence of the i.i.d. assumption on (M, Q,)nen, We see that also > I, 1Q);
converges in distribution to a finite random variable as n — oco. Hence (ii) follows from
Theorem 2.1.

For the converse, assume (ii), and choose Xy independent of (M,,, @, )nen With distribution
given by (2.7). Then (X, )nen, is a time-homogeneous Markov process, and it is easy to
check that L(M;Xo+ Q1) = L(Xp). Hence £(Xp) is an invariant probability measure and
the Markov process (X,,)nen, consequently strictly stationary.
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(a) If P(M = 0) > 0, for each hy € Ny we automatically have H?j{f’;hk M; — 0 as.
and almost sure absolute convergence of > " , ( ;;11 Mj) Q; as n — oo. The existence
of a stationary solution and the uniqueness assertion is then in complete analogy to the

corresponding proof in (b).

(c) Suppose that P(M = 0) = 0 and that T[], M, ' — 0 almost surely as n — oco. Since

z”: (ﬁ Mjl) Q; = Zn: (Z_j ]\/[jl) Mifl@i

i=1 \y=1 =1

for n € N and since (M,,, M,;'Q,)nen is an i.i.d. sequence, the equivalence of (ii) and (iii)
follows from Theorem 2.1. Now assume (i) and let Xy be chosen such that (X,,)nen, is
strictly stationary. Rewriting (2.2) we have

5= (I )= 3 (11 007) 0 210

i=h+1 i=h+1 \j=h+1

for every h € Ny and n € N. Since L(Xpin) = L(Xo) by strict stationarity, and

since H?j,ﬁrl M converges almost surely to 0 as n — oo, we conclude from Slut-

sky’s lemma that (H?jh}ﬂrl M[l) Xpin converges in probability to 0 as n — oo, hence

_ n

i ( ;‘:1 M, jj) Qn.; must converge in probability to X, as n — oo. This shows
uniqueness of the solution and the given form, and from the discussion above and Theo-
rem 2.1 we see that the convergence must be almost surely absolutely, hence we obtain
(ii). Conversely, if (ii) is satisfied, define X,, by (2.8). Then it is easy to see that (X, )nen,
is a strictly stationary solution of (2.1).

(d) Suppose that P(M = 0) = 0 and that neither IT, nor II;! converges to 0 a.s. as
n — o0o. Suppose that P(Q + Mc = ¢) < 1 for all ¢ € R. Then P(Q = 0) < 1
and |20, IT1;_1Q;| converges in probability to oo as n — oo by Theorem 2.1, hence so
does ’Z?:l (H?:Hl Mj> Qz‘ by (2.9). Assume that a stationary version (X, )nen, exists.
By (2.2) for h = 0 this implies that |II,,X,| converges in probability to co as n — oo,
hence so does |I1,,|. By stationarity, we conclude that II;1X, converges in probability
to 0 as n — oo, and hence we conclude from (2.10) for h = 0 that 7, 114 M, 'Q;
converges in probability to —Xj. Since P(Q + Mc = ¢) < 1 for all ¢ € R, we also have
PM™'Q + M~'d = d) < 1 for all d € R, and since II,! does not converge to 0 a.s.
by assumption it follows again from Theorem 2.1 that | >, II;4 M;'Q;| converges in

probability to co, a contradiction. Hence no strictly stationary solution can exist unless
P(Q+ Mc =c) =1 for some ¢ € R.

Now if there is some ¢ € R such that P(Q + Mc = ¢) = 1, then Q,, = (¢ — M,c¢) a.s., and
(2.1) is equivalent to

X,—c=M,(X,-1—¢), neN. (2.11)
Hence X, = c for each n € Ny is obviously a strictly stationary solution. To show
uniqueness if P(|[M| = 1) < 1, let (X,,)nen, be some strictly stationary solution of (2.1).



2.2 Results

From (2.11) we obtain | X,, — ¢| = |II,,| | X — ¢|, hence

log | X,, — | :log|X0—c|+Zlog|Mi|, neN,

=1

with the convention that log0) = —oo. But as the modulus of a random walk with
P(log|M;| = 0) < 1, converges in probability to +o0o as n — oo (this is
well known; for instance it is an immediate consequence of Theorem I11.9 in Petrov [57]),

hence ‘log\Xn — c\‘ converges in probability to co as n — oco. But since (X,,)nen, 18

strictly stationary, this is only possible if ‘log | X, — c|‘ =0 a.s., le if X, =cas. 0O

Remark 2.4. [t follows from Theorem 2.3 that the strictly stationary solution to (2.1),
provided it exists, is unique in distribution unless P(|M| =1) =1 and Q = (1 — M)c
a.s. for some c € R. If P(|[M| = 1) = P(Q = (1 — M)c) = 1 for some ¢ € R, then
the strictly stationary solution is indeed no longer unique in distribution, as follows from
Theorem 3.1 (b) (i)-(iii) in Goldie and Maller [41], where moreover all causal solutions
in this case are characterized.

Remark 2.5. Let (M,,, Q,)nez be an i.i.d. sequence in R* with generic copy (M, Q). Then
the same characterization as in Theorem 2.3 also holds for the existence of strictly station-
ary solutions to the equation X, = M, X,,_1 + Q, indexed by n € Z. The only difference
is now that, in cases (a) and (b), the strictly stationary solution (if existent) is not only

unique in distribution, but unique almost surely, and given by X, = 372, ( ;;%) Mt_j) Qi
for allt € Z, with convergence almost surely absolutely. This follows from (2.2) by fizing
t =n+h and letting h — —o0.

In light of part (c¢) of Theorem 2.3, in comparison with part (b) of Theorem 2.3, it
is natural to ask for the relationship between the almost sure absolute convergence of
> ( Z_ Mj_l) Q; and that of >, ( i1 M; ) Q;, or in other words, the relationship

J=1
between the convergence of the integrals [/ L)HM—IQ‘(C‘[Q> and

Alog \M\ log g
e %H@(dq). We have the following result:
og

Proposition 2.6. Let (M, Q,)nen be an i.i.d. sequence in R? with generic copy (M, Q)
such that P(M = 0) = 0.

(a) If Zfi1( ;;11 Mj_l) Qi converges almost surely absolutely, then so does

ioil ( ;’:1 Mj_l) Qz
(b) Conversely, if additionally E‘ log |M|‘ < 00, then almost sure absolute convergence of
=1 ( ; M ) Q; implies that of 372 ( ) Q;.

(c¢) If (M,Q) are such that P(M > 1) = 1, E(logM) = o0 and Q = M, then
Yoy (Hj-:l Mj_l) Q. converges almost surely absolutely, while 772, ( ; M )Ql does
not.
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Proof. The proof of (a) and (b) is in complete analogy to the proof of Theorem 3.1 in
Lindner and Maller [51] for convergence of Lévy integrals and hence omitted. We only
remark that for the proof of (a), Equation (7.1) in Lindner and Maller [51] has to be
replaced by

PUMIQ| > q) < P(IM'] > v@) + P(Q] > va)

for ¢ > 1 and that (2.6) is used to show convergence of the corresponding integral involving
P(IM~'| > ,/q). The proof of (b) is similar to that in Lindner and Maller [51], using

P(IQ > q) < P(IM| > g) + P(IM™'Q| > /q) .

The convergence statement in (c) is trivial from Theorem 2.1 since Pjy-1¢ is the Dirac
measure at 1, while the divergence assertion follows as in Lindner and Maller [51, Theorem
3.1 (c)]. O

Similar to Brandt [17] or Brandt et al. [18], it would be interesting to know if some of the
results of this chapter can be extended to inputs that are strictly stationary and ergodic
rather than i.i.d., but we leave this for future research.



3 Continuous time autoregressive
moving average processes with Lévy
coefficients

This chapter is grounded on the published article by Brandes [14] “Continuous time
autoregressive moving average processes with random Lévy coefficients”. Let ¢ < p be
non-negative integers and L = (L;)cg a Lévy process, i.e. a process with stationary
and independent increments, cadlag sample paths and Ly = 0 almost surely, which is
continuous in probability. A CARMA(p,q) process S = (S;)ier driven by L is defined via

St = let; t € R, (31)

with X = (X;)er @ CP-valued process which is a solution to the stochastic differential
equation (SDE)

dXt = AXt dt“—est, t c R, (32)
where
[0 1 0 0 | [0] [ b |
0 0 1 ... 0 0 by
A = , € = ) and b = .
0 0 0 ... 1 0 bp_s
_—CLp —Ap—1 —Qp—2 ... —al_ _1_ _bp—l_

with ai,...,a,,b0,...,b,-1 € C such that b, # 0 and b; = 0 for j > ¢. For p = 1 the
matrix A is interpreted as A = (—ay).

It is well-known that the solution of (3.2) is unique for any X, and given by

X, = et (XO + e 4% dLS> ., t>0.

(0,4]

Processes of this kind were first considered for L being a Gaussian process by Doob [35].
Brockwell [22] gave the now commonly used definition with L being a Lévy process.
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A CARMA process S = (S;)ier as defined in (3.1) and (3.2) can be interpreted as a
solution of the p*-order linear differential equation

a(D)S, = H(D)DL,

where a(z) = 22 + a12P" ' + -+ ap, b(2) = by + bz + -+ + b, 121 and D denotes the
differentiation operator. In this sense, CARMA processes are a natural continuous time
analog of discrete time ARMA processes. Similar to ARMA processes, CARMA processes
provide a tractable but rich class of stochastic processes. Their possible autocovariance
functions h — Cov(S;, Siyn) are linear combinations of (complex) exponentials and thus
provide a wide variety of possible models when modeling empirical data.

In discrete time, ARMA processes with random coefficients (RC-ARMA) have attracted
a lot of interest recently, in particular, AR processes with random coefficients, see e.g.
Nicholls and Quinn [56]. They have applications as non-linear models for various pro-
cesses, e.g. bilinear GARCH processes introduced by Storti and Vitale [63]. RC-ARMA
processes also arise as a special case of conditional heteroscedastic ARMA (CHARMA)
models proposed by Tsay [66] and are used for financial volatility processes, see e.g. He
and Terdsvirta [44], to name just a few.

As CARMA processes constitute the natural continuous time analog of ARMA processes,
it is, therefore, natural to ask for CARMA processes with random coefficients. The
CARMA(1,0) process with random (Lévy) coefficients has already been studied. It is
known as the generalized Ornstein-Uhlenbeck (GOU) process, which is obtained as the
solution to the SDE

dX; =X, d§+dLy, t>0,

where (§,L) = (&, Lt)1>0 is a bivariate Lévy process. It has been shown by de Haan
and Karandikar [33] that GOU processes arise as the natural continuous time analog of
the AR(1) process with random i.i.d. coefficients. By choosing (&;)i>0 = (—a1t)>0, the
GOU process reduces to the classical Lévy-driven Ornstein-Uhlenbeck process, which is

a CAR(1), i.e. CARMA(1,0) process.

Both the Ornstein-Uhlenbeck process as well as the generalized Ornstein-Uhlenbeck pro-
cess have various applications in insurance and financial mathematics, see e.g. Barndorff-
Nielsen and Shepard [1] and Kliippelberg et al. [49].

The aim of this chapter is to introduce CARMA processes with random Lévy autore-
gressive coefficients of higher orders, p > 1, and to study stationarity and other natural
properties. The definition of our process is done in such a way that it includes the gen-
eralized Ornstein-Uhlenbeck process for order (1,0) as a special case and that it reduces
to the usual CARMA process when the autoregressive Lévy coefficients are chosen to be
deterministic Lévy processes, i.e. pure drift and henceforth linear functions.

The chapter is organized as follows. In Section 3.1 we give some preparative results regard-
ing multivariate stochastic integration, the multivariate stochastic exponential, and mul-
tivariate generalized Ornstein-Uhlenbeck processes. In Section 3.2 we define a CARMA
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process with random coefficients (RC-CARMA) and present some basic properties as well
as sufficient conditions for the existence of a strictly stationary solution. Similar to Brock-
well and Lindner [28] for CARMA processes, we further show that the RC-CARMA(p, 0)
process satisfies an integral-differential equation and examine its path properties. Section
3.3 is concerned with the existence of moments, the autocovariance function and spectral
density, whereby it turns out that the latter two have an interesting connection to those
of CARMA processes. We end Section 3.3 by investigating an RC-CARMA(2, 1) process
in more detail. Conclusively, in Section 3.4 we present some simulations.

3.1 Preliminaries

Throughout we will always assume as given a complete probability space (2, F, P) to-
gether with a filtration F = (F;):>0. By a filtration we mean a family of o-algebras (F;)¢>0
that is increasing, i.e. F, C F; for all s < t. Our filtration satisfies, if not stated oth-
erwise, the usual hypotheses, i.e. Fy contains all P-null sets of F, and the filtration is
right-continuous.

GL(R,m) denotes the general linear group of order m, i.e. the set of all m x m invertible
matrices associated with the ordinary matrix multiplication. If A € GL(R, m), we denote
with A’ its transpose and with A~! its inverse.

For cadlag processes X = (X;);>0 we denote with X, and AX; := X; — X;_ the left-limit
and the jump at time ¢, respectively. A d-dimensional Lévy processes L = (L;);>¢ can be
identified by its characteristic exponent (Ay,~, 1) due to the Lévy-Khintchine formula,
cf. Theorem 1.16, i.e. if u denotes the distribution of Ly, then its characteristic function
is given by

1 ,
() = exp | =5 {2, Av2) + i, 2) +/Rd(el<w> —1— iz, 2)Lqpen (@) L (dx)| , 2 € RY.
Here, Ay is the Gaussian covariance matrix which is in one dimension denoted by o%, 11,
a measure on R? which satisfies I15({0}) = 0 and [pa(|2|* A 1) I (dx) < oo, called the

Lévy measure, and v, € R? a constant. Further, |z| denotes the Euclidean norm of z.

For a detailed account of Lévy processes we refer to the book of Sato [61].

Stochastic Integration

A matrix-valued stochastic process X = (X;);>o is called an F-semimartingale or simply
a semimartingale if every component (Xt(” ))tzo is a semimartingale with respect to the
filtration F.

For a semimartingale X € R™" and H € R™™ and G € R™? two locally bounded
predictable processes, the R>*P-valued stochastic integral J = [ HdXG is defined, cf.
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Definition 1.26, by its components via

m

J0D 33 / FGD) Q) k)
k=1 h=1

It can easily be seen that also in the multivariate case the stochastic integration preserves
the semimartingale property, cf. Remark 1.27.

For two semimartingales X € R™*™ and Y € R™*" the R*"-valued quadratic covariation
[X,Y] is defined, cf. Definition 1.28, by its components via

X, Y] = SOLX 00,y ) (33

k=1
and similar its continuous part [X,Y]¢ such that it also holds true for matrix-valued
semimartingales

(X, Y], = [X,Y]{ + XoYo+ > AXAY,, ¢t>0. (3.4)

0<s<t

Finally, as stated in Theorem 1.29, for two semimartingales X,Y € R™*™ the integration
by parts formula takes the form

t t
(XY)tI/ Xsdeer/ dX.Y,_ +[X,Y];, t>0.
0+ 0+

The Multivariate Stochastic Exponential

Let X = (Xi)i>0 be a semimartingale in R™*™ with X, = 0. Due to Definition 1.30, its

F
left stochastic exponential € (X), is defined as the unique R™*"-valued, adapted, cadlag
solution (Z;);>o of the integral equation

Zy =1+ o dX,, t>0,
(0,1]
where I € R™*™ denotes the identity matrix. The right stochastic exponential of X,

i
denoted as £ (X),, is defined as the unique R™*"-valued, adapted, cadlag solution (Z;);>¢
of the integral equation

Z, =1+ [ dX.Z,, t>0.
(0.]

It can be shown that both the left and the right stochastic exponential are semimartingales

— —
and that for its transpose it holds € (X); = € (X’),. As observed by Karandikar [46], the
right and the left stochastic exponentials of a semimartingale X are invertible at all times
t > 0 if and only if

det(I + AX,) #0 Vt>0. (3.5)

We also need the following result of Karandikar [46].
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Proposition 3.1. (Inverse of the Stochastic Exponential)
Let X = (X})i>0 be a semimartingale with Xo = 0 such that (3.5) holds. Define the
semimartingale

Up=-X+[X, X[+ 3 (I +AX)" = T+AX,), t>0. (3.6)
0<s<t
Then
g0t = {E (U’)t}/ &), vt=o0, (3.7)
and
U =-X,—[X,U, Vt>0. (3.8)
Further,

det(I + AU;) #0 Vit >0,
and X can be represented by

Xy =-U+[UUf+ Y (I+AU) - 1+AU,), t>0. (3.9)

0<s<t

Proof. For (3.7) and (3.8) see Karandikar [46], Theorem 1. For the remaining assertions,
observe that AU; = (I + AX;)™' — I from (3.6), so that det(I + AU;) # 0 for all ¢ > 0.
Further, from (3.6) we obtain [U, U]¢ = [X, X¢. Inserting this, AU; = (I + AX;)™ ! — 1,
and the form of U; from (3.6) into the right-hand side of (3.9) gives X; so that (3.9) is
true. O

Multivariate Generalized Ornstein-Uhlenbeck processes

We give a short overview of results regarding multivariate generalized Ornstein-Uhlen-
beck (MGOU) processes which are used throughout. MGOU processes were introduced
by Behme and Lindner [8] and further investigated in Behme [9].

Definition 3.2. Let (X,Y) = (X, Y;)i>0 be a Lévy process in R™*™ x R™ such that
X satisfies (3.5), and let V be a random variable in R™. Then the R™-valued process
V = (V)i>0 given by

V=€ (X);" <v0+ £(X), dY5> L t>0,

(0,¢]
is called a multivariate generalized Ornstein-Uhlenbeck (MGOU) process driven by (X,Y).
The underlying filtration F' = (F;);>0 is such that it satisfies the usual hypotheses and
such that (X,Y) is a semimartingale.

The MGOU process will be called causal or non-anticipative, if Vj is independent of
(X,Y), and strictly non-causal if V; is independent of (X§, Y;)o<s<t for all ¢ > 0.
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Remark 3.3. It follows from Behme and Lindner [8], Theorem 3.4, that an MGOU
process V = (Vi)i>0 with an Fo-measurable Vi solves the SDE

AV, = dU,V,_ + dZ,, t>0, (3.10)

$—
where U = (U)o is another R™ ™ -valued Lévy process defined by (3.6) so that € (X); ' =
—
EW),, and Z = (Z;)>0 is a Lévy process in R™ given by

y=Yi+ Y (T+AX) T = T)AY. = [X,Y];, t>0.

0<s<t
With these U and Z the MGOU process can also be written as

m:?@%(%+(}§«ﬂjdm>,tzo. (3.11)
0,t

Conversely, if (U,Z) = (Ui, Zt)i>0 s a Lévy process in R™*™ x R™ such that it holds
det(I + AU;) # 0 for all t > 0, then for every Fo-measurable random vector Vg the
solution to (3.10) is an MGOU process driven by (X,Y), where X is given by (3.9) and
Y, = Z, + [X, Z),.

Convention 3.4. Observe that an MGOU process and similarly the process given by
(3.11) is well-defined for any starting random vector Vp, regardless if it is Fy-measurable
or not. We shall hence speak of (3.11) as a solution to (3.10), regardless if Vj is Fop-
measurable or not. Observe that if V4 is chosen to be independent of (U, Z) or equivalently
(X,Y), then the natural augmented filtration of (U, Z) may be enlarged by o(V}) such
that (U, Z) still remains a semimartingale, see Protter [58], Theorem VI.2, and with this
enlarged filtration, V{, is measurable.

To investigate the strict stationarity property of RC-CARMA processes later, we introduce
the property of irreducibility of a class of MGOU processes as it has been done in Section
4 of Behme and Lindner [8].

Definition 3.5. Suppose that (X,Y) = (Xy, Y3)i>0 is a Lévy process in R™*™ x R™ such
that X satisfies (3.5). Then an affine subspace H of R™ is called invariant for the class of
MGOU processes V' = (V;);>0 driven by (X,Y) if for all x € H the choice V) = x implies
Vie H as. forallt > 0.

If there exists no proper affine subspace H such that, for all x € H, V; = x implies V;, € H
a.s. for all ¢ > 0, we call the class of MGOU processes irreducible.
Irreducibility is thus a property of the considered model. By abuse of language, we will

call an MGOU process irreducible if the corresponding class satisfies Definition 3.5.

A more comprehensive overview on MGOU processes can be found in the Appendix A.2,
or in the paper of Behme and Lidner [8].
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3.2 The RC-CARMA process

Let p € Nand C = (Cy)i>0 = (Mt(l), . .,Mt(p),Lt)tZO be a Lévy process in RPF! with
Iy ({1}) = 0. Let b, ...,b,—1 € R. Let U = (Uy)t>0 be RP*P-valued defined by

[0 t 0 o 0] [0] [ by ]
0 0 t 0 0 b,
U = E : : . : ,oe:= |1, b= 1|, (3.12)
0 0 0 t 0 by_s
__Mt(p) _Mt(P—l) _Mt(P—Q) o _Mt(l)_ _1_ _bp—l_

and ¢ := max{j € {0,...,p—1}: b; # 0}. Then we call any process R = (R;);>o which
satisfies

R =bV,, t>0, (3.13)
where V' = (V})>0 is a solution to the SDE
AV, = AUV, +edL,, t>0, (3.14)

an RC-CARMA (p,q) process, i.e. a CARMA process with random Lévy coefficients. We
speak of C' and b as the parameters of the RC-CARMA process.

As will be seen in Proposition 3.9 below, the assumption II;,q)({1}) = 0 implies det(I +
AU;) # 0 for all t > 0, so that V' is an MGOU process as in (3.10) and, as in Convention
3.4, by a solution of (3.14) we mean a process of the form (3.11) with starting random
variable Vj not necessarily Fy-measurable. We shall call the process V' a state vector
process of the RC-CARMA process R.

Observe that we get a classical CARMA(p,q) process (Si)i>0 = (b'Vi)i>0, although on
the positive real line, by choosing (Mt(l), ce Mt(p)) = (a1,...,a,)t with ay,...,a, € R.
Further, we recognize that there is less sense in choosing the coefficients of the moving

average side to be random since they are just defining the weights of the components of
V to form S.

Recall that a CARMA (p,q) process S = (Sy)ser satisfies the formal p**-order linear differ-
ential equation

a(D)S; = b(D)DLy, (3.15)
where a(z) = 2P + ;2P + - + ap, b(z) = by + b1z + -+ + b, 12P7F and D denotes
the differentiation with respect to t. When we consider an RC-CARMA(p,0) process
(Rt)tZO = (b()‘/tl)tZO for (‘/t>t20 = (V;l, Ce 7‘/tp)t20 SOlVil’lg (314), we formally find that

an (D)R; = ap (D)b'V; = ap (D)boV;' = byDL, = b(D)DL,, (3.16)
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where " )

p
%prl_i_..._i_th ZO'
dt dt

ap(z) =22 +

dM®

(z
Observe that —;/— is not defined in a rigorous way but just an intuitive way of writing.

Thus, it is possible to interpret also the RC-CARMA (p,0) process as a solution to a formal
p"-order linear differential equation with random coefficients.

To justify (3.16), look at the first p — 1 components of V'

v’

dtzv;'“ & DVP=Vi o i=1,....p—1. (3.17)

AV =Vittdt <

Formal division by dt yields for the p** component

d‘/;p _ —th th(p) L thth(l) + dL,
o AV A L, dL,
T T e T e T
(3.17) » 1th(p) o1 1th(1)
& DV = -V - - DS 4 DL
dM(l) dM(P)
& DL, =D'V'+ d—;DP*th +oee dtt V!

& DL, =ay(D)V}.

Brockwell and Lindner [28] gave a rigorous interpretation of (3.15) by showing that a
CARMA(p,q) process (S; = b'X;);er driven by a Lévy process L satisfies the integral
equation

a(D)JPS; = b(D)J*~ (L;) + a(D)JP(b'e?X,), tER,

where a(z) and b(z) are as before, and J denotes the integration operator which associates
with any cadlag function f = (f;)er: R — C,t — f;, the function J(f) defined by

I(f), ::/Otfsds.

Similarly, we give a rigorous interpretation of (3.16) as an integral-differential equation
and show that the RC-CARMA (p, 0) process solves this equation, hence making the formal
deviation of (3.16) above thoroughly.

We call a function g: [0,00) — R differentiable with cadlag derivative Dg, if g is continuous
and there exists a cadlag function Dg such that ¢ is at every point t € R right- and
left-differentiable with right-derivative Dg, and left-derivative Dg,— = lim. g 20 Dg;—e,
respectively. In other words, g is absolutely continuous and has cadlag density Dg (see
the discussion in [28] at the beginning of Section 2).
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We call a function g: [0,00) — R p-times continuously differentiable with cadlag derivative
DPg, if g is p— 1-times differentiable in the usual sense and the (p—1)* derivative D®~Yg
is differentiable with cadlag derivative DPg = D(DP~'g) as defined above.

Theorem 3.6. Let C = (C))=0 = (M, ..., M L))1s0 be a Lévy process in RPY and
an F-semimartingale with 11y;0)({1}) = 0. Let b’ = [by,...,b,—1] € R? with by # 0 and
by =+ =by,_1 =0, and consider the RC-CARMA(p,0) process R = (Rt)i>0 defined by
(3.13) and (3.14), where V. = (V;)i>o is the state vector process (with Vi not necessarily
Fo-measurable). Denote by DP~! the set of all F-adapted, R-valued processes G = (Gy) o
which are p — 1 times differentiable with cadliag derivative DP~1G.

(a) Define W = (Wy)i>0 by

—

WtZ:Rt—b,g(U)tVb, tZO

Then W € DP~1, it is an RC-CARMA process with parameters C, b, and initial state
vector 0, and it satisfies the integral-differential equation

p
DP W, + (Z DWW, dMS(p—Z’“)) =boL;, t>0. (3.18)

i=17 (0]

If Vi is additionally Fy-measurable, then also R € DP~! and there exists an Fy-measurable
random variable Zy such that

p
DF 'R, + (Z /(0 ) DR, dM§Pi+1>> =boly+ Zy, t>0. (3.19)
i=1 7 (0,
(b) Conversely, if R = (Ry);>0 € DP~' satisfies
~ p . ~ .
Dp—lRt + (Z /(0 ) Dz—lRS_ dMs(p—H-l)> = byl + Zy (320)
i=1

for some Fy-measurable Zo, th~en R is an RQ—CA@MA process with parameters CL, b,
and state vector process V.= (V;)i>0 == (bo " (Ry, DRy, . .. ,DP7 R))y>0. Especially, Vg is
Fo-measurable.

Proof. (a) As already observed (and to be shown in Proposition 3.9 (a) below), the con-
dition IT,;a)({1}) = 0 implies that V' is an MGOU process. So

V, =€ (U), (vo [ s dYs>

(0,¢]

—

for some Lévy process Y as specified in Remark 3.3. Hence, (Vi — & (U), Vo)i>0 is adapted

—

and consequently so is (R, — b'E (U), Vo)i>0, and it is obviously an RC-CARMA process
with initial state vector 0. Hence, for the proof of (3.18) it suffices to assume that V = 0.
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Denote V = (V)10 = (Vi', ..., VP)i=0. By (3.17), we have D'V;' = Vi i =1,...,p—1.
Hence, V! is p— 1-times differentiable with (p —1)** cadlag derivative V. By the defining
SDE of the RC-CARMA process (3.14) and the form of the matrix U = (Uy)¢>0 given in
(3.12), we also have

P
-y / e AM®=+D 4 [, (3.21)
— J(o,¢
and since Vy = 0, that
p . .
L =DV 4y / DYWL AME=D (3.22)
< ]

Multiplying (3.22) by by gives (3.18) when 1 = 0 and hence (3.18) in general.
For (3.19) let
*)
K= (K},...,K}) =& U),V,.
When we consider the SDE which defines the right stochastic exponential dg U), =
—
dU,€ (U),_, we obtain

th = dUth, with KO %, (323)

and due to the form of the process U

dKZ

dK! = K de

=K & DK'=K™™, i=1,....,p—1.
Further, from the last component of (3.23)
K =D 'K! =V§ — K! dmP — ... — K?_ dm}
(0,¢] (0,¢]
—V -y [ DKL am@.
0 Z 0 5— s

Hence,

DP- 1K1 + Z ( ]Diilelf dMs(pfiJrl) — ‘/OP,
0,t

where V" is Fyp-measurable such that we obtain (3.19) via R; = W; + b’'K;, where W,
satisfies (3.18).

(b) For the converse, let R € Dr ! satisfy (3.20), and denote V; = (V;',..., V) =
(bg(Ry, DRy, ..., DP"'R,)), t > 0. By the fundamental theorem of calculus

Vi=Vi+ ( ]f/;‘“ds, i=1,...,p—1, (3.24)
0,t



3.2 The RC-CARMA process

and from (3.20) we obtain

~ p . ~ .
V;p — balzo . Z szl‘/sli dMégpr+1) + Lt

i=1 Y (0,1]

p ~ . .
= by Zo - Z/( Vi dMP O+ L, 120, (3.25)
=170t

But (3.24) and (3.25) mean that V¥ = by Z, and that V = (V}),> satisfies

‘Z:%_i'/( }dUs‘,Zg_‘FeLt.
0,t

Since obviously b'V, = bobgy 'R, = R,, it follows that R is an RC-CARMA (p, 0) process
with parameters C, b, and state vector process V. 0

Remark 3.7. Differentiating (3.19) formally gives

P
DPR,+> D'"™'R,_ DMP~*V) = b,DL,,

=1

hence (3.16) and the RC-CARMA(p,0) process can be interpreted as a solution to a for-
mal pt"-order linear differential equation with random coefficients. To obtain a similar
equation and hence interpretation for RC-CARMA(p, q) processes with ¢ > 0 seems not
so easy since it is in general not possible to interchange the stochastic integration with the
differentiation operator D.

Remark 3.8. Similar as in case of CARMA(p,q) processes, we easily see for an RC-
CARMA (p,q) process R = (Ry;)i>0 with ¢ < p, by # 0, and b; =0 for j > q with

Ry =b'V, = bV;' + - 4 bV, 7™
that, by (3.17), R is (p — q — 1)-times differentiable with (p — q — 1) cadlag derivative

Dp—q—lRt — bon_q_l‘/;l T qup—q—lvtqH — bovtp*q 44 qutp.

The following proposition shows that the state vector process V = (V;);>0 is an MGOU
process and gives its specific driving Lévy process (X,Y). Further, V is an irreducible
MGOU process if we assume that U is independent of L and L is not deterministic.

Proposition 3.9. Let C = (C))o = (MY, ..., MP L))o be an RP+-valued Lévy
process and an F-semimartingale. Let 11,0, denote the Lévy measure of MY and let U

be defined as in (3.12).
—
(a) Then € (U), € GL(R,p) for all t > 0 if and only if I1,;0)({1}) = 0. In this case, for

any starting random vector Vy the solution to

dVi = dU, Vi +edL,
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is an MGOU process driven by (X,Y), i.e. V = (V})i>0 takes the form

V=€ (X);" (vo [ e, dYs) = £ (W), (vo [ Ew! dYs) 120,

(0,t] (0,¢]

Here, (X,Y) = (X, Y)i>0 s a Lévy process defined by

0 —t 0 0
0 0 —t 0
X, = z
0 0 0 —t
] Nt(p) Nt(P—l) Nt(p—Q) Nt(l)_
with
AMOAMM

Nt(i) = Mt(i) +ioyo, po + Z =1...,p,

0<s<t 1_AM5(1) ’

where o) ) denotes the Gaussian covariance of MO and M@ . X satisfies det(I +
AXy) #0 forallt >0, and Y; = eY; with

- AMWDAL
Vi=Lit+toym + >, ———.
t t MM L 01— Al (5(1)

(b) Denote M = (M;)i>0 = (Mt(l), ce Mt(p))tzo. Assume that M is independent of L and
L not deterministic. Then the MGOU process V' obtained in (a) is irreducible.

Proof. (a) Since C'is a Lévy process and a semimartingale with respect to IF, it is clear that
e
also U as defined in (3.12) is a semimartingale and therefore also £ (U) is a semimartingale

with respect to F. Since £ (U) is non-singular if and only if det(/ + AU;) # 0 for all ¢ > 0,
we calculate

1 0 0 0
0 1 .0 0
det(I + AU;) = det : : : : (3.26)
0 0 o1 0
—AMP —AMPTY L —AMP 1 - AMY
=(1- AMt(I))

.
which shows that £ (U), is non-singular if and only if AMY # 1 for all t > 0. Since M®
is a Lévy process, the latter is equivalent to I1,,q)({1}) = 0.



3.2 The RC-CARMA process

By Remark 3.3, V' is an MGOU process driven by (X,Y'), where X is given by (3.9) and
satisfies det(I + AX;) # 0 for all ¢ > 0, and Y; = eL, + [ X, eL];.

From (3.3) we obtain for the components of [U, U]° due to the form of U in (3.12)

( (11 i Zk’)Uky) {07 ' izl,...,p—l,

[U(p’p)’ U(pJ)]g — tO_M(1>,M(p7j+1) R 1=0Dp.

The form of I + AU, is implicitly given in (3.26) such that

1 0 e 0 0
0 1 e 0 0
(I+AU,)™! = : E - : :
0 0 e 1 0
AP AmPY Am? 1
1—amM 1—am® T —am 1—amV

which is well-defined since II,,0)({1}) = 0. Summing up the terms according to (3.9)
leads to the stated form of the processes (Nt(l), e ,Nt(p))tzo and X.

For Y; = eL, + [X, eL]; we obtain with (3.3) componentwise

p , 0 =1,...,p—1
(X, eL)) = SX0P (eL)®], = (X 1], = { TP
k=1 [N()vL]ta t=p.
Since "
ANt(l) == AMt
1—AMDY’

and [NW | L]¢ = [MW, L]¢ = 0),0) 1t we get the stated form of Y by (3.4).

(b) Suppose that V = (V;);>0 = (Vi},..., V¥¥)i>0 is not irreducible. Hence, there exists
an invariant affine subspace H with dim H € {0,...,p — 1}. Then for all z € H it holds
P(V; € HIVy =x) =1for all t > 0. Since V is cadlag, we obtain P(V; € H Vt > 0|V} =
x) = 1. Further, if H' D H with dim H' = p — 1, then

P(V,e HVt>0|Vo=2)=1 VzeH. (3.27)

We shall show that P(V; € H' YVt > 0|V = x) < 1 for all x € RP, hence contradicting
(3.27). So assume w.l.o.g. that dim H = p—1. Since then H is a hyperplane, there exists
A € R? with A # 0 and a € R such that H = {y € R: Ny = a}.

Let Vo =x € H. Let iy,... i € {1,...,p} with i, # i, for all m #£m, \;, # 0 foralln €
{1,...,k}and \; =0for j € {1,...,p} \ {i1,...,0}. W.lo.g. assume i; < iy < - < .
By the existence of an invariant affine subspace, this yields A, V" 4 - -+ + \;, Vi* = a.
This is, since D'~ V* = Vi» n =1,..., k, equivalent to

Ay Vil 4 A, D20V o\, DRV = g (3.28)
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But (3.28') is an inhomogeneous ordinary linear differential equation of order i — ;.
Hence, V;"* is a smooth deterministic function in ¢ and so are V;’ for all j € {1,...,p}
since VJ D7=1V1. When we consider the last component of V', we obtain by (3.21) with
Ve = aP

p
Le=VP+Y / VE AMED _ g (3.29)
—

But under the assumption that M and L are independent and L is not deterministic,
(3.29) cannot hold (observe that V; is deterministic by (3.28) when Vj = z). This gives
the wanted contradiction and therefore that V' is irreducible. O

Remark 3.10. We can write (3.29) using partial integration as

p
Le= VP + Y VFMPH - Z MPTH QvE —
=1 (0,t]

hence Ly is a functional of M. It would therefore be enough assuming that L is not
measurable with respect to the filtration generated by M to ensure irreducibility of the
state vector process V.

Remark 3.11. When the components MY, ... M®) L of the Lévy process C in Propo-
sition 3.9 (a) are additionally independent, then the components do not jump together
almost surely and the Gaussian covariances vanish for different components so that the
formulas for NU_ ... N® simplify to

(AME i i -
N(l) M(1)+t0 ) + Z ) and Nt():]\/[t()a.s. for 1=2....p.

! o<s<t 1 —AM.

Further, Y, = eL, and X are independent in that case (the latter is already true when just
L is independent of (MM, . .. M®)).

Recall that a process is strictly stationary if its finite-dimensional distributions are shift-
invariant. As in the case of the MGOU process, we can find sufficient conditions for the
existence of a strictly stationary solution of the RC-CARMA SDE (3.14) and therefore a
strictly stationary RC-CARMA process. Assume throughout that the used norm ||-|| on
RP*P is submultiplicative.

Theorem 3.12. Let C = (Ci)i>0 = (Mt(l),...,Mt(p),Lt)tZO be a Lévy process in RPH
with 00 ({1}) = 0 and a semimartingale with respect to the given filtration F. Let
b’ = [by,...,bp-1] € R?, g :=max{j € {0,...,p—1}: b; # 0} and U = (U)o be given
as in (3.12). Assume that E {long HU1M < oo and E [logJr |L1” < 00

(a) Suppose there exists a ty > 0 such that

&),

0

E {log

’ —

} <0. (3.30)



3.3 Existence of moments and second order properties

— —
Then &€ (U), converges a.s. to 0 ast — oo, and the integral [, € (U),_edLs converges

%
a.s. to a finite random vector as t — oo, denoted by [;° E (U),_ edLs. Further, (3.14)
admits a strictly stationary solution which is causal and unique in distribution, and is

achieved by choosing V to be independent of C' and such that V < I E (U),_ edLs,.
(b) Conversely, if Vo can be chosen independent of C such that V' is strictly stationary,

S

M = ( t(l) ey t(p))tzo is independent of L and L not deterministic, then there exists a

)

to > 0 such that (3.30) holds.

In both cases with this choice of Vy, the RC-CARMA process given by Ry = b'V;, t > 0,
is strictly stationary, too.

Proof. (a) The assertions regarding V' follow from Theorem 5.4 with Remark 5.5 (b) and
Theorem 5.2 (a) in Behme and Lindner [8].

(b) Under the assumptions made, V' is irreducible by Proposition 3.9 (b). Therefore
Theorem 5.4 of Behme and Lindner [8] applies.

That R is strictly stationary if V' is, is obvious. O

3.3 Existence of moments and second order properties

In this section, we calculate the autocovariance function (ACVF) of an RC-CARMA
process and give a connection to the autocovariance function of a specific CARMA process
obtained by choosing A = E[U;]. Further, we give sufficient conditions for the existence of
the ACVF and the spectral density. We end this section with an exemplary investigation of
the RC-CARMA(2, 1) process. But we start with a result which guarantees the existence
of higher moments. Assume that the used norm ||-|| on RP*P is submultiplicative.

Proposition 3.13. Let R = (R;)i>0 be an RC-CARMA(p,q) process with parameters
C = (Ci)iso = (Mt(l), ce Mt(p), Li)i>0, b and strictly stationary state vector process V =
(Vi)i>0 with Vi independent of C and C' a semimartingale with respect to the given filtration
F. Assume that for k > 0 we have for some ty > 0

K

max{k,1} =
E|C| <o and EHS(U)tO <1. (3.31)

Then E|Ry|* < 0o, and if (3.31) holds for k =1,

E[L,]

ol = bo g

Remark 3.14. The assumption (3.31) in the previous proposition actually already implies
the existence of a strictly stationary state vector process V.= (V;)i>0, that is unique in dis-
tribution, since E ||Cy||™*" Y < oo obviously implies E[log™ ||Uy||] < oo and Eflog™ | L[] <

49



50

3 Continuous time autoregressive moving average processes with Lévy coefficients

00, and by Jensen’s inequality and (3.31) we further have

K

kE {log <0.

£,

} < logEHg(U)to

Then Theorem 3.12 applies.

Proof of Proposition 3.13. By Remark 3.14 the strictly stationary state vector process V'
is unique in distribution. By Proposition 3.3 in Behme [9] we then have E [|[Vp||" < oo
and hence E|Ry|" < oc.

Now let k = 1. Again from [9], Proposition 3.3, we know that E[U] is invertible and
E[Vy] = —E[U)] 'eE[L,].

Observe that E[U;] is a companion matrix and it is well-known that the inverse of this is
of the form

[ EMP Y] EMPY) CEMY T
B(M;"] B BT B
1 1 0 0 0
E[Uh] = 0 1 0 0 (3.32)
0 0 1 0 |
such that
E[L
BV = e g
E[M;"”]

where e; denotes the first unit vector in R?, and

E[L,]  E[L]
B R

E[Ro] = E[b/‘/@] = b/el

]

The following proposition gives sufficient conditions for the existence of the autocovariance
function of an RC-CARMA process and states its form. We denote with ® the Kronecker
product and by vec the vectorizing operator which maps a matrix H form RP*™ into RP™

stacking its columns one under another. vec™' means the inverse operation such that
vec ! (vec(H)) yields H.

Proposition 3.15. Let R = (R;):>0 be an RC-CARMA(p, q) process with parameters C' =
(Ct)t=0, b and state vector process V- = (V;)i>0 with Vy independent of C' and C' a semi-
martingale with respect to the given filtration F. Suppose that it holds E||Cy||* , E |Vi||* <
0o, then fort > 0 we have

Cov(Rysn, R;) = b'e"® U Cov(V))b Vh >0,
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where Cov(V;) = E[V,V/] — E[V;|E[V]/] denotes the covariance matriz of V;.
In particular, if V' is strictly stationary, (3.31) holds for k = 2 and we denote

D =E[U|® I+ 1 E[U]+E[U; @ Uy] — E[U:] @ E[U4], (3.33)
then all eigenvalues of D have strictly negative real parts and the matrix
F— / / (e(—WEUISD | (=) IBEWI])Y gy s
is finite. Further, if E[Li] = 0 we obtain
Cov(Riin, Ry) = bW vec ! (—De,2) E(LY)D,

where e,z denotes the (p*)™"-unit vector in R, and if M = (Mt(l), e Mt(p))tzo and L are
independent, we obtain

E(L] \°
CoV(Ryin, Ry) = b eVl [ vec™ (=D te,.Var(L;) + Fe,2(E[L])?) — e;€] L] b
P D 1

E[M{"]

Proof. This follows immediately from Proposition 3.4 and the subsequent remark in
Behme [9], by observing that

vec ((E[U)] ® E[U}]) *vec(EleLi|EleL,])) = E[U,| 'E[eL,|E[eL,] (E[U:]™!)’

o (E]?J[\jfl”]’]>2

is obtained by (3.32), and the properties of the vectorizing and the Kronecker product
operations. ]

The following is Remark 3.5 (a) in Behme [9] for our purposes.

Remark 3.16. Let C' = (Cy)i>0 = (Mt(l), M), Li)i>o be a Lévy process in RPT with
E||C1]]? < oo satisfying Iy,0({1}) = 0 and U = (U)o a Lévy process in RP*P of the
form (3.12). Let D be as in (3.33). Then

2

E Hg (U <1 for somety >0

if and only if
all eigenvalues of D have strictly negative real parts.

Therefore, that condition (3.31) holds for k = 2 can be replaced by

E||Cy|* < oo and all eigenvalues of D have strictly negative real parts. (3.34)
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Let R = (R;)i>0 be an RC-CARMA process with parameters C = (M® ... M® L) and
b. If E|IM®| ... E|[M®)]| < oo, we can associate to R and each vector X, a CARMA
process S = (S¢)i>0, given by (3.1) and (3.2) with A = E[U;].

Each of these processes, i.e. when X varies over all random variables, will be called a
CARMA process associated with the given RC-CARMA process with state vector process
(X4)e>0. It is then interesting to compare the autocovariance function of R with that of
S provided both are strictly stationary with finite variance.

We denote with & the Kronecker sum, iie. A A=A I+1x® A.

Theorem 3.17. Let R = (Ry)i>0 be an RC-CARMA(p, q) process with parameters C' =
(Ci)i0, b and strictly stationary state vector process V.= (Vi)i>o with Vi independent
of C and C a semimartingale with respect to the given filtration F. Assume that (3.51)
holds for k = 2, that E[L] = 0 and denote D := E[Ui] ® E[U;]. Then E[U]| and
D have only eigenvalues with strictly negative real parts. Further, Xy can be chosen
independent of C' and unique in distribution such that the state vector process (Xi)i>o of
the associated CARMA process S = (St)i>0 becomes strictly stationary with finite variance.
Its autocovariance function can be expressed for allt > 0 as

Cov(Sin, S;) = b'e"EW vec™ (=D te,) E(L)b, Vh>0. (3.35)

Then the autocovariance function of S and R differ only by a multiplicative constant.
More precisely,

COV(Rt+h, Rt) = COV(St+h, St) - ORC Vi s h Z O, (336)
where
orc =1—€,BD ey (3.37)

with B = E[U; ® Uy] — E[U;] ® E[U;]. Furthermore, if Var(Ry) > 0, the autocorrelation
functions of both R and S agree, i.e.

COI‘I‘[St+h, St] = COI‘I‘[RH_h, Rt] s Vi s h Z 0. (338)

Proof. That E[U;] has only eigenvalues with strictly negative real parts follows since (3.31)

< (v 2)”2 <1

—
Hence, since E[€ (U), ]| = "B by Proposition 3.1 in Behme [9] we obtain by the
submultiplicativity of the norm

by Jensen’s inequality implies E[g (U)y,] E(U)t0 E(U)to

SE‘

2\ /2
He”toE[Uﬂ ) -0, n— o0,

< HetoE[Uﬂ

"< (EHE(ULO
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so that all eigenvalues of E[U;] have strictly negative real parts (e.g. Proposition 11.8.2
in Bernstein [11]). That then also D has only eigenvalues with strictly negative real parts
follows by Fact 11.17.11 of Bernstein [11].

That X admits a strictly stationary solution which is unique in distribution with finite
variance and X independent of C' under the given conditions, is well-known (e.g. Brock-
well [21]) or alternatively follows from Remark 3.14. (3.35) follows from Proposition 3.15.
(3.38) is clearly true as long as (3.36) holds and Var(Ry) # 0.

To show that (3.36) is indeed true, we recognize first that the covariance of the CARMA
process S and the RC-CARMA process R differ only in the matrices D as defined in
(3.33) and D. So, it is enough to show that

T = TORC

where 2 := D 'e,» and 7 := D'e,» and gpc is defined by (3.37).

Since both D and E, under the assumptions made, are invertible, x and = are well-defined.
Further, we have that

D=D+E[lU,; U] —E[U}] E[U4] = D+ B,

,,,,,

0, E[U)] 0, 0,
Op Op E[Ul] Op
E[Ul &® Ul] = : )
0, 0, 0, E[U)]
~EM"0] —EMYV0] —EMPIU] L —EMU)
and
E[U,| ® E[U;] =
0, E[U)] 0, 0, ]
Op Op E[Ul] Op
0, 0, 0, . E[U;]
—EMPE[U] -EMPVED] -EM"YEU] ... -EMUE[U)]
Then
ep2=Dr=(D+B)x=Dr+» bpeziep
i=1
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such that
2
DZL’ = (1 — Zb Zl‘,) (1 — (e 2B)D €y ) 2 = QRC€p2
=1
Hence, z = QRcﬁflepz = ORCT. O

The following two propositions give handy sufficient conditions for (3.34) and therefore
also for the existence of a strictly stationary solution by Remark 3.14.

Proposition 3.18. Suppose that EJ|VClH2 < 0o and that E[Uy] has only eigenvalues with
strictly negative real parts. Denote D := E[U;] ® E[U,], and B := E[U; @ U,] — E[U;] ®
E[U1] = (bij)ij=1,.p2 with b;; =0 for all i # p* and all j = 1,...,p* and by p—1)+; =
Cov (M p k+1) Ml(p_jJr ) for k,j =1,...,p. Then the minimal singular value amin(ﬁ@
D), whzch is the square root of the mzmmal eigenvalue of (D &) D)(D D D) , 1s strictly
positive, and if

p
; . 1 - -
3 [Cov(M? MP? < ;0min(D @ D), (3.39)

ij=1

then (3.34) applies.

Proof. Assume that E[U;] has only eigenvalues with strictly negative real parts. Then so
does D = E[U] @ E[U,] by Fact 11.17.11 of Bernstein [11] and hence also D& D. In
particular, D & D is invertible so that its minimal singular value is strictly positive. By
Fact 11.18.17 of [11], the sum D = D + B has only eigenvalues with strictly negative real
parts if ||B|lp < 1/20min(D @ D), where ||-||p denotes the Frobenius norm. Due to the

form of B, we see immediately that || B||7 = ?2:1 b2 ;, hence (3.39). O

Let us denote with ||A||; the column sum and with ||A||_ the row sum norm of a matrix
A, respectively. Further, x1(A) = ||A]|, J[A7], and keo(A4) = ||A|| JA7|,, denote the
condition number of an invertible A with respect to ||-||, and |||, respectively.

Proposition 3.19. Suppose that E||C1||” < oo and that E[U1] has only pairwise distinct
eigenvalues with strictly negative real parts, which we denote by p1, ..., 1y. Let D and B
be as in Proposition 3.18, denote

1 1
125} Ce % .
Sw=1 . :p . Nc=diag(u, ..., 1),
! pp!

and by spec(ﬁ) the set of all eigenvalues of E.NThen E[U;] and D are diagonalizable,
more precisely ST'E[U1]S = A and (ST' @ STHD(S® S) = A® A. Further, if
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(a) K1(S)? - Z,jrillaxp|C0v(M1(i),M1(j))| < min_ |Re(\)|, or

""" A€spec(D)
P . )
(b) ke(S)* - Y [Cov(M”, M) < min_ [Re(N)],
i,j=1 A€spec(D)

then (3.34) applies.

Proof. That E[U,] is diagonalizable and that ST'E[U;]S = A under the assumption of
pairwise distinct eigenvalues, is well-known, see e.g. Fact 5.16.4 in Bernstein [11]. Then

(ST S DS ®S)=(S"®S WE[U] oI+ 1QE[h])(S®S)
= ST'E[))S ® S7IS + 571S @ STIE[U,]S
—ARI+I®A=ADA,

so that D is diagonalizable and has only eigenvalues with strictly negative real parts.
Let 7 € {1,00}. By the Theorem of Bauer-Fike (e.g. Theorem 7.2.2 in Golub and van
Loan [42]) we have for p being an eigenvalue of D = D + B that min A—pul <

k(S ®S) | Bl,. In particular, if
rr(S @ S)[|Bl, < min_ [Re(M)],

A€spec(D)

)\Espec(ﬁ) |

then D can only have eigenvalues with strictly negative real parts. Observe that by Fact
9.9.61 in Bernstein [11] it holds x,(S® S) = [|[S@ S|, ST @ S|, = HSH? HS‘le =
k,(S)? so that the statement follows. O

Remark 3.20. (a) Proposition 3.19 can also be formulated for other natural matriz norms
corresponding to the r-norms with r € [1,00], i.e.

A
4], = sup 1221
z#0 ||xl|r

(b) For r = oo observe that Theorem 1 in Gautschi [38] gives estimates for the condition
number Ko (S) when S has the form as in Proposition 3.19 which then gives practicable

conditions for (3.34) to hold.

(c) Both Proposition 3.18 and 3.19 state that, if a strictly stationary CARMA process
with finite second moments and matrix A whose eigenvalues have only strictly negative
real parts is given, then an RC-CARMA process with E[U] = A can be chosen to be
strictly stationary with finite second moments, provided the variances of the MW are
sufficiently small. In other words, the CARMA matriz may be slightly perturbed and still
give a strictly stationary RC-CARMA process with finite second moments.

Example 3.21. Consider an RC-CARMA(2, 1) process under the assumption of Proposi-
tion 3.19. Denote with A\; # Ay the eigenvalues of E[U;] with strictly negative real parts. If

K- max \Cov(Ml(i), Ml(j))\ < min_ |[Re(N)]|,

LI=4 A€spec(D)
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3 Continuous time autoregressive moving average processes with Lévy coefficients

where

_ ((1 +max{|A1],|A2]}) - max{2, [A;| + |>\2|}>2
k= )
A2 — i

then D + B has only eigenvalues with strictly negative real parts.

Proof. Since E[U;] is a companion matrix, we have
[1 1] 1 [ ,\A2>\ D) 1>\
S = and ST = *2 1 i 1] .
AL A _,\23& Xa—A1

Hence, straightforward calculations yield
(1 + max{|As], [A2]}) - max{2, [M[ + [Aa]}

k1(S) =
1( ) p\2 _ >\1|
Observe that koo (S) = k1(S) such that Proposition 3.19 (b) gives a weaker sufficient con-
dition. O
Let X = (X;)ier be a weakly stationary real-valued stochastic process with E|X;|? < oo
for each t € R, then the autocovariance function of X with lag h is defined by
"}/X(h) = COV(Xt+h, Xt) = E[(Xt-i—h — E[Xt-i-h])(Xt — E[Xt])] s h ceR.
and the autocorrelation function of X is
h
px(h) = 1x(h) = Corr(X;p, X;), heR.

7x(0)
If vx: R — R is the autocovariance function of such a process X = (X;)er with
Jg Ivx (h)| dh < oo, then its Fourier transform

1

fx(w) = %/_Oo e “ryy(h)dh, weER,

is called the spectral density if the integral exists.

It is well-known (e.g. Brockwell [21]) that the spectral density of a CARMA (p,q)-process

S = (St)i>0 of order ¢ < p is given by

_ o [b(iw)|”
27 |a(iw)|?’

with o2 being the variance of the driving Lévy process. Under the stated conditions of

Theorem 3.17 we see that the spectral density of an RC-CARMA((p,q) process R = (R;):>0
with parameters C' and b is given by

Jr(w) = fs(w)ore, weR,

where fg(w) denotes the spectral density of the associated CARMA process with the
matrix A = E[U;] as in Theorem 3.17 and the constant prc is as in (3.37).

fs(w)

weR,



3.3 Existence of moments and second order properties

Remark 3.22. [t is well-known that if S = (S;)ier is a weakly stationary CARMA(p, q)
process, then the equidistantly sampled process S® = (Sua)nen,, for some A > 0, is a
weak ARMA(p, q') process for some ¢’ < p, see e.g. Section 3 in Brockwell [24].

Since under the conditions of Theorem 3.17 the autocovariance function of an RC-
CARMA(p, q) process R = (Ry)i>o differs from that of the associated CARMA(p, q) pro-
cess only by a multiplicative constant, it follows immediately that also R® = (Rap)nen, 18
a weakly stationary ARMA(p,q') process for some ¢’ < p.

Next, we evaluate exemplarily the covariance structure of an RC-CARMA(2,1) process
under the assumption E[L,] = 0.

Example 3.23. (Covariance of RC-CARMA(2,1))

Let R = (R)i>0 be an RC-CARMA(2,1) process with parameters C' = (Cy)i>0 =
(Mt(l),Mt(Q),Lt)tZO, b and strictly stationary state vector process V = (V;)i>0. Let 1}
be independent of C' and C' a semimartingale with respect to the given filtration F. As-
sume that E[L;] = 0, that (3.31) holds for k = 2, and denote with S = (S;);>0 the
associated CARMA process characterized by Theorem 3.17. Then, for all ¢t > 0,

bo 2
E[L
Cov(Rin, Ri) = Cov(Sitn, St)orc = e {E[]gf)} 2E[[Mll(]1)]QRC =0, 340

where

2E[ MV E[M)]
(2E[M{"] — Var[M{"))E[M{?] — Var[M{?]

OrC =
Proof. Under the assumptions made, an application of Theorem 3.17 yields an associated
CARMA process S and the first equality in (3.40). Clearly,

0 1

PO | mpuay —ep)

and the general form of Cov (R, R;) is obtained from Proposition 3.15, i.e.
Cov(Risp, Ry) = b'e"B0) yec 1 (—Dle,) E(L?)b. (3.41)

Easy calculations show that

D=
0 1 1 0
—E[M?) —EMY) 0 1
—E[M?) 0 —E[MY 1
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3 Continuous time autoregressive moving average processes with Lévy coefficients

Let
1

QE[MY] — Var[MDE[MP] — Var[M?)]

0=

Y

and denote y = {—Q 00 —QE[MI(Z)”/. Then Dy = e4 such that

—0
0 1 0
vec N (=D tey) = vec ! | — 0 [0 E[Ml(Q)]]
—oE[M{?)]
Summarizing,
—a 0] [bo] 2E[M{V|E[M e 1
( D~ e4)b . M(2)] [bo‘| [ 1 ] (1[) 1 ]Q — E[Ml( )} o ORC
0 1 2EMY] b | 2BE[MDY)]

and with (3.41), we get the stated shape of (3.40). O

Observe that for M) and M® being deterministic, orc = 1, hence dividing (3.40) by
orc gives the autocovariance function of a CARMA(?, 1) process.

Example 3.24. (Covariance of RC-CARMA(3,2))
Let R = (R¢)t>0 be an RC-CARMA(3,2) process with parameters C' = (C});>0, b and
strictly stationary state vector process V = (V;)i>0. Let Vi be independent of C' and C' a

semimartingale with respect to the given filtration F. Assume that E[L;] = 0 and (3.31)
hold for x = 2. Then, for all t,h > 0,

B Uy — by e
E[M;™] E|L
Cov(Ryn, Ri) = b ElU1] b 1 ORC »
! (EIMVEMP] - E[MP))
E[MP]by — by

where

2(B[M{JEMY] — E[M7))

(1)
&+ 2(Cov(M”, M{Y) — B[M”)) — & s Var(M,”)]

OrRC =

with ¢ = (2E[M"Y] — Var|[M")E[M?] — Var[M?)].

The proof follows by similar calculations as in Example 3.23.



3.4 Simulations

3.4 Simulations

We compare in this section two simulations of an RC-CARMA(2,1) process, one when
E[U;] has only real strictly negative eigenvalues and the other when E[U;] has complex
eigenvalues with strictly negative real parts.

For our simulations we have chosen as random coefficient processes M, M@ two inde-
pendent compound poisson processes, i.e. with depiction

N N
Mt(l) = Z Xy;(l) and Mt(z) = Z Xi(2) ’ t Z 0.
i=1

i=1

In the case of real eigenvalues we have chosen E[Nl(l)] = 1.5, E[Nl(Q)] =2 xM ~

N(1,0.3%), and XZ-(2) ~ N(0.25,0.2%), and as driving process a standard Brownian motion
B = (Bt)t>0. Hence, for D = E[U;] ® E[U;] and D = D + E[U; ® U,] — E[U;] ® E[U;] we

have

0 1 1 0
o 1 ~ |-1/2 =3/2 0 1
E[Ul]_l—l/z —3/21’ D=\_ipp o —gp 1| > ™
0 -1/2 -1/2 -3
0 1 1 0
oo |12 =32 0 1
“l-12 0 -3/2 1
0.206 —1/2 —1/2 —1.365
Hence, we have for E[U;] the eigenvalues p; = —1/2 and py = —1, and for D the

eigenvalues A\ ~ —0.29, Ay ~ —1.29 4+ 1.28¢, \3 = —1.29 — 1.28i, and Ay = —1.5. Since
all eigenvalues of D have strictly negative real parts, we obtain the existence of a strictly
stationary solution by Remark 3.14 and Remark 3.16.

Nevertheless, observe that
1 —
Var(MM) + Var(M?) = 1.84 £ ;0min(D @ D)? ~ 0.0799

showing that the condition in Proposition 3.18 is not necessary. Moreover,

B ((1 + max{|A], [Ao[}) - max{2, [\ | + |A2|}>2 _
o — 25
A2 — M|

so that .
% - max |Var(M{")| = 40.875 # min_ |Re())| =1,
=1,2 A€spec(D)
showing that also the condition in Example 3.23 and hence in Proposition 3.19 is not
necessary.
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3 Continuous time autoregressive moving average processes with Lévy coefficients

6 16 .
Todel ACVF of RC-CARMA
5 " sample AGVF based on R(0.01),...,R(100,000)
[ 7 14 . Z_ sample AGVF based on R(0.01).....R(100)
\ model ACVF of CARMA
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z L08R
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< Q s
3} 06
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4 . . . . . 02 I . . I .
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Time Lag

(a) Simulation with eigenvalues of E [U;] chosen to  (b) ACVFs with eigenvalues of E [U;] chosen to be

be ulz—% and po = —1. /,le—% and po = —1.

25 06 .

—_— Q;OVSSJGAS(\)/SFOL:S(;&C:V?F’\{‘Q.D1), ..,R(100,000)
r ] 05} T AR o a0

1 ‘\‘
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72‘50 5‘0 1(‘)0 150 2(;0 25‘:0 300

Time Lag
(c) Simulation with eigenvalues of E [U;] chosen to  (d) ACVFs with eigenvalues of E [U;] chosen to be
be 11 =~ —0.5+ 1.66¢ and iz = —0.5 — 1.664. 1~ —0.5+1.66¢ and iz = —0.5 — 1.663.
Figure 3.1: Simulated RC-CARMA(2,1) process and ACVFs.

In case of complex eigenvalues we have chosen E[Nl(l)] = 2, E[N 1(2)] = 7.5,

x® ~ N(0.5,0.12), and x® ~ N(0.4,0.05), and have left the driving process un-
changed. Then

E[th] = [—03 —11]

gives two complex-valued eigenvalues iy =~ —0.5 + 1.66¢ and fis = —0.5 — 1.66¢. Also, D
has just eigenvalues with strictly negative real parts. Furthermore, an observation similar



3.4 Simulations

to the one above showing non-necessity of the conditions in Proposition 3.18 and 3.19 can
be made.

For both the complex and the real eigenvalues case, we have simulated 10, 000, 000 obser-
vations with a mesh size k = 0.01, i.e. Roo1, Ro.02;---, Ri00000- In Figure 1 (a), (c) we see
the corresponding plots until time 300. Plots 3.1(b) and 3.1(d) show the corresponding
autocovariance functions (ACVF).

The solid line corresponds to the model autocovariance function, the dashed one to the
sampled ACVF based on the data Ro1, ..., Ri00,000, and the dotted shows the model
ACVF of the corresponding CARMA(2,1) process. The dashed-dotted line shows the
sample ACVF based on Ry, ..., Rip.

We see that using 10,000, 000 observations to calculate the sample autocovariance func-
tion, it nearly agrees in both cases with the model autocovariance function. Plot 3.1(d)
shows a sinusoidal oscillation which is also in the CARMA case characteristic for allowing
complex eigenvalues and visualizes the variety of possible autocovariance functions.

20 T T T T T T T T T 20

RC-CARMA(2,1)

I————

. . . . . . . . . . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time %104 Time x10*

(a) Simulation of RC-CARMA (2, 1) with eigenval-  (b) Simulation of associated CARMA(2,1) with
ues of E [U1] chosen to be py = —% and pp = —1. A=E|[U].

Figure 3.2: Simulated RC-CARMA(2,1) and CARMA(2,1) processes.

The first plot in Figure 3.2 shows all simulated observations of the RC-CARMA (2, 1) pro-
cess where E[U;] has real eigenvalues. The second plot shows an equally sized simulation
of the associated CARMA(2, 1) process, i.e. with the choice A = E[U;]. It can be seen
that the RC-CARMA(2, 1) process provides larger outliers around the between —5 and
5 concentrated band than the CARMA(2, 1) process around its band. This may indicate
possible heavy tails of RC-CARMA processes.

We justify these observations intuitively in the following remark recalling results on ran-
dom recurrence equations.
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3 Continuous time autoregressive moving average processes with Lévy coefficients

Remark 3.25. Observe that a stationary CARMA process driven by a Brownian motion
has a normal marginal stationary distribution, in particular, it has light tails.

On the other hand, as a consequence of results of Kesten [47] and Goldie [40], it is known
that a generalized Ornstein-Uhlenbeck process and so an RC-CARMA(1,0) process will
have Pareto tails under wide conditions, even if the driving process is a Brownian motion,
see e.g. Lindner and Maller [51] (Theorem 4.5) or Behme [7] (Theorem 4.1).

We henceforth expect using the multivariate results of Kesten [47] that under wide condi-
tions the RC-CARMA process will also have Pareto tails for higher orders. However, we
leave a thorough investigation of this for forthcoming research.



4 Lévy driven moving average process
sampled at a renewal sequence

This chapter is an extension of the submitted article by Brandes and Curato [15] “On
the sample autocovariance of a Lévy driven moving average process when sampled at
a renewal sequence”. Time series models cover a wide field of applications in finance,
insurance, and meteorology. In particular, moving average processes became a standard
tool as many time series provide a moving average representation. Nowadays, it is often
preferred to use continuous time models over discrete one not only for theoretical reasons,
but also, for example, due to their applicability to high-frequency data.

In this chapter we analyze the distributional limit of sample mean and sample autoco-
variance function of a Lévy driven continuous time moving average process when sampled
at a renewal sequence. More in general, let X = (X;);cr be a continuous time moving
average process of the form

Xt:u+/]Rf(t—s)dLs, teR, (4.1)

where L = (L;)ier is a two-sided R-valued Lévy process, i.e. a stochastic process with
independent and stationary increments, cadlag sample paths and Ly = 0 almost surely,
which is continuous in probability, 4 € R, and f: R — R a deterministic function, called
kernel, for which the integral exists. We call processes of the form (4.1) a continuous time
moving average process with mean p and kernel function f driven by L.

The process X is infinitely divisible, as seen in Rajput and Rosinski [59], and strictly
stationary meaning that its finite dimensional joint distributions are shift-invariant, i.e.
for all n € N and all ¢1,...,t, € R it holds

‘C(Xt1+h7"'>th+h) :E(thw"ath) VheR.

A popular example of a Lévy driven moving average process is given by the Ornstein-
Uhlenbeck (OU) process used to model the volatility of a financial asset, see [1], or the
intermittency in a turbulence flow, see [2]. The OU process is in fact a tractable mathe-
matical model that can adequately describe the price of an asset as well as the volatility
fluctuations on different time scales.

Continuous time moving average processes as in (4.1) are the natural continuous time
analogue of discrete time moving average processes

)N(t:,uﬂszthfk, tez,
kez
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where (¢y)rez is a square summable sequence of real coefficients, and (Z;);ez an inde-
pendent and identically distributed (i.i.d.) sequence with zero mean and finite second
moment. These processes and the asymptotic behavior of their sample mean and their
sample autocorrelation function have been widely studied (cf. Theorem 1.32, Theorem
1.33, Brockwell and Davis [23], Davis and Mikosch [32], and Hannan [43]).

We study a renewal sampling of the process X in (4.1). We select a sequence of increasing
random times (7},),ez such that T,, — oo almost surely. More in detail, we assume that
W = (Wy)nez\ oy is an i.i.d. sequence of positive supported random variables independent
of the driving Lévy process L and such that P(W; > 0) > 0. We then define (7,,),cz by

i Wi, N,
Ty:=0 and T,:={~=" ne (4.2)
- ZZ_:’[’L VV% ’ —n e N7
and the sampled process Y = (Y},)nez via
Y, =Xr,, ne’. (4.3)

We are interested in studying the sample moments of the process Y. We do this for
different reasons. First of all, continuous processes are often used in time series analysis
because they can be sampled at non-equidistant points in time and therefore provide a
model for non-equidistant data which are often available for statistical inference.

Secondly, results for non-equidistant sampling schemes have not yet been shown. But
when X in (4.1) is observed on a lattice {At: ¢t = 0,1,2,...}, the asymptotic behavior
of the sample mean and the sample autocorrelation has been studied in various cases.
In particular, Cohen and Lindner [31] proved asymptotic normality of the sample mean
and the sample autocorrelation under E(L?) < oo and f € L*(R), and E(L}]) < oo and
f € LYR) plus some extra assumptions, respectively, cf. also Theorem 1.34 and 1.35.
Spangenberg [62] showed in the long memory case under the assumption of E(L}) < oo
for f(t) ~ Cyqt%! for d € (0,1) and some constant Cy a central limit theorem where the
limit distribution is Rosenblatt, and in the case of a slowly varying Lévy process with
index a € (2,4) that the limit distribution is either Rosenblatt or a stable distribution,
depending on the interplay of d and «.. Drapatz [34] proved that the sample autocovariance
is asymptotically stable distributed when the Lévy process has infinite variance with
regularly varying tails with index a € (0,2).

The central limit theorems presented here generalize the results of Theorem 1.34 and 1.35
at the costs of slightly more restrictive moment conditions. We compare throughout this
chapter our results with the ones of Theorem 1.34 and 1.35.

Moreover, we present a parameter estimation of the mean reverting parameter of a Lévy
driven OU process

t
X, = / e dL, teR, (4.4)



4.1 Preliminaries

sampled at a Poisson rate, i.e. a sequence (T,),ez where W is a sequence of i.i.d. expo-
nentially distributed random variables. We then compare the efficiency of our estimator
with an estimator based on the results of Theorem 1.35 for an equidistant sampling.

This chapter is structured as follows. In Section 4.1 we give some preliminary results
regarding strict stationarity of a process sampled at a renewal sequence and the mixing
property that it fulfills. Section 4.2 is concerned with establishing a central limit theorem
for the sample mean of a randomly sampled continuous time moving average process as
is Section 4.3 for the sample autocovariance and sample autocorrelation function. Finally
in Section 4.4, we show the parameter estimation of a Lévy driven OU process.

4.1 Preliminaries

In this section, we provide some results on properties of continuous time moving average
processes and their renewal sampled processes used in the upcoming sections. These
results are set in a slightly more general framework than needed.

As a first result we prove that a strictly stationary process sampled at a renewal sequence
inherits the strict stationarity. In particular, this shows that the sampled process (4.3) is
strictly stationary.

Denote with < equality in distribution and with A’ the transpose of a matrix A € R¥>*™,

Proposition 4.1. Let X = (X;)ier be an Re-valued strictly stationary process X; =
(Xt(l), ce t(d))', (W)nez\{oy an i.i.d. sequence supported on [0,00) independent of X.
Define for n € 7 a sequence of random times via (4.2). Then the R¥-valued process
Y = (Y,)nez defined by Y,V = Xj(ii), 1 =1,...,d, is strictly stationary. More generally,
the process (Y, Ty, — Th-1)nez 18 strictly stationary.

Proof. Observe that (Y,,,T,, — Ty,_1)nez is strictly stationary if and only if (Y, T,,41 —
T )nez is strictly stationary, and the latter implies strict stationarity of Y. Hence, it
suffices to show that (Y, 7,41 — Ty)nez is strictly stationary. For that, let m < n,
B € B(R@HD=m+1) “the Borel-g-algebra on R@+DM=m+1) “and denote the distribution
of the random vector Z by P,. Define

Ry =Ty —T,, k=1,...,.n—m+1.
Conditioning and using the strict stationarity of X, we obtain

PY, ., . ...Y Tys1— Ty, o1 — Tp) € B)
= P((X’}'nﬂ s 7X§"nJR17R2 - R17 s 7Rn—m+1 - Rn—m)/ € B)
= P((Xé“m>X’_/Fm+R17 s >X’_/Z“m+Rn,m7 Rla RZ - R17 s 7Rnfm+1 - Rnfm)/ € B)

= P((X!, X!

!/ !/
a2 udvrr ,Xu+vn_m,’017 Vg —V1y.v.yUn_ma1 — Un—m) c B)
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Pty B o) (A0, 01, - Up—ing1))
= /Rrhm+2 P((X5, X, -, Xy, 01,03 = V1, .., Unemg1 — Up-m) € B)

Pty Ry B (A0, 01, - Upmg1))
= /Rn_m+1 P((X5, X, .-, Xy, U1, U — V1, ..o, Unemg1 — Up—m) € B)

PRy R (A(V1, - Upem))

where in the last line we used that the integrand does not depend on u. Using that
(Ry,...,Rp_ms1) 4 (T, ..., Th_m+1)’, the latter is equal to

/ / / /
= fo P((X5, Xy, Xy, V1,02 = V1, o, Unegl — Unem) € B)

P(le---anfmﬁ»l)(d(/Ul? v 7Un—m+1))
= P((YE)/’ e 7Yri—m7T1>T2 - Tla cee 7Tnfm+1 - Tnfm)l € B) y

by the same calculation as above, showing the strict stationarity of (Y, Tys1 — T )nez. O

In order to prove central limit theorems, we recall the concept of mixing which was given
in Definition 1.7: On a probability space (€2, F, P) for any two o-algebras A,C C F the
following measures of dependence can be defined

a(A,C,P) :=sup|P(ANC)—-P(APC)|, AeA, CeC,
p(A,C, P) :=sup|Corr(f,g)|, fe€L*QAP), geL*Q,C,P).

We say that a strictly stationary sequence of random vectors Z = (Z,)nez 18

strongly mizing if a,, :== a(A,C,; P) - 0 asn — 00,
p-mizing if p, == p(A,C,; P) = 0 as n — oo,

for the o-algebra of the past A = 0(Zy,Z_1,Z_5,...) and the o-algebra of the future
Cn = 0(Zy, Zni1y Znya, ... ). For more information about mixing coefficients see also
Bradley [20].

Recall that a process X = (X;)icr is called an m-dependent process when (X;):<s; and
(Xt)t>s+m are independent for each s.

Proposition 4.2. Let X = (X;);cr be for some m € N an Ré-valued m-dependent
strictly stationary process and Y = (Y, )nez defined by Y, = Xp, with (T,)nez as in
(4.2) for a positive supported sequence of i.i.d. random variables W = (W )nez)\ (0} Such
that P(Wy > 0) > 0 and W is independent of X. Then Y 1is strongly mizing with expo-
nentially decreasing mizing coefficients o,,. More generally, (Yo, T, — Th—1)nez is strongly
mixing with exponentially decreasing mixing coefficients.
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Proof. Let Z, = (Y., T, — T,—1)'. Let D,, := {T,, > m} and n > 1 so large such that
P(D,) > 0. First, we show that the two o-algebras A and C, defined as above are
independent under the conditional probability measure P(:|D,,). Therefore, let A € A
and C; € C, be of the form A = {X]. € B,T; — T,y € F} for some i < 0, B € B(R?),
and F' € B(R), and C; = {X7, € B",T; — Tj_1 € F'} for some j > n, B' € B(R?), and
F' € B(R), respectively. Then, by the Doob-Dynkin lemma and the m-dependence of X,

P(ANC,|D,) =

1
P(Dn)
1

- P( X, e BT,-T, 1€ F,\ X, € B,T; - T, € F'|T,, = t)Pr, (dt
P(Dn) /(m,oo> (X ! T i~ T € F ) Pr, (d?)

1
= sy P € BT Tia e F)/( P(Xpy € BT = Ty € FT, = 1) P (d)

— P(A|D,)

E(14nc,1p,) =

m E(1p,E[1anc,|o(Ty)])

/( | B[, | T, = t]Pr, (dt)

P(Dy)

1

— P(X, € BT, —T; 1 € F'|T,, = t)Pr, (dt) .
BB Sy PO € BT, = Ty € /T, = )P, ()

Observe that P(A) = P(A|D,) since X7. for i <0 and T}, are independent. A calculation
like the one above for B = R? i.e. A = (), gives

1
P(Dy)

P(Cy|D,) = /(m PG € BT~ Ty € T, = )P, (a)

such that all together we obtain
P(ANCy|D,) = P(A|D,)P(C;|D,) forj>n. (4.5)

Similarly we can obtain (4.5) for A’ = {X’Ti1 € Bi,... 7X,T¢k € B, T;,,—T,,1€ Fy,.... T, —
T;, 1 € Fy} for iy,...,4, <0, By,...,By € B(RY), and Fy,..., F, € B(R), and C!, =
{Xr, € B{,...,X’le € B.T;, —T;,.1 € F,....,T;, — Tj,_1 € F/} for j1,....5 > n,
Bi,...,B; € B(RY), and F|,... F/ € B(R). Observe that sets of the form A’ generate the
o-algebra A and sets of the form C! generate the o-algebra C, and both are N-stable.
Thus, we conclude that (4.5) is true for all A € A and C,, € C,,. Using measure theoretic
induction, and

Covp(p,)(1a,1¢,) = P(ANC,|D,) — P(A|D,)P(C,|D,) =0,
we obtain that p(A,C,, P(:|D,)) = sup |Corrp(|p,)(f,g)] = 0 where the supremum is
taken over all f € L*(Q, A, P(-|D,)) and g € L*(Q,C,, P(-|Dy,)).

Since P(D,,) =1— P(D¢) and 0 = p(A,C,; P(-|D,,)) < P(D¢), it follows, from Remark
1.9 that
an(A,Cy; P) <4P(D:) =4P(T, <m).
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4 |évy driven moving average process sampled at a renewal sequence

Since (W )nez\ {0y is supported on [0, 00) and P(W; > 0) > 0, there exists an r > 0 such
that P(W; > r) > 0 and hence P(W;+- - -4+Wfy, /) > m) > 0, where [z] for 2 € R denotes
the smallest integer k € N so that k£ > 2. Denote ¢ := 1 —P(Wi+---+ Wy >m) < 1.
Then, as long as n < [m/r], we obtain P(T,, < m) < q. For n > [m/r] set k, = L(T%J
for n € N. Then, by the i.i.d. property of (W, )nez\ (0}

W=ty m/r41 + -+ W tmr] < 0, Wi tmyr41 + - + W <m)
=P(Wi+ -4 Wy < m)k"P(Wkn[m/r]+1 +--+ W, <m)
k
q

n
Y

IN

and

an(A,Cp, P) < 4¢™ =0 as n— oo (4.6)
showing that Z and hence Y are strongly mixing with exponentially decreasing mixing
coefficients. O

We give some results leading to the characterization of finiteness of the moments of a
Lévy driven continuous time moving average process.

Recall that an R-valued Lévy processes L = (L;);>r can be characterized by its charac-
teristic triplet (0%, vy, ~vr) due to the Lévy-Khintchine formula, cf. Theorem 1.16, i.e. if u
denotes the infinitely divisible distribution of L, then its characteristic function is given
by
1 .
f(z) = exp |iyLz — 50%22 + / (€™ =1 —izax lyg<y) ve(de)| , z€R.
R

Here, o7 is the Gaussian covariance, v, a measure on R which satisfies v ({0}) = 0 and
Je(|z]* A1) vp(dz) < oo, called the Lévy measure, and vy € R. If [\, |z|v(dz) < oo,
then E(L1) =g + [j;1 T ve(d).

For a detailed account on Lévy processes we refer to the book of Sato [61].

The next lemma shows, for the continuous time moving average process X as defined
n (4.1), finiteness of the r*- and log-moments under certain similar conditions on the
driving Lévy process L and the kernel function f

In the following we use the notation log™ (z) := log(max{1, z}).

Lemma 4.3. Let X = (X;)>0 be defined by X, := p+ [p f(t —s)dLs, where f € L*(R)
and L = (Lt)t>0 is a one-dimensional Lévy process with mean zero.

(a) If f € L"(R) for some r > 2 and E|L,|" < 0o, then E|X;|"” < oo for allt € R.
(b) I B(|Ly " log* |L]) < oo, and

L 1F(9)F 10 [£(3)] ds < oo,
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then B(|X;|*log™ | X;|) < oo for all t € R.
(e) I B(|L:[(log* |L)}?) < oo, f € L*(R), and
L) tog™ 1£()])? ds < oo,

then E(X}(log™ | X4])?) < oo for allt € R and, for h € N, E(| X, X;1|?log™ | X X 1a]) <
oo for allt € R.

Proof. (a) It is enough to show that E|Z|" < oo, where

Z:/Ooof(s)dL

By the definition of a two-sided Lévy process, this can be easily extended to [ f(s)dLs
which is equal in distribution to [ f(—s)dLs = Xy. Since X is strictly stationary, we
obtain the result.

Since f € L*(R), f is locally L-integrable by Corollary 57.11 of Sato [61] and

/OOO f2(s)otds < . (4.7)

Next, consider
/000 /R(|f(8)l‘|2 A1) vp(dz)ds < /Ooo /]R £ ()] vi(dz) ds
< [T1reras [lafnn) <co  (48)

since f € L*(R) and E|L;|* < oo.

Moreover, choose c(z) = 1{z1<13(x) and observe that 0 = E(L1) = v, + [{z>1y 2 vr.(d2),
then

ds

/OOO |f(3)'YL +/Rf(s)x(c(f(s);p) — o(a))v(dz)
:/OOO|f(8)’YL+/Rf(8)x1{|;p>1}(x)uL(dx) _/Rf(s)xl{mx}(x)m(dm)
+ [ )l f()2) — cl@)(da)| ds

(L (s)zi<1y (f(s)x) — g (de)| ds

rl

/ooo‘ /f 8) 21 5(s)el>13 (f(s)2)vr(d)

ds
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4 |évy driven moving average process sampled at a renewal sequence

S/O /R|f(5)$‘21{‘f(s)x\>1}(f(S).Z’)I/L<dx) ds
S/OO/ |f(s)zPvp(dz) ds < oo, o)
o Jr
by (4.8). Then (4.7), (4.8), and (4.9) together with Proposition 57.16 of Sato [61] give

that Z = [3° f(s) dLs is definable, and Proposition 57.13 (ii) of Sato [61] yields its infinite
divisibility, and its Lévy measure is given by

v2(C) :/Ooo/Rlc(f(s)x) vi(de)ds, Ce B[R\ {0}).

By Corollary 25.8 of Sato [61], Z then has finite r*"-moment, if Jiapz1 [7|" vz(dz) < 00 To
see that this is indeed true, consider

/|x|>1 |2|" vz(dz) = /OOO/R|f(8)x|7“1(1,oo)(|f(s)x|)VL(dx) ds
< [T176 a5 [ lal () < oo

since f € L"(R), E|L;|" < oo, and, since r > 2,

/|x<1 lz|" v (de) < /R(|x|2 A1) vp(de) < oo, (4.10)

by the properties of the Lévy measure vp,.

(b) Observe that log* |ab| < log™ |a| + log™ |b| for a,b € R. Hence,

/|m|>1 2|2 log™ || vz(da) :/0 /R|f(s)x|2log+|f(s)x|VL(dx) ds
< |7 [ 1) 1og" 1()| + log" Ja) vu(da) ds

< [T 176) P10 17(5) ds [ Jaf? vu(da)
+/Ooo|f(s)]2ds/R\:U]210g+ | vz (dz) < oo

since E|L1[? < oo, [5°|f(s)|?logt |f(s)|ds < oo, [ga?log? |z|vp(dz) < oo, and f €
L*(R), by assumption.

(c) Observe that B(|L1|*(log™ | L1])?) < oo is equivalent to [, [#]*(log" |2])* vz (dz) < oo
and that, by Proposition 25.4 and Theorem 25.3 of Sato [61], E(|Li|*(log™ |L1])?) < oo
implies E|L;|* < oo, since, for |z| > 1,

2t < jz|*(log™ [z])?,  if log™ |2 > 1,
~ et if log*|z] <1,
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such that
/| 2| v (dar) < /| \x|4(log+|:v|)2uL(daz)+e4/ vi(de) < oo
z|>1 x|>1

lz|>1

For [z| <1, (4.10) implies [, <, |#|*vz(dz) < oo. Henceforth we obtain
[ laltog™ fe)? va(da) = [ [ 1£()a]tog" |F(s)a])? vu(dr) s
|z|>1 0 R
<2 / ()l ((1og™ |£(5)])? + (log™ [])?) vz (dv) s
</ |f(s)|*(og™ | f(s) ds/]x| v (dx)
4 +
+/O £(s)] ds/Rm (log* |2])? v, (dz) < o0

since E|L;[* < oo, [¢°|f(s)|*(og™ |f(s)])?ds < oo, [g|z[*(log™ |z])? v (dz) < oo, and
f € L*(R), by assumption, and vy, is a Lévy measure. This gives E(|X;[*(log™ | X¢])?) < oo
for all t € R. Using the strict stationarity of X and the Cauchy-Schwarz inequality gives

E(|X: Xn*logt | X: Xin|) < E(|XoXa|?log | Xo|) + E(| X0 X [* log™ | X4|)
< 2E(| Xol* (log™ | Xo|)) B[ Xo|* < o0
which gives the result. O

Remark 4.4. Throughout this chapter, we assume that the Lévy process L = (L;)ier
has expectation zero. This assumption can be dropped in many cases. For example, if
f e LYR) N L*(R), we define with L, = L; — tE(Ly), t € R, another Lévy process with
mean zero and the same variance such that

X, = M+EL1/f ds+/ft—de’ teR,

and X; has mean p+ E(Ly) [ f(s)ds.

4.2 Sample Mean

The objective of this section is to show the asymptotic normality of the sample mean

Yo=Y Y=Y X5, neN, (4.11)

where X = (Xy)ier and Y = (Y, )nez are given in (4.1) and (4.3), respectively.

To do so, we consider a certain truncated continuous time moving average process. There-
fore, let fr,: R = R, s+ f(5)1[—m/2,m/2) be a kernel function with compact support, and

X = (X™),cr be defined by

xm ::u+/Rfm(t—s) dL, :u+/11{f(t—s)1[_m/27m/g](t—s) dL,, teR, (4.12)
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4 |évy driven moving average process sampled at a renewal sequence

where L = (Ly)ier is a Lévy process with zero mean and E|L;|* < oo, p € R, and
f € L*R). Then the process X™ = (X!™),cp is an m-dependent process. Moreover,
X (™) is strictly stationary and, by Proposition 4.1, so is the sequence Y (™ = (Yn(m))nez
defined by

Y™ = xim (4.13)

n

where (7},)nez is defined as in (4.2) independent of X.

The next proposition gives a result on the asymptotic behavior of the sample mean of Y (™)
ie. ?;m) =Ly Yk(m), as n — 0o. We denote with —= convergence in distribution.

Proposition 4.5. Let Xt(m) be defined as in (4.12), where L = (L;)ier s a Lévy process
with B(Ly) = 0. Assume that E(|L1|*log™ |L,]) < oo, f € L3(R), and

1) P18 7(s)] ds < oo

Let (T,))nez be as in (4.2) independent of L, and define Y™ = (Y,(™),cz, by (4.18). Then,
for 7,(;”) =Iyr, Y™ we have
(a) CT%(M = > Cov(Y ™, Yk(m)) exists in [0,00) and is absolutely convergent.
keZ
(b) \/ﬁ(?ﬁl’“) — u) 4 N(0,0’%(m)) as n — oo.

Proof. The assumptions on L and f imply, by Lemma 4.3 (b), E(|Y0(m)|2 log* |Y0(m)|) =
E(|X{™*1og* ]Xvém)|) < o0, since Y™ = X{™. Further, define X\™ = X™ —
such that with Y,(™ = Y™ — 4 due to the strict stationarity of (Y,(™),cz and since

Yo(m) = Xém), we obtain a sequence with expectation zero. Hence, w.l.o.g. u = 0.

Observe that (Y,(™),,cz fulfills the assumptions of Proposition 4.2 and is therefore strongly
mixing with exponentially decreasing mixing coefficient o " Hence, due to (4.6),

a¥"™ = O(ekn1o89) as n — co. This shows that the assumptions of Theorem 1.11 hold

and (a) and (b) follow immediately from this. O
The following proposition states a result on the convergence of the covariances of Y ™)
towards the ones of Y. By Proposition 4.1, the process Y is strictly stationary.

Proposition 4.6. Let X be defined by (4.1), X™ by (4.12), the processes Y and Y™
by (4.3) and (4.13), respectively, with (T,)nez as in (4.2) and assume that p = 0. Then

E(|Y.Y, - V™Y, ™)) =0 as m - oo for k€. (4.14)
Further, it holds
E(Y,Y)) = E(L?) /R E(f(u)f(Th_y +u))du for k1€Z, (4.15)

and similar for B(Y™Y,"™) with f replaced by f,, = FLm/2.m/2)
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Proof. Let Ty, be a random time taken from the sequence (7,)nez. Let fr,: [-m/2,m/2] —
R be defined by fn.(u) := f(u)Lli—m/2m/2(u). Clearly |fm(u)| < [f(u)| for all v € R.
We denote with o(T') the o-algebra generated by some random variable 7. Then, by
conditioning on 7T}, the It6 Isometry, and Fubini’s theorem,
2
)

22E[E<</Rfm(Tk_u)dLu>
—/EL2 / (flt — u))? du Py, (dt) < E(L?) /f Pdu<oo.  (4.16)

ElY,"]>=E ’/Rfm(Tk — )

:/E<</fm(t—u)dLu>2

Ty = t) Pr, (dt)

Further, observe that

2
E|Y, — Y2

=E

Ty, —u)dL, —/ J(T — w)12my2) (T — w) dLy,
/ F(Ty — w)dL,
R\[Tk—m/sz—i—m/Q]

g ( </R\[Tk—m/2,Tk+m/2] f(Tk B u) dLu) O'(Tk))

By the Doob-Dynkin Lemma there exists a measurable function ¢™: [0,00) — R such
that (™ o Tj, = I. Define
Tk == t) y

2
M (1) .= E / Ty — u)dL,
A (( [ T

then obviously (™ o T, = I. But, since L is independent of (T},),ez, it holds

(M) (4) — —u
w08 ((f o))

:ELQ/ t—u)’du—0 as m — oo,
(1) R\ [t—m/2,t4+m)/2] g )

—E = E(). (4.17)

since f € L?(R). Hence ™ (Tj(w)) — 0 as m — oo for all k € Z and all w € Q.

Define
olt) = E (( [ - dLu)Q) ~B(L3) [ £t - du

Then E(p o Ty) = E(Y}?) < oo such that, since |p™) o Ty| < | o Ti|, we obtain by the
dominated convergence theorem for (4.17)

ElY, — Y2 =EI) =E(@™oT,) >0 asm— oo. (4.18)
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Henceforth, by (4.16), (4.18), and the Cauchy-Schwarz inequality,

E|ViY; — Y{"Y ™| = B — vy 4+ vy - vy
< E(Y|Y: =Y, + E(Yi]Ye - )

< VEY ™ 2VEY — v, ]2 + JEYIRVEY: — 12 = 0
for m — oo, i.e. (4.14).

For the last statement (4.15), let w.l.o.g. k,l € Ny and k& < [. Then, by the same
arguments as above,

B| [ f(T-wdL, [ #(Ti-wdL] =B [B| [ f@—wdL, [ (T~ wdL,

using the Doob-Dynkin Lemma

!
= [B| [ rt—wdL, [ f(t Wi— ) dL,
LE|[st-u Rf( £y u>
T, independent of L and 3-!_, ., Wi, so repeating the first steps and the It Isometry give
= _ _ 2
_ /[o,o@ /[Om) [ Ft = f (s —w) QB P (ds)Pr (A1)

)

Ty, = t| Pr(dt)

Substituting v = ¢t —u and using Pr,_, = PZl . together with Fubini’s theorem shows
i=k+1 " °
that this is equal to
= B(L}) [ E(f(0)f(Tie+v)) du.
such that the statement follows. O]

Now we are in the position to prove asymptotic normality of Y,, = % > by Y as n — oo,
which is the objective of the following theorem.

Theorem 4.7. Let X be defined as in (4.1) such that p € R, L has expectation zero and
E(|L*log" |L1]|) < oo, f € L3(R), and [z |f(s)|*log™ |f(s)|ds < co. Let Y be defined
by (4.3) with (T,)nez as in (4.2) such that W = (W, )nen is a sequence of i.i.d. random
variables with positive support, P(Wy > 0) > 0, and W is independent of L. Assume that

[ 1F@)] S B (T +w)ldu < o0 (4.19)
R kez
Then
(a) 0% := > Cov(Yy,Yy) exists in [0,00), is absolutely convergent, and
keZ
o2 =B(L})Y /R FWE(F (T, + u)) du. (4.20)
keZ

(b) v/n (Y, —u) i>N(0,<727) as n — oo.
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Proof. (a) As in Proposition 4.5, we set w.l.o.g. u = 0. Observe that E|Y{| = E|X(|? < co
since f € L*(R) and L has finite second moment. Further, by (4.15) and (4.19) together
with the dominated convergence theorem

> B =

keZ keZ

< B(LY) [ 1f()] Bl (T+ )| du < oo (4.21)

keZ

E(L}) [ f)B(f(Ti+u)) du

This gives the absolute summability of 027 and the same calculation without the modulus
and without the last line gives (4.20).

(b) By Proposition 4.5, we have that for the sequence (Y,(™),cz as in (4.13) defined via

the m-dependent process (Xt(m))teR as in (4.12) its sample mean is asymptotically normal,
i.e.

VY L 200 with 20 L N(0,02,). (4.22)
By Proposition 4.6, we have that E(Y,™ Y, ™) = E(Y,Y:) as m — oo and, since

> IE(G™Y™)) < B(L) [ 1) Y EIf(T+w)du < oo,

kEZ keZ
by (4.21), it follows from the dominated convergence theorem that lim,, Oé(m) = 02?.
Hence,
20 L 7 as m— oo with Z < N(0,0%). (4.23)

Define for k € Z
VI = [P0~ u) ~ F(T— w)ga (T — )AL,

= T, —u)dL, .
R\[T},—m/2,Ti+m/2] s )

Then (Y,/=/m), 7 is strictly stationary, by Proposition 4.1. Further, by Cauchy-Schwarz’s
inequality,

E(Yof_fmykf_fm)

2 2\ 1/2
< (E(/ F(—u) dLu> E(/ F(T — ) dLu> ) 0
R\[-m/2,m/2] RA[Th—m/2,T)+m /2]

as m — oo since f € L*(R). Since, by (4.21),

> B Y < B [ 1] S BIf(T+wldu ¥meN,

keZ keZ
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the dominated convergence theorem yields limy, oo Ygez [E(YY V7)) = 0.
Hence, by Theorem 7.1.1 in Brockwell and Davis [23],

- —(m 1 n B
lim lim Var(n'/?(Y, — YEL ))) = lim lim nVar( > v, f”)
L=t

m—r0o0 N—r 00 m—r00 N—00

= lim Y E(Y{ v/ =o0.
m—0o0 keZ

Using Chebychef’s inequality gives then

lim lim sup P(n'/?Y, —7,(1m)| >e)=0 Ve>0.

X n—oco

Together with (4.22) and (4.23), the claim follows by a variant of Slutsky’s Lemma, cf.
Theorem 1.12. O

Remark 4.8. When (T),)nez is deterministic, i.e. T,, = An for n € Z and some A > 0,

then Theorem 1.34 established the asymptotic normality of the sample mean under the
conditions E(L?) < oo, E(L;) =0, f € L*(R), and

<uH i |f(u+Aj)|> € L*([0,A)). (4.24)

j==o0

Observe that (4.24) implies (4.19) since

LIS @k ulan= 3 [+ A3 G AR do

j=—o00

§/0A< > !f(U+Aj)\>2dU-

j=—o00

Hence, Theorem 4.7 generalizes Theorem 1.34 for the case of the renewal sampling se-

quence (T, )nen, however on the cost of the slightly more restrictive conditions on the Lévy
process and the kernel, i.e. BE(|Li|?log® |Li|) < oo and [ |f(s)[*log™ | f(s)]ds < .

Remark 4.9. To establish the asymptotic normality of the sample mean, we need that
(4.19) is satisfied. For example, for |f(u)] < K(Ju|=* A1) such that o > 1 and some
constant K > 0, this is true without any further conditions.

To see this, observe that, due to |f(u)] < K(Ju|=* A1), decomposing [ as f__gquf_oj/z,
we obtain for a constant C!, fort > 0 that

L @I+ ) du < e (8) + Clt Loy ().

and replacing t by —t, similarly for t <0, resulting in

L@+ wldu < Ca(lt ™ A1), (4.25)
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for some C,. Hence,

fL 01 BT+ = S B( [ 1S+ ) )

IN

Z E(Ca]-{TkSl} + CaTk_al{Tk>2})
k=1

IN

Co Y P(Ti <1) 4+ Co Y E(T; *Lirys1y) - (4.26)
k=1 k=1

The first sum in (4.26) converges since, as it has been shown at the end of the proof of
Proposition 4.2, there exists an r > 0 such that P(W; > r) > 0 and hence, for all m € N,
PWy+ -+ Wimmm > m) > 0. Denote g :==1—P(W; + -+ Wimmm > m) < 1. If
k < [m/r], it holds P(T, < m) < q. Otherwise for k > [m/r], set l(m) = L[Tk/ﬂJ
Then, by the i.i.d. property of (Wp)nez 0y, we have P(Ty < m) < ¢+,

For establishing the convergence of the second sum, observe that
1
E(Tk—al{Twl}) < E(Tk_al{TkZl}) = E(Tk_al{T;‘Ig}) = /0 P(Tk_al{T;“g} >t)dt
1 00
= / P1<T, <t Ydt < / P(T}, < v)av™* 'dv
0 1

such that

hE

E(T 151 < / av™"1S" P(T, < v)du. (4.27)
1 1 k=1

Since P(Tj, <v) < P(Ty < [v]) < ¢*"D and

b
Il

k k k
lk(ﬁﬂ)—{ Jz —1>C— -1 VkeN, v>1,
[Tol/r1] — [Tol/r] v/r
for some C > 0, we obtain with § := ¢© that
00 00 ok q—l
S P(Tp<v)<qg > ¢ < — (4.28)
k=1 k=1 1—q

Let g(x) = G° for x > 0. Then for x € [0,1], by the mean value theorem, there exists
€ €(0,1) such that

L—q" =q(0) = 4(x) = (=2)7 (§) = (—2)§"log(q) > xq| log(q)|
since ¢ € (0,1). This yields for v > r that 1_(,11_T/U < I:g(q)l' This together with (4.28)
gives for (4.27)

Ooow’“’l 3 P(T, <w dvg/ooav’o‘f
J 2 Pisvydvs o avon

—1
dv < o0,

stnce o > 1. ]
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4.3 Sample Autocovariance

In this section, we present a multivariate central limit theorem for the autocovariance and
autocorrelation functions when the process is sampled at a renewal sequence. We start
by considering the strictly stationary, mean zero process

Xt:/f(t—s)dLs, teR. (4.29)
R

As in the previous section, let (7),),ez be a sequence of random times defined by (4.2)
with (W, )nez\ o @ nonnegative i.i.d. noise independent of L such that P(W; > 0) > 0,
and the sampled process Y,, = X1, for n € Z. Recall that for a mean zero process,

1 n
Tnlh) = - Y YiYin, heN, (4.30)

k=1
is a natural estimator for the autocovariance function.
Let XM = (X{™),cp be defined as in (4.12) with h= o and Y™ = (Y™), ., as
n (4.13). If, for a fixed h € N, we set Z,(L?;) = YY) it can be easily seen, that

also th) = (Z,(Lmk) Jkez is a strictly stationary, strongly mixing sequence with coefficient
2(m
anh < oY for all n > h by Remark 1.8 (b). Hence, to establish the central limit

theorem, we first show a central limit theorem for

1

3

Z hk, h €N.

But before we give some preliminary results regarding Lévy processes and their integrals.
In the following theorem, we recall the multivariate extension of Theorem 2.7 in Rajput
and Rosinski [59], which characterizes the continuous time moving average process. It
can also be regarded as an extension to Proposition 57.13 of Sato [61].

Theorem 4.10. Let L = (Li)ier be a Lévy process on R with characteristic triplet
(vp,0% vL) and g: R — R? be a measurable function. Denote with Dy = {z: |z| < 1}
the unit ball in R?. Then

(a) g is L-integrable (i.e. integrable with respect to the Lévy process L) as a limit in
probability in the sense of Rajput und Rosinski [59] if and only if

ds < o0,

(@) [ o+ [ o()1o,(gs)) = 1o, (@) rude)

(i1) /R Hg(s)an(s)’H ds < o0, and

(iii) AA{(||g(s)x||2A1)VL(dx) ds < oo.
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(b) If g is L-integrable, the distribution of [z g(s)dLs is infinitely divisible with charac-
teristic triplet (Ying, Zint, Vint) given by

i = [ 9(s)+ [ 9(8)2(Lp,(9()r) = 1p, (@) vu(da) ds,
Em—&/g( Jg(s) ds, and
Ving (B / / 15(g(s)x) vp(dz)ds for all Borel sets B C R\ {0}.

Corollary 4.11. By a similar calculation as for the univariate case in the proof of Lemma
4.3, we deduce that, if L has expectation zero and finite second moment and g € L*(R?),
then the conditions (i), (ii), and (iii) of Theorem 4.10 (a) are satisfied and [ g(s)dLs is
infinitely divisible with characteristic triplet (Vint, Sint, Vint) as given in Theorem 4.10 (b).

Point (a) in the lemma below generalizes expression (3.5) in Cohen and Lindner [31] to
non-lattice times and presents a different and quicker proof of that fact even for integer-
times.

Lemma 4.12. Let f € L*(R) N LYR), and L = ( t)ier be a Lévy process with ex-
pectation zero and finite fourth moment. Denote o* = E(L?), n = ¢ *E(L}]), and

Jm = [l—m/2,m/2). Then the following statements hold:
(a) For X; .= [g f(t —u)dL,, we have for all r,s,t,v € R

E(X, X,X.X,) = (n — 3)o* /R Flu+r)f(u+s)futt)futov)du
+ E(XTXS)E(XtXU) + E(XTXL‘)E(XSXU) + E(XTX’U)E(XSXt) : (4'31)

(b) Let additionally X\™ := [ fu(t —u) Ly, then we have for all r,s,t,v € R

E(X, X, X™X(™) = (n — 3)0* /]R flut+r)fu+s)fm(u+t)fm(u+v)du
+E(XCX)E(XX) + B X BXX™) + E(XXM)BXX™).
Proof. Since X,., X,, X;, and X, all have expectation zero, the 4* order joint cumulant
Cum(X) of X := (X,, X, X3, X)) is given by

Cum(X) = B(X,X,X,X,) - E(X,X,)E(X,X,)
- E(XrXt)E(XSXv) - E(XT‘XU)E(XSXt) ) (432)

see Proposition 4.2.2 in Giraitis et al. [39]. On the other hand,

84
8U1 aUQ au;; 8U4

log E(ei<“’x>) ,

u1=uz=uz=u4=0

Cum(X) =
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4 |évy driven moving average process sampled at a renewal sequence

cf. Definition 4.2.1 of Giraitis et al. [39]. Let g(u) = (f(r—u), f(s—u), f(t—u), f(v—u)),
then it holds X = [; g(u) dL,, and, since f € L?(R)NL*(R), we obtain g € L*(R")NL*(R?)
which yields by Corollary 4.11 that X is infinitely divisible with characteristic exponent

. 1
log E(e""X) = i{ui, u) — 5 {1t Dytt) + / ) 1 _ i(u, 2)1p, (2)) vime () .
Hence, by Theorem 4.10 (b) and the well-known fact [ v (dz) = (n — 3)o*
Cum(X) = / T1T9T3%4 Ving(dz) = (n — 3)0 / f(r (s —u)f(t —u)f(v—u)ds.
R

Then this together with (4.32) yields (a).

For (b) just observe that also f,, € L*(R) N L*(R) such that with h(u) = (f(r —u), f(s —
w), fm(t — u), frn(v — u)) we obtain that also Z = [i h(u)dL, is infinitely divisible by
Corollary 4.11. Similar argumentations as above give the demanded result. O]

A straightforward consequence is now the following result which has already been obtained
in Cohen and Lindner [31, Lemma 3.2].

Corollary 4.13. Let f € L*(R) N L4(R) L = (Li)ier a Lévy process with expectation
zero and finite fourth moment. Denote 02 := E(L?) and n := c*E(L}). Then

E(Af@ﬂmg4=Or%wﬁéf%$®+ﬁﬁ<4f%$dﬁé

In the following lemma we give a similar expression as (4.31) when the deterministic times
r,s,t, and v are replaced by random times.

Lemma 4.14. Let L = (L;)ier be a Lévy process with expectation zero and finite fourth
moment, X be defined by (4.29), with f € L*(R) N L*R), and X™ by (4.29) with f
replaced by f,.. The processes Y and Y™ are defined by (4.3) and (4.13), respectively,
with (T,)nez, as in (4.2), where W = (Wy)nen\joy s as usual. Denote o* := E(L?) and
n:=oc *E(L}), and let l,m,n € Z. Let F(s,t) := [ f(u+ s)f(u+t)du, then
(a)  EBOONYaYa) = (n=3)0" [ SE(f(u+T)f(u+To)f(u+T,)) du

+ o'B(F(0, Tl))F(Tm, T,)) + o'B(F(0,T,,)F(T;, T,))
+ d*B(F(0,T,)F(T;,T,,)) .

(b) If 0 <1 <m < mn, then E(F(0,T}))F (T, T,)) = E(F(0,T1))E(F(0, T —n))-

Proof. (a) Due to the definition of (7},),ez it follows that 7; < T, < T,,. Conditioning on
the random times yields, by the independence of L and W and Lemma 4.12 (a),

E(YoYYYa) = B(E|Xo X7, X7, X1, |0(T}, T, T0)])
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= [O )3 E[XOXthXvKEszyTn)/ = (s7t7U),]P(Tl,Tm,Tn)(d(SataU>)
- [0 )3 E(XOXthXU)P(,Tl 7Tm»Tn) (d(s7 t? /U))
=A+B+C+D,

say, where A, B, C, and D corresponds to the parts arising from the decomposition in
(4.31). Then, by Fubini’s theorem,

(n—3)o /0 o o PO s) 4 1)) du P, (A5, )
= n—Sa/Rfu u+7})f(u+Tm)f(u+Tn)}du.
Since E(X,X;) = 02 [z f(u+ 8)f(u+t)du for all s,t € R, we obtain

B= . E(Xo X )E(X:X,) Py 1, 1y (d(s, 8, 0))
= 0’4 /[0700)3 /R f(u)f(u + 3) du/Rf(w + t)f(w + U) dw P(Tl7Tm7TVL)( d(S, t, U))

=o* E[/Rf(u)f(u+Tl)du/Rf(u+Tm)f(u+Tn)du] :
Likewise

C:a4E[/Rf(u)f(u+Tm)du/Rf(w—l—7})f(w+Tn)dw], and

D=o" E[/Rf(u)f(u+Tn)du/Rf(w+Tl)f(w+Tm)dw] :

With the definition of F'(s,t), the assertion follows.
(b) Observe that, since PZ w. = Pr,_,., by independence of the sequence W,

E[F(0,T})F(Ty, T)]
:/[0700)3/Rf(u)f(u+s)du/Rf(w—|—s+t)f(w+3+t—|—v)dw
Py (do) Py, (1) Pry(ds)
_/ /f Flu+s)du Py ds/ /f w+v)deTn_m(dv)
E(F(0,7))E(F(0,T,-m)),
which gives the result. O

From Lemma 4.14, the following proposition gives the expression of nCov (7 (p),7:(q))
as n — oo needed in the upcoming central limit theorem.
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4 |évy driven moving average process sampled at a renewal sequence

Proposition 4.15. Let L = (L;)ier be a Lévy process with expectation zero and finite
fourth moment, and denote o* := E(L?) and n := o *E(L{). Suppose that f € L*(R) N
LY(R), and let X and Y be defined by (4.29) and (4.3) with (T,))nez by (4.2). Denote

F(s,t) ::/fu+s)f(u+t)du s,t R, and

ks (k,1,m) == (7 — 3)o /f Flu+To) f(u+T)f(u+Tpn)) du
+ *E(F(0,T) F(T}, Tm)) + *B(F(0,T,)F(T,, Th)), fork,l,meZ.

Let p,q € N, denote Z,,; :=Y;Yiip, Zgi = Y,;Yj1q fori,j € Z and assume that

J 1R S B0+ Ty) o+ T f 4 Tir)] du < oo, (4:33)
k=1
and
00 2
ZE[(/R|f(u)f(u+Tk)|du> < 00. (4.34)
k=1
Then
Cov(Z,i, Zyi) = k(p,j — 4,7 —i+q) +0*Cov(F(0,T,), F(T;_i, Tj_irq)),  (4.35)
Cov(F(0,T,), F(Tj_i,Tj_irq)) =0 forj—i<p or j—i<gq, (4.36)
> 1Cov(Zyg, Zyk)| <00, > |k(p,k,k+q)| < oo, (4.37)
keZ keZ
and
lim n Cov(7;,(p), 1(q)) = D Cov(Zy0, Zy ) =
keZ

(4.38)

o
> kp,kk+q)+0* DY Cov(F(0,T,), F(Tk, Trig)) -
kEZ k=—q+1

where v5(p) and viq are defined in (4.30).

Proof. From Lemma 4.14 (a), since E(Y;Y;,,) = o*E(F(T},T;y,)) = ¢*E(F(0,T,)), and
by the stationarity of Y, we have

Cov(Zpi, Zg;) = B(YiYi1pY;Yjig) — E(YiYipp ) E(Y;Y4g)

= 4E</f flu+1T,) f(u_l'Tj—i)f(u_‘"Tj—i-i-q)du>

+o4E<F<o,Tp>F<n Tiira) + O BF(0. T, ) F(Ty, Ty 1))
O B(F(0, Ty i) F (T Ty-0)) — 0 BF(0, T)B(F(Ty-1. Ty-i1,))

= li(paj - Za] —1 + Q) + OACOV(F(O?TP)) F(ij —1 F H—q))
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which is (4.35). Equation (4.36) is an immediate consequence of Lemma 4.14 (b). For the
proof of (4.37), by (4.35) and (4.36), it is enough to show that > ey |k(p, k, k + ¢)| < oc.
To see this, observe that

> Il ke + )] < (1= 3)0* [ 7] X [B(F(u+T)f (w4 To)f (u+ Tery) | du

kEZ kEZ

4 Z |E O Tk (Tp>Tk+q))| + 04 Z ’E(F(0>Tk+q)F(Tp>Tk))| :

kEZ keZ

The first of these summands is finite by (4.33) and the second is finite since, by Cauchy-
Schwarz’s inequality,

> E(E(0, Ti) F(Ty, Tirg))| < D (E(F(0,T1))*) (B(F (T, Trsg))*)

1/2 1/2
g(ZE(F(O,Tk))Q> (ZE(F(TP’Tlﬁ-q))g)

which is finite by (4.34). The same argument yields finiteness of the third summand,
showing (4.37).

To see (4.38), observe that by the stationarity of Y, with k = j — 1,

. 1 L |
nCov (v, (p), Z Cov(Zy;, q,j) = Z *COV(ZpOanJ i)

i,7=1 4,7=1

-k
= 2

k=—n+1

0 (jOV(ZZLOwZ§k>~

Since ez |Cov(Z,0, Zyx)| < 00 by (4.37), the latter converges to Y ez Cov(Z,0, Z, k)
as n — oo by the dominated convergence theorem, which together with (4.35) and (4.36)
finishes the proof of (4.38). O

0

Remark 4.16. (a) If g =0 orp =0, it is easy to see that Cov(F(0,T,)F(Tk, Ti+q)) =
forallk € {—q+1,...,p—1}. Hence, the second summand in (4.38) disappears.

(b) It is easy to check, by the Cauchy-Schwarz inequality, that (4.33) holds for example
under the assumption of f € L*(R) and

(u = > EB|f(u+Ty) f(u+Ty) f(u —i—THq)\) € L*(R).

kEZ

(¢) If we choose (T),)nez to be deterministic, i.e. T,, = nA for n € Z and some A >0, it
is easy to see that (4.33) and (4.34) are implied by (1.12) and (1.13) in Theorem 1.35 for
establishing the asymptotic normality of the sample autocovariance of the moving average
process observed on a lattice. (4.33) then reduces to (1.13), which in Cohen and Linder
[31] was shown to be implied by (3.3) of [31].
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4 |évy driven moving average process sampled at a renewal sequence

Remark 4.17. Similarly to Remark 4.9, a sufficient condition for the validity of (4.33)
and (4.34) is that |f(u)] < K(|u|=* A1) for some K >0 and o > 1/2, instead of o > 1
as in Remark 4.9.

To see this, observe that, by (4.25),

ZE(/ fu u+Tk>|)2 < Y CPE(Ti[ ™ A1) < oo

keZ keZ

by the the same calculations as in Remark 4.9. Hence, (4.34) is true. To establish (4.33),
observe that

J 1)+ Tl T,) f 1+ Ty du

< ( [ s+ m) ( [ PP Tk+q)>1/2
< (Con(|T0| 72 A D)2 (Coa(|Thsg — Ty 72 A 1))Y?

for some Caq, by (4.25). Applying the Cauchy-Schwarz inequality twice then gives

ZE(/U u+Tk)||f(u+Tp)f(u~|—Tk+q)|du)

kEZ
<D Coa(B(T| 7> A1) V2(E(|Thsg — T,/ 72 A1)
kEZ
1/2 1/2
< Cu( BT A0 (BT, -1 )
kEZ keZ
= Coa y_E(ITi[7** A1),
keZ

and the latter is finite by the calculation in Remark 4.9.

The next proposition shows that similar results as obtained in Proposition 4.15 are valid
for the truncated sequence Y (™).

Proposition 4.18. Let the assumptz'on and notations of Proposition 4.15 be satisﬁed

For m € N, define fr, := fli_m2m/2, Fm = g fm(u+8) frn(u +1) fors t eR, Xt( m
Ja fn(t = w)dLy, V(™ = XM, Let p,q € N, and define Z\7 = V" y;f;), Z\m =
Yy and

J+q’

*.,1M 1 - m m
e (h) = =S VMY h=pg

n,=

Then (4.33) and (4.34) also hold for f,., and for all k € Z

K f (0, ks K+ Q)| < Kipy(p, K K+ q),
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ki (Do bk +q) = ke(p, kk+q) as m — oo, (4.39)
Cov(F(0,T,) F(Ty, Tivq)) = Cov(F(0,T,)F(Ty, Tiyq)) as m — oo, (4.40)
and

lim lim nCov(y:™(p), 7™ (q))

m—0o0 N—r00

p—1
=Y k(pkk+q)+0* > Cov(F(0,T,,), F(Tx, Titq)) -

keZ k=—qg+1

(4.41)

Proof. That (4.33) and (4.34) also hold for f,, is clear since |f,,| < |f], as is |ky,,| < Kjp-
Since |fm| < |f] and f,, — f as m — oo, the dominated convergence theorem shows
(4.39) and (4.40). And (4.41) then follows from (4.39), (4.40), and (4.38) again by the
dominated convergence theorem. O

The following proposition proof the demanded central limit theorem for the truncated
sequence Y (™),

Proposition 4.19. Let Xtm) Jr fm(t—w) dL,, where fr, = f1i_pj2m/2) and L = (Ly)ier
a Lévy process with B(Ly) = 0. Assume that E(|L1[*(log™ |L1])?) < oo, f € LA R)NLA(R),
and

[ 1F(9)]*0g™ [£(s)])? ds < oc.

With the same notations for F,(s,t), Y™ = (Y.{™),cz, and Z,(:,z) as in Proposition 4.18,
we then have

(a) Z7', given by

=>"Cov(Z\y, 2" =3 ks (0, ke k4q) + Z Cov(F(0,1,), Fru(Ty, Terq))

keZ keZ k=—q+1

exists in [0,00), and is absolutely convergent, for each p,q € Ny.

(b) V/n(v2"(0) —~4™(0),. ..,’yn ()—’y (h))’ i>N(0 Zm) as n — 0o, where the co-

variance matrix is Zm

,,,,,

Proof. Define Qy := (Zéf,z),Zl(fZ), .. .,Z,STZ))’ € R"1. Then (Qg)rez is obviously strictly
stationary and we have

If we can show that
( Z NQi = N (0). ... m;”(h»’) Ly N(O,NZ™A) YA e R,

we obtain, by the Cramér-Wold theorem, the assertion of (b).
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By the assumptions on L and f, we obtain, by Lemma 4.3 (c), E(|Y0m) *(log™* |Y0(m) )?) =
E(|Xém)|4(log+|Xém)|)2) < 00, since Yo(m) = [()m), and so E(|Zno|?log" |Zhol) < oo,
by the Cauchy-Schwarz inequality. Therefore also E(|NQo|?log™ [NQo|) < oo for all
A€ RML

Observe that (NQn)nez is strongly mixing for each A € RM1 with o} < ¥ for
all n > h, by Remark 1.8 (b), such that (a)'?) is exponentially decreasing. Hence, the
assumptions of Theorem 1.11 hold for N'Q; —E(NQy) and (a) and (b) follow immediately.
Observe that the assertion there also holds when NZ™\ = 0, in which case we have L2-
convergence to 0 by Bradley [20], Proposition 8.3. O

Now, we can establish the multivariate asymptotic normality of the sample autocovariance
and sample autocorrelation.

Theorem 4.20. Let L = (L;)wer be a Lévy process with expectation zero such that
E(|L1[*(log® |L1|)?) < oo, and denote 0 = E(L?) and n = o *E(L}{). Let h € Ny,
suppose that f € L*(R) N LAR), [z |f(s)[*(log™ |f(s)])?>ds < oo, and assume that (4.33)
and (4.34) hold for all p,q € {0,...,h}.

(a) Then

V((0) = 7(0), ..., vi(h) — v (h)) =% N(0,Z), n — oo,

p € RMFIXAHL ys the covariance matriz defined

.....

by

p—1
Zpy=0" > Cov(F(0,T,), F(Ty, Titq)) + > k(p, k. k +q)
k=—q+1 keZ

with k(p,k, k + q) for k,p,q € Z and F(s,t) given as in Proposition 4.15.

(b) If additionally

L1 @] S BT+ w) du < oo (4.42)
R keZ
hold, and we denote by
o 1H - = ,
An(j) = ﬁZ(Yk—Yn)(YkH—Yn), j=0,1,...,.n—1,
k=1

the sample autocovariance, then we have for each h € N

V(Fa(0) = 7(0), ..., Au(h) — 7 (h)) =% N(0,Z), n — oo,

where Z as defined in (a).
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(c) Let pi(p) = 1(p)/7(0) and u(p) = Fu(p)/Fn(0) for p € N. Suppose that f # 0
A-a.e. Then, under the assumptions of (a), we have for each h € N

V(e (1) = p(1), .., pl(h) = p(h)) =5 N(0, W), n— oo,

n € R s given by

.....

Wog = (Zyg — p(0)Zog — p(0)Zyo + p(p)p(0)Z0)/7(0)* .

If additionally (4.42) is satisfied, then it also holds
Vipn(1) = p(1), - (k) = p(R) = N(O, W), n = oo.
Proof. (a) By Proposition 4.19, we have
V(7™ (0) = y™(0), . ™ (h) = 4™ (h)) =5 Vi asn— 0o

Here V,, = N(0,Z™), where Z™ = (ZI")pq—0,.., € R s given as in Proposition
4.19.

By Proposition 4.18, lim,,, ,. Z™ = Z, where Proposition 4.15 gives the form and finite-
ness of Z,,, the entries of Z. Henceforth,

d
V,,— V., m— o0,

where V £ N(0,Z).
By Theorem 1.12, the claim will follow if we can show that

Jim_Timsup P(n'/2}35"(p) = 4™ (p) = 1 (p) +7(p)| > ) =0 Ve>0, pe{0,...,h}.

X n—oo

Since E(v5™(p)) = v™(p) and E(v%(p)) = v(p), this will follow from Chebychef’s inequal-
ity if we can show that

lim_lim Var(n'/*(y;(p) —7;"(p)) = lim_lim |nVar(y;(p)) + nVar(y;" (p))

m—00 N—r00 m—00 N—r00

— 2nCov(y;(p), 1" (p)] =0 Vpe{0,...,h}.

But since
lim_lim nVar(y;"(p)) = lim nVar(y;(p)) = Zyp.

m—r00 N—r00

by Proposition 4.18, it remains only to show that

lim lim nCov(v,(p),v"(p)) =2, Vpe{0,...,h}. (4.43)

m—r00 N—00
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In doing so, denote G, (s,t) := Jg f(u+s)fn(u+t)duand F,(s,t) = g frm(u+$) fn(u+
t)du. Observe first that from Lemma 4.12 (b), similar to the proof of Lemma 4.14 (a),
by conditioning on T, T}, and T}.,, that for k € Z, we have

Cov(Zy0, Z\7) = E(YoY, Y, V) — E(YoY,) E(Y VYY)

SRR FOVURE ATAURE ATAURE LR
4 BP0, 1) BT D)) + 0BG (0. TG (T, Tiy)

m(
4 0BG (0, Toay) Gn(Ty, Th) — 0 B(F (0, T,) B Fo(To, Thsy)
Further, as in the proof of Lemma 4.14 (b), it follows that

(0,

E(F(0,T,)Fn(Th. Trsp)) = BIF(0, T,))E(E(Th Try)  when [k] > p.

Denoting

a0 bt 0) = (0= 30" [ F0F 0 Tl + T+ Ty
+ 04E<Gm(07 Tk)Gm(Tpv Tk+p)) + 04E<Gm(07 Tk+p)Gm(Tpv Tk))
we hence have

Kot g (DK K+ D) k| > p,

Cov(Z,0, 2™ =
Pk K8, g (D k. b+ p) + 0 Cov(F(0, T,) Fo(Ti, Tiwp)) . |k <p.

Next, observe that as in the proof of Proposition 4.18, since | f,,| < |f|, for all k € Z,

Kt pm (D K K+ D)| < Kipy(p, kK +p) VmEN,
’%ﬁfm(p? k7k +p) — /{f(p, k,k +p) as m — oo,
Cov(F(0,T,)Fy(Tk, Titp)) = Cov(F(0,1,)F(Ty, Tisp)) as m — 00.

By stationarity, we obtain for n > p

nCov(1(p). 7" () =~ 3 Cov(Zye, 2 = 5 "I

Cov(Zy0. 2}

i=1 k=—nt1 T
L 1 &= n—lp|
= Z Kf fm <p7 k,k -|—p) +o Z COV(F(07 Tp)Fm(Tk7 Tk+p)) .
k=—nt1 k=—pt1 T

Applying Lebesgues dominated convergence theorem once then gives

1im nCov(y,(p), 7" (1))

o

= > Kppa(pkk+p) + Z Cov(F(0,T,) Fp (Th, Ths)) -

k=—o00 k=—p+1

88



4.4 An Application to Parameter Estimation of the Ornstein-Uhlenbeck Process

and applying it a second time gives

lim lim nCov (7 (p), 7™ (p))

m—00 N—00

o0

p—1
= Y kplpkk+p)+ot Y Cov(F(0,T,)F (T, Tityp))

k=—00 k=—p+1

which is (4.43). This finishes the proof of (a).

(b) This follows if we can show that \/n|y}(p) — J.(p)| — 0 in probability for n — oo
and p € {0,...,h}. The latter can be done in exactly the same way as in the proof of
Proposition 7.3.4 in Brockwell and Davis [23] with X replaced by Y in connection with the
observation that, by Theorem 4.7, \/nY,, converges in distribution to a normal random
variable as n — oo, and hence Y, must converges to 0 in probability as n — oo.

(c) Follows readily as in the proof of Theorem 7.2.1 in Brockwell and Davis [23]. O

Remark 4.21. (a) Due to the form of Z, there seems to be no simplification for W

possible. Also observe that W in general depends on n as seen in Theorem 3.5 (c) of
Cohen and Lindner [31].

(b) Part (a) of Theorem 4.20 in particular applies if | f(u)| < K(Ju|"*A1) for some K >0
and o > 1/2 which can be seen by Remark 4.17.

(¢) Similarly, part (b) of Theorem 4.20 applies if |f(u)] < K(|u|~* A1) for some K > 0
and o > 1 as shown in Remark 4.9.

4.4 An Application to Parameter Estimation of the
Ornstein-Uhlenbeck Process

In this section, we present a parameter estimation of a Lévy driven Ornstein-Uhlenbeck
(OU) process sampled by a Poisson process. An OU process is a moving average process
X = (Xi)ier with kernel function f: R — R, s — e *1j)(s) where the parameter
a > 0. This yields

t
X, = / RCORT
where L = (L;)ser is a Lévy process with zero mean and 02 = E(L?) < oco. We define

Y, := Xg,, n € Z, where (T,),ez is given by (4.2) with W = (W), )nez\ (0} @ sequence of
i.i.d. random variables independent of L and such that W; ~ Exp(\), A > 0.

By Proposition 4.1, Y = (Y},),ez is strictly stationary, E(Y;) = 0, and E(Y{) < oo. Then
we obtain, by Proposition 4.6,

1) = B(YeYh) = 0 | f)E(f(Th+u)) du

) ) )\h
— 2 —au —a(t+u) th_l =\t dtd
o /0 e /0 e ) e u
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4 |évy driven moving average process sampled at a renewal sequence

2

= Ao (a4 ) o2 A\
_ 2 ~2au 4 / th=1o=(a+Nt 34 — 7
U/o R PP S O A () R 20\ a+ \

as the autocovariance function of the process Y. Further v(0) = ¢%/2a, and henceforth

h
for the autocorrelation function p(h) = (ai/\) . In particular, p(1) = /\%a and hence

a= >\<p(11) - 1) . (4.44)

Since we have given a central limit theorem for the autocorrelation function in Section
4.3, we define an estimator a* for a for a known parameter \ of the distribution of W by

means of
1
a* =\ -1,
(p*(l) )

where p*(1) = 7*(1)/7*(0) with v*(h) = £ ¥}, Y Visn. We can then give the following
theorem.

Theorem 4.22. Let L = (L;);>0 be a Lévy process with mean zero, o? = E(L3}) and
n = o *E(L}), and E(|L[*(log™ |L1|)?) < 00, (T,)nez be defined as in (4.2) with W =
(Wi)nez\foy an i.i.d. sequence such that Wi ~ Exp(X\) for some A > 0, and X; =

Je f(t = s)dLs with f(s) := 1jp)(s)e™ . Let a* = )\<P*1(1) - 1). Then

A 4
\/ﬁ(a*—a)iﬂ\f(O,( —/\:a) WH), n — 0o,
where
A 2 2a
Wi = — -3 3 ) 4.45
" (Hm (Ha)z)«n ot 8) + o (1.45)

Proof. As usual, Yy, := Xr,, k € Z, and Zyp, := YiYiin, k € Z, vi(h) = %Z’,;;l Zk b
h=0,...,n—1 and hence p}(1) = ~}(1)/7%(0). Observe that P(W; > 0) > 0, since W
is exponentially distributed and it has positive support. Further, f € L*(R) N L4(R) is
obvious as is [i |f(s)|*(log™ |f(s)|)2ds < oo, and, since clearly f(s) < K(|s|~* A1) for
some K > 0 and o > 1/2, it follows, by Remark 4.17, that (4.33) and (4.34) are satisfied.

Therefore, by Theorem 4.20 (c), we have
Va(pi(1) = p(1)) -5 N(0,Wy), n — oo,

where

4a? A A
_ 2 2 _
Wi = (Zu — 2p(1)Zox + p(1)"Zoo) /7(0)" = 04<Z11 — 2@ n )\Zm + (a—i—A) Zoo>
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with X
-
Zpg =0 Y Cov(F(0,T), F(Ty, Titq)) + > k(0. k ki +q) .

k=—q+1 kez

Thus, under our assumptions on the distribution of W, an easy but tedious calculation
yields that Wy is given by (4.45), cf. Lemma A.16.

To complete the proof, define g: R — R,z — /\(% — 1) with ¢'(z) = —m% such that
g(pi(1)) = a* and the delta-method, cf. Proposition 6.4.3 in Brockwell and Davis [23],
yields

Via(a* —a) =5 N(0,¢'(p(1))Wiig (p(1))), n — oo,

where \ 0 2
+a
/ 1 — _
() =~ =~
m
Let us now consider the case when the parameter A of Wi ~ Exp()) is additionally
unknown. Since, in addition to the observations Y1, ..., Y, 1, we also have the observation
times T4, ...,T,11, we also observe the waiting times W; =T, — T, 1, 1 =1,...,n+ 1,
and hence can define .
~ 1 h
A= ( > Wk+1> ;
]

which by the strong law of large numbers is a strongly consistent estimator for \, since
E(Wl) =\"1

By (4.44), this suggests the estimator

~( 1
p*(1)
Since p*(1) and )\ are consistent estimators, so is a@. The asymptotic normality of a is
given in the following theorem.

Theorem 4.23. Let L = (L;)>0 be a Lévy process with mean zero, o = E(L3}), n =
o~E(L}), and E(|Li|*(log™ |L1])?) < oo. Assume that (T),)nez is defined as in (4.2)
with W = (Wy)nen\joy an i.i.d. sequence such that Wi ~ Exp(A) for some X > 0, and
Xy = Jp f(t —s)dLs with f(s) := 1oy (s)e . Set Yy := X, k € Z, and let p*(1) as
before. Then

(A +a)?

Vn(a—a) % N<0, X

2
Wu—a>, n — 0o,

where W1y is given by (4.45).
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4 |évy driven moving average process sampled at a renewal sequence

Proof. For m € N define f,, := f1{_,/2,m/2) and Yn(m) = Jg fm(t — s)dLs. Then the se-
quences (Y2, Y, Y1, Tnyr — T )nez and ((Y,(™)2, Yém)Yn(_Tl), Tyi1—Ty)nez are both strictly
stationary by Proposition 4.1 and the latter is also strongly mixing with exponentially
decreasing mixing coefficients by Proposition 4.2.

Proceeding then exactly as in the proof of Proposition 4.19 and Theorem 4.20, i.e. estab-
lishing first a central limit theorem for the by m truncated quantities and then letting m
tend to infinity, shows that

i (4020 Wi ) = (5090005 )) 4 NO.3), 0 o0,

where

Cov (Y2, Y2) Cov(YZ,ViYis1)  Cov(YZ Tiyr — Tp)
Y =3 | Cov(YZ,ViVis1)  Cov(YoY:,YiYin) Cov(YoYy, Thsy —Ti) | . (4.46)
ke COV(YE?, Tk+1 - Tk) COV(YE}Y&, Tk—i—l - Tk) COV(Tl, Tk—i—l - Tk)

An easy but tedious calculation, cf. Lemma A.17, then shows that

Zy Zy, 0 .
Y= |Zo Zy, — 3002 (4.47)
o2 1
0 T 2(M+a)? A2

with Zgo, Zo1, and Zq; as in the proof of Theorem 4.22.

To complete, we define g : R® — R, (11, 2o, 73) > - (i—; — 1) such that

3

= o050 3 W ) <A 1)

Henceforth, by the delta-method, cf. Proposition 6.4.3 in Brockwell and Davis [23], we
obtain with p := (v(0),~(1), §)
Vin(a — a) <5 N(0,(Vg(u)E(Vg(p)) . n— oo,
where
Vg(z) = (0g/0x1,09/0x2,0g/0xs3) = (1/(w25), —21/(2323), 1/25(1 — 21 /72))
such that, by a straightforward calculation,

,_ (A +a)
R

and the result follows. O

(Vg(u)E(Vg(p)) Wi, —ad?
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Remark 4.24. Note that the shrinking phenomenon observed in the asymptotic variance
of the estimator a with respect to the asymptotic variance of a* depends on the non zero
asymptotic covariance between the sample autocovariance (1) and the estimator \.

Next, we compare our results to an equidistant sampling method, more precisely to the
one of Theorem 1.35. Sampling at equidistant times A, 2A, ..., nA for A > 0, leads to
an autocovariance function

Yea(h) = E(XXp) = o /R Fu)f(u+ h)du = %e—ah, h>0,

from which we conclude that pe,(A) = Ye,(A)/v(0) = ™2 and hence

_log(peg(A))
a=——EET (4.48)

For an estimator of pe,(A), i.e. for pf (A) = 72..a(A) /70 (0), where

1 n
Vegnia (RA) = - > XiaXma, heN,

t=1

we suggest, given a central limit theorem for p} (A), as an estimator for a from (4.48)

o log(pr,(A))
aeq . _T .

By Theorem 3.5 of Cohen and Lindner [31], ¢f. Theorem 1.35, we have

Vi(pig(A) = peg(A)) =5 N(0,V), n— oo,

where
(77 . 3)04 A 2
V=0 [ at) ~ o))
+ Z(p((k +1A) + p((k — 1)A) — 2p(A)p(kA))?
with

ggn: [0,A] 5 R, u— i flu+kA)f(u+ (E+q)A)

k=—o00

given as in Proposition 3.1 of Cohen and Lindner [31]. A simple calculation of V' given
the Ornstein-Uhlenbeck kernel and its autocorrelation function and an application of the
delta-method, cf. Lemma A.18, leads to

V(e — a) -5 N0, A2 = 1)), n— 0.
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4 |évy driven moving average process sampled at a renewal sequence

Having W; ~ Exp(A), we have an expected waiting time of E(T; — T,_1) = % in the
random sampling in comparison to an deterministic waiting time of A in the equidistant
sampling. This suggest to compare the variance of the asymptotic distributions of the
estimators @ and d., by choosing A = i or A = %, respectively, such that the expected
waiting time of the random sampling and of the deterministic sampling agree. In doing so,
we compare the efficiency of @ and d@., depending on A and a by plotting relative variance

0 given by
(A';l)4 W, — a?

AQ (62(1% _ 1)

2
Oeff =

’

where Wy, given as in (4.45).

25 T

25 T —

05 4

L
35 4 45 5

0 L L I I I I I I
0.8 0.9 1 0

(d) Expected waiting time A = 0.5.

(¢) Expected waiting time A = 1.

Figure 4.1: agff depending on a and A in case of n = 3,4, 5.



4.4 An Application to Parameter Estimation of the Ornstein-Uhlenbeck Process

We plot in Figure 4.1 the relative efficiency Jfff with respect to the mean reverting
parameter a. The dotted line belongs to n = 3, the solid line to n = 4 and the dashed
line to n = 5.

From the analytic form of of,f s> we see that for a — oo, the denominator becomes big
and therefore the ratio tends to zero. Depending on A, we see this behavior in the graphs
already for small a.

Considering the Taylor expansions of order 2 of f(a) = (A§§)4W11 —a? and g(a) =
A2(e2*x — 1) at 0, we obtain

f(a) = 2\a + 6a® + o(a?)
g(a) =~ 2X\a + 2a* + o(a?)

showing that the denominator tends faster to 0 for a | 0 as the numerator, which is
reflected in the graph as szf $ 1 foralO.

Summarizing, for small a, the equidistant estimator @, is more efficient unless A is not

chosen to be small. By the relation A = %, we see that the estimator a becomes more

efficient the lower the sampling frequency is.

n
A\ 3 4 b}

0.05 | 0.1288 | 0.1294 | 0.1300
0.5 1.2878 | 1.3455 | 1.3983
1 2.5755 | 2.7965 | 2.9814
2 5.1509 | 5.9627 | 6.5465

Table 4.1: Values of a for which @ becomes more efficient depending on A\ and 7.

Table 4.1 shows, depending on A and 7, the smallest value of a for which O'gf ;< 1. For
values of a less than 2, the estimator based on an equidistant sampling is more efficient
than @ unless the sampling frequency A is greater than 1.

We see that the non-equidistant sampling performs worse as the kurtosis of the driving
Lévy process increases. The best scenario across all time scales is observed for n = 3
which corresponds to the Brownian motion case.

95






5 On sample mean central limit
theorems of multivariate Lévy driven
moving averages

Let L = (L;)ier be a two-sided R™-valued Lévy process, i.e. a stochastic process with
independent and stationary increments, cadlag sample paths and Ly = 0 almost surely,
which is continuous in probability. We further assume that L has expectation zero and
finite second moment, and let f: R — R™™ in L2(R¥™), i.e.

LA (R&™M) .= {f R — R™™ measurable: ‘/]R 1 £(s)|I” ds < oo}

for some norm on R¥™™. For fixed p € R? the multivariate continuous time moving
average process with mean p and kernel function f driven by L denoted by X = (X})ier
can be defined in the L?-sense by

Xt::u—l-/Rf(t—s)dLs, teR, (5.1)

more precisely,

S e £09 (¢ — 5) ALY
Xt:u—i-/Rf(t—S)dLs::u—i— :
S 91— ) 4L

where the integrals on the right-hand side exist since f € L*(R¥™) and E||L]|* < oc.
X is then as its univariate counterpart strictly stationary.

(5.1) can be considered as continuous time analogue of the discrete time multivariate
moving average process

)N(t:u—i—ZCt,ka, tEZ, (52)

kEZ

where (Z;)ez is an R™-valued independent and identically distributed (i.i.d.) noise with

expectation zero and covariance matrix >, and (Cy = (CIEZJ))Z"j:l d)kez 18 a sequence of

R¥*™_valued matrices such that ¥,y \C,gi’j)\ <ooforalli=1,...,dand j =1,...,m.
The asymptotic behavior of the sample mean of X, in (5.2) and the autocorrelation in
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5 On sample mean central limit theorems of multivariate Lévy driven moving averages

the special case of X, in (5.2) being bivariate have been studied for example in Section
11 of Brockwell and Davis [23].

When X in (5.1) is observed on a lattice {At: ¢ = 0,1,2,...}, the asymptotic behavior
of the sample mean and the sample autocorrelation has been studied in various cases
when L and f were assumed to be univariate. In particular, Cohen and Lindner [31],
cf. Theorem 1.34 and 1.35 proved asymptotic normality of the sample mean and the
sample autocorrelation under E(L?) < oo and f € L*(R), and E(L}) < oo and f € L*(R)
plus some extra assumptions, respectively. Spangenberg [62] showed in the long memory
case that under the assumption of E(L}) < oo for f(t) ~ Cit?! for d € (0,1) and some
constant Cy a central limit theorem where the limit distribution is Rosenblatt, and in case
of a slowly varying Lévy process with index o € (2,4) that the limit distribution is either
Rosenblatt or a stable distribution, depending on the interplay of d and «. Drapatz [34]
proved for the sample autocovariance function when the Lévy process has infinite variance
with regularly varying tails with index o € (0,2) that its limit distribution is a stable
distribution whose parameters can be given in terms of the characteristics of the driving
Lévy process.

In this chapter on the one hand we want to study the asymptotic behavior of the sample
mean

A 1 &
X, ::—ZXkA, n — oo,
]

of the process X as defined in (5.1) when sampled at (An),ecn, where A > 0 is fixed,
thus extending the results of Theorem 1.34 to a multivariate setting. And on the other
hand, we study a renewal sampling of the process X, i.e. we select a sequence of increasing
random times (7},),ez such that T,, — oo almost surely (abbreviated a.s.). More in detail,
we assume that W = (W, )nez oy is an iid. sequence of positive supported random
variables independent of the driving Lévy process L and such that P(WW; > 0) > 0. We
then define (7,)nez by

i VI/Z ) € Na
Ty:=0 and T,:={="" " (5.3)
- Ei:n VVz ) —n € N7
and the sampled process Y = (Y},)nez via
Y, =Xr,, neZ. (5.4)

We thus extend the results of Section 4.2 on the asymptotic normality of the sample mean
of a renewal sampled continuous time moving average process to a multivariate setting.

The chapter is organized as follows. In Section 5.1 we establish a central limit theorem for
the sample mean of a multivariate continuous time moving average process when observed
on a lattice. In Section 5.2 we establish a central limit theorem for the sample mean when
the multivariate moving average process is sampled at a renewal sequence.
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5.1 Asymptotic normality of the sample mean of an
equidistant sampled MA

In this section, we establish a central limit theorem for the sample mean, i.e.
A 1 &
Xn - - Z XkA )
=1

for n — oo when X is sampled at (An)ney where A > 0 is fixed. We define I'(Ah) =
Cov(Xg, Xpa) = (YO (AR))iz1, aj=1..m the autocovariance function of the R?-valued
process X as in (5 1) where we denote with A’ the transpose of a vector or matrix A. It can
be shown that 7(*?(Ah) is again an autocovariance function, those of the i*"-component

of the process X, cf. Section 11 of Brockwell and Davis [23]. Observe that
V(D) = B XE) = )
i i ( / fiP (=s)dLP / FOV(AR = s) dLé”)
R

ZZ ov(L ( 7L(l /f’k) VfOD (AR 4 5)ds, (5.5)

where the last equality follows from the It6 isometry. Then

D(ah) = [ f(s)Z0f(s) ds

with > to be explained below.

An R™-valued Lévy processes L = (L;):>0 can be identified by its characteristic triplet
(Xp,vr, L) due to the Lévy-Khintchine formula, i.e. if p denotes the infinitely divisible
distribution of L;, then its characteristic function is given by

- . 1
ilz) = exp |i{ye, 2) = 5
Here, 31, is the Gaussian covariance, vy, a measure on R” which satisfies vz ({0}) = 0 and
Je(|z]? A1) vp(dz) < oo, where | - | denotes the Euclidean norm, called the Lévy measure,
and vz € R some constant. We denote with (U(Lk l)) the entries of the covariance matrix,
i.e. the covariance between the [*" and k" component of L.

For a detailed account on Lévy processes we refer to the book of Sato [61].

Theorem 5.1. Let L = (L;)ier be an R™-valued Lévy process with zero mean and finite
covariance matriz Yp, let p € R and f € L*(R™>™) such that X = (X;)icr is defined as
in (5.1). Suppose that A >0 and

(FA;[O,AH[O,OO], wes Fa(w) = 3 ||fu+hA)||>eL2([0,A]). (5.6)

h=—o0c0

—(z,212) + Rm(ei<z’x> —1—i(z,2) 1<y (@) ve(do)| , 2z €R™.
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Then >°3° _  |IT(AR)]| < oo,

(5.7)

(ii ) /F”‘ )

where Fa(u) =352 f(u+ hA), and the sample mean is asymptotically normal, i.e.
A<= d A /
Vn(©X, —p) — N O,/ F(s)X F(s)'ds| asn— oco.
0

Proof. For convenience we assume that A = 1, and write F = F} and F = F}, respectively.
By (5.6), we have that the functions defined by

F(m) Z ]f(” u—l—h)\

h=—00

are in L2([0, A]) as well foralli = 1,...,d and all j = 1,...,m. We continue F and F (/)
foralli=1,...,dand 5 =1,...,m, respectively, periodically on R by setting

ST flu+h), and FO(y Z 1S (u4h)|, uweR.

h=—o00 h=—o0

By the equivalence of norms, w.l.o.g. we take the 1-norm, i.e. for a matrix A € RAX™ we
have ||A| = 24, . |a®)|. Then

00 d m 00
> TMmI=32% > W)
h=—00 i=1 j=1 h=—00
<3230 5 [SSS 0 [ 10 190 h 4 5) s
i=1j=1 h=—o00 | k=11=1

d m m m

ST TSIl [P 3 174l ds
i=1j=1k=11=1 h=—00
d m m m

—Y TSIl [ 3 IFH s+ mIFO(s) ds
i=1j=1k=11=1 h=—00

I
M&.
M
NE
]

-
Il
—
<
Il
—
£
Il
—
-

U(Lk,l)|2/0 FOR ($)FOD(5) ds

m 1 1 1/2
Z\@’ﬂ”\?( | (Fzas | (F(J’l))2d3> ds < oo, (5.8)

0 0

IA

Mﬁ.
M
NE

@
Il
—
<
Il
—
=
Il
—
o~
Il
—_
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where the second last inequality follows form the Cauchy-Schwarz inequality. Similar, we
find for each component, by (5.5),

5 9= 5 S 000

h=—00 =—oc0 k=11=1
=S Yo [ fs) 3 fUO(h+s)ds
k=11=1 h=—o00
=S [N f s 4 )P0 () s
k=11=1 0 h=—oo
=SS [P ) ds
k=11=1 0

such that

which is (5.7).

For the asymptotic normality, by subtracting the mean, we may assume without loss of
generality that u = 0, and we use the Cramér-Wold theorem, i.e. prove

L n d ) 1
VN X, = =S VX = =Y X0 L N(O, X/ F(S)ELF(S)’ds)\> VXeR,
‘ 0

.....

tra ;nl o fO(t = s)dLY)
:/fa(t—s)dLs: F(t—s)dL, = - , teR,
R —a
t ;nl t— af(d])(t_s)dL(J

is a 2a-dependent process in the sense that (X;,)i<s and (X4)i>s+2, are independent.
Then also the sequence (N Xy, )ier is strictly stationary and 2a-dependent with zero mean
and autocovariance function N'T'y, (k) such that we can use a central limit theorem for 2a-
dependent sequences, cf. Brockwell and Davis [23] Theorem 6.4.2, to obtain for XYSI) =
L3y N Xyq that

VXX Ly @ o, with Y@ £ N(0,1,), (5.9)
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where

2a
> ATy (h

d
_ Z S AN (R
h=—2a h= 7=1
DI IP

A Y0 S0 [ ) 50+ 5) s
k=

d
2
—2a 1=1
d
>
h=—2a i=1 j=1 11=1

Since for all i = 1,...,d and j = 1,...,m we have |f"7)(s)| < [f®9)(s)| for all @ € N, it
follows by Lebesgue’s dominated convergence theorem that

lim | 5P (s) f9D(h+ ) ds = / FOR () fHD (b + s)ds Vi, j, k, L.
R

a—0o0 JR
From this we conclude that, for all 7,5 € {1,...,d}, lim, s V}i’j)(h) = 4@9)(h) for
each h € Z, and hence, since Y32 |NT'(h)A| < oo, by the calculation that led to

(5.8), it follows again from Lebesgue’s dominated convergence theorem that lim, ., v, =

Y ANT(h)A. Hence, by (5.7),
1
Y@ 4y, 400, where Y < N(O,)\’/ F(s)ELF(s)/ds)\> . (5.10)
0

Next since |f9) — £ < | f@9)] almost everywhere and lim, o | £ — f{#9)] = 0 for
alle=1,...,d, j = 1,...,m, we obtain, by the dominated convergence theorem and a
similar calculation as for v,, that limg,_, o V}Zf}a(h) =0foreach h € Zandalli=1,...,d,
and 7 = 1,...,m. Hence, lim,_, Z;L”:ﬂo%(fgj}a(h) =0foralli=1,...,d,j=1,....,m
by the calculation that led to (5.8) and the dominated convergence theorem. Then

Y

lim lim Var(vn(N X, - YX'7))

a— 00 N—00

= lim lim nVar < Z Ai

a—00 Nn—00
= t=1 k=1

3

—alggoZZM S 469 () =0,

i=1j=1 h=—00

where we have used Theorem 7.1.1 in Brockwell and Davis [23] for the second equality.
Then we obtain

ahmhmsupP(\/_P\/ —>\X ]>0)—0 Ve >0,

=0 pnsoo

by an application of Chebychef’s inequality. This together with (5.9) and (5.10) gives the
claim by an application of a variant of Slutsky’s theorem, cf. Theorem 1.12. m
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5.2 Sample mean of renewal sampled multivariate
moving average processes

In this section, we show the asymptotic normality of the sample mean

ZYk ZXTk, neN, (5.11)

where X = (X})wer and Y = (Y, )nez are given in (5.1) and (5.3), respectively. Observe
that, by Proposition 4.1, the process Y is strictly stationary.

To do so, we consider a certain truncated continuous time moving average process. There-
fore, for a € N, let f,: R — R>™ 5 f(S)]_[_a/gﬂ/Q] be a kernel function with compact
support, and X = (X, );cr be defined by

X ::u+/Rfa(t—s)dLs :,u+/Rf(t—s)l[,a/za/g](t—s) dL,, teR, (512)

where L = (Ly)er is a Lévy process with zero mean and E||Li||> < oo, € R, and
f € L2(R¥™). Then the process X = (X;.)er is an a-dependent process. Moreover,
X (@ s strictly stationary and, by Proposition 4.1, so is the sequence Y(® = (Vi) ez
defined by

Yisa = X1a (5.13)
where (7},)nez is defined as in (5.2) independent of X.

Throughout this section, if not stated otherwise, we denote with || A|| the Euclidean norm
of a matrix or vector A. Observe that ||A]| is also called the Frobenius norm of a matrix
A € R™*™, Observe further that then ||AB| < ||A| || B|| for all A € R>*™ and B € R™**
cf. Proposition 9.3.5 of Bernstein [11].

In the following theorem, we recall the multivariate extension of Theorem 2.7 in Rajput
and Rosinski [59], which characterizes the continuous time moving average process.

Theorem 5.2. Let L = (L)wer be a Lévy process on R™ with characteristic triplet
(v, 21, vr) and f: R — R>™ be a measurable function. Denote with D,, = {z: |z| < 1}
the unit ball in R™. Then

(a) f is L-integrable (i.e. integrable with respect to the Lévy process L) as a limit in
probability in the sense of Rajput und Rosinski [59] if and only if

) [+ [ 16)a(in,(5()) = 10, () veldo)

ds < o0,

(ii) [ 1F()Z0f (Y| ds < oo, and

(iii) /R/Rm(ﬂf(s)xHQ A1) v (dz) ds < oo,
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(b) If f is L-integrable, the distribution of [ f(s)dLs is infinitely divisible with charac-
teristic triplet (Vint, Zint, Vint) given by

Y= [ Fsh+ [ F$)a(Lo,(f(9)2) = Lp,,(2)) ve(da) ds,
Eint:/Rf(s)ZLf(s)’ds, and

Vint(B) = /R/m 15(f(s)x) vr(dx)ds for all Borel sets B C R*\ {0}.

Corollary 5.3. With a simple calculation, one can show that, if L has expectation zero
and finite second moment and g € L*>(R™™), then the conditions (i), (i), and (i)
of Theorem 5.2 (a) are satisfied and [y g(s)dLs is infinitely divisible with characteristic
triplet (Vint, Zint, Vint) @S given in Theorem 5.2 (b).

The next lemma shows that E([|X;||*log" || X;||) < oo for all t € R when we impose
certain conditions on the Lévy process L and the kernel f.

Lemma 5.4. Let X = (X;)ier be a multivariate moving average process, i.e. X; 1=
p+ Jg f(t —s)dLy, where f € L*(R™™) and L = (L;)ier is an R™-valued Lévy process
with zero mean. If E(||L1]|*log™ || L1]]) < oo, and [g ||f(s)]*log™ || f(s)|| ds < oo, then
E(||X,|]*log" || X,||) < oo for all t € R.

Proof. W.lo.g. u=0. It is enough to show the assertions for Z = [; f(s)dLs, for which
z4L Jg f(=s)dLs = Xy. By the strict stationarity of X, we obtain the result.

By Corollary 5.3, Z is infinitely divisible with triplet (vz, Xz, vz) given by Theorem 5.2
(b). By Theorem 25.3 and Proposition 25.4 of Sato [61], we know that E(]| Z||*log™ || Z]|) <
oo, if it holds [, |z)|* log™ ||lz|| vz(dz) < oo. To see that this is indeed true, observe

that log™ |ab| < log™ |a| + log™ |b| for a,b € R. Hence,

/”$>1 |2[|" log™ ||| vz(dx) S/R/Rm £ (s)z|*log™ || f(s)z|| vi(dz)ds
< [ 176 1ogt 1) ds [ Jjal* vi(de)

+ [P s [ o] og* 2] vi(de) < oo,

since BJ|Lill° < o0, ¢ | £(s)log" I£(s)]| ds < 00, [ 1 log* 2] w1(d) < oo (as
a consequence of E(||L1||*log™ ||Ly|]) < oo, cf. Theorem 25.4 of Sato [61]), and f €
L*(R¥™), by assumption. O

The next proposition gives the asymptotic normality of the sample mean of V(@ i.e.
Y= L3 Yiga, as n — co. We denote with Cov(X,Y) = E(XY’) — E(X)E(Y”) the

n
covariance of R%valued, square-integrable random variables X and Y.
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Proposition 5.5. Let Xy, be defined as in (5.12), where L = (L;)ier is an R™-valued
Lévy process with E(Ly) = 0. Assume that E(||L1||*log™ ||Ly|) < oo, f € L2(R>™™), and

LI 108" [17(5) ] ds < oo

Let (Ty)nez be as in (5.8) independent of L, and define YV = (Yiua)rez by (5.13). Then,
for 77(? = 130 Vi, we have

(a) Yo = Z Cov(Yo.a, Yia) exists in [0,00)P and is absolutely convergent.
keZ

(b)\/_( )—>N(O Yow) asn — oo.

Proof. Observe that (Y}.q)kez is strictly stationary, by Proposition 4.1, and strongly mix-
ing with exponentially decreasing mixing coefficients, by Proposition 4.2. If we can show
that

1 n
ﬁ(n > NV — Xu> 45 N(0, X YowA) YA eR",
k=1

we obtain, by the Cramér-Wold theorem, the assertion of (b).

We obtain, by the assumptions on the Lévy process L, the kernel f, and by Lemma 5.4
that E(]|Yo.0]|?log™ [|[Yo.ull) = E(|| X0.4]|?log™ [ Xo.a]]) < 00, since Y., = Xo.,. Therefore
also E(|NYo,e|*log™ [XNYp,e|) < oo for all A € RY. Further, define X, = X, — 2 such that
with Yy, = Yk, — 1 due to the strict stationarity of (Yi..)rez and since Yo, = Xo.q0, we
obtain a sequence with expectation zero. Hence, w.l.o.g. p = 0.

Observe that (NYj.a)rez is strongly mixing for each A € R¢ with o Y(a> < akym) for

all k£ € N, by Remark 1.8 (a), such that (a; Ay )) is exponentially decreasing. Hence,
the assumptions of Theorem 1.11 hold for /\’ Yi.. and (a) and (b) follow immediately.
Observe that the assertion there also holds when 27@))\ = 0, in which case we have
L?-convergence to 0 by Bradley [20], Proposition 8.3. O

The following proposition states a result on the convergence of the covariances of Y (%)
towards the ones of Y.

Proposition 5.6. Let X be defined by (5.1) and X“) by (5.12) such that f € L*(R™>™)
and L = (Ly)wer is a Lévy process with zero mean and E||L1||* < co. The processes Y
and Y9 are given by (5.4) and (5.13), respectively, with (T),)nez as in (5.3) and assume
that uw = 0. Then

E(|Y.Y] = YiaYil) =0 as a— oo for k1€ Z. (5.14)
Further, it holds
E(Y,Y/) = /E WS f (T +u))du  for kl€Z, (5.15)

and similar for B(Yy,.Y}.,) with f replaced by fo = f1i_aj2,a/2)-
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Proof. We denote with Y., = Yk(a), and with Yk(;), i = 1,...,d, the i"" component of
the vector Yj.,. Let Tj be a random time taken from the sequence (7},),ez and denote
by o(T}) the o- algebra generated by Ty. Observe that || fo(u)| < [[f(u)] for all u € R.
Denote with £ the i row of the matrix valued function f. Then, by conditioning on
T}, the independence of L and T}, the 1t6 Isometry, and Fubini’s theorem,

d
B[Vl = ZE (Yii)?) ZE(Z/f” (Th — u) ALY )

)

n:%ww

_ gElE<<g/Rff’j)(Tk ) dng‘))

d

B L(E o)

=3 [ 355 [ - im0 ) b a0

j=11l=1

=3 [ @S
< VA [ fu()Sefulw) | du < VASe] [If @] du<oo.  (5.16)

Further, observe that
2

E HYk — Yk;aH2 = EH /Rf<Tk — u) dLu — /Rf(Tk — u)l[_a/g,a/Q](Tk — u) dLu

2

-/R\[Tk—a/Z,Tk,—i-aﬂ]

ol

By the Doob-Dynkin Lemma there exists a measurable function ¢,: [0,00) — R such
that ¢, o T}, = I. Define
2
EZQL

¢mw=EFQ

then obviously ¢, 0Ty = I. But, since L is independent of (7},),ez, we obtain, by a similar
calculation as for (5.16),

2

/ F(Te — ) dL,
R\[Tx—a/2,Tx+a/2]

U(Tk))] —ED). (5.17)

f(t —u)dL,

/]R\[t—a/Q,t—i-a/Q}

2
0 < pu(t) = E / t—u)dL,
=¥ ( ) <| R\[t—a/2,t+a/2] f( u) )
<fy|z:L|y/ 1F(t—w)|® du—0 as a— oo,
R\[t—a/2,t+a/2]
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since f € L*(R™™). Hence o, (T)(w)) — 0 as a — oo for all k € Z and all w € .

Define
olt) = VAL [11F( = wl)” du=Va|IZe]| [ ()] du.

Then E(p o T}) < oo such that, since |p, o Ti| < |p o Ti|, we obtain by the dominated
convergence theorem for (5.17)

E|[Y: — Yio =E(I) = E(p,0T}) = 0 asa— oco. (5.18)
Henceforth, by (5.16), (5.18), and the Cauchy-Schwarz inequality,
B |V - Vi Y,

= B[ VY = YieaY{l, + Vi) = ViV
< E([Yaall [V = Yiall) + BVl |V = Yicall)
VE [Via PVENY: = Yil? + VE [ViIPVE [V — Yial* = 0

IN

for a — oo, i.e. (5.14).

For the last statement (5.15), let w.l.o.g. k,l € Ny and k < [. First observe that, due to
the strict stationarity of Y, we have E(Y;Y;) = E(YyYx_;) and, by the independence of
Ty—; and L and the same calculation that lead to (5.5),

_ /R E(XoX!|T; = 1) Pr,_,(dt)

_ /R E(XoX])Pr,_,(dt)

= /]R /Rf<u>2Lf(u+t)’duPTk,l(dt) = /R E(f(u)S1f(u+ Tiy)') du
which gives (5.15). 0O

Now we are in the position to prove the asymptotic normality of Y, in (5.11). We denote
with —% convergence in distribution.

Theorem 5.7. Let X be defined as in (5.1) such that p € R, L has expectation zero and
E([|L1|* log™ || L1]]) < oo, f € LAR™™), and [ || f(s)|*log™ || f(s)]| ds < oo. Let Y be
defined by (5.4) with (T,,)nez as in (5.3) independent of L. Assume that

LIF@I BT+ )] du < oo (5.19)
k=1
Then
(a) 227 = Yrez Cov(Yy, Y3) emists in [0,00)%*¢, is absolutely convergent, and
Yo=Y /R FSLE(f(Ty +u)) du. (5.20)
keZ

() Vi (Y, — 1) =5 N(0,55) as n — .
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Proof. Define X, =X, — 1 such that with Y, = Y, — p due to the strict stationarity of
(Yr)rez and since Yy = X, we obtain a sequence with expectation zero. Hence, w.l.o.g.
pn=0.

(a) Observe that E ||Y;||> = E||X|* < oo since f € L2(R*™) and L has finite second
moment. Further, by (5.15) and (5.19) together with the dominated convergence theorem

SIEMY)I =

kEZ kEZ

< ISl [ 1@l Y BT+ w)l du < oo. (5.21)

k€EZ

[ F@SB(f (T + ) du

This gives the absolute summability of 22? and a similar calculation without the modulus
gives (5.20).

(b) Using the Cramér-Wold theorem, it is enough to show that

VXY, -5 N(0,NSp)) asn— oo VAeR%. (5.22)

By Proposition 5.5, we have that the sample mean of the sequence (Yj.q)rez as in (5.13)
defined via the a-dependent process (Xi,)ier as in (5.12) is asymptotically normal, i.e.
we obtain

VXYY L 2@ with 2@ £ N0, NS wA) YA€ R (5.23)

By Proposition 5.6, we have that E(Y(,Y}.,) — E(YoY}) as a — oo and, since

> BN Yo YN < P Y |[B(YouYi)

kEZ keZ

< [IAI° HELH/RHJ”(u)H Y E|f(Ti+u)| du < oo,

kEZ

by (5.21) and || fo(u)|| < ||f(u)|| for all u € R, it follows from the dominated convergence
theorem that limg oo N YA = NEyA. Hence,

Z@W L 7 as a— oo with ZZN(0,NSgA) VA eR?. (5.24)
Define for k € Z
Yk;f—fa = /Rf(Tk — u) — f(Tk — u)l[,a/gva/g] (Tk — u) dLu

R\[kaa/Q,Tk+a/2]

Then (Y. -1, Jkez is strictly stationary, by Proposition 4.1. Further,
2
BN Yo7, Ye s, DS I NEYoyp— Vi)l

<INPIZIf, Il du o
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5.2 Sample mean of renewal sampled multivariate moving average processes

as a — oo since f € L2(R¥™). Since, by (5.21),
> B Yo g Y p, M < A2 /R LA Y EN (T + u)l du < oo,
keZ keZ
the dominated convergence theorem yields lim, o0 Yrez [E(N Yo r—5, Yy p 1 A)| = 0.
Hence, by Theorem 7.1.1 in Brockwell and Davis [23],

: : 120\ _ vV @\ 1 . ln /
lim lim Var(n/“(N'Y, = \NY 7)) = JLI&JLH&HV&I‘(H ]CZI)\Yk;f_fa)

— |1 / ! —
= lim %:Z E\Yor- 1. Y-, A) = 0.

An application of Chebychef’s inequality yields then
lim limsup P(n/2NY, —NYW|>e)=0 Ve>o0.

m—00 poo

Together with (5.23) and (5.24), the claim follows by a variant of Slutsky’s Lemma, cf.
Theorem 1.12. [l

Remark 5.8. (a) When (T,)nez is deterministic, i.e. T, = An for n € Z and some
A > 0, we established the asymptotic normality in Theorem 5.1 under the condition
(5.6). Observe that (5.6) implies (5.19) since

L0 i@kl du= [ AD1 3 I AR du

JR—— k=—1

A
g/ |Fa(u)[? du.
0

So, Theorem 5.7 generalizes Theorem 5.1 to the case of a renewal sampling sequence
(T )nez at the cost of the slightly more restrictive conditions E(||L||*log" || Ly1]|) < oo

and [ || f(s)[*log™ || f(s)] ds < oe.

(b) Proposition 5.5, Proposition 5.6 and Theorem 5.7 generalize Proposition 4.5, Propo-
sition 4.6 and Theorem 4.7 of Section 4.2 to a multivariate setting. Choosing in Theorem
5.7 the kernel function f € L*(R) and L as a univariate Lévy process with zero mean and
second finite moment, we see that condition (5.19) reduces to (4.19) of Theorem 4.7.

Remark 5.9. Condition (5.19) is satisfied, for example, for || f(u)|| < K(|u|~* A1) with
a>1and K > 0.

To see this, observe that for some C,

LIF@I £+ )] du < Caflt = A1)

Hence,

/R IF@) DB (Te +w)ll du < Co 30 P(Th < 1)+ Ca Y B(L "Lpsyy), - (5.25)
k=1 k=1 k=1

and the two sums on the right-hand side of (5.25) converges as seen in Remark 4.9.
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A Appendix

A.1 Kronecker Product, Vectorizing, and the Stochastic
Integral

Definition A.1. (Kronecker Product and Vectorizing Operator)
Let A € R™™ and B € R™>*. Then the Kronecker product A ® B € R"*™* of A and B
is the partitioned matrix

anB aB ... a,B
A® B := : : .. :
amB a,2B ... a,,B
Let A € R™™ and denote with A; the j-th column of A. The wectorizing operator is
defined as
A
vec(A):=| + | e R"™.

More informations of the properties of the Kronecker product and the vectorizing oper-
ator can be found in Bernstein [11]. The following properties in conjunction with the
multivariate stochastic integral hold, see also Lemma 2.1 in Behme [9]. For a matrix
A € R™™ we denote by A" € R™ " its transposed.

Lemma A.2. Let X = (X;)is0, Y = (Yi)is0, and Z = (Z;)i>0 be R -valued semi-
martingales. Then it holds for allt > 0

(i) /(OJ](J@YS_)d(I@Xs) —I® (/(M Y- dXs>,
(zz)/ AX, @ )Y, @) = </ dXY>®I

) dI@X)I®Ys ) =1® (

(0,4]

dXsYs_>,
(0.1

oy ](I®Y5_)d(XS®I):/( AKX, @ DI ©Y,), and
0,t 0,t

(v) [ I@X, X eI,=[XaII®X].
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Further, it holds together with the vec-operator

(vi) vec (/(O,t] X, dY; ZS_> = /(M(Z;_ ® X, ) d(vec(Ys))
(vii) vec </(0,t] dYSXS_> = /(O,t] d(I ® Y;)(vec(Xs-))
(viii) vec </(0,t] X, dYs’> - /(O,t] d(Y; ® I)(vec(Xs-))

(iz) vec [X., /m Y, dX;L
(z) vec[X., Y]y = [I @ X.,vec(Y.)],

(zi) vec]Y, X'], = [X. @ I,vec(Y.)];

(zit) vec [ X, [V, X']], = [ ® X, X ® I].,vec(Y.)], = vec [[X,Y]., X], .

_ / (Al ® X, X @ Lovee(Y,.)
(0t

Proof. Follows from the properties of the multivariate stochastic integral and the defini-
tion of the vectorizing operator and the Kronecker product. O

A.2 MGOU Processes

Here we give a short overview of multivariate generalized Ornstein-Uhlenbeck processes
needed in Chapter 3.

Stochastic Logarithm

Definition A.3. (Multivariate Stochastic Logarithm)
Let Z = (Z;)i>0 be a GL(R, m)-valued semimartingale with Z; = I and Z;_ € GL(R, m),

H

t > 0. Then the left stochastic logarithm Log(Z) and the right stochastic logarithm
_>
Log (Z) of Z are defined by

— —

Log (2), = Z'dZ,, and Log(Z), = dz.z;', t>0, (A1)

(0,t] (0,1]

respectively.

Proposition A.4. Let F = (Fi)i>0 be a filtration satisfying the usual hypotheses. Then
for every F-Lévy process X = (Xi)i>0 in R™™ satisfying (3.5), the stochastic exponential
— —
Zy = E(X), (resp. £(X),) is a left (resp. right) F-Lévy process in GL(R,m).
Conversely, if Z = (Zy)i>o is a left (resp. right) F-Lévy process in GL(R,m), then Z is
— —

an F-semimartingale and Log (Z) (resp. Log(Z)) is an additive Lévy process in R™*™
satisfying (3.5).



A.2 MGOU Processes

Proof. Proposition 2.4 in Behme and Lindner [8]. H

Remark A.5. Under the assumption of the previous proposition it holds

I:g(E(X))t:Xt and I;g(g(X)> =X;.

t

Definition and Properties of MGOU processes

As in Behme and Lindner [8] we define

Definition A.6. Let (X,Y) = (X}, Y:)i>0 be a Lévy process in R™*™ x R™, such that X
satisfies

det(I + AX;) #0 Vt>0, (A.2)
and let V be a random variable in R™. Then the R™-valued process V' = (V});>0 given
by

V=€ (X)" (vo [ ). dY;) L t>0, (A.3)

(0,¢]
is called a multivariate generalized Ornstein-Uhlenbeck (MGOU) process driven by (X,Y).
The MGOU process will be called casual or non-anticipative, if Vj is independent of (X, Y)
and strictly non-causal if V; is independent of (X, Y5)o<s<¢ for all ¢ > 0.

I

Behme and Lindner [8] defined the MGOU process to satisfy the random recurrence
equation

Vi=As Vi + By as., 0<s<t, (A.4)

for random functionals (As+)o<s<t, (Bst)o<s<t satisfying the following Assumption A.7.
This was motivated by what de Haan and Karandikar did in there paper Embedding a
stochastic difference equation into a continuous-times process [33] to define the generalized

Ornstein- Uhlenbeck (GOU) process.

Assumption A.7. Suppose that the GL(R, m) x R™-valued random functional denoted
by (Ast, Bsit)o<s<t with Ayy =1 and By =0 a.s. for allt > 0 satisfies the following four
conditions.

(a) For all 0 < u < s <t almost surely

Au,t - As,tAu,s and Bu,t = As,tBu,s + Bs,t .

(b) For all0 < a < b < ¢ < d the families of random matrices {(As, Bst) ,a < s <t < b}
and {(Ast, Bst),c < s <t <d} are independent.
(c) For all0 < s <t

(As,tu Bs,t) % (A(),tfsu BO,tfs) .
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(d) It holds

lgfg Agy =1 and ItIgl By: =0 in probability.

With Definition A.6, it is then easy to see that V; with (As:, Bst)o<s<t defined by

— 15
(gs’t):(e S_EX)tf(X)s ) as., 0<s<t,
st & (X)t f(s,t] g (X)uf dYu

where (X;, Y;)i>0 are as in Definition A.6, satisfies the stated random recurrence equation
(A4), V; and (Asy, Bst)o<s<t are independent, and (A, Bs¢)o<s<: satisfies Assumption
A.7. This was shown in Behme and Lindner [8] as well as the following two results

Theorem A.8. Let a stochastic basis (2, F,F = (Fi)i>0, P) with F satisfying the usual
hypotheses be given.

(a) Let (X,Y) = (Xt,Yi)i>0 be a Lévy process in R™™ x R™, such that (X,Y) is a
semimartingale with respect to F and X satisfies (A.2), and let V = (Vi)i>o be the MGOU
process driven by (X,Y) with Fy-measurable starting random variable V. Then V' solves
the stochastic differential equation (SDE)

d‘/t = dUt‘/;g_ + st, t Z 0, (A5)
where (U, L) = (Uy, Lt)1>0 is another Lévy process in R™ ™ x R™ with
U= =X+ [X, X[+ 3 (I +AX)" =T+ AX,), t>0, (A.6)
0<s<t
i.e. it holds

and L given by
=Y+ Y (I+AX) = 1)AY, - [X,Y];, t>0. (A.7)

0<s<t

The process U satisfies
det(I + AU,) #0 Vt>0. (A.8)

(b) Conversely, if (U,L) is a Lévy process in R™*™ x R™, such that (U, L) is a semi-
martingale with respect to F and U satisfies (A.8), and Vi is an R™-valued Fo-measurable
starting random variable, then the solution to (A.5) is an MGOU process driven by (X,Y),
where (X,Y) is a Lévy process defined by

X, I;g<§(U)tl>
<Yt>: Lﬁ[ﬁg(?(U)—l),LL =l

and X satisfies (A.2).
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Proposition A.9. Let a stochastic basis (0, F,F = (F;)i>0, P) with F satisfying the usual
hypotheses be given. Let (X,Y) be a Lévy process in R™*™ x R™ such that X satisfies
(A.2) and let (U, L) be defined by (A.6) and (A.7). Then

Lt:Y2+[U7Y]t7 t207
and

}/;:Lt‘i‘[X,L]t, t20

Moments of MGOU Processes

Lemma A.10. Let L = (Lt)i>0 be a Lévy process, (2, F,F = (Fi)i0, P) be a stochastic
basis with F the natural filtration of L, and H = (H)i>o an adapted, cidlag process.
Suppose there exists a k > 1 such that E|L1|* < oo and Esupy_,«; |H;|" < co. Then

K

H, dL,
(0,2]

E[sup < 00.

0<t<1

In particular, if E|L1| < oo and Esupy,«; |[Hy| < 0o, fort >0 it holds

E V H,_ dLs] :E[Ll]/ E[H, ] ds.
(0,¢] (0,¢]

Proof. Lemma 6.1 in Behme [7]. O
A multivariate extension yields

Lemma A.11. Let (Li)i>o be a Lévy process in R™™ and (Hi)i>o0 an adapted, cidlag
process in R™*™. If E||L|| < oo and Esupy,<; [|[H¢|| < 0o, then it holds for t >0

E l /(M H,_ dLs] - /ME[HS_]d(sE[Ll])‘

This allows us to formulate the following

Proposition A.12. Let (X;)i>0 be a Lévy process in R4 and suppose for some fized
k>0 that E || X1]|" < co. Then it holds

K K

—

E(X) E(X) <oo forallt>0.

S S

E [sup

0<s<t

< oo and E[sup

0<s<t

Especially for k =1 we get

E [E (X)t] _E [? (X)J — exp(iE[X1])  forallt>0.

Proof. Proposition 3.1 in Behme [9]. O
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Proposition A.13. Let (U, L) = (U, Ly)i>0 be a Lévy process in R4 x R¥>*™ sych that
U satisfies (A.8). Let V= (V;)i>0 be a strictly stationary solution of the SDE (A.5) with
starting value Vi independent of (U, L). Assume that for k > 0 we have for some ty > 0

K

.
B0 " < 0o, BL"™ Y < 0o and EHE(U)tO <1 (A.9)

Then E||Vo||" < oo. Further if (A.9) holds for k = 1, then E[Uy] is invertible and in
particular it holds

E[Vo] = —E[U1] 'E[L,].

Proof. Proposition 3.3 in Behme [9]. O

Proposition A.14. Let (U, L) = (U, Ly)i>0 be a Lévy process in R4 x R such that U
satisfies (A.8). Let V- = (Vi)i>0 be a strictly stationary solution of the SDE (A.5) with
starting value Vi independent of (U, L). Suppose that it holds E||U|| ,E || L., E ||Vi||* <
00, then for 0 < s <t we have

Cov(V;,V,) = 9B Cov(V,)
where Cov(V,, V) = E[V,V]] — E[VE[V]] and Cov(V;) = E[V,V!] — E[V,]E[V/] denoting
the covariance matriz of V.
In particular, if V is strictly stationary, (A.9) holds for k = 2 and we denote
C =E|U)]® I+ 1®E[U]+E|[U; ® Ui] — E[lh] ® E[Uy],

then the matriz

. /OO /s eHC(e(s—uXE[Uﬂ@” 4 e(s—U)(I®E[U1])) duds
0 0

is finite. Now, if either E[L1] =0 or U and L are independent, we obtain

Cov(V},V,) = elt-=Eltl.
-vec ™ (=C"'vec(Cov(Ly)) + (D — (E[U1] ® E[U:]) " )vec(E[L]E[L}])) .

Proof. Proposition 3.4 in Behme [9]. O

Stationary solutions of MGOU processes

Theorem A.15. Suppose that (X,Y) = (X;,Y:)i>0 is a Lévy process in R™*™ x R™
such that X satisfies (A.2). Let V- = (V})i>0 be the MGOU process driven by (X,Y) and
let (U,L) = (Ut, Li)i>0 be the Lévy processes defined in (A.6) and (A.7). Suppose |||
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is a submultiplicative matriz norm and that E[log™ ||[U1]|]] < oo and E[log" | L1]]] < oo.
Assume further that there exists a to > 0 such that

E {log

),

| <o.

— —
Then limy o, € (U), = 0 almost surely and the integral [, € (U),_  dLs converges almost
surely fort — oo to a finite random variable. Further, a finite R™-valued random variable
Vo independent of (X,Y") can be chosen with

Vodd—lim [ €U

t—o00 (O,t]

such that V' is uniquely determined and strictly stationary.

Proof. Remark 5.5 (b) together with Theorem 5.4 (iv) = (iii) = (i) and Theorem 5.2 (a)
of Behme and Lindner [8]. O

A.3 Detailed Calculations on the Results of Section 4.4

This section is dedicated to the detailed calculation of some expressions in Section 4.1,
which have been left out there for a more fluent reading experience.

Lemma A.16. The distributional variance of
V(e (1) = p(1) == N0, W), n— oo,

appearing in the proof of Theorem 4.22, is of the form (4.45), which is

A A2 2a
Wi, = — -3 3 A.10
H <)\+2a ()\+a)2>(<n Jat )+)\—|—2a’ ( )
Proof. Recall that, by Theorem 4.20 (c),
Wi = (Zy1 — 20(1)Zo1 + p(1)*Zgo)/ (0)2—@ Zoi— 227 + A 2z
11 = (41 p 01T P 00)/7Y - 11 Y 01 a4+ A 00
with
p—1
qu =o' Z COV(F(07TP)7 F(Tkv Tk-HZ)) + Z l{f(p7 k. k+ q) )
k=—q+1 kEZ
and

gk 0) o= (1= 3)0* [ OB (u ) f e + T f(u+ Tiey) du
+ U4E(F(07 Tk)F(Tpv TkJrq)) + U4E(F(Oa TkJrq)F(sz Tk)) )

117



118

A Appendix

for k,p,q € Z, given as in Proposition 3.19, where also F(s,t) = [ f(s + u)f(t + u) du.
Here we have f(u) = e”*1jgo)(u). Recall that by Remark 4.16, if p = 0 or ¢ = 0, the
first sum in Z,, vanishes.

It therefore remains to calculate

Zy =o' Var(F(0,T7)) + > kp(1,kk+1), (A.11)
kEZ
Z01 = Z Iif(o, k?, k+ 1) s and (A12)
keZ
Zoo = > rp(0,k, k). (A.13)
keZ

Recall that W; ~ Exp(A) for some A > 0, and hence 7,, ~ I'(n, ), i.e. with density

gr(u) = F){;)ﬂ‘ le=* We then start with (A.11), more precisely

o*Var(F(0,T})) = E(F(0,T1)%) — E(F(0,T}))>?

2 2
1B (( o0 W0 (T1+u) du) ) _E ( < /oo e_aue—a(T1+u) du))
0 0

q

U —2a 1 —aTy
T(E@ 2aT1\ (e T )2)
2

0(/ e 2 Ne M dt — </ e ¥ \e™M dt) )

~ 4a2\ Jo 0

ot A2 00 ?

e )\ 2 —(A2a)t dt — — -2 / Y (Aa)t dt

T da? </\+2a +2a)e (A+a)?\ Jo (A+aje”

ot A2

= A.14

T 4a? </\—|—2a (/\+a)2> ( )

From this we see that E(e™%11) = ﬁ For the sum in (A.11), we differentiate the

following three cases. First, consider £ = 0, then

/if(l, 0, ]_) = (n _ 3)04A e—auE<e—a(u+T1)e—aue—a(u+Tl)) du

+O'4E</ e—2au dU/ e—2a(u+T1) du)

0 -1

+ O_4E</ e—2aue—aT1 du/ e—Zaue—aTl du)
0 —T1

4 4

4 o —4au —2aT g 9 —2aT!
:mﬂwée duB(e™) + 2 4+ B(e M)
AP 2a
:MHQG<<”—3>“+2U>' (A.15)
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Next, let k > 1, then, since

o )\k—l
E(e20Tk-1) — /0 e—2atr<k - 1)tk—26—>\t At

k—1 _ k—1
_ A /oo (>\ + 2a>k lt(k—l)—le—()\—i—Qa)t dt = A
A+ 2a o D(k-1) A+ 2a ’

for k£ > 1, we obtain

Hf(L k’ k+ 1) — (7] o 3)0_4/ efauE<e*a(u+T1)efa(quTk)efa(quT;Hl)) du
0
4 0_4E</00 e_2aue—aTk du /OO e_Qaue—Qa(T1+Tk+1) du>
0 T

4 R T * 9 2a(Ti+T
+7'E / e 2atgal ki1 du/ e 20ue—2a(T1+Tk) 4,
0 -7

0-4 7a(T1+Tk+Tk+1) 20-4 —aTy 2aT) 7(1(T1+Tk+1)
=(n-— B)EE(e )+ 4—6L2E(e e“e )

((n — B)aB(e T B(e % Tl VB (e W)

4

T a2

+ 2E<e_aTk )E(eQa 25:2 Wi)E(e_aWk+1 ))
4

= 721 BB BB

+ 2E(eaTk)E(e2aTk1)E(eaTkH))

o - B by ’H+2 A A\
= 202\ A+3ar+a\A+2a Atal+a\\+2a

ot A A kl(_g)aA+2A
4@ A +a\\+2a " A+3a A+a)’

From the latter, we conclude

e ot N & Ao\ a\ 2\
1.k k+1) = — —
,;'if(’ k1) 4a2>\+a,;<>\+2a> <(77 3>/\+3a+)\+a>
ot A A+2a a\ 2\
S =EELE— — . Al
4a’2 N+ a 2a <(77 3>)\+3a )\+a> (A.16)

Now, if —k > 1, we obtain, since T 4 —T}

ke(l,—k,—k+1)=(n— 3)04/ e WE (et T gmalutTor) g malutTrrn)y gy
T &
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S8 0
1B / o2aug—aT du/ o200 —20(Ti+T k11) gy,
Tk Tt

00 00
+ O'4E / e*2aue*aT7k+1 dU/ ef2au672a(T1+T,k) du
T g1 —T

%E(eiaﬂ) ((77 — 3)aE(63aT7keiaT7kH) + 2E(eaT’“eaTk+1)>
a
ot A 20T gy ,—3aW_}, (Tt T i)
@)\—i—a (77 3)CLE(e —ktle *)+2E(e —k Tkt )

_ o A E(e >Tk-1) ((77 — 3)aE(e*M1) + 2E(e_“W1))

AR )\k_(_3)a)\+2/\
4@ A +a\M+2a 7 A3a  Ata)

such that
> ot AN A+2a a\ 2\
1,k -k+1)= ———"—— -3 . A7
,;Hf(’ —k+1) 4a? X +a  2a ((77 ))\+3a+)\+a> ( )
From (A.14) together (A.15), (A.16), and (A.17) we derive for (A.11)
7 AR N 20 A +2a (n—3) a N 2\
T 42\N 120 A ta?  ata 22\ VX430 Ata
A 2a
+ )\+2a<(?7—3)a+2+/\>>,
and hence, since v(0) = %,
Zy, A P 2 A +2a a\ 2\
= - + (n—3) +
70)2  A+2a (A+a)? A+a 2a A+3a Ata (A18)

A 2a
+)\+2a<(77 3)a + +)\>

We turn our attention to (A.12). First, the case k =0

r7(0,0,1) = (n — 3)04/0 e ™E(e ") du + 204E(/0 o2 du/0 e 2auemhh du)

ot A

:4712)\—{—a

((n—3)a+2). (A.19)
Next, when k > 1, we obtain

Iif(O; k, k+ 1) = (T] — 3)0’4/ e_4a“E(e—aTke—aTk+1) du
0
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+204E</ e~ 2aug—alk du/ e 2atg=aTit du)
0 0

4

T da?

ot A A\
:4a2>\—|—a<)\—|—2a> (7 =3)a+2)

such that together with (A.19)

(0= 3)am(e () 4 2B ()

% DD W A )
S 1) = — §: - 2
k:O/ﬁ:f<O’k7k;+ ) 4(12)\_'_ <>\+2a> ((T, 3)@"’ )

ot A )\ +2a

1@ Nta 20 (7 3at2). (A.20)

When —k > 1,
50,k k4 1) = (= 3)0* [ e BT re T k) du
—T 4

o0 oo
+ 204E</ e 2aug=al-k du/ e 2augmaTki1 gy
T} —T_ k41

4

((n _ 3)aE(e—2aTk_1)E(e—3aW1) + 2E(e—2aTk_1)E(e—aW1)>

T 402
A\ P S\
~ 4a2\ N+ 2a 1 A+3a  A+a
and so
> ot A+ 2a a\ 2\
1 —_— — . A.21
Z:: 70,k =k +1) = 4a?  2a <(77 3))\+3a+)\+a> ( )
This gives for (A.12), by (A.20) and (A.21),
ot X+ 2a a\ 2\ A
2oy = ——— -3 -3 2
T 4a? 24 <( ))\+3a+)\+a+)\+a((n Jat )>’
and hence, since p(1) = Aj\ra
= = - 2)]. A.22
~(0)2 A+a 2a ((7] 3))\+3a+/\+a+/\+a((n 3)a+ )> ( )

Last but not least, we consider (A.13). We start with the case k =0

ﬁf(O, O, 0) = (n _ 3)0.4 /OO e*4a’u du + 2O_4E < /oo 672au du /oo ef2au du)
0 o 0
0'4 A
=12\ 2). 2
12 (= 3)a+2) (A.23)
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Next, when k > 1, we obtain

2
ke(0,k, k) = (n— 3)04/ et E (e 2Tk du + 204E<(/ o 2augmalk du) )
0

0

(5t )?m—ma+m

:4a2 A+ 2a

such that together with (A.23)

S ks (0, k) = o AR (A.24)

=0 T 4a? 2a

When —£ > 1,

2

ke(0, =k, —k) = (n— 3)04/ e M E(e k) du + 20*E ( (/ R du) )
—Ty, —T,,

4

- % ((77 — S)aE(e_2aTk) + 2E(e_2aTk)>

. k
- (55 @-3a2)

42\ )\ + 2a
and so
i/if(() —k,—k) = U—Ati((n—B)ajLQ). (A.25)
= T 4a? 2a
This gives for (A.13), by (A.24) and (A.25),
ot N +a
Zoo = — — 2
0= 15, (n—3)a+2),
and hence
2p(1)2Z01 A 2)\ +a
= -3 2). A2
= () -+ (A.26)

Overall, using in the following expression (A.18), (A.22), and (A.26), we obtain

Wiy = (Zi1 — 2p(1)Zo1 + p(1)*Zigo) /7(0)?

A B A2 n 2\ )\+2a(_3> al n 2\
S A+2a (A+a)? Ata 2a 1 At3a A+a

2a 22 AN+ 2a a 2
+)\—1-2@((77_3>a+2+/\)_/\—i-a 2a <<n_3))\+3a+/\+a>
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—2('X)?”*%«n—aa+m+(AfA+“«n—ma+m

Aa 2a Aa a
A \2 A 2a A\’
= - - 2 - - 2
At2a Orar Tagaa MYt <A+a> (7 =3)a+2)
A A2 2a
_<)\+2a_()\+a)2>((n_3)a+3)+)\~|—2a’
which is (A.10). O

Lemma A.17. The asymptotic variance of

Vil (30025005 W) = (10009005 ) ) <5 ¥0.8), 0o o0,

appearing in the proof of Theorem 4.23 is given by (4.46), i.e. of the form

COV(}/()z, Yk ) COV(}/OQ, YkYk—H) COV(YE)Q, Tk—f—l - Tk)
S=Y | Cov(YZViYer1)  Cov(YoYy,YiYen) Cov(YoVi, Trsr — Ti)
keZ COV(YE) ,TkJrl — Tk) COV(YE)Y&, Tk+1 — Tk) COV(Tl, Tk+1 — Tk)
Zoy Zn 0 .
= | Zo Zy e Tpuw (A.27)
0 ——o 1

2(A+a)? A2
Proof. Observe that

N — Z Cov Yv02, Y2) COV(YE?, Yk-Yk-Jrl) . ZOO ZOl
Cov(Y}, ViYit1) Cov(YoYy, YY) Zy 7y

kEZ

follows directly from Theorem 4.20 (a). Since Ty — T}, 1L X2 for all k € Z,

> Cov(Yy, Ty — Ti) = Y Cov(XZ, Tyr — Th) = 0.

keZ kEZ
By the i.i.d. property of (Ty41 — Tk)kez and the assumption that Ty, 1 — T}, ~ Exp(\), we

obtain

Z COV(Tl, Tk+1 - Tk) = Var(Tl, Tl) =

keZ

ﬁ .

Further, since Tj41 — T 1L Ty for all k € Z\ {0}, E(XX71,) =
and E(T}) = 1, we calculate

e
2a M a

> Cov(YoYy, Ty — Ti) = Cov(YpYy, T)
keZ
- E<XOXT1T1) - E(X(]XTl)E(Tl)
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- E(XoXt)Pr, (dt) -
~ Jo,00) o Th 2a )+ a
o? o 1

— ti 7at)\ —At dt o

[0,00) 2a° 20\ +a

2 2-1 2
— UA/ L)\e*(ﬂra)t dr— 2 1

2a (A + a)? Jjo,0) ¥(2) 20X +a
A
C2a\(A\+a)? A+a
e
C2a(M+a)? 2\ +a)?’
So, we obtain the form given in (A.27). O

Lemma A.18. The mean-reverting parameter of the OU process X = (X;)ier can be
given in terms of the autocorrelation function as in (4.48) such that we suggest as an

estimator .
o log(pr,(A))
Ueq = A

where p:q(A> = ng;n;A<A>/7:q;n;A<O) with fYZq;n;A(hA) = %Z?:l XtAX(H-h)A; fOT h € N.
Then Geq satisfies

V(e — a) =5 N(0, A2 = 1)), n — 0.
Proof. By Theorem 3.5 of Cohen and Lindner [31], cf. also Theorem 1.35, we have

VI(pig(D) = peg(D)) = N(0,V), n— o0,

where
V=B [ st — )
+ D (p((k+1)A) + p((k — 1)A) = 2p(A)p(kA))?
k=1
with

gga: [0,A] = R, uw i flu+kA) flu+ (k+q)A)

k=—o00
given as in Proposition 3.1 of Cohen and Lindner [31].

Observe that

goa(w) = > flu+kA)? = > 1m0 (u)e 20 FE)

k=—o00 k=—o00

124



A.3 Detailed Calculations on the Results of Section 4.4

and
giaw) = 3 flu+kA)f(u+ (k+1)A)
k=—o00
= Y 1kaco) (W1 gr1ac (w)e T el (D)
k=—00
— Z 1[7]%700) (u)efza(mm)efm
k=—00
such that, since p(A) = e 2,
n—3)ot A
(7(0))2/0 gia(u) — p(A)go.a(u)du =0.

Henceforth, we obtain

I
hE

V= S (p((k+ DA + p((k — 1)A) — 20(A)p(kN))?
k=1
_ i(e—a(k+l)A + e—a(k—l)A . 2e—aAe—akA)2
k=1
_ i(e—a(k—l)A . e—a(k+1)A)2
k=1
— Z(ef2aA>k —9 Z(ef2aA)k + Z(ef2aA)k+1
k=0 k=1 k=1
1 1 1 _9aA
:1_6—2aA_2<1_e—2aA_1>+<1_e—2aA_1_e )
=1 —e 24,
To complete the proof, define ha: (0,00) — R, z +— —% with 75 (2) = —<- such that

ha(pi,(A)) = Geq and the delta-method, cf. Proposition 6.4.3 in Brockwell and Davis
[23], yields

Vi(Geg — a) ~55 N(0, Ra(p(A)VRA(p(A))), 17— oo,

where 1
A (p(8) = — 5

which then gives the result. O
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