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Chapter 1Introdu
tion
Wireless 
ommuni
ation with mobile phones and wireless lo
al area networks has be
ome apart of the human life. Equipped with a wireless 
ard, a laptop allows people to work at anypla
e in the o�
e. More and more wireless multimedia servi
es are expe
ted for the future.This 
reates an ever-in
reasing bandwidth demand. On the other hand, frequen
y is a �niteresour
e. Thus, bandwidth e�
ient transmission te
hniques are urgently required.Orthogonal frequen
y division multiplexing (OFDM) is a multi-
arrier transmission methodwhi
h allows a bandwidth e�
ient data transmission with low implementation 
omplexity. Un-fortunately, un
oded OFDM will su�er from the frequen
y sele
tive behavior of radio 
hannels,whi
h may give rise to deep fading on some sub
arriers. Error 
ontrol 
oding 
an be used to
ope with this problem. The resulting 
oded OFDM (COFDM) has been adopted by some stan-dards as a te
hnique in the physi
al layer, e.g., digital audio broad
asting (DAB), digital videobroad
asting - terrestrial (DVB-T), and wireless lo
al area network (WLAN). Furthermore, fora multiuser s
enario, orthogonal frequen
y division multiple a

ess (OFDMA) has been adoptedin IEEE standard 802.11.16 as a multiple a

ess te
hnique.However, the redundan
y introdu
ed by 
oding in turn redu
es the bandwidth e�
ien
y. There-fore, other solutions, like multi
arrier spread spe
trum (MC-SS), are proposed to improve thebandwidth e�
ien
y. They 
an over
ome the deep fading and improve the performan
e ofOFDM by means of diversity. For instan
e, multi
arrier - 
ode division multiplexing (MC-CDM) spreads the transmit symbols over not fully 
orrelated sub
arriers to a
hieve a diversitygain. For multiuser s
enarios, two variants of MC-CDM, i.e., 
ode division multiplexing - or-thogonal frequen
y division multiple a

ess (CDM-OFDMA) and multi
arrier - 
ode divisionmultiple a

ess (MC-CDMA) 
an be applied.One drawba
k of OFDM whi
h 
annot be over
ome by MC-CDM is its sensitivity to frequen
yo�set. For instan
e, in the 
ase of BPSK, a frequen
y o�set less than 2% of the sub
arrier fre-quen
y spa
ing in OFDM is required, in order to keep the signal to interferen
e and noise ratio(SINR) not less than 30dB. In the uplink transmission, interferen
e 
aused by the frequen
yo�sets may destroy the orthogonality among the users, even if the 
hannel is ideal.Essentially, this thesis deals with frequen
y syn
hronization in OFDM-based systems, and mu
hattention is paid to the uplink transmission. Based on the study of the in�uen
e of 
arrier fre-quen
y o�set (CFO) on OFDM and MC-CDM, we des
ribe ve
tor-valued transmission models9



1 Introdu
tionfor the uplink of OFDMA, CDM-OFDMA, and MC-CDMA in the presen
e of CFOs. Further-more, we propose an uplink frequen
y syn
hronization s
heme by using interferen
e 
an
ellationte
hniques, along with a modi�ed frequen
y o�set estimator suited for the uplink of OFDMAand CDM-OFDMA.The outline of this thesis is as follows:Chapter 2 des
ribes the basi
 
on
epts required for a better understanding of this work. Ades
ription of the wireless radio 
hannel is given �rst. Then, traditional multiplexing and the
orresponding multiple a

ess methods are introdu
ed. The prin
iples of multi
arrier mod-ulation (MCM) and OFDM are explained afterwards. We also give a brief overview of thesyn
hronization errors in OFDM. The 
hapter ends with an introdu
tion to two 
onventionalve
tor equalizers: zero-for
ing (ZF) equalizer and linear minimum mean square error (LMMSE)equalizer, based on a linear transmission model.Chapter 3 starts with a parti
ular des
ription of the modeling pro
ess of OFDM over a time-invariant 
hannel with a limited delay spread. This model has been introdu
ed, e.g., in [22℄.Nevertheless, we explain it here again be
ause it is of parti
ular importan
e for the deriva-tion of the transmission model in
luding the in�uen
e of frequen
y o�set in the next 
hapter.Furthermore, the de�nitions, features, and ve
tor-valued mathemati
al des
riptions are investi-gated for ea
h OFDM-based transmission s
heme. Simpli�ed models are derived for the uplinktransmission of pure OFDMA and CDM-OFDMA.The e�e
ts of 
arrier frequen
y o�set on OFDM-based systems are studied in Chapter 4. Basi-
ally, in frequen
y domain the main impa
ts of a CFO on OFDM 
an be expressed by a matrix.A

ordingly, a ve
tor-valued model 
an be derived for OFDM in the presen
e of CFO, and thusfor other systems based on it.Frequen
y syn
hronization in the uplink is a 
hallenge for OFDM-based systems. The tradi-tional te
hnique with adjusting a master frequen
y of a lo
al os
illator is not dire
tly suitablefor an uplink re
eiver. The basi
 idea we proposed in this work is treating the frequen
y o�setas part of a 
omposite 
hannel, and as a 
onsequen
e, frequen
y o�set 
ompensation 
an berealized by means of interferen
e 
an
ellation te
hniques. Based on the proposed transmissionmodels, this is performed in Chapter 5 under the assumption that all estimates of CFOs areperfe
tly known. Simulations are also made to 
ompare the performan
e of CDM-OFDMA andMC-CDMA in some di�erent s
enarios.Subsequently, in Chapter 6 we deal with the CFO estimation for OFDMA systems. A broadoverview of the CFO estimators developed for OFDM is given �rst. Then, we develop a modi�eddata-aided maximum likelihood (ML) estimator for CFO estimation in the uplink. To avoidthe multiuser interferen
e (MUI) and improve the estimation a

ura
y, this estimator restoresthe orthogonality among the users, before the estimation is performed. It should be noted thatthe frequen
y o�set estimators developed for OFDMA 
an also be used for CDM-OFDMA.The thesis ends with a summary, a �nal dis
ussion of the results, and suggestions for futureresear
h.Parts of this work have been published in [90℄, [91℄, [92℄, [93℄, and [94℄.
10



Chapter 2
Basi
 Con
epts
2.1 Chapter OverviewThis 
hapter introdu
es some basi
 
on
epts used in the following 
hapters whi
h are requiredfor the understanding of this work. We begin with a review of wireless radio 
hannels in Se
tion2.2.The importan
e of multiple a

ess for 
ommuni
ation systems is then explained in Se
tion 2.3,together with the 
lassi�
ation of di�erent multiplexing and multiple a

ess methods.Orthogonal Frequen
y Division Multiplexing (OFDM) is �rst introdu
ed in Se
tion 2.4 as ane�
ient realization of multi
arrier transmission. The basi
 prin
iple, parameters and propertiesof OFDM are des
ribed.Se
tion 2.5 gives an overview of the syn
hronization errors en
ountered in OFDM. The impa
tsof timing errors and 
arrier phase errors on OFDM transmission are dis
ussed brie�y. Moredetails about 
arrier frequen
y o�set, the main topi
 of this work, will be found in Chapter 4.Some 
onventional equalization methods are used in the subsequent 
hapters. For 
larity, inSe
tion 2.6 we explain how these equalization approa
hes work on a ve
tor-valued transmissionmodel.2.2 The Wireless Radio ChannelThe wireless radio 
hannel is de�ned as the spa
e between the antennas of the transmitter andthe re
eiver. The spe
ial 
onditions under whi
h the radio wave propagation takes pla
e havesigni�
ant impa
t on the performan
e of 
ommuni
ation systems [65℄. This se
tion is intendedto review the features of wireless radio 
hannels, their mathemati
al des
ription, and statisti
alproperties. In the end, we give a typi
al multipath 
hannel model for simulations run in thesubsequent 
hapters. 11



2 Basi
 Con
epts2.2.1 Two Important FeaturesTwo important features of the wireless radio 
hannels have signi�
ant in�uen
e on the signalarriving at the re
eiver antenna: multipath propagation and time varian
e.Multipath PropagationIn a typi
al wireless propagation 
hannel, due to the existen
e of obsta
les, the ele
tromagneti
waves from the transmitter antenna 
an experien
e re�e
tion, s
attering, or di�ra
tion beforerea
hing re
eive antennas. In other words, the transmitted wave 
an arrive at the re
eiverthrough several di�erent paths with possibly di�erent propagation delay. Su
h phenomenon is
alled multipath propagation, whi
h introdu
es the time spread into the signal that is transmit-ted through the 
hannel. For this reason, at the re
eiver the re
eived signal is the superpositionof several repli
as of the transmitted signal. Ea
h repli
a has its spe
i�
 amplitude weighting,time delay, and phase shift. These repli
as 
an add 
onstru
tively or destru
tively, dependenton their relative phase. As a result, the total power of the resulting re
eived signals varies withthe relative phase, whi
h is a fun
tion of 
arrier frequen
y and the relative propagation delay.This variation in the re
eiver power is 
alled signal fading. If the bandwidth of the transmittedsignal is mu
h smaller than the 
oheren
e bandwidth of the 
hannel, the 
hannel is thus 
alled�at fading 
hannel. In 
ontrast to �at fading, frequen
y sele
tive fading is 
aused if the band-width of the transmitted signal is mu
h larger than the 
oheren
e bandwidth of the 
hannel. In
onsequen
e di�erent spe
tral 
omponents of the signal have di�erent gains (frequen
y transferfun
tions), and inter-symbol interferen
e (ISI) is indu
ed.Time varian
eTime varian
e is an inherent feature of most wireless 
hannels. It results not only from theposition 
hange of the transmitter and re
eiver, or an obsta
le 
hanging its position, but alsofrom the time variation of the medium. In one word, the 
hannel varies with time be
ause ofmobility. A

ordingly, the amplitude as well as the phase of the re
eived signals will also 
hangewith time. Mobility also leads to a shift of the re
eived frequen
y, 
alled Doppler shift. Forinstan
e, in a narrowband mobile 
hannel, Doppler shift is a fun
tion of the 
arrier frequen
y
fc and the movement speed in the dire
tion of wave propagation, given by

fd = fc ·
v

c
cos ζ, (2.1)where v is the velo
ity of movement, c is the velo
ity of light, and ζ represents the azimuthalangle between dire
tion of wave and dire
tion of relative re
eiver movement. The re
eivedfrequen
y is therefore des
ribed as

f = fc − fd, (2.2)and distributed in the range [fc − fd max, fc + fd max], where fd max = + fc · vmax

c
. If there existmultiple paths, we need to know the power distribution of in
ident waves, i.e., the Dopplerpower spe
tral density, SD(fd), whi
h 
an be plotted as a fun
tion of fd [41℄,

SD(fd) =

{ 
onst
π
√

f2
d max−f2

d

for | fd| ≤ fd max,

0 otherwise.12



2.2.2 Mathemati
al Des
ription
S

D
 ( f

d
 ) 

0− f
dmax

 + f
dmax

 
fFigure 2.1: Jakes Doppler power spe
trum.An example of Doppler spe
trum is plotted in Fig. 2.1.Furthermore, if the 
hannel impulse response (CIR) varies signi�
antly in a symbol duration, orequivalently, in the frequen
y domain the Doppler spread BD (BD = fd max) is larger than thesignal bandwidth, then the signal undergoes fast fading; By 
ontrast, if BD is mu
h smaller thanthe signal bandwidth, the signal undergoes slow fading. In addition, the 
hannel is 
onsideredtime-invariant if the transmitter, the re
eiver, and the medium between them are stati
. Mostwireless 
hannels 
an be 
lassi�ed as slowly time-variant systems, also known as quasi-stati
.In general, the time variations of the 
hannel appear to be unpredi
table to the user. Therefore,it is reasonable to 
hara
terize the time-variant multipath 
hannel statisti
ally [58℄. In thefollowing we give a tapped delay line model for the mathemati
al des
ription of the 
hannel.2.2.2 Mathemati
al Des
riptionTapped Delay Line ModelBy means of the time-variant 
hannel impulse response, we 
an give a simple but 
omprehensivemathemati
al des
ription of a time-variant multipath 
hannel. The equivalent low-pass 
hannelmodel is des
ribed as [49℄

h(t, τ) =
L−1∑

l=0

cl(t) · δ(τ − τl(t)) =
L−1∑

l=0

|cl(t)| ejθl(t,τ )δ(τ − τl(t)). (2.3)The parameters in (2.3) are des
ribed as follows:� τl(t) time-variant propagation delay, τ0(t) is assumed to be zero;� cl(t) time-variant equivalent low-pass tap weighting;� |cl(t)| amplitude of cl(t); 13



2 Basi
 Con
epts
c0(t) cL−1(t)cL−2(t)c1(t)

s(t)

y(t)

∆τL−1(t)∆τ1(t) ∆τ2(t)

Figure 2.2: Tapped delay line model of the wireless 
hannel.� θl(t) time-variant phase of cl(t).Fig. 2.2 illustrates su
h a 
hannel model, where △τl(t) represents the delay di�eren
e between
τl(t) and τl−1(t). It is reasonable to suppose that signals via several di�erent paths arrive atthe re
eiver at the same time, i.e., have the same propagation delay. Equation (2.3) is thereforerewritten as

h(t, τ) =

L−1∑

l=0

∑

k

al,k(t) · δ(τ − τl(t)) =

L−1∑

l=0

∑

k

|al,k(t)| ejϕl,k(t)δ(τ − τl(t)). (2.4)Furthermore, if the auto
orrelation fun
tions of sto
hasti
 pro
ess al,k(t) are independent of theabsolute time t, and di�erent weights al,k(t) are mutually un
orrelated, i.e., the 
omplex-valuedtap weighting al,k(t) is wide sense stationary (WSS), and un
orrelated s
attering (US), 
hannelmodel in (2.4) is 
alled a WSSUS model.If there exists no dire
t path between the transmitter and the re
eiver, we have a non-line-of-sight (NLOS) 
hannel. In su
h a 
ase any individual multipath 
omponent al,k(t) 
an bemodeled as a 
omplex-valued Gaussian pro
ess, and in 
onsequen
e the envelopes |al,k(t)| atany instant t are Rayleigh distributed [59℄. A Rayleigh distribution has a probability densityfun
tion (PDF)
p(r) =

{
r
σ2 exp

[

− r2

2σ2

] for r ≥ 0,

0 otherwise. (2.5)The phase of al,k(t) is uniformly distributed in the range of (0, 2π). Moreover, cl(t) as wellas h(t, τ) have the same statisti
al properties as al,k(t). On the other hand, if there exists aline-of-sight (LOS) path, i.e., a dominant stationary non-faded path 
omponent, the envelopeof h(t, τ), |h(t, τ)|, has Ri
ean distribution. More details about the wireless 
hannel 
an be seenin [58℄, [59℄, [49℄, [41℄, and [65℄.2.2.3 Channel Model for SimulationIn digital 
ommuni
ation systems, the re
eived signals are normally (Dira
) sampled with a
onstant 
lo
k. The 
hannel model in (2.3) is then simpli�ed by
h(t, τ) =

L−1∑

l=0

cl(t) · δ(τ − τl), τl = n · ∆τ, (2.6)14



2.3 Multiplexing and Multiple A

ess
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Figure 2.3: An indoor residential/o�
e wireless 
hannel model.where 1
∆τ

is the sampling rate, and n is an integer. An one-path �at fading 
hannel 
an bestatisti
ally modeled by h(t) = c0(t) · δ(t). If the 
hannel is time-invariant, i.e., c0(t) = c0 beinga 
onstant, the 
hannel is then an ideal 
hannel; whereas for the time-variant 
ase, we suppose
|c0(t)| to be Rayleigh-distributed and the phase of c0(t) to be uniformly distributed. The latterassumption is also extended to multipath 
hannels. We make use of an indoor residential/o�
emodel [1℄ for simulation, whi
h is a time-variant eight-tap multipath 
hannel with the powerdelay pro�le (PDP) given in table 1.1 and plotted in Fig. 2.3. Similarly, ea
h tap has Rayleigh-distributed (absolute) amplitude and uniformly distributed phase.tap 0 1 2 3 4 5 6 7delay (ns) 0 50 100 150 200 250 300 350average amplitude (dB) 0 -2.9 -5.8 -8.7 -11.6 -14.5 -17.4 -20.3Table 1.1 An indoor residential/o�
e wireless 
hannel model.In addition, in simulations an assumption, blo
k fading, is often made. In 
ase of blo
k (ve
tor)transmission, we use blo
k fading to des
ribe a slow fading e�e
t where during transmission ofone or several data blo
ks the 
hannel stays 
onstant, and between blo
ks the 
hannel varieswith time. Furthermore, a time-invariant two-path 
hannel with CIR h = [1, 0.5] is often usedin this work.2.3 Multiplexing and Multiple A

essMultiplexing and multiple a

ess refer to the sharing of a 
ommon transmission 
hannel by anumber of di�erent users [56℄. In general, multiplexing is the transmission of information fromseveral sour
es, lo
ated at the same site, to several destinations over the same transmission
hannel. We emphasize 'sour
es' instead of 'users', sin
e they are likely to belong to a single user.Multiple a

ess, however, aims for 
ontaining multiple users in a 
ommuni
ation system, wheredi�erent users are lo
ated over a large geographi
al region, and share a 
ommon destination, likea base station (in a 
ellular radio network). For a given 
hannel, the multiplexing 
an be done by15
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Figure 2.4: Multiplexing te
hniques.subdividing the 
hannel 
apa
ity in to a number of portions (
hannel division multiplexing) andassigning a portion to ea
h tra�
 sour
e [56℄. The 
hannel division multiplexing 
an be donein di�erent ways. Furthermore, ea
h multiple a

ess method has a 
orresponding multiplexingmethod, i.e.,
multiplexing method ⇐⇒ multiple access method.FDM/FDMA One simple way to multiplex a 
hannel is frequen
y division multiplexing(FDM) where the available 
hannel bandwidth is subdivided into many non-overlapping sub-bands, whi
h are so-
alled frequen
y division 
hannels, as illustrated in Fig. 2.4(a). With FDM,signals in di�erent sub-bands 
an be transmitted simultaneously over the same physi
al medium.A

ordingly, in a frequen
y division multiple a

ess (FDMA) system, ea
h user a

essing thebase station is allo
ated a unique 
hannel or sub-band. FDMA system is usually a narrowbandsystem sin
e the bandwidth of FDMA 
hannels is relatively narrow. In addition, FDMA isnot bandwidth e�
ient in that the 
hannels are non-overlapping and on
e a 
hannel is set to aspe
i�
 user, it 
an not be used by other users even if it is not in use and stays idle.TDM/TDMA With time division multiplexing (TDM) the radio spe
trum is divided intotime slots. Ea
h time slot is a so-
alled time division 
hannel, and ea
h signal is transmittedone at a time in di�erent time slots using the full frequen
y bandwidth, as shown in Fig. 2.4(b).In a time division multiple a

ess (TDMA) system, an individual user is assigned one or severaltime slots on demand. Moreover, data transmission for users in su
h a system is not 
ontinuousbut o

urs in bursts. Su
h burst transmission results in larger overhead in TDMA for thesyn
hronization as well as larger guard time as 
ompared to FDMA.CDM/CDMA By multiplying with a wideband signal, a narrowband signal is 
onverted intoa wideband noise-like signal before transmission. Su
h wideband signal is so-
alled spreadingsignal, whi
h is a 
ode sequen
e having a 
hip rate that is orders of the rate of the message.Simultaneously, transmitted narrowband signals are assigned by spe
i�
 
ode sequen
es so thatCode division multiplexing (CDM) is realized, see Fig. 2.4(
). Code sequen
es are 
arefully16
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Figure 2.5: The basi
 prin
iple of multi
arrier modulation (MCM).sele
ted to ensure that ea
h of them is orthogonal to or approximately orthogonal to oth-ers. A 
ode division multiple a

ess (CDMA) is inherently a wideband transmission system,where signals of di�erent users overlap in both time and frequen
y, and are separated by usingorthogonally 
oded spread spe
trum modulation.
2.4 Multi
arrier Modulation and OFDMMulti
arrier modulation (MCM) is a te
hnique of data transmission by subdividing data intoseveral (interleaved) data streams and using them to modulate parallel 
arriers. Therefore,it is a form of frequen
y division multiplexing (FDM) [7℄. The basi
 prin
iple of MCM isshown in Fig. 2.5. Transmit symbols of rate Nfs b/s are �rst grouped into symbol blo
ks oflength N , then serial-to-parallel 
onverted, and �nally modulated to a group of 
arriers withfrequen
ies from f0 to fN−1. Due to parallel transmission, the symbol rate de
reases to fs and,thus, the transmission of an individual symbol is subje
t to the narrowband transmission andea
h symbol undergoes non-frequen
y-sele
tive (�at) fading. To avoid interferen
e from other
arriers, guard band is required in a 
onventional FDM for keeping the orthogonality betweenthe sub-bands. That means, sub-bands in terms of di�erent 
arriers are non-overlapping. The
orresponding transmit power spe
tra of a multi
arrier (MC) system are like in Fig. 2.6(a).Su
h a system is not bandwidth-e�
ient be
ause ea
h of the signals must use a bandwidthequal to (if very sharp �lters are implemented) or larger than Nyquist minimum, fs, and steepbandpass �lters are in demand [7℄.To improve the bandwidth e�
ien
y, a mu
h narrower spa
ing of 
arriers is required, whi
h
an be a
hieved by a spe
ial MCM s
heme, so-
alled orthogonal frequen
y division multiplexing(OFDM). OFDM was �rst proposed by Chang in 1966 [14℄. In an OFDM system, 
arriers areallo
ated at the frequen
ies fn = nW/N , where W represents the total available bandwidth,and n is an integer indi
ating 
arrier index, 0 ≤ n ≤ N − 1. For simpli
ity, we assume that
W = Nfs. Furthermore, if at the re
eiver the re
eived signal is windowed by a re
tangularwindow in the time domain, namely,

v(t) = re
t( t

Ts

) (2.7)17
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(a)

(b)

f

fFigure 2.6: MCM transmit power spe
tra: 
onventional FDM (a) and OFDM (b).with the spe
trum of sin(x)/x shape
V (f) = Ts · sin
(πTsf), where sin
(x) =

sin(x)

x
, (2.8)then for ea
h modulated 
arrier we have

exp(j2πfnt)re
t( t

Ts

)

⇐⇒ Ts · sin
(π(Ts · f − n)), (2.9)as shown in Fig. 2.7. re
t(·) denotes the re
tangular fun
tion. It is easy to �nd that the 
arriersare mutually orthogonal, sin
e during transmission of a symbol blo
k the relationship
(i+1)Ts∫

iTs

exp(−j2πfmt) exp(j2πfnt)dt = δmn (2.10)holds, where δmn is Krone
ker delta. Therefore, the spe
tra of di�erent modulated 
arriersoverlap, but at any 
arrier all other 
arriers have nulls in spe
tra. Making use of properdemodulation te
hniques on the re
eiving side, we 
an avoid the interferen
e between 
arriers.The MCM s
heme in Fig. 2.5 is di�
ult to be implemented dire
tly in pra
ti
e, sin
e therequirement for banks of sub
arrier os
illators is not easy to be met. An alternative implemen-tation is dis
rete Fourier transform (DFT) [84℄. In a multi
arrier system, the superposition ofthe baseband transmit signals at all frequen
ies 
an be expressed as
s(t) =

+∞∑

i=−∞

N−1∑

n=0

xn,i exp(j2πfnt)u(t − iTs) Ts =
1

fs
, (2.11)where xn,i represents the symbol transmitted at frequen
y fn at time index i, and u(t) is are
tangular fun
tion. Consider the transmission of one symbol blo
k, e.g., i = 0. Substituting

fn = nW/N into (2.11) and sampling s(t) at instants t = tk = kTs/N , it yields
sk,0 = s(tk) =

N−1∑

n=0

xn,0 exp

(

j2π
nk

N

)

0 ≤ k < N. (2.12)18
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(c)Figure 2.7: An example of time-domain illustration and spe
tra of OFDM signal.Note that the expression on the right hand side (RHS) of (2.12) is the formula of inverse DFT(IDFT), ex
ept for la
k of a s
aling fa
tor 1/N . Consequently, any sample sk,0 
ontains the
omponents of all xn,0.Ignoring noise, 
hannel attenuation and propagation delay, on the re
eiving side at the 
arrier
fm, the re
eived demodulated signal 
an be expressed as

rm(t) = s(t) exp(−j2πfmt) ∗ v(t − iTs). (2.13)Substituting (2.11) into (2.13), if the relationship in (2.10) holds, the resulting re
eived symbolin the symbol interval i = 0 is then given by
rm,0 =

∞∫

−∞

s(τ) exp(−j2πfmτ)v(τ)dτ (2.14)
=

N−1∑

n=0

xn,0

∞∫

−∞

re
t( τ

Ts

)

exp(j2πfnτ) exp(−j2πfmτ)re
t( τ

Ts

)

dτ

= Tsxn,0δmn,where Ts is the energy of the re
tangular window. Therefore, the transmit symbol is re
on-stru
ted at the re
eiver.On the other hand, the reverse operation of (2.12) is given by
xn,0 =

1

N

N−1∑

k=0

sk,0 exp

(

−j2π
nk

N

)

0 ≤ n < N. (2.15)19
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k diagram of an OFDM transmission.A

ordingly, referring to (2.14) we have
rm,0 = Tsxm,0 =

Ts

N

N−1∑

k=0

sk,0 exp

(

−j2π
mk

N

)

0 ≤ m < N. (2.16)Consequently, (2.12) and (2.16) imply that the generation of OFDM signals at the transmitterand the demodulation at the re
eiver 
an be performed e�
iently by means of DFT, or fastFourier transformation (FFT) when N is a power of 2. The blo
k diagram of an OFDMtransmission using FFT is shown in Fig. 2.8. A so-
alled OFDM-symbol is then made up ofthe ensemble of sk,i, 0 ≤ k < N .The investigation above is for an OFDM transmission over an ideal 
hannel where h(t) =
c0 · δ(t). As we have seen, orthogonal multiplexing is enabled during a symbol period Ts = 1/fs,for the orthogonality 
ondition in (2.10) is satis�ed. This happens in the 
ase of additive whiteGaussian noise (AWGN) 
hannel and in the 
ase of a �at fading 
hannel, h(t) = c0(t) · δ(t), aswell. A time dispersive 
hannel, however, would 
orrupt the orthogonality. To be spe
i�
, inthe time domain ISI is introdu
ed between OFDM-symbols, and in 
onsequen
e inter-
arrierinterferen
e (ICI) destroys the orthogonality between sub
arriers in the frequen
y domain. Thetri
k to eliminate ISI in the 
ase of a linearly distorting 
hannel is the introdu
tion of a guardinterval of a duration not less than the maximum delay spread of the linear 
hannel. What'smore, to maintain orthogonality, a 
y
li
 pre�x (CP) instead of an empty interval is used, whi
his able to remove ISI as well as ICI at the 
ost of extra transmit power. That is, we 
opy thelast Ng samples of an OFDM-symbol and put them at the beginning of the symbol as a pre�x.As a 
onsequen
e, the linear 
onvolution is 
onverted into 
y
li
 
onvolution. The latter oneensures the orthogonality between sub
arriers. At the re
eiver this pre�x will be dis
arded. Ifthe maximum delay spread of the 
hannel is not greater than Ng, the e
hoes of the last part ofthe previous symbol will fall into the duration of the pre�x and be removed together with thepre�x. The remaining samples are used for Fourier transform.The time varian
e of the 
hannel is likely to 
orrupt the orthogonality between sub
arriersas well, e.g., in the 
ase where the 
hannel impulse response varies within the duration of anOFDM-symbol. Hen
e, OFDM is preferred to be implemented in a slow fading 
hannel, whi
his 
onsidered 
onstant at least during the transmission of an OFDM-symbol.So far we have studied only the prin
iple of OFDMmodulation. More details will be found in thenext 
hapter, where we will des
ribe the OFDM transmission by a ve
tor-valued transmissionmodel. In addition, for 
larity, from now on some notations are de�ned or rede�ned as:20



2.5 Syn
hronization Errors in OFDM
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Figure 2.9: In�uen
e of a 
onstant phase o�set on QPSK 
onstellation.� Ts, the full OFDM-symbol duration in
luding pre�x;� Ns, the number of samples involved in an OFDM-symbol, Ns = Nf +Ng, where Nf = N ,denoting the length of DFT, or the total number of sub
arriers;� T , the duration of a single sample, T = Ts/Ns.2.5 Syn
hronization Errors in OFDMIn many wireless 
ommuni
ation systems transmitters require a lo
al os
illator (LO) for 
on-verting the transmit baseband signal to a radio frequen
y (RF) signal (passband signal), andre
eivers need a LO for the inverse 
onversion. The imperfe
tions of LOs would lead to 
arrierphase errors. Furthermore, a pre
ise 
lo
k signal is required in a digital 
ommuni
ation systemfor symbol syn
hronization. The pro
ess of extra
ting su
h a 
lo
k signal at the re
eiver is 
alledtiming re
overy [58℄. Timing errors would o

ur either when the 
lo
k signal is not 
orre
tlyre
overed, or when sampling is not performed at pre
ise sampling instants, e.g., in the 
asethat there exists a time delay whi
h is not exa
tly dis
overed. In general, these syn
hronizationerrors give rise to a performan
e degradation.In this se
tion we will have a look at the syn
hronization errors en
ountered in OFDM brie�y.They are normally 
lassi�ed into two 
ategories: 
arrier phase errors and timing errors. For sim-pli
ity, we assume that signals are transmitted over an ideal 
hannel, and only syn
hronizationerrors have in�uen
e on the re
eived OFDM-symbols.2.5.1 Carrier Phase ErrorsLet s(t) represent the transmitted baseband signal in the time domain. Assuming that s(t) istransmitted over an ideal 
hannel, perfe
t timing is available at the re
eiver, and the 
arrier21



2 Basi
 Con
eptsphase errors are the only reasons for performan
e loss, the re
eived signal is therefore writtenas
y(t) = s(t) exp(jθ(t) + θ0), (2.17)where θ(t) represents the time-variant 
arrier phase error (CPE), and θ0 the 
onstant phaseo�set. The time-variant CPE 
an result either from the frequen
y dismat
h between os
illatorsat the transmitter and re
eiver, fǫ, or from a time-variant phase noise, θ∆(t).Constant Phase O�setThe 
onstant phase o�set, θ0, is introdu
ed due to the phase dismat
h between the transmitterand re
eiver 
arrier os
illators. In OFDM transmission, this 
onstant phase o�set leads to arotation over an angle of θ0 of the OFDM signals on all sub
arriers, as illustrated in Fig. 2.9,but no ISI or ICI is indu
ed. Su
h phase o�set is 
arrier-independent and 
an be 
ompensatedat the re
eiver by multiplying by exp(−jθ0).Phase NoiseThe time-variant phase noise, θ∆(t), is a random pro
ess whi
h results from the �u
tuationof the transmitter and re
eiver os
illators. Assuming that a free-running os
illator is used inthe re
eiver, θ∆(t) 
an be modeled as a Wiener pro
ess with zero mean and varian
e 2πβ∆|t|,where β∆ is two-side 3dB linewidth of the Lorentzian power density spe
trum of the os
illator[76℄, [85℄. The dis
rete-time expression for the Wiener phase noise pro
ess 
an be given by
θ∆(k + 1) = θ∆(k) + w(k), (2.18)where θ∆(k) denotes the phase noise pro
ess at sampling instant kT (like in the aforementionedsystem), and w(k) is a Gaussian random variable (r.v.) with zero-mean and varian
e 4πβ∆T .Phase noise has two e�e
ts on an OFDM system: rotation of the symbols over all sub
arriersby a 
ommon phase error (CPE) and the o

urren
e of ICI [85℄. More studies on systemperforman
e degradation due to phase noise and approa
hes proposed to 
ombat its impa
ts
an be seen in [57℄, [73℄, and [76℄.Carrier Frequen
y O�setThe 
arrier frequen
y o�set (CFO), fǫ, is the frequen
y di�eren
e between the transmitter andre
eiver os
illators. Let ∆f represent the sub
arrier frequen
y spa
ing in an OFDM system.The CFO normalized to ∆f is denoted by ǫ. In the presen
e of CFO, the 
arrier phase errorin
rease linearly with time: θ(t) = 2πfǫt. Furthermore, as shown in Fig. 2.10, only when

fǫ = 0 and the signal is sampled exa
tly at sub
arrier frequen
ies, where the peak of a sinc(x)fun
tion lies and spe
tra of other signals have null, no ICI is indu
ed. A frequen
y o�set wouldlead to amplitude redu
tion and phase rotation of the transmitted signal, as well as the ICIfrom other sub
arriers. However, no ISI is introdu
ed by CFO. In Chapter 4, we will study thee�e
ts of frequen
y o�set in depth. It would be seen that a simple way to 
ompensate for theperforman
e loss due to CFO is multiplying the re
eived time-domain signals by exp(−j2πfǫt).22



2.5.2 Timing Errors
ε=0.3

frequencyFigure 2.10: In�uen
e of a 
arrier frequen
y o�set.Carrier Phase JitterSyn
hronization algorithms are usually used to estimate the 
onstant phase o�set and theCFO, and it is 
ommon to implement phase-lo
ked lo
al os
illator at the re
eiver (if 
ontinuoustransmission is 
onsidered), in order to get rid of the frequen
y o�set and phase o�set, as well asthe phase noise 
omponents falling within the bandwidth of the phase-lo
ked loop (PLL) [68℄.The residual phase error, ϕ(t), so-
alled 
arrier phase jitter, 
an be modeled as a zero-meanstationary random pro
ess with jitter power spe
tral density Sϕ(f) and jitter varian
e σ2
ϕ [68℄.In an OFDM system, the phase jitter has the same e�e
t on the signals over all sub
arriers,whi
h appears to be a random 
arrier-independent rotation of the transmitted signals. With asmall varian
e σ2

ϕ, exp(jϕ(t)) 
an be approximately repla
ed by 1 + jϕ(t). If the phase jittervaries rapidly as 
ompared to average time of the equalizer in use, ϕ(t) 
annot be tra
ked. See[54℄, [16℄, and [57℄ for more information.2.5.2 Timing ErrorsAssume that the re
eiver has a free-running sampling 
lo
k independent of the 
arrier os
illator.In the presen
e of timing errors, if the re
eived signal is sampled at time instant t′k = kT ′−νT ,
T ′ = ∆T + T , it yields

y(t)|t=t′
k

= s(t − kT )|t=t′
k

= s(k∆T − νT ), (2.19)where ν is 
onstant time o�set normalized to sample duration and ν > 0. Furthermore, η =
∆T/T , |∆T | < T , represents the normalized 
lo
k frequen
y o�set between the transmitterand re
eiver sampling 
lo
ks. In the general 
ase of 
ontinuous transmission, the time indexshould be i(Nf +Ng)+k instead of k. For simpli
ity, we 
onsider only transmission within oneblo
k.Constant Time O�setIn a digital 
ommuni
ation system, the arriving time of a signal at the re
eiver is un
ertain andshould be estimated. A 
onstant time o�set νT is a (ba
kward) time delay that a

ounts for23
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FFT Window

Ng Nf

Nch NtoffFigure 2.11: An OFDM-symbol with guard interval.the 
onstant time dismat
h between the estimated and real propagation time of a signal fromthe transmitter to the re
eiver.To investigate the e�e
ts of a 
onstant time o�set, we have to re
all the guard interval usedfor OFDM. In the guard interval, there is a 
ertain range that is not a�e
ted by the ISI 
ausedby time dispersion of the 
hannel. We denote the length of this range by Ntoff , as shown inFig. 2.11. As long as the FFT window starts from this range, the orthogonality between thedi�erent sub
arriers will be maintained [89℄. A 
onstant time o�set within this interval 
anjust result in a phase rotation of symbol on ea
h sub
arrier. For instan
e, if signals on thesub
arrier fn, fn = n∆f , is sampled at time instant t′k = kT − νT, it yields then
exp(j2πfn(t − kT ))|t=t′

k
= exp(j2πn∆f(kT − νT − kT )) (2.20)
= exp

(

j2πn∆f · −ν

Nf∆f

)

= exp

(−j2πnν

Nf

)

,where ν ≤ Ntoff . It is seen that the phase rotation owing to a 
onstant time o�set,
exp

(
−j2πnν

Nf

), is 
arrier-dependent. Therefore, a 
onstant time o�set satisfying ν ≤ Ntoffdoes not lead to any interferen
e. As the phase rotation 
an be 
ompensated by an one-tapequalizer without noise enhan
ement, no performan
e degradation would arise. On the otherhand, if ν is greater than Ntoff , and then the beginning of the FFT window is out of the ISIfree interval, the 
orresponding ISI will destroy the orthogonality between the sub
arriers andintrodu
e ICI [89℄. See also [48℄, [66℄.Clo
k Frequen
y O�setSampling 
lo
k errors in
lude the 
lo
k phase error and the 
lo
k frequen
y error. The formerhas the e�e
ts similar to a 
onstant time o�set, and therefore it is treated as a kind of 
onstanttime o�set [89℄. The 
lo
k frequen
y error, on the other hand, is similar to 
arrier frequen
yo�set, and 
an indu
e ICI. On a sub
arrier fn, a 
lo
k frequen
y o�set gives rise to a 
arrier-dependent phase error, exp
(

j2π(Nf−1)nη

Nf

)

≈ exp(j2πnη), and a 
arrier-dependent amplituderedu
tion sin πnη

Nf sin

„

πnη
Nf

« ≈ sinπnη
πnη

, of the signals of interest, as well as ICI with varian
evar(nη) =
π2

3
(nη)2. (2.21)Furthermore, the resulting absolute timing error, k|∆T |, in
reases linearly with time. Hen
e, anin
reasing misalignment between the time-domain samples at the transmitter and the re
eiver24



2.6 Conventional Dete
tion Te
hniquesis introdu
ed. For a 
ontinuous transmission, the periodi
al loss or dupli
ation of samplesis likely to take pla
e, dependent on η has plus or negative sign. An OFDM system is verysensitive to 
lo
k frequen
y o�set. Note that the attenuation of the desired signal and the ICI
aused by 
lo
k frequen
y o�set is di�erent from those 
aused by 
arrier frequen
y o�set. Seealso [67℄.Timing JitterIf syn
hronization algorithms are used to estimate and then adjust the sampling 
lo
k, i.e.,the sampling 
lo
ks at the transmitter and re
eiver are syn
hronized, the OFDM system isa�e
ted only by timing jitter ξ(t), whi
h results from the imperfe
t syn
hronization. Theterminology 'timing jitter ' is used to des
ribe the disturban
e to an ideal timing signal, and isde�ned as the time di�eren
e of the jittered and ideal signals as a fun
tion of phase, whereasterminology 'phase jitter ' des
ribes the phase di�eren
e of two signals as a fun
tion of time[16℄. A relationship (transformation) exists between phase jitter and time jitter (of the samesyn
hronizer). Similar to phase jitter, a time jitter 
an be modeled as a zero-mean stationaryrandom pro
ess with jitter spe
trum Sξ(e
j2πfTs) and jitter varian
e σ2

ξ . The timing jitterintrodu
es a degradation dependent upon the 
arrier index [69℄.2.6 Conventional Dete
tion Te
hniques2.6.1 The Ve
tor-valued Transmission ModelIn this se
tion, we aim at reviewing some 
onventional equalization approa
hes based on ave
tor-valued transmission model
r = Hcx + n, (2.22)where x = [x0, x1, ..., xN−1]

T denotes 
omplex-valued transmit symbol ve
tor that is 
onstrainedto an alphabet Ax, Hc= [hij]N×N stands for a known 
hannel matrix of full rank N and with
omplex-valued entries, r = [r0, r1, ..., rN−1]
T is the re
eived symbol ve
tor, and n = [n0, n1, ..., nN−1]

Trepresents a noise ve
tor. The supers
ript (·)T represents matrix transpose. The 
omponents of
n are 
omplex-valued independently distributed and un
orrelated Gaussian random variableswith zero mean and varian
e σ2

n, i.e., n ∼ CN (0, σ2
nI). Furthermore, the transmit symbols in xare assumed to be independent and identi
ally distributed (i.i.d) random variables (r.v.) withzero mean and varian
e σ2

x. Therefore, the transmit ve
tor x has mean E[x] = 0 as well andthe 
ovarian
e matrix of x is given by
Φxx = E{(x − E[x])(x − E[x])H} = σ2

xI, (2.23)where supers
ript (·)H represents the 
omplex 
onjugate transposition (Hermitian). Some spe-
ial 
ases of 
hannel matrix are 
on
erned as follows:1. Hc = I , where I is the identity matrix. This implies the identi
al ideal sub
hannel forea
h element in x su
h that r is only a noisy version of x; 25
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r

n

x̃ x̂x H Θ̂(·)GFigure 2.12: Data dete
tion with a symbol-wise hard de
ision fun
tion Θ̂(·).2. Hc is a diagonal matrix but Hc 6= I. This indi
ates that di�erent sub
hannels are one-path
hannels experien
ing di�erent fading su
h that r is a faded and noisy version of x, but
omponents in r are orthogonal to ea
h other.In general, to re
over x on the observation of r in a fading 
hannel, data dete
tion te
hniquesshould be implemented. Two types of dete
tion te
hniques 
an be distinguished [30℄:� Single symbol dete
tion, where one data symbol is dete
ted, without taking into a

ountthe interferen
e from other symbols;� Ve
tor or blo
k dete
tion, where knowledge about interferen
e is exploited.Data dete
tion basi
ally 
onsists of two 
omponents: equalization and symbol de
ision. Fora linear ve
tor-valued transmission like in (2.22), the pro
ess of ve
tor equalization 
an bemodeled as a matrix G = [gij]N×N of size N × N , and therefore the symbol ve
tor beforede
ision is given by
x̃= Gr = GHcx + Gn, (2.24)as shown in Fig. 2.12. The de
ided symbol ve
tor is obtained at the output of the symbol-wisede
ision fun
tion Θ̂(·)

x̂ = Θ̂(x̃). (2.25)The de
ision rule Θ̂(·) is 
alled hard de
ision when the de
ided symbols are limited to thealphabet of x [20℄.2.6.2 Ve
tor EqualizationVe
tor (blo
k) dete
tion exploited the interferen
e involved in the re
eived signals. The inter-feren
e 
an 
ome from other users or simultaneously transmitted symbols of one user's own.Hereby the dete
tion is performed under the observation of a blo
k of re
eived symbols.Zero-for
ing Ve
tor EqualizerThe 
onditional PDF of the re
eived signal is expressed as
p(r|x) =

1

(πσn)N
exp

[

−(r −Hcx)H(r − Hcx)

σ2
n

]

. (2.26)26



2.7 SummaryThe ZF ve
tor equalization aims to minimize the log-likelihood fun
tion
Λ(r|x) = (r −Hcx)H(r −Hcx) (2.27)with respe
t to x. From Appendix A.1 the equalization matrix is given by
G = (HH

c Hc)
−1

HH
c . (2.28)Therefore, interferen
e 
an be totally eliminated by using the ZF ve
tor equalization. The noiseat the output of the ZF equalizer

ñ = Gn = (HH
c Hc)

−1
HH

c n (2.29)with the 
ovarian
e matrix
Φññ = E

[

(Gn)(Gn)H
]

= σ2
n(HH

c Hc)
−1. (2.30)The noise varian
e of the individual symbols is denoted by the main diagonal of Φññ. In the
ase where HH

c Hc has near zero eigenvalues (frequen
y sele
tive fading), i.e., when HH
c Hc isill-
onditioned, the varian
e of the additive noise σ2

ñ be
omes very high relative to the energyof the transmitted symbols [20℄. This fa
t is so-
alled noise enhan
ement. The resulting signalto noise ratio (SNR) is given by
SNR =

σ2
x

σ2
ñ

. (2.31)LMMSE Ve
tor EqualizerThe linear minimum mean square error (LMMSE) equalization for ve
tor dete
tion takes intoa

ount the interferen
e as well as the present SNR, whi
h is realized by sear
hing for theequalization matrix G that minimizes the mean square error E[‖x −Gr‖2] [33℄. It yields
G=(HH

c Hc+
σ2

n

σ2
x

I)−1HH
c = HH

c

(

HcH
H
c +

σ2
n

σ2
x

I

)−1

. (2.32)The derivation of the equalization matrix is found in Appendix A.2. Note that in the 
ase ofvery high SNRs, the solution of LMMSE equalizer and the solution of ZF equalizer 
oin
ide.In the following 
hapters, the equalization methods des
ribed above will be implemented withrespe
t to the di�erent transmission s
hemes.2.7 SummaryAfter introdu
tions to wireless radio 
hannels, as well as multiplexing and multiple a

ess te
h-niques, OFDM was �rst introdu
ed in Se
tion 2.4 as an e�
ient realization of the multi
arriermodulation. The basi
 prin
iple, parameters, and properties of OFDM were explained there.A brief overview of syn
hronization errors en
ountered in OFDM has been given in Se
tion 2.5.They are 
lassi�ed into two groups: 
arrier phase errors and timing errors. Their in�uen
e onOFDM has been introdu
ed 
on
isely.Finally, in Se
tion 2.6 two 
onventional equalization approa
hes, ZF and LMMSE, are des
ribedbrie�y. On the basis of a general ve
tor-valued transmission model their use for ve
tor dete
tionwas explained. 27
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Chapter 3
Modeling of OFDM-based Systems
3.1 Chapter OverviewIn this 
hapter we des
ribe OFDM-based systems with ve
tor-valued transmission models. Syn-
hronous transmission is 
onsidered and, for the time being, we assume perfe
t syn
hronizationfor both downlink and uplink transmission. The in�uen
e of frequen
y o�set will be investigatedin the next 
hapter.As the �rst step, a 
on
ise ve
tor-valued expression of the single-user OFDM or pure OFDMtransmission is des
ribed in Se
tion 3.2. OFDM 
onverts a wideband frequen
y sele
tive fading
hannel into a set of parallel narrowband and �at fading sub
hannels. This simpli�es the signaldete
tion, but 
ould 
ause that some sub
hannels experien
e deep fading. To make up for thisdrawba
k, 
oded OFDM (COFDM) is widely applied in pra
ti
e, whi
h is mentioned as well.Orthogonal frequen
y division multiple a

ess (OFDMA) is intuitively a multiple a

ess te
h-nique that 
orresponds to OFDM in a multiuser s
enario. Similar to 
onventional FDMA, agroup of users share a 
ommon frequen
y band, or more exa
tly, all sub
arriers in an OFDMstru
ture, and a subset of sub
arriers is assigned to an individual user. In Se
tion 3.3, we modeltwo typi
al OFDMA systems, 
onventional OFDMA (C-OFDMA) and interleaved OFDMA(I-OFDMA), a

ording to two sub
arrier assignment s
hemes. In C-OFDMA sub
arrier as-signment is based on sub-bands, whereas in I-OFDMA sub
arriers with maximum frequen
ydiversity are grouped for an individual user.In Se
tion 3.4 the 
ombination of OFDM and the spread spe
trum (SS) te
hnique is investigated.This in
ludes multi-
arrier - 
ode division multiplexing (MC-CDM), whi
h is 
onsidered fora single user 
ase, 
ode division multiplexing - orthogonal frequen
y division multiple a

ess(CDM-OFDMA), and multi-
arrier - 
ode division multiple a

ess (MC-CDMA), where thelatter two are 
onsidered for multiuser s
enarios. Bene�tting from spread spe
trum te
hniques,un
oded MC-CDM outperforms OFDM in the 
ase of frequen
y sele
tive fading. For the samereason, CDM-OFDMA and MC-CDMA outperform OFDMA in the un
oded 
ase. 29



3 Modeling of OFDM-based Systems3.2 Pure OFDM System3.2.1 Ve
tor-valued Transmission ModelThe blo
k diagram of an equivalent baseband OFDM transmission is illustrated in Fig. 3.1. Onthe transmitter side, xi represents the transmit symbol ve
tor in the time interval [iTS ,(i+1)TS℄,and xi = [x0,i, x1,i, . . . , xNf−1,i]
T . Nf is the length of the symbol ve
tor, Ts is the duration ofone whole OFDM-symbol, and i denotes the dis
rete time ve
tor index, i = 0, 1, . . . ,∞. Likein Se
tion 2.6.1, we assume that the 
omponents of xi are PSK- or QAM-mapped, independentand identi
ally distributed 
omplex random variables with zero mean, i.e., E[xm,i] = 0 andthe varian
e E[xm,ix

∗
n,i] = σ2

xδmn. A Nf -point normalized IDFT is �rst performed on xi. Theresulting time-domain symbols are expressed as
ṡk,i =

1
√

Nf

Nf−1
∑

m=0

xm,ie
j 2πmk

Nf . (3.1)This operation 
an be des
ribed by the multipli
ation of the IDFT matrix F−1 and xi

ṡi = F−1xi, (3.2)where ṡi = [ṡ0,i, ṡ1,i, . . . , ṡNf−1,i]
T , and

F−1 =
1

√
Nf

×












1 1 1 . . . 1

1 e
j 2π

Nf e
j 4π

Nf . . . e
j 2π

Nf
(Nf−1)

1 e
j 4π

Nf e
j 8π

Nf . . . e
j 4π

Nf
(Nf−1)... ... ... . . . ...

1 e
j 2π

Nf
(Nf−1)

e
j 4π

Nf
(Nf−1)

. . . e
j 2π

Nf
(Nf−1)2












. (3.3)
Subsequently, ṡi is added by a 
y
li
 pre�x of length Ng, whi
h is a repli
a of the lastNg elementsof ṡi, ṡNf−Ng−1,i, . . . , ṡNf−1,i. This operation 
an be realized by a matrix-ve
tor multipli
ation

si = Gapṡi, (3.4)where Gap has the form
Gap =

(
0Ng×(Nf−Ng) INg×Ng

INf×Nf

)

. (3.5)In (3.5), 0 denotes a matrix with all zero entries. After parallel to serial 
onversion, theDira
-sampled time-domain transmit symbols are �ltered by the transmit �lter hT (t), whi
his a bandlimited low-pass �lter with 
uto� frequen
y fg = 1
2·∆t

. ∆t is the sampling time with
∆t = Ts

Nf +Ng
, whi
h denotes also the single symbol duration T . The resulting signal s(t) isexpressed as

s(t) =
∞∑

i=0

Ns−1∑

k=0

sk,ihT (t − (iNs + k)T ). (3.6)30



3.2.1 Ve
tor-valued Transmission Model
xi

ri

hR(t)hK(t)

hT (t)

ser.

add

rem.
Prefix

g(t)s(t)

s(t)

(a)

(b)

Transmitter

Receiver
Channel

si

yi

n(t)

Prefix

DFT

IDFT
par.

ser.

par.

(iNs + k) · ∆t

(iNs + k) · ∆t

Figure 3.1: OFDM transmission in the equivalent low-pass domain.
s(t) is then up-
onverted and transmitted over the time-invariant frequen
y-sele
tive fading
hannel with impulse response hK(t).In Fig. 3.1, hK(t) represents the impulse response of the low-pass equivalen
e of the physi
al
hannel. In general, hK(t) is assumed to be 
omplex-valued. The output of the physi
al 
hannelis disturbed by additive white Gaussian noise (AWGN) with two-side power spe
tral density(PSD) N0

2
. For a high frequen
y (HF) radio 
hannel, band-pass �ltering is performed at there
eiver before down-
onversion. The noise is therefore band-pass white Gaussian. Letting n(t)denote the equivalent low-pass noise, it is then 
omplex-valued with a PSD [58℄

Φnn(f) =

{
N0, for |f | ≤ 1

2
B

0, for |f | > 1
2
B

(3.7)and its auto
orrelation fun
tion is
φnn(τ) = N0

sin πBτ

πτ
. (3.8)

B indi
ates the bandwidth of the band-pass �lter. The limiting form of φnn(τ) as B approa
hesin�nity is
φnn(τ) = N0δ(τ). (3.9)The varian
e of n(t) is de�ned as σ2

n = φnn(0) = N0.Assuming the re
eiver is perfe
tly syn
hronized to the transmitter, the down-
onverted re
eivedsignal g(t) at the re
eiver is represented as
g(t) =

∞∫

−∞

hK(τ)s(t − τ)dτ + n(t), (3.10)31



3 Modeling of OFDM-based Systemswhi
h is then �ltered by re
eive �lter hR(t) and Dira
 sampled at t = (iNs + k) · ∆t. hR(t) isassumed to be an ideal low-pass �lter having the 
uto� frequen
y fg = 1
2·∆t

. The dis
rete-timeequivalent low-pass 
hannel impulse response results from the 
on
atenation of hT (t), hK(t)and hR(t)

hl = hT (t) ∗ hK(t) ∗ hR(t)|t=l·∆t, (3.11)where the time index i is ignored sin
e the 
hannel is time-invariant. The operator ∗ indi
atesthe 
onvolution operation. We denote the 
hannel with a ve
tor h = [h0, h1, . . . , hL−1]. If
L > 1, the 
hannel is time dispersive and thus frequen
y sele
tive. Consequently, the re
eivedtime-domain dis
rete-time symbol yk,i is given by

yk,i =
L−1∑

0

hlsk−l,i + ṅk,i, (3.12)where
ṅk,i = hR(t) ∗ n(t)|t=(iNs+k)·∆t. (3.13)Assume that B ≥ 1

2∆t
. Sin
e hR(t) is an ideal low-pass �lter, ṅk,i is therefore a 
omplex-valuedwhite Gaussian random variable with varian
e σ2

n = N0. The re
eived symbol ve
tor after serialto parallel 
onversion is denoted by yi = [y0,i, y1,i, . . . , yNf+Ng−1,i]. Equation (3.12) also 
an beformulated as a matrix-ve
tor 
onvolution (see [22℄):
yi =

∞∑

i′=−∞

Ĥi′si−i′ + ṅi = Ĥi∗si + ṅi, (3.14)where Ĥi has the size (Nf + Ng) × (Nf + Ng). If the length of h is not greater than Nf + 1,the sequen
e of Ĥi matri
es 
onsist of nonzero matri
es for i = 0 and i = 1:
Ĥ0 =













h0 0 . . . 0 . . . 0... h0
...

hL−1
... . . . 0

...
0 hL−1 h0... . . . . . . . . . 0
0 . . . 0 hL−1 . . . h0













, (3.15)
and

Ĥ1 =













0 . . . 0 hL−1 . . . h1... ... 0
. . . ...

0 . . . 0
... hL−1

0 . . . 0 0 . . . 0... . . . ... ...
0 . . . 0 0 . . . 0













. (3.16)
At the re
eiver, after the removal of the 
y
li
 pre�x for yi and FFT demodulation, thefrequen
y-domain re
eived symbol ve
tor ri is given by

ri = FGppyi + ni (3.17)32



3.2.1 Ve
tor-valued Transmission Modelwith
Gpp =

(
0Nf×Ng INf×Nf

) (3.18)and ni = FGppṅi. The noise sample nk,i ∈ ni is also 
omplex-valued white Gaussian randomvariables with varian
e σ2
n. In (3.17), F represents the normalized Fourier matrix with Fmn =

1√
(Nf )

e
−j 2π

Nf
(m−1)(n−1) and FF−1 = FFH = I. Substituting (3.2), (3.4) and (3.14) in (3.17)yields

ri = FGppĤiGapF
−1 ∗ xi + ni. (3.19)If L is not greater than Ng − 1, then GppĤ1Gap yields a zero matrix and the matrix resultingfrom

GppĤ0Gap =
















h0 0 . . . 0 hL−1 . . . h1

h1 h0
... . . . ...... h1

. . . 0 hL−1

hL−1
... . . . h0

. . . 0

0 hL−1 h1
. . . 0

...... . . . ... h0 0
0 . . . 0 hL−1 . . . h1 h0
















(3.20)
is 
ir
ulant. A

ording to the properties of 
ir
ulant matri
es, every 
ir
ulant matrix 
an bediagonalized by the Fourier matrix F, namely, FGppĤ0GapF

−1 yields
GppĤ0Gap = F−1ΛF, (3.21)and Λ is a diagonal matrix with
Λ = diag{√Nf · F · [h0, h1, . . . , hL−1, 01×Nf−L−1]

T
}

. (3.22)It is obvious that the elements on the main diagonal of Λ are the dis
rete 
hannel transferfun
tions over Nf sub
arriers. Hen
e, from (3.21)
FGppĤ0GapF

−1 = Λ. (3.23)A

ordingly, (3.19) simpli�es to
ri = FGppĤiGapF

−1·δ(i) ∗ xi + ni = Λxi + ni. (3.24)Normally, H is used to denote the 
hannel transfer fun
tion matrix. Therefore, in the followingwe repla
e Λ by H, and
ri = Hxi + ni (3.25)with H =diag{[H0, H1, ...HNf−1]}. A simpli�ed blo
k diagram is illustrated in Fig. 3.2 forOFDM transmission in the low-pass domain over time-invariant 
hannel. 33
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ni

xi riHFigure 3.2: Simplifed OFDM transmission model in the equivalent low-pass domain.3.2.2 Data Dete
tion in OFDM SystemsAs the 
hannel transfer fun
tion matrix H is a diagonal matrix, i.e., symbols on individualsub
arriers undergo �at fading, data dete
tion 
an be realized by a bank of adaptive one-tapequalizers to 
ombat the phase and amplitude distortions resulting from a fading 
hannel. Insu
h a 
ase the equalization matrix G is a diagonal matrix with the weighting fa
tors of theseequalizers on the main diagonal.Zero-for
ing Equalization The symbol-by-symbol ZF equalizer applies the inverted 
hannel
oe�
ients
gm =

H∗
m

|Hm|2
, (3.26)where the supers
ript (·)∗ represents the 
omplex 
onjugate operation. The ZF equalizer totallyre
overs the desired symbols, ex
ept for the 
ase where |Hm| = 0. The 
ovarian
e matrix of ñhas the form

Φññ = σ2
n









1
|H0|2

0
1

|H1|2 . . .
0 1

|HNf−1|2









, (3.27)and hen
e the output SNR with the ZF equalizer is given by
SNR = |Hm|2

σ2
x

σ2
n

. (3.28)Sin
e H is a diagonal matrix, no noise enhan
ement o

urs in this 
ase. However, (3.28) showsthat the SNR is sub
arrier-dependent, provided that the 
hannel is frequen
y sele
tive.In addition, note that the energy loss due to the insertion of the 
y
li
 pre�x has not beenin
luded in (3.28). As this energy loss is a 
onstant fa
tor and will be re�e
ted as horizontalshift of the 
urves when bit error rate (BER) performan
e is evaluated, we ignore it in thefollowing 
hapters.LMMSE Equalization LMMSE equalizer for OFDM transmission has the equalization 
o-e�
ients
gm =

H∗
m

|Hm|2 + σ2
n/σ2

x

, (3.29)34



3.2.3 OFDM with Channel Coding and Interleaving
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Figure 3.3: Two-path 
hannel with 0 dB e
hos.whi
h minimize the quantity of E[‖xm − gmrm‖2], where rm = Hmxm + nm. In (3.29) an esti-mate of the a
tual varian
e of the noise, σ2
n, is required for the 
omputation of the MMSEequalization 
oe�
ients. To over
ome the additional 
omplexity due to the estimation of

σ2
n, a low-
omplexity suboptimal LMMSE equalization 
an be realized [30℄. With subopti-mal LMMSE equalization, the equalization 
oe�
ients are designed su
h that they performoptimally only in the most 
riti
al 
ase in whi
h su

essful transmission should be guaranteed.The varian
e σ2

n is 
hosen su
h that σ2
n/σ2

x is equal to a threshold λ at whi
h the optimalLMMSE equalization guarantees the maximum a

eptable BER. With suboptimal LMMSEequalizer the equalization 
oe�
ients are given by
gm =

H∗
m

|Hm|2 + λ
(3.30)and require only information about Hm.3.2.3 OFDM with Channel Coding and InterleavingAs studied in many 
ontributions, e.g., [74℄, un
oded OFDM does not perform well in frequen
ysele
tive 
hannels, sin
e a 
hara
teristi
 of frequen
y sele
tive fading is that some frequen
ies areenhan
ed whereas others are attenuated. As a result, sub
arriers with poor SNR will dominatethe performan
e of the system. An extreme example is the 
hannel with 0 dB e
ho (a

ordinglythe existen
e of null sub
arrier). As an example, in Fig. 3.3 the PDP of a two-path 
hannel with

h = [1, 1] and its frequen
y response in an OFDM system with 64 sub
arriers are demonstrated.It is shown that the transfer fun
tion of sub
arrier #31 equals zero. Information transmitted onthis sub
arrier will be lost if the transmission is un
oded, and therefore the average BER tendsto be 1
2
· 1

64
as SNR approa
hes in�nity, no matter what kind of equalization method is used.Thus, error-
orre
tion 
oding is expe
ted to be implemented in pra
ti
al OFDM systems to
ope with the problems of multipath re
eption. The resulting system is so-
alled 
oded OFDM(COFDM). COFDM is able to deliver an a

eptable bit error rate (BER) at a reasonably lowSNR. Fig. 3.4 illustrated how OFDM bene�ts from 
oding, where a 
onvolutional 
ode of rate

R = 1/2 is used. In addition, interleaving is utilized as well to redu
e the risk of the su

essively35
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Figure 3.4: OFDM bene�ts from 
hannel 
oding.re
eiving faded-out signals when assigning su

essive symbols to adja
ent sub
arriers. Moreinformation 
an be obtained, e.g., in [2℄.Another te
hnique to deal with frequen
y sele
tive behavior is diversity transmission. Basedon OFDM, a bandwidth e�
ient diversity transmission is realized by using 
ode division mul-tiplexing (CDM) whi
h spreads simultaneously transmitted symbols over all a
tive sub
arriersand separates di�erent symbols by di�erent spreading sequen
es. More details are given inSe
tion 3.4.1.3.3 Multiuser OFDM SystemsMultiple a

ess te
hniques are required if we make use of OFDM in a multiuser s
enario. As in-di
ated in the previous 
hapter, TDMA and FDMA are two well-known te
hniques for resour
emanagement based on time-sharing and frequen
y-sharing, respe
tively. When 
ombined withOFDM, they are 
alled OFDM-TDMA and OFDM-FDMA, respe
tively. A more appropri-ate terminology for OFDM-FDMA is orthogonal frequen
y division multiple a

ess (OFDMA).Both of them have been adopted by the IEEE standard as two options for transmission at the2-11 GHz band [21℄, [3℄.In OFDM-TDMA, one or several time slots are assigned to an individual user for data transmis-sion, in whi
h at least one whole OFDM-symbol 
an be transmitted. In other words, TDMAallo
ates OFDM-symbols to users, and symbols from di�erent users are time-aligned. Di�erentfrom OFDM-TDMA, OFDMA allo
ates sub
arriers to users, and a

ommodates multiple usersin a 
ommon 
hannel at the same time. In OFDMA mode, all a
tive sub
arriers are dividedinto subsets of sub
arriers, ea
h subset is termed a sub
hannel. In the downlink, a sub
hannelmay be intended for di�erent (groups of) re
eivers (users); in the uplink, a transmitter (user)may be assigned one or several sub
hannels, and several transmitters (users) 
an transmit si-36



3.3.1 Downlink Transmission Model of OFDMA

f

f

Figure 3.5: Two kinds of sub
arrier division s
hemes: interleaved OFDMA (upper) and 
on-ventional OFDMA (lower).multaneously [3℄. If orthogonality among sub
arriers is maintained, signals from di�erent userswill not interfere with ea
h other.In addition, OFDM 
an be 
ombined with CDMA as well. We rank this into the 
ombinationof OFDM and spread spe
trum te
hniques. Su
h a 
ombination is termed as multi-
arrierspread spe
trum (MC-SS). A

ording to di�erent multiplexing and multiple a

ess mode forwhi
h it is used, the resulting transmission s
hemes are de�ned as MC-CDM, CDM-OFDMAand MC-CDMA, respe
tively. They will be investigated in Se
tion 3.4.In this se
tion, we will fo
us on OFDMA. As depi
ted in Fig. 3.5, basi
ally two kinds ofsub
arrier partition s
hemes are developed: 
onventional OFDMA (C-OFDMA) based on sub-bands and interleaved OFDMA (I-OFDMA) based on sub
hannels whi
h use sub
arriers withmaximum frequen
y diversity. To be spe
i�
, in 
onventional OFDMA adja
ent sub
arriers are
hosen to 
onstru
t a sub
hannel, whereas in interleaved OFDMA equidistant sub
arriers aregrouped to a sub
hannel. The ve
tor-valued transmission of these two OFDMA s
hemes willbe developed in the following, for both downlink and uplink transmission. Moreover, we will
ompare and analyze the performan
e of both systems as well.For simpli
ity, syn
hronous transmission is assumed in the uplink, although it is hardly a
hiev-able. A syn
hronization poli
y of OFDMA systems will be introdu
ed in Se
tion 6.3.1 in detail.3.3.1 Downlink Transmission Model of OFDMAConsider an OFDMA system with Nf sub
arriers. Assuming all sub
arriers are in use andhave been divided into K sub
hannels, ea
h sub
hannel is then made up of P sub
arriers, thus
PK = Nf . Note that K is also the maximum number of users. Some parameters are de�nedas follows:� x

(k)
i : transmit symbol ve
tor of user k at time index i;� H
(k)
i : 
hannel transfer fun
tion matrix of user k at time index i, or simply H(k) if 
hannelis time-invariant; 37



3 Modeling of OFDM-based Systems� xi: the overall transmit symbol ve
tor 
onsisting of symbols from all a
tive users at timeindex i;� V(k): the user-spe
i�
 sub
hannel division matrix for user k, whi
h spe
i�es the sub
ar-riers belonging to the individual user and is therefore a diagonal matrix.The downlink transmission of OFDMA 
an be modeled as
r
(k)
i,DL = V(k)H

(k)DLxi+n
(k)
i = V(k)H

(k)DLx(k)
i +n

(k)
i , (3.31)where subs
ript [·]DL indi
ates downlink. Note that the de�nitions of x(k)

i and V(k) are di�erentin 
onventional OFDMA and interleaved OFDMA.Conventional OFDMA Assume a set of transmit symbols [X
(k)
0,i , ..., X

(k)
p,i , ..., X

(k)
P−1,i] is trans-mitted to user k, where 0 ≤ p < P and 0 ≤ k < K. In 
onventional OFDMA, the 
omponentsof x

(k)
i are given by

x
(k)
m,i =

{

X
(k)
p,i , for m = k × P + p

0, otherwise
, (3.32)where 0 ≤ m ≤ Nf − 1. Furthermore, the entries on the main diagonal of V(k) are de�ned as

V
(k)
jj =

{
1, for kP ≤ j < (k + 1)P
0, otherwise

. (3.33)
Interleaved OFDMA On the other hand, in interleaved OFDMA, x

(k)
i and V(k) are rede-�ned as

x
(k)
m,i =

{

X
(k)
p,i , for m = p × K + k

0, otherwise
, (3.34)and

V
(k)
jj =

{
1, for j = pK + k
0, otherwise

, (3.35)respe
tively. The de�nitions of V(k) in (3.33) and (3.35) ensure that ea
h sub
arrier is assignedto only one user. Hen
e, whether in 
onventional OFDMA or interleaved OFDMA the overalltransmit symbol ve
tor xi is the superposition of signals from all a
tive users
xi =

K−1∑

k=0

x
(k)
i , (3.36)and in turn x

(k)
i 
an be obtained from xi

x
(k)
i = V(k)xi, (3.37)38



3.3.2 Uplink Transmission Model of OFDMAas des
ribed in (3.31). In addition, note that at a terminal re
eiver not only the signals trans-mitted over desired sub
hannels are re
eived, but also the signals over sub
hannels of otherusers. We denote this overall re
eived symbol ve
tor by ri,DL and at the re
eiver of user k wehave
ri,DL = H

(k)DLxi + ni, (3.38)and, as given in (3.31), the symbols asso
iated with this spe
i�
 user are extra
ted from ri,DLby
r
(k)
i,DL = V(k)ri,DL. (3.39)The noise ve
tor n

(k)
i in (3.31)

n
(k)
i = V(k)ni. (3.40)Components in ni are assumed to be 
omplex-valued white Gaussian random variables.3.3.2 Uplink Transmission Model of OFDMAUnder the assumption of perfe
t syn
hronization in the uplink, the re
eived symbol ve
tor atthe base station (BS) re
eiver, ri,UL, 
an be represented as

ri,UL =
K−1∑

k=0

H
(k)ULx(k)

i + ni =
K−1∑

k=0

H
(k)ULV(k)xi + ni =

K−1∑

k=0

H̄
(k)ULxi + ni = H̄ULxi + ni, (3.41)where H̄

(k)UL = H
(k)ULV(k). It is obvious that H̄

(k)UL only 
onsists of the dis
rete transfer fun
tionsof the sub
arriers assigned to user k, and other diagonal entries of H̄k are set to be zero, sothat
H̄UL= K−1∑

k=0

H̄
(k)UL= K−1∑

k=0

H
(k)ULV(k) (3.42)
an be seen as a 
ombined uplink 
hannel matrix. xi is a ve
tor 
onsisting of transmit symbolsof all a
tive users, as de�ned in (3.36). Equations (3.41) and (3.42) indi
ate that if perfe
tsyn
hronization is available, the uplink transmission model of OFDMA 
an be simpli�ed to belike a simple OFDM transmission. Fig. 3.6 shows the blo
k diagram of uplink transmission ofan OFDMA system.3.3.3 Comparison of Conventional and Interleaved OFDMACoheren
e Bandwidth Before 
omparing 
onventional OFDMA with interleaved OFDMA,we �rst re
all the frequen
y sele
tive behavior of multipath 
hannels. In Se
tion 2.2.1, it ismentioned that frequen
y sele
tive fading is 
aused if the bandwidth of the transmitted signalis mu
h larger than the 
oheren
e bandwidth of the 
hannel. As de�ned in [59℄, the 
oheren
ebandwidth, Bc, is a statisti
al measurement of the range of frequen
y over whi
h the 
hannel39
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an be 
onsidered "�at". In other words, the 
oheren
e bandwidth is the range of frequen
iesover whi
h two frequen
y 
omponents have a strong potential for amplitude 
orrelation. Fora given 
hannel with 
hannel impulse response (CIR) h(t, τ), the power delay pro�le (PDP) ofthe 
hannel, Ph(τ), is 
al
ulated by [49℄
Ph(τ) =

∞∫

−∞

|h(t, τ)|2dt. (3.43)The mean ex
ess delay is the normalized �rst-order moment of the PDP, for a dis
rete timePDP there is
τ̄ =

∑L−1
τ=0 Ph(τ)τ

Pm
, (3.44)where Pm is the zeroth-order moment of PDP, i.e., time-integrated power

Pm =

L−1∑

τ=0

Ph(τ) (3.45)The rms delay spread is the normalized se
ond-order 
entral moment of PDP and is de�ned as
στ =

√

τ̄ 2 − (τ̄)2, (3.46)where τ̄ 2 is the normalized se
ond-order moment
τ̄ 2 =

∑L−1
τ=0 Ph(τ)τ 2

Pm

. (3.47)Furthermore, as des
ribed in [59℄, the 
oheren
e bandwidth Bc is a de�ned relation derivedfrom the rms delay spread. If the 
oheren
e bandwidth is de�ned as the bandwidth over whi
h40
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Figure 3.7: Two path 
hannel with dis
rete CIR h = [1, 0.5]: power delay pro�le (left) andfrequen
y sele
tive behavior (right).the frequen
y 
orrelation fun
tion is above 0.9, then the 
oheren
e bandwidth for a given PDPis approximately
Bc|0.9 =

1

50στ
. (3.48)If the de�nition is relaxed and the 
orrelation fun
tion is above 0.5, the 
oheren
e bandwidthis approximately

Bc|0.5 =
1

5στ

. (3.49)Using the equations above, the 
oheren
e bandwidth of a given 
hannel 
an be easily 
al
ulated.For instan
e, Fig. 3.7(a) depi
ts the PDP a two-path 
hannel with CIR h = [1, 0.5] and tapdelay τ0 = 0 and τ1 = 50µs. The 
oheren
e bandwidths with respe
t to (3.48) and (3.49) areapproximately Bc|0.9 = 1KHz and Bc|0.5 = 10KHz, respe
tively. Assuming T = τ1 = 50µsis the symbol duration, the baseband bandwidth is then given by B = 1/T = 20KHz. As
ompared to 
oheren
e bandwidth, signals transmitted over this 
hannel apparently undergofrequen
y sele
tive fading. If OFDM with 16 sub
arriers is implemented, the sub
arrier spa
ingis B/16 = 1.25KHz and thus signals over ea
h sub
arrier experien
e �at fading. In the mean-time, adja
ent sub
arriers are strongly 
orrelated with respe
t to amplitude. The frequen
ysele
tive behavior of the 
hannel is demonstrated in Fig. 3.7(b).In�uen
e of Frequen
y Sele
tive Fading on Conventional and Interleaved OFDMAIn 
onventional OFDMA, adja
ent sub
arriers are assigned to an individual user. If the 
hannelis frequen
y sele
tive, sub
arriers in one sub
hannel may simultaneously undergo deep fadingdue to the amplitude 
orrelation, whi
h will lead to a severe performan
e loss for the user usingthis sub
hannel. In 
ontrast, in interleaved OFDMA the distan
e of sub
arriers in a sub
hannelmay be longer than the 
oheren
e bandwidth of the 
hannel and thus experien
e independentfading. It is well known that these independent sub
arriers are unlikely to fade simultaneously,so that an a

eptable system performan
e is available for ea
h user. 41
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Figure 3.8: OFDMA transmission over two-path 
hannel: interleaved OFDMA (left) and 
on-ventional OFDMA (right).As an example, we made the simulations for the downlink transmission of an un
oded OFDMAsystem with four users over the two-path 
hannel given in Fig. 3.7. Fig. 3.8 depi
ts the averageBER performan
e for ea
h user. As shown, with interleaved OFDMA all users attain similarperforman
e; whereas with 
onventional OFDMA user #3 has a bad performan
e owing todeep fading, and user #1 and #4 have better performan
e due to the 
hannel gain. As a
onsequen
e, when 
onventional OFDMA is used, sub
hannels should be assigned 
arefullysu
h that ea
h user 
an bene�t from the 
hannel instead of su�ering from the loss. It is likelyto 
ome true sin
e the 
hannels may di�er from user to user in a multiuser system.3.3.4 Adaptive Sub
arrier AssignmentConventional and interleaved OFDMA are �xed assignment strategies for frequen
y (sub
arri-ers) sharing. In re
ent years adaptive OFDMA sub
arrier assignment has been under study. Itis based on the fa
t that sub
arriers fade di�erently from user to user, i.e., signals from di�erentusers experien
e independent fading. Therefore, system performan
e di�ers greatly using dif-ferent allo
ation s
hemes. If an intelligent sub
arrier allo
ation s
heme is employed, it ensuresthat the majority of sub
arriers allo
ated to ea
h user per
eive gain (relative to mean) ratherthan attenuation. However, the 
hannel state information (CSI) of 
hannels is required at thetransmitter, whi
h undoubtedly 
ompli
ates the re
eiver stru
ture. Algorithms for dynami
sub
arrier allo
ation have been investigated in many 
ontributions [38℄, [88℄. For instan
e, in[38℄ one method is proposed to realize a judi
ious sub
arrier assignment by maximizing thethroughput of the system.In addition, note that no matter what kind of allo
ation s
heme is used, one sub
arrier 
an beallo
ated to only one user. That means the transmission models in (3.31) and (3.41) are validfor all allo
ation s
hemes, and only the user-spe
i�
 sub
hannel division matrix V(k) has to beadjusted a

ording to the adopted sub
arrier allo
ation s
heme.42



3.4 Combination of OFDM and Spread Spe
trum
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ṡNf−1

c00

c(Nf−1)0

c0(Nf−1)

c(Nf−1)(Nf−1)Figure 3.9: Spreading in MC-CDM : an s
heme where ea
h symbol is spread over all sub
arriers.3.4 Combination of OFDM and Spread Spe
trumIn this se
tion, we study multi-
arrier spread spe
trum (MC-SS) transmission based on OFDM,CDM and their 
orresponding multiple a

ess te
hniques, and then form the resultant systemswith a ve
tor-valued transmission model.MC-SS aims to 
ompensate for the poor performan
e of un
oded OFDM systems in frequen
ysele
tive fading 
hannels by exploiting the frequen
y diversity in OFDM. Three transmissions
hemes are 
onsidered in the following:� MC-CDM Multi-Carrier Code Division Multiplexing is 
onsidered as a single user trans-mission s
heme. In MC-CDM, simultaneously transmitted symbols of a single user arespread over multiple sub
arriers. In general, to distinguish di�erent symbols over thesame sub
hannel, ea
h symbol is spread by a unique 
ode sequen
e. MC-CDM 
an alsobe implemented in a multiple a

ess s
enario if 
ombined with TDMA.� CDM-OFDMA Code Division Multiplexing - Orthogonal Frequen
y Division MultipleA

ess is a variant of MC-CDM used in a multiple a

ess environment on the basisof OFDMA. In CDM-OFDMA, di�erent users a

ess the BS re
eiver by sharing thesub
hannels, and simultaneously transmitted symbols of an individual user are spreadover the sub
arriers in the assigned sub
hannel.� MC-CDMA Multi-Carrier Code Division Multiple A

ess is another variant of MC-CDM applied in a multiple a

ess environment on the basis of CDMA. In MC-CDMA,all a
tive users 
an make use of all available bandwidth simultaneously, and are distin-guished from ea
h other by di�erent spreading 
odes. Moreover, simultaneously trans-mitted symbols of ea
h individual user 
an be either spread over all available sub
arriersand separated by di�erent 
odes, or distinguished by distin
t sub
hannels with the samespreading 
ode.3.4.1 MC-CDMMC-CDM, or OFDM-CDM, is an intuitive realization of MC-SS. Referring to the sub
arrierallo
ation s
heme for OFDMA, MC-CDM 
an be realized by spreading ea
h data symbol over43
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T ri

ni

xi HUFigure 3.10: Simpli�ed MC-CDM transmission.(1) all available sub
arriers (de�ned as full spreading); (2) a sub
hannel made up of adja
entsub
arriers (de�ned as sub-band spreading); (3) a sub
hannel made up of interleaved sub
arriers(de�ned as interleaved spreading). We begin with the �rst 
ase where maximum frequen
ydiversity is a
hieved.Consider the transmission of a symbol ve
tor xi = [x0,i, x1,i, . . . , xNf−1,i]
T at time index i.Assuming all sub
arriers are available for ea
h individual symbol, as shown in Fig. 3.9, asymbol xj,i, xj,i ∈ xi, is multiplied by a spreading sequen
e cj = [c0j , c1j , ..., c(Nf−1)j ]

T , andthe resulting spread signals, c0jxj,i, c1jxj,i, ..., c(Nf−1)jxj,i, are transmitted simultaneously overdi�erent sub
arriers. The signal on ea
h sub
arrier is then the superposition of weighted repli
aof xj,i, j = 0, 1, ..., Nf − 1. For example, on the mth sub
arrier, ẋm,i = cm0x0,i + cm1x1,i + ... +

cm(Nf−1)xNf−1,i =
∑Nf−1

j=0 cmjxj,i. Note that ea
h symbol in xi has a unique spreading sequen
esu
h that it 
an be separated from others at the re
eiver. Therefore, the spread transmit symbolve
tor is de�ned as
ẋi = Uxi, (3.50)where the spreading matrix U is of the form
U =

[
c0, ..., cj, ..., cNf−1

]

Nf×Nf
. (3.51)In order to avoid extra interferen
e and preserve 
hannel 
apa
ity, we want to make use of thespreading sequen
es with orthogonality, i.e.,

UHU = I, (3.52)whi
h ensures that after despreading (UH) , the signals 
an be re
overed without loss, providedthat there exist no 
hannel distortion and noise. Fig. 3.10 illustrates the basi
 blo
k diagramof an un
oded MC-CDM transmission. The re
eived symbol ve
tor at the output of the DFTis given by
ri = HUxi + ni, (3.53)where ri is the 
orrupted version of the spread symbol ve
tor ẋi. On the other hand, if wespread ea
h symbol just over a sub
hannel in OFDM and a �xed sub
arrier allo
ation s
hemeis used, the spreading matrix U is then a blo
k diagonal matrix of the form
U =










W0 0. . .
Wq . . .

0 WQ−1










Nf×Nf

. (3.54)
44



3.4.1 MC-CDM
Wq is a square matrix of size NQ × NQ, and NQ =

Nf

Q
is the number of sub
arriers in asub
hannel. A

ordingly, (3.53) is modi�ed to be

ri = HTUxi + ni, (3.55)where T is a permutation matrix whi
h allo
ate the signals spread by U to the asso
iatedsub
hannels, and THT = I. In the 
ase of full spreading and sub-band spreading, T = I isan identity matrix. Spe
ially, if equidistant sub
arriers are taken for a sub
hannel, T worksas an interleaver. In addition, for the latter 
ase all Wq , 0 ≤ q ≤ Q − 1, whi
h are de�nedas spreading submatri
es, 
ould be identi
al or di�erent, sin
e symbols 
an be separated bydistin
t sub
hannels. But within a sub
hannel, ea
h symbol has a unique spreading sequen
e.Sele
tion of Spreading Code in MC-CDMThe spreading sequen
es satisfying (3.52) are preferred to redu
e the interferen
e. One 
an-didate of su
h sequen
es is Fourier matrix. As shown in (3.3), either row sequen
es or 
ol-umn sequen
es are orthogonal to one another, and FHF = F−1F =I ful�lls the requirement in(3.52). In prin
iple, implementation of Fourier spreading redu
es the peak-to-average powerratio (PAPR) in an OFDM-based system. However, Fourier transformation has been appliedto OFDM as a modulation te
hnique. If Fourier spreading is over all IDFT sub
arriers, thesystem turns to be a single 
arrier system for a serial transmission with 
y
li
 extension. On theother hand, if a spreading s
heme as in (3.54) is used and equidistant interleaved sub
arriersare sele
ted for a sub
hannel, the joint implementation of DFT spreading (over sub
hannels)and IDFT of the modulation 
an be repla
ed by a number of small IDFTs plus rotation oftransmitted symbols in the 
omplex plane [9℄, whi
h redu
es the 
omputational 
omplexity ofthe system.Hadamard-Walsh matri
es are most 
ommonly used in MC-SS as orthogonal spreading ma-tri
es. These matri
es are real-valued and are built of 
hips that belong to the set {-1,+1}.For the size of the transform being a power of two, the matri
es are easily 
onstru
ted using are
ursive matrix operation
Vγ =

[
Vγ−1 Vγ−1

Vγ−1 −Vγ−1

]

, (3.56)where Vγ is the 2γ ×2γ Hadamard matrix formed by using the Hadamard matrix Vγ−1, and theinitial matrix V1 is given by
V1 =

[
1 1
1 −1

]

. (3.57)Note that in order to satisfy (3.52), the Hadamard matrix should be normalized before beingused as the spreading matrix or submatrix.In addition, in some 
ontributions [66℄, random sequen
es, e.g., pseudo-noise (PN) sequen
es,are used as spreading sequen
es as well. However, sin
e random sequen
es are not orthogonal,multiuser interferen
e (MUI) o

urs as soon as two users are a
tive, even in the 
ase of an ideal
hannel. 45
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Figure 3.11: Diversity transmission with MC-CDM.Diversity Transmission with MC-CDMAn OFDM transmission provides a number of parallel �at fading sub
hannels without mutualinterferen
e. For a given WSSUS 
hannel model, statisti
al fading of these parallel multiplexing
hannels is 
hara
terized by the Rayleigh distribution [9℄. It is well known that Rayleigh fading
hannels exhibit a poor bit error performan
e in the 
ase of un
orrelated transmission [58℄.Therefore, it is reasonable to apply CDM in order to a
hieve a diversity gain at the re
eiver.For ea
h transmitted symbol, MC-CDM 
an be regarded as a weighted diversity transmission infrequen
y domain. As shown in Fig. 3.11, a symbol xj is weighted by a spreading sequen
e andthen spread over all available sub
arriers. All sub
arriers are disturbed by respe
tive additivewhite Gaussian noise of identi
al varian
e, and undergo �at Rayleigh fading. On the re
eivingside, the weights g∗
m and c∗mj perform an equal gain 
ombining (EGC) or a maximum ratio
ombining (MRC) (g∗

m and c∗mj) of all re
eived signals and yields a 
orrupted version of xj , x̃j ,whi
h is then passed to the dete
tor. The two 
ombining te
hniques are introdu
ed as follows.Equal Gain Combining Equal gain 
ombining (EGC) only 
ompensates for the phase ro-tations 
aused by the 
hannel. The 
oe�
ients on ea
h sub
arrier are given by
gm =

H∗
m

|Hm|
, m = 1, ..., N. (3.58)The noise 
omponents, ñm = gmnm, have the same statisti
al properties as nm.MaximumRatio Combining Maximum ratio 
ombining (MRC) 
ompensates for the phases,and weighs the re
eived symbols a

ording to their output SNR. The 
oe�
ients are the 
omplex
onjugate of the 
orresponding 
hannel transfer fun
tion

gm = H∗
m. (3.59)This operation is equivalent to mat
hed �ltering (MF).When using diversity transmission and re
eption, the performan
e improvement depends onthe independen
e of the fading 
hara
teristi
s of the 
hannels (sub
arriers). Consequently, in46



3.4.1 MC-CDMorder to obtain the optimal diversity, un
orrelated sub
arriers should be grouped for diversitytransmission. For this reason, spreading based on sub-band sometimes will not ful�ll this
ondition due to the possible 
orrelation between adja
ent sub
arriers. In 
ontrast, MC-CDMwith full spreading and interleaved spreading meet the requirement and may provide a betterdiversity performan
e.Furthermore, in 
omparison to simple diversity transmission over OFDM sub
arriers, MC-CDM retains bandwidth e�
ien
y if the number of the multiplexed symbols are identi
al tothe number of sub
arriers.Interferen
e due to Frequen
y Sele
tive Behavior of the ChannelExtend the transmission in Fig. 3.11 to all symbols in a transmit ve
tor xi of length Nf attime index i. If mat
hed �ltering is implemented, after despreading it yields
x̃i = UHTHHHHTUxi + UHTHHHni. (3.60)Note that even if an orthogonal spreading matrix is used, owing to multipath propagation,the orthogonality among the transmitted symbols will be destroyed by the frequen
y sele
tivebehavior of the 
hannel, and interferen
e will be introdu
ed. A

ordingly, an individual symbolin ve
tor x̃i is expressed as
x̃j,i =

1

Nf

Nf−1
∑

m=0

|Hm|2 · xj,i

︸ ︷︷ ︸signal of interest +

Nf−1
∑

m=0

Nf−1
∑

n=0,n 6=j

|Hm|2c∗mjcmnxn,i

︸ ︷︷ ︸interferen
e +

Nf−1
∑

m=0

H∗
mc∗mjnm,i

︸ ︷︷ ︸noise . (3.61)Let R =HTU represent the equivalent transmission 
hannel matrix. The 
orrelation matrix of
R is then

RHR=UHTHHHHTU. (3.62)Furthermore, assuming E[|Hm|2] = |H|2, an estimate of E[|Hm|2] results from the sample meanof the |Hm|2

|Ĥ|2 =
1

Nf

Nf−1
∑

m=0

|Hm|2. (3.63)As a 
onsequen
e, the diagonal entries of the 
orrelation matrix RHR are identi
al. For in-stan
e, Fig. 3.13(a) illustrates the 
orrelation matrix RHR for a MC-CDM system, and thehistogram of diagonal entries is depi
ted in Fig. 3.13(b) whi
h veri�es the analysis in (3.63).The o�-diagonal entries, or the 
rosstalk between 
ode division sub
hannels, stand for the in-terferen
e from other symbols. The 
orrelation matrix of the 
orresponding transfer fun
tionmatrix, HHH, is shown in Fig. 3.12. Furthermore, Figs. 3.14 and 3.15 demonstrate the 
asesof sub-band spreading and interleaved fading. The estimation of |H|2 is performed within thede�ned sub
hannels su
h that di�erent results are shown: in sub-band spreading, the 
hannelgain (here we 
onsider the 
ode division sub
hannel) is sub
hannel dependent, i.e., su�ers fromthe amplitude 
orrelation of the adja
ent OFDM-sub
arriers. Note that the interferen
e inboth 
ases is limited in the sub
hannel. 47
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(b)Figure 3.12: Power distribution of the equivalent OFDM 
hannel matrix of a frequen
y sele
tivefading 
hannel (left), and the histogram of diagonal entries (right).
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(b)Figure 3.13: MC-CDM with full spreading.
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(b)Figure 3.14: MC-CDM with sub-band spreading.48



3.4.2 CDM-OFDMA
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(b)Figure 3.15: MC-CDM with interleaved spreading.Ve
tor Dete
tion for MC-CDM The interferen
e in MC-CDM has to be dealt with. Weprefer to implement ve
tor dete
tion at the re
eiver to re
over the transmitted signals, andsuppress the interferen
e. A

ording to (3.55), the equalization matri
es are given by (2.28)and (2.32), respe
tively, with
Hc = R = HTU. (3.64)In addition, in Fig. 3.16 we give an example to show how the system bene�ts from the diversitygain o�ered by MC-CDM, as 
ompared to OFDM with error-
orre
tion fading. The samesimulation environment is taken as in Fig. 3.4.3.4.2 CDM-OFDMATo apply MC-CDM in a multiple a

ess s
enario, we 
an use Code Division Multiplexing - Or-thogonal Frequen
y Division Multiple A

ess (CDM-OFDMA) or Multi-Carrier Code DivisionMultiple A

ess (MC-CDMA). In a CDM-OFDMA system, one or several sub
hannels areassigned to an individual user su
h that users are separated in frequen
y. Within a sub
hannel,the user spreads transmit symbols over sub
arriers, and therefore symbols of an individual userhave to be separated by di�erent spreading sequen
es (or 
odewords). We �rst 
onsider theform of the spreading matrix in CDM-OFDMA. Let U represent the overall spreading matrixand U(k) denote the user-spe
i�
 spreading matrix of user k. U(k) is of the form
U(k)=










0 0. . .
Wk . . .

0 0










Nf×Nf

0 ≤ k ≤ K − 1, (3.65)
where Wk is 
alled the user-spe
i�
 spreading submatrix of size P × P , K is the maximumnumber of users, and PK = Nf . Consequently, U =

∑K−1
k=0 U(k) is a blo
k diagonal matrix49
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Figure 3.16: Diversity gain in MC-CDM.with {Wk}K−1
k=0 on the main diagonal, like in (3.54). For any l and k, 0 ≤ l, k < K, Wl and Wk
an be either the same or distin
t. Both 
onventional and interleaved OFDMA 
an be taken asbasis for CDM-OFDMA, and in 
onsequen
e we have the so-
alled 
onventional CDM-OFDMA(C-CDM-OFDMA) and interleaved CDM-OFDMA (I-CDM-OFDMA), respe
tively.Downlink TransmissionFor downlink transmission, the re
eived overall symbol ve
tor after DFT generally 
an bewritten as

ri,DL = H
(k)DLTcUxi + ni, (3.66)where the overall transmit ve
tor xi is de�ned in (3.36). Tc is a permutation matrix that mapsthe spread signals of di�erent users to the respe
tive sub
hannels. Tc is an identity matrixif C-CDM-OFDMA is taken and an interleaver if I-CDM-OFDMA is taken. Furthermore, itshould be pointed out that in CDM-OFDMA, the transmit symbol ve
tor of user k at timeindex i, x

(k)
i , is de�ned in (3.32). In a frequen
y sele
tive 
hannel, due to the interferen
ewithin the sub
hannel of an individual user (so-
alled self-interferen
e, SI), ve
tor dete
tion isrequired to re
over the transmit symbols. Nevertheless, the 
omputational 
omplexity 
an beredu
ed by extra
ting the re
eived signals of user k from the 
orresponding sub
hannel, i.e.,

r
(k)
i,DL = V(k)TH

c ri,DL,and then pro
essing the non-zero symbols in r
(k)
i,DL further. V(k) is de�ned in (3.33). This s
hemeis appli
able be
ause there exists no MUI under the assumption of perfe
t syn
hronization.50



3.4.3 MC-CDMAUplink TransmissionAssuming a syn
hronous transmission is available in the uplink, the general des
ription for theuplink transmission is expressed as
ri,UL =

K−1∑

k=0

H
(k)ULTcU

(k)x
(k)
i + ni

=

K−1∑

k=0

H
(k)ULTcU

(k)xi+ni. (3.67)Referring to (3.65) and (3.33),
U(k) = V(k)U. (3.68)Further, sin
e sub
hannels belonging to di�erent users are not overlapping, a 
ombined uplink
hannel transfer fun
tion matrix 
an be de�ned as
H̄UL =

K−1∑

k=0

H
(k)ULTcV

(k), (3.69)whi
h is equivalent to the de�nition in (3.42). As a 
onsequen
e, (3.67) 
an be simpli�ed to
ri,UL = H̄ULUxi+ni. (3.70)Obviously, (3.70) has an expression similar to (3.66). This implies that, on the assumptionthat perfe
t syn
hronization is available in the uplink and the 
hannels are time-invariant orslowly faded (e.g., blo
k-wise faded), only the 
hannel gain on ea
h sub
arrier is required, andtherefore, the transmission model is simpli�ed signi�
antly. Furthermore, no MUI is introdu
edin a CDM-OFDMA system, sin
e the orthogonality among the sub
hannels is kept.3.4.3 MC-CDMAIn the 
ase of CDM-OFDMA, only a group of sub
arriers are assigned to an individual user,and users are separated in frequen
y. In the 
ase of MC-CDMA, instead, all a
tive sub
arriersare available for an individual user, and user separation is a

omplished by assigning di�erentspreading sequen
es to di�erent users. Furthermore, all three spreading s
hemes for MC-CDM
an be applied in MC-CDMA. If full spreading is taken, the overall spreading matrix is of theform similar to that in (3.51), and the user-spe
i�
 spreading matrix of user k, U(k), 
an bede�ned as
U(k)=

[
0, ..., ck,0, ..., ck,P−1, ..., 0

]

Nf×Nf
, (3.71)where we assume that a maximum of P di�erent sequen
es are used by ea
h user, and PK = Nf .Namely, P represents the maximum number of symbols whi
h are permitted to be transmittedby ea
h user. Note that in the 
ase of full spreading, the maximum number of users 
ould be

Nf if P = 1. For 
onvenien
e, in the following we allo
ate the spreading sequen
es of one user51



3 Modeling of OFDM-based Systemsin row dire
tion of U(k) in an interleaved way, and a

ordingly, the transmit symbol ve
tor ofuser k at time index i, x(k)
i , is de�ned in (3.34).Furthermore, if sub-band or interleaved spreading is taken, U(k) is then de�ned as

U(k) =








Wk,0 0 . . . 0

0 Wk,1 . . . 0

0
... . . . ...

0 0 . . . Wk,P−1








Nf×Nf

, (3.72)where Wk,p stands for the user-spe
i�
 spreading submatrix of user k on the pth sub
hannel.
Wk,p is a K × K matrix with a spreading sequen
e of user k on 
olumn k and zeros on other
olumns. For any p and q, Wk,p and Wk,q 
an be identi
al or di�erent, but Wl,p and Wk,qmust be di�erent for any l 6= k. For both (3.71) and (3.72) U =

∑K−1
k=0 U(k) holds.Downlink TransmissionThe downlink transmission model of MC-CDMA is similar to that of CDM-OFDMA:

ri,DL = H
(k)DLTmUxi + ni, (3.73)where xi =

∑K−1
k=0 x

(k)
i . Similary, in the 
ase of full spreading and sub-band spreading, Tm= I;whereas in the 
ase of interleaved spreading, Tm permutes the spread signals of ea
h symbolover the sub
arriers in an interleaved way. However, it is worth noting that the de�nitions of

U and xi di�er in MC-CDMA and CDM-OFDMA, and Tm distinguishes itself from Tc in the
ase of interleaved spreading as well.In a multipath propagation s
enario, the frequen
y sele
tive fading will destroy the orthogonal-ity between the spreading sequen
es, and thus lead to the MUI as well as SI. In 
onsequen
e, tosuppress the interferen
e, ve
tor dete
tion is required in MC-CDMA systems for the downlinktransmission. In addition, sin
e signals of ea
h user are spread over the total bandwidth, thematrix size 
annot be redu
ed.Uplink TransmissionThe uplink transmission model is des
ribed as
ri,UL =

K−1∑

k=0

H
(k)ULTmU(k)x

(k)
i + ni

=

K−1∑

k=0

H
(k)ULTmU(k)xi + ni. (3.74)Sin
e ea
h user o

upies all available sub
arriers, a simpli�ed expression 
annot be found for theuplink transmission of MC-CDMA. Nevertheless, (3.74) also 
an be expressed in a ve
tor-matrixmultipli
ation form

ri,UL = H̄ULŪULxi + ni, (3.75)52



3.5 Summarywhere the 
omposite 
hannel transfer fun
tion matrix
H̄UL =

[

H
(0)ULTm . . . H

(k)ULTm . . . H
(K−1)UL Tm

]

Nf×(Nf K)
, (3.76)and the spreading matrix

ŪUL =










U(0)...
U(k)...
U(K−1)










(Nf K)×Nf .

. (3.77)
It is 
lear that 
hannel state information (CSI) of all a
tive users is required for 
oherentdete
tion. This undoubtedly 
reates a great demand for the 
hannel estimation in the uplink.3.5 SummaryThis 
hapter 
ontributes to modeling of syn
hronous OFDM-based systems with ve
tor-valuedtransmission models, on the assumption that perfe
t syn
hronization is available in both, down-link and uplink. Furthermore, the 
hannel is assumed to be time-invariant, at least during thetransmission of one OFDM-symbol.A simple ve
tor-valued equivalent low-pass transmission model has been derived for OFDM inSe
tion 3.2. OFDM o�ers a bandwidth e�
ient data transmission by 
onverting a widebandfrequen
y sele
tive fading 
hannel into a set of parallel narrowband �at fading sub
hannels.In 
onsequen
e simple one-tap equalizers 
an be used for data dete
tion. However, OFDMsu�ers from the deep fading on some sub
arriers, whi
h results from the frequen
y sele
tivebehavior of a time dispersive 
hannel. To 
ope with this problem, error-
orre
tion 
oding hasbeen implemented in pra
ti
al OFDM systems. Another solution to this problem is MC-CDM.MC-CDM 
an over
ome the deep fading in OFDM by means of diversity. The performan
eimprovement depends on the independen
e of the fading 
hara
teristi
s of the sub
arriers.Three spreading s
hemes are proposed for MC-CDM: full spreading, interleaved spreading, andsub-band spreading. The maximum frequen
y diversity 
an be a
hieved by MC-CDM with fullspreading.For multiuser s
enarios, OFDMA, CDM-OFDMA, and MC-CDMA 
an be adopted as multi-ple a

ess te
hniques. Two transmission s
hemes with �xed sub
arrier assignment have beenproposed for OFDMA: 
onventional OFDMA based on sub-bands, and interleaved OFDMAbased on sub
hannels whi
h use sub
arriers with maximum frequen
y diversity. ConventionalOFDMA and interleaved CDM-OFDMA are de�ned a

ordingly.CDM-OFDMA and MC-CDMA are two variants of MC-CDM. Intuitively, the former is basedon OFDMA, and the latter is based on CDMA. This leads to their di�eren
es in system stru
-ture, parameter estimation, and so on. For instan
e, in the 
ase of frequen
y sele
tive fading, inCDM-OFDMA the orthogonality among the users remains, and thus an individual user su�ersonly from SI, whereas in MC-CDMA he will su�er from both SI and MUI. 53



3 Modeling of OFDM-based SystemsSimilar to pure OFDMA, a simpli�ed ve
tor-valued transmission model 
an be formed forCDM-OFDMA uplink, and in prin
iple, ve
tor dete
tion is needed only by ea
h individualuser. In 
ontrast, when modeling the uplink transmission of MC-CDMA, no simpli�
ation 
anbe made, and the 
hannel state information of all users are required for multiuser dete
tion.

54



Chapter 4In�uen
e of Frequen
y O�sets onOFDM-based Systems
4.1 Chapter OverviewMany studies have shown that one of the prin
ipal disadvantages of OFDM is its sensitivity tofrequen
y o�set [4℄, [50℄, [72℄, [66℄: that is either a 
arrier frequen
y o�set (CFO), fǫ, whi
h isthe frequen
y di�eren
e between transmitter and re
eiver lo
al os
illator; or the Doppler shiftdue to the relative motion of transmitter and re
eiver. Throughout this work Doppler shift istreated as a 
hara
teristi
 of wireless mobile 
hannels, and has been investigated in Chapter 2.This 
hapter restri
ts our attention to the in�uen
e of 
arrier frequen
y o�set on OFDM-basedsystems.In an OFDM system, a 
arrier frequen
y o�set has threefold e�e
ts. First of all, a CFO will leadto amplitude redu
tion and phase rotation of the desired signals. Se
ondly, 
rosstalk betweensub
arriers, i.e., inter-
arrier interferen
e (ICI), is introdu
ed. Finally, a phase error in
reaseslinearly with time, or, more exa
tly, with the indi
es of the symbol ve
tors. Moreover, in the
ase of multiple a

ess, the ICI will further give rise to MUI, even in the absen
e of 
hannelattenuation.In this 
hapter, the ve
tor-valued transmission models derived in Chapter 3 are modi�ed forthe 
ase where a frequen
y o�set is present. Su
h models allow us to analyze the e�e
ts ofCFO in a 
onvenient way, and make it possible to deal with the 
orrupted re
eived signals withve
tor dete
tion te
hniques.The 
hapter is organized as follows. In Se
tion 4.2 the sensitivity of pure OFDM to a CFO isinvestigated in detail. A matrix des
ribing the �rst two e�e
ts of CFO is derived independentof the 
hannel transfer fun
tion matrix. Subsequently, Se
tion 4.3 extends our investigation toa multiple a

ess s
enario, OFDMA, where we will �nd that MUI 
aused by ICI a�e
ts the
onventional and interleaved OFDMA di�erently. The impa
ts of CFO on MC-CDM, as well asthe transmission s
hemes for multiuser s
enarios, CDM-OFDMA and MC-CDMA, are studiedin Se
tion 4.4.For simpli
ity, perfe
t timing syn
hronization is assumed throughout the 
hapter, even for theuplink transmission. Consideration for time o�set only is given for OFDM. A syn
hronizationpoli
y whi
h 
on
erns the asyn
hrony in the uplink will be addressed later in Chapter 6. 55



4 In�uen
e of Frequen
y O�sets on OFDM-based Systems4.2 OFDM Systems in the Presen
e of Carrier Frequen
yO�setConsider the equivalent baseband transmission of an OFDM system in the presen
e of a 
arrierfrequen
y o�set fǫ, as shown in Fig. 4.1. The absolute value of fǫ, |fǫ|, is either an integermultiple or a fra
tion of ∆f , or the sum of them. If normalizing fǫ to the sub
arrier frequen
yspa
ing ∆f , the resulting normalized CFO in general 
an be expressed as
ǫ =

fǫ

∆f
= δ + ε, (4.1)where δ is an integer and ε ∈ (−0.5, +0.5).The in�uen
e of an integer CFO on OFDM is di�erent from the in�uen
e of a fra
tional CFO.In the event that δ 6= 0 and ǫ = 0, symbols transmitted on a 
ertain sub
arrier, e.g., sub
arrier

m, will shift to another sub
arrier mδ,
mδ = m + δ mod Nf − 1. (4.2)If δ is unknown at the re
eiver, then information 
an not be re
overed from the re
eived symbolssu
h that the resulting bit error rate (BER) will be 0.5. Nonetheless, no ICI is 
aused by aninteger CFO.4.2.1 Transmission ModelAs shown in Fig. 4.1, on the re
eiving side the re
eived signal after down-
onversion 
an bewritten as
g(t) = exp(j2πfǫt)·hK(t) ∗ s(t) + n(t), (4.3)with
s(t) =

∞∑

i=0

Ns−1∑

k=0

sk,iδ(t − (iNs + k)T ) ∗ hT (t). (4.4)Suppose that the bandwidth of re
eive �lter is large and able to tolerate the frequen
y o�set.The signal after the re
eive �lter is then given by
y(t) = hR(t) ∗ g(t)

= hR(t) ∗ exp(j2πfǫt)·hK(t) ∗ s(t)+hR(t) ∗ n(t)

= exp(j2πfǫt)·h(t) ∗
∞∑

i=0

Ns−1∑

k=0

sk,iδ(t − (iNs + k)T ) + hR(t) ∗ n(t). (4.5)In order to derive a transmission model for OFDM transmission with CFO, two steps have to betaken: �rst the one-shot transmission of a symbol ve
tor is 
onsidered, and then the su

essive56



4.2.1 Transmission Model
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Figure 4.1: An OFDM system in the presen
e of 
arrier frequen
y o�set.data transmission. Assume a single symbol ve
tor is transmitted, e.g., at i = 0. Ignoring thedistortion of noise and sampling at the time instants t = tk= kT , T = 1/(Nf∆f), it yields
yk,0 = exp

(
j2πǫk

Nf

) L−1∑

0

sk−l,0hl+ṅk,0, 0 ≤ k < Ns, Ns = Nf + Ng. (4.6)
hl is de�ned in (3.11). By means of a ve
tor of length Ns, the e�e
ts of ǫ with respe
t to thetime domain symbols yk 
an be expressed as

e =

[

1, exp

(

j2πǫ
1

Nf

)

, . . . , exp

(

j2πǫ
Nf + Ng − 1

Nf

)]

. (4.7)Referring to (4.6), in the presen
e of a CFO, the ve
tor-valued transmission model in (3.19)has to be rewritten as
r0 = FGppEĤ0GapF

−1x0 + n0, (4.8)where E is a diagonal matrix with e on the main diagonal
E =diag {e} =












1 0. . .
exp

(

j2πǫ k
Nf

) . . .
0 exp

(

j2πǫ
Nf +Ng−1

Nf

)












(Nf +Ng)×(Nf +Ng)

. (4.9)
Now we want to transform FGppEĤ0GapF

−1 into some form su
h that the relationship betweenthe 
hannel transfer fun
tion matrix and e�e
ts of a CFO 
an be embodied (in the frequen
y57



4 In�uen
e of Frequen
y O�sets on OFDM-based Systems
ej2πǫ(Nf+Ng)/Nf

ri

ni

Hxi ÊFigure 4.2: A simpli�ed OFDM transmission model in the presen
e of CFO in the equivalentlow-pass domain.domain). For this reason, we try to �nd a matrix Ê that satis�es
ÊFGpp = FGppE. (4.10)Right-multiplying both sides of (4.10) by GapF

−1 yields
ÊFGppGapF

−1 = FGppEGapF
−1.Sin
e GppGap = I and FF−1 = I, we obtain then

Ê = FGppEGapF
−1. (4.11)Substituting (4.10) into (4.8), it yields

r0 = ÊFGppĤ0GapF
−1x0 + n0 = ÊHx0 + n0. (4.12)Obviously, the result in (4.12) meets our requirement, and the matrix Ê stands for the impa
tsof a CFO in the frequen
y domain. More details about Ê will be introdu
ed in Se
tion 4.2.2.In the following, we extend the study to the su

essive transmission of multiple symbol ve
tors.It 
an be seen that apart from the e�e
ts re�e
ted in the matrix Ê, the CFO also leads toa phase in
rement between the re
eived signals at a rate of 2πǫ

(

1 + Ng

Nf

)

/ve
tor, providedthat the frequen
y o�set is not 
ompensated during the transmission. To be spe
i�
, for the
ith re
eived symbol ve
tor, an additional instantaneous phase error is indu
ed by frequen
yo�set, whi
h is 
al
ulated by 2πiǫ(Nf + Ng)/Nf mod 2π, where i denotes the ve
tor index.De�ning θ = 2πǫ(Nf + Ng)/Nf , in the 
ase of su

essive transmission the re
eived ve
tor 
anbe expressed as

ri = exp

(

j2πiǫ

(

1 +
Ng

Nf

))

ÊHxi + ni = exp(jθi)ÊHxi + ni, i = 0, 1, ...,∞ (4.13)Additionally, in a sense exp(jθi)ÊH 
an be viewed as a 
omposite 
hannel matrix betweenthe transmit ve
tor xi and the re
eived ve
tor ri, and 
onsequently exp(jθi) represents part ofthe phase 
hara
teristi
s of the 
omposite 
hannel. Even if H is time-invariant, this 
omposite
hannel will vary with time (or exa
tly, ve
tor index i) due to the CFO. But during the trans-mission of a ve
tor, the 
hannel keeps 
onstant. A

ording to (4.13), the blo
k diagram of asimpli�ed OFDM transmission model with CFO is shown in Fig. 4.2.58
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e of Carrier Frequen
y O�set on OFDM4.2.2 The In�uen
e of Carrier Frequen
y O�set on OFDMA brief view of the in�uen
e of an integer CFO has been made before. In the following werestri
t our dis
ussion to a fra
tional CFO, i.e., ǫ = ε ∈ (−0.5, +0.5). We begin with the fulldetails of the matrix Ê. The time-variant phase error iθ is studied then. Afterwards, signalto interferen
e and noise ratio (SINR) and performan
e degradation due to frequen
y o�setare investigated. In the end, some timing errors are 
onsidered together with 
arrier frequen
yo�set.Details of Matrix ÊRe
all that Ê = FGppEGapF
−1. To simplify the expression, let us repla
e GppEGap by Ė. Ityields then

Ė= GppEGap = diag{[exp

(

j2πǫ
Ng

Nf

)

, . . . , exp

(

j2πǫ
Nf + Ng − 1

Nf

)]} (4.14)
= exp

(

j2πǫ
Ng

Nf

)

× diag{[1, . . . , exp

(

j2πǫ
Nf − 1

Nf

)]}

,whi
h is a Nf×Nf diagonal matrix. The �rst produ
t term on the RHS of (4.14), exp
(

j2πǫNg

Nf

),represents a 
onstant phase shift 
aused by the CFO. Further 
al
ulating Ê = FĖF−1, theresulting matrix is a square matrix of the form
Ê =










S0 S1 . . . SNf−2 SNf−1

S−1 S0 . . . SNf−3 SNf−2... ... . . . ... ...
S−Nf+2 S−Nf+3 . . . S0 S1

S−Nf+1 S−Nf+2 . . . S−1 S0










Nf×Nf

, (4.15)where
Sm′−m =

1

Nf

exp

(
j2πǫNg

Nf

)Nf−1
∑

q=0

exp

(
j2πq(m′ − m + ǫ)

Nf

)

=
1

Nf
exp

(
j2πǫNg

Nf

)
sin π(m′ − m + ǫ)

sin π
(

m′−m+ǫ
Nf

)

× exp

(

jπ
(Nf − 1)(m′ − m + ǫ)

Nf

)

, (4.16)and
S0 =

1

Nf
exp(

j2πǫNg

Nf
)

Nf−1
∑

q=0

exp(
j2πqǫ

Nf
)

=
1

Nf
exp(

j2πǫNg

Nf
) exp(

jπǫ(Nf − 1)

Nf
)

sin πǫ

sin( πǫ
Nf

)
. (4.17)59



4 In�uen
e of Frequen
y O�sets on OFDM-based SystemsIn (4.16) and (4.17), q, m′ and m represent the sampling 
lo
k index (
ounting from the �rstsignal after the pre�x), the 
arrier index at the transmitter and the 
arrier index at the re
eiver,respe
tively. For m′ = m, S0 stands for the in�uen
e of the CFO on the desired symbol onea
h sub
arrier. Note that all entries on the main diagonal of Ê are identi
al. This impliesthat in OFDM, a 
arrier frequen
y o�set has the same e�e
ts on the desired symbols of allsub
arriers. If ǫ 6= 0, the desired symbols have an amplitude redu
tion of sin πǫ

Nf sin

„

πǫ
Nf

« and aphase rotation of φ0 =
πǫ(2Ng+Nf−1)

Nf
, and the larger the CFO, the more severely the amplitudede
reases. Conversely, as ǫ → 0, it yields

lim
ǫ→0

1

Nf

sin πǫ

sin
(

πǫ
Nf

) = 1, (4.18)su
h that no attenuation o

urs.For m′ 6= m, on the other hand, Sm′−m represents the 
rosstalk from sub
arrier m′ to sub
arrier
m. The 
orresponding ICI is the produ
t of Sm′−m and the value of the transmit symbol onsub
arrier m′, provided that there exits no 
hannel distortion, i.e., H is an identity matrix.Moreover, it follows from (4.16) that

sin π(m′ − m + ǫ)

Nf sin π
(

m′−m+ǫ
Nf

) =
(−1)m′−msin(πǫ)

Nf sin π
(

m′−m+ǫ
Nf

) . (4.19)The magnitude of the interferen
e is therefore quanti�ed by
∣
∣
∣
∣
∣
∣

sin π(m′ − m + ǫ)

Nf sin π
(

m′−m+ǫ
Nf

)

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

sin πǫ

Nf sin π
(

m′−m+ǫ
Nf

)

∣
∣
∣
∣
∣
∣

, (4.20)whi
h is dependent on the absolute value of m′ − m, if ǫ is given. It 
an be seen that for
|m′ − m| < Nf/2, the smaller the di�eren
e between m′ and m, the larger the quantity in(4.20), whereas for |m′ − m| > Nf/2, the larger the di�eren
e of m′ and m, the larger thequantity in (4.20). It is be
ause, for 
onvenien
e, in this work the FFT transform is performedfrom 0 to Nf − 1. Namely, instead of being in the middle of the frequen
y spe
trum (of a low-pass �lter), the zero-frequen
y together with positive frequen
ies is shifted horizontally to theleft, and the negative frequen
ies are shifted to the right and allo
ated by means of a modulusoperation, mod Nf . As a 
onsequen
e, the normalized frequen
y # −1 is shifted to #Nf − 1,and #−2 to #Nf − 2, and so on. The Nf − 1th sub
arrier is in fa
t next to the 0th sub
arrier,su
h that ICI from this sub
arrier is one of the greatest. Hen
e, a 
on
lusion 
an be drawn thatthe signal on one sub
arrier is mainly a�e
ted by the 
rosstalk from the nearby sub
arriers.To give an example, Fig. 4.3 illustrates the normalized envelope distribution of the entries of
Ê with Nf = 16, Ng = 4, and ǫ = 0.3.Moreover, the phase rotation of ea
h interferen
e 
omponent is given by

φm′−m =
(2Ng + Nf − 1)πǫ + (Nf − 1)(m′ − m)π

Nf
(4.21)

= φ0 +

(

1 − 1

Nf

)

(m′ − m)π.60
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16Figure 4.3: Normalized envelope distribution of Ê, with Nf = 16, Ng = 4, and ǫ = 0.3.If Nf is large enough, i.e.,
lim

Nf→∞
1 − 1

Nf

= 1,it yields then
φm′−m ≈ φ0 + (m′ − m)π, (4.22)and
exp(jφm′−m) = cos φm′−m + j sin φm′−m (4.23)

≈ (−1)m′−m exp(jφ0).Substituting (4.19) and (4.23) into (4.16) yields
Sm′−m ≈ (−1)m′−msin(πǫ)

Nf sin π
(

m′−m+ǫ
Nf

) · (−1)m′−m exp(jφ0) (4.24)
= exp(jφ0)

sin(πǫ)

Nf sin π
(

m′−m+ǫ
Nf

) .It 
an be seen that under the assumption of |ǫ| < 0.5, the following relationships hold






sin(πǫ)

Nf sinπ

„

m′−m+ǫ
Nf

« < 0 for ǫ > 0 and m′ < m, or, for ǫ < 0 and m′ > m,

sin(πǫ)

Nf sinπ

„

m′−m+ǫ
Nf

« > 0 for ǫ > 0 and m′ > m, or, for ǫ < 0 and m′ < m.
(4.25)It indi
ates that the entries in the upper triangle part and the lower triangle part will havedi�erent sign, if the phase shift φ0 
an be 
ompensated. As an example, Fig. 4.4 depi
ts how61
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ts of 
arrier frequen
y o�set on an individual sub
arrier: an example to testify(4.25) for ǫ = 0.3 (left) and ǫ = −0.3 (right), with Nf = 16, Ng = 4 and m′ = 7.the value of sin(πǫ)

Nf sinπ

„

m′−m+ǫ
Nf

« varies with m when m′ is given, i.e., how the signal transmitted onsome sub
arrier interferes with signals over other sub
arriers. We assume an OFDM systemwith Nf = 16 and Ng = 4, and spe
ify the sub
arrier m′ = 7. It is shown that the desiredsignal on sub
arrier m = m′ = 7 is attenuated, and the sub
arriers near to it obtain moreinterferen
e. In addition, the analysis in (4.25) is veri�ed.Furthermore, 
omparing (4.17) with (4.24), we 
an �nd that the produ
t term exp(jφ0) appearsin both equations. If the phase o�set φ0 
ould be 
orre
ted, the matrix left will be approximatelyreal-valued.E�e
ts of the Time-Variant Phase ErrorIn addition to the in�uen
e of Ê, the time-variant phase error iθ = 2πiǫ(1 + Ng

Nf
) 
aused byCFO is also of importan
e. That is be
ause, even if ǫ is small and the performan
e loss 
ausedby Ê is tolerable, the 
umulative phase rotation iθ with some i may lead to a wrong de
isionand hen
e severe performan
e degradation, espe
ially in the 
ase of PSK and QAM mapping.Together with the phase rotation involved in Ê, at ve
tor index i the re
eived symbol ve
torhas an overall instantaneous phase error

θr,i = iθ + φ0 mod 2π (4.26)by reason of the CFO ǫ. Fig. 4.5 illustrates the QPSK 
onstellation and the phase rotation ofthree re
eived symbol ve
tors over an ideal 
hannel with a CFO ǫ = 0.02. It seems that afterthe transmission of some symbols a wrong de
ision is likely to be made. Ex
ept for the phaserotation, it is also shown that re
eived symbols are distorted by ICI, so that symbols from anidenti
al alphabet 
annot fo
us on the same position in the map.62
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Figure 4.5: Time-variant phase rotation due to frequen
y o�set in OFDM, with Nf = 64,
Ng = 16, and ε = 0.02.Signal to Interferen
e and Noise RatioReferring to (4.13), ea
h element of ri 
an be expressed as
rm,i = exp(jθi)S0Hmxm,i

︸ ︷︷ ︸desired signal +exp(jθi)

Nf−1
∑

m′=0,m′ 6=m

Sm′−mHm′xm′,i

︸ ︷︷ ︸ICI + nm,i
︸︷︷︸noise 
omponent, m = 0, ..., Nf−1.(4.27)The se
ond term on the RHS of (4.27) shows that if data are transmitted through a fading
hannel, on ea
h sub
arrier the ICI from some other sub
arrier will be weighted by the transferfun
tion at that frequen
y. In the following, we will investigate the signal to interferen
e andnoise ratio (SINR) for AWGN 
hannels and frequen
y sele
tive fading 
hannels with a CFO,respe
tively.AWGN Channel with CFO If an AWGN 
hannel is assumed, i.e., H = I, then ri =

exp(jθi)Êxi + ni, and rm,i is simpli�ed to be
rm,i = exp(jθi)S0xm,i + exp(jθi)

Nf−1
∑

m′=0,m′ 6=m

Sm′−mxm′,i + nm,i. (4.28)Letting I
(m)
ICI,0 denote the ICI on the sub
arrier m, it is expressed as

I
(m)
ICI,0 = exp(jθi)

Nf−1
∑

m′=0,m′ 6=m

Sm′−mxm′,i, (4.29)63



4 In�uen
e of Frequen
y O�sets on OFDM-based Systemswhere the subs
ript "0" means that the transmission is 
onditioned on an ideal or an AWGN
hannel. Sin
e we have assumed that the transmit symbols are independent and identi
allydistributed (i.i.d) 
omplex random variables (r.v.) with zero mean and varian
e σ2
x, the powerof ICI is thus 
al
ulated by

E[|I(m)
ICI,0|2] = E





∣
∣
∣
∣
∣
∣

Nf−1
∑

m′=0,m′ 6=m

Sm′−mxm′,i

∣
∣
∣
∣
∣
∣

2

 =

Nf−1
∑

m′=0,m′ 6=m

|Sm′−m|2σ2
x. (4.30)Note that

Nf−1
∑

m′=0

|Sm′−m|2 = 1 for ∀ m = 0, 1, ..., Nf − 1. (4.31)Consequently, the signal to interferen
e ratio (SIR) in an ideal 
hannel, SIR0, 
an be obtainedby
SIR0 =

|S0|2σ2
x

E

[∣
∣
∣I

(m)
ICI,0

∣
∣
∣

2
] =

|S0|2
∑Nf−1

m′=0,m′ 6=m |Sm′−m|2
=

|S0|2
(1 − |S0|2)

. (4.32)Furthermore, be
ause the noise 
omponent in (4.28) is assumed to be an i.i.d 
omplex Gaussianr.v. with zero mean and varian
e σ2
n, the SINR in an AWGN 
hannel, SINR0, is given by

SINR0 =
|S0|2σ2

x

E

[∣
∣
∣I

(m)
ICI,0

∣
∣
∣

2
]

+ σ2
n

=
|S0|2

∑Nf−1

m′=0,m′ 6=m |Sm′−m|2 + 1/γ0

=
|S0|2

(1 − |S0|2)+1/γ0

, (4.33)where
γ0 =

σ2
x

σ2
n

(4.34)is the SNR in an AWGN 
hannel.Frequen
y Sele
tive Channel with CFO On the other hand, if signals undergo frequen
ysele
tive fading, the power of the desired symbol and the power of the ICI are given by
E[|exp(jθi)S0Hmxm,i|2] = E[|Hm|2]|S0|2σ2

x (4.35)and
E[|I(m)

ICI |2] = E





∣
∣
∣
∣
∣
∣

Nf−1
∑

m′=0,m′ 6=m

Sm′−mHm′xm′,i

∣
∣
∣
∣
∣
∣

2

 =

Nf−1
∑

m′=0,m′ 6=m

|Sm′−m|2E[|Hm′ |2]σ2
x, (4.36)respe
tively. The average SIR is therefore expressed as

SIR =
E[|Hm|2]|S0|2

∑Nf−1

m′=0,m′ 6=m E[|Hm′ |2]|Sm′−m|2
. (4.37)64



4.2.2 The In�uen
e of Carrier Frequen
y O�set on OFDM

10
−2

10
−1

10
0

0

5

10

15

20

25

30

35

Normalized frequency offset ε
(a) BPSK modulation

S
ig

na
l t

o 
in

te
rf

er
en

ce
 a

nd
 n

oi
se

 r
at

io
 [d

B
]

 

 

10
−2

10
−1

10
0

0

5

10

15

20

25

30

35

Normalized frequency offset ε
(b) QPSK modulation

S
ig

na
l t

o 
in

te
rf

er
en

ce
 a

nd
 n

oi
se

 r
at

io
 [d

B
]

 

 

SIR theo.
EbN0=30dB theo.
EbN0=20dB theo.
EbN0=10dB theo.
EbN0=30dB
EbN0=20dB
EbN0=10dB
ideal channel

SIR theo.
EbN0=30dB theo.
EbN0=20dB theo.
EbN0=10dB theo.
EbN0=30dB
EbN0=20dB
EbN0=10dB
ideal channel

Figure 4.6: SINR varies with the normalized frequen
y o�set.Letting E[|Hm|2] = |H|2 represent the average 
hannel gain, then
SIR = SIR0 =

|S0|2
(1 − |S0|2)

. (4.38)As a 
onsequen
e, the average SINR is given by
SINR =

|H|2|S0|2σ2
x

∑Nf−1

m′=0,m′ 6=m |H|2|Sm′−m|2σ2
x + σ2

n

=
|S0|2

(1 − |S0|2) + 1/γ
, (4.39)where γ represents the average SNR at the output of a fading 
hannel

γ =
|H|2σ2

x

σ2
n

= |H|2γ0. (4.40)Fig. 4.6 depi
ts how the average SINR (SIR if noise-free) varies with 
arrier frequen
y o�setin an OFDM system. We assume an un
oded transmission over an ideal 
hannel as well asAWGN 
hannels. As shown, the SINR de
reases dramati
ally with the in
rease of ǫ, and theupper bound is given by the SIR 
urve. The simulation results 
oin
ide with the theoreti
alanalysis in (4.33).Furthermore, the 
orresponding un
oded BER performan
e is depi
ted in Fig. 4.7. Note thatin simulations the time-variant phase error is not taken into a

ount. In addition, only hardde
ision is used for data dete
tion. As shown, the BER degrades rapidly with ǫ. When 
om-paring the simulation results for BPSK and QPSK modulation, we 
an see that at a given BERof 10−3, the former 
an tolerate a larger CFO than the latter. This means, data transmissionwith high-level modulation will su�er mu
h more from a CFO.From theoreti
al analysis and simulations, we 
an 
on
lude that OFDM is very sensitive toCFO, and hen
e e�
ient CFO estimators and 
ompensation approa
hes are required, in orderto redu
e the performan
e degradation 
aused by CFO. It also implies that a one-tap equalizerwill not work well, if ǫ has a relative large value and is not 
ompensated before FFT. 65
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Figure 4.7: Bit error rate performan
e of an un
oded OFDM system with CFO in ideal andAWGN 
hannels: Nf = 64, Ng = 16.4.2.3 The In�uen
e of Timing ErrorsThe investigation above have been made on the assumption that perfe
t timing is available.In this subse
tion we want to give some 
onsideration for the situation with two timing errors:
onstant time o�set and 
lo
k frequen
y o�set.Constant Time O�setIf a 
onstant time o�set and a CFO are present in an OFDM system at the same time, there
eived signal y(t) will be sampled at time instants t′k = kT − νT , T = 1/(Nf∆f), and in thetime domain we will obtain
exp(j2πf ǫt)|t=t′k

= exp

(
j2πǫ(k−ν)

Nf

)

= exp

(
j2πǫk

Nf

)

exp

(−j2πǫν

Nf

)

. (4.41)The joint in�uen
e of ǫ and ν is des
ribed by the se
ond produ
t term on the RHS of (4.41),
exp

(
−j2πǫν

Nf

). That is to say, besides its e�e
ts revealed in Se
tion 2.5.2, a 
onstant time o�set ν
auses a additional phase shift θν = −2πǫν/Nf . Su
h a phase shift is 
ommon to all sub
arriers,and 
annot distinguish itself from the 
onstant phase o�set (CPO) between the transmitter andre
eiver os
illators. Therefore, it 
an be easily 
ompensated together with the CPO.Clo
k Frequen
y O�setIf a 
lo
k frequen
y o�set is present along with a CFO, the re
eived signals will be sampled attime instants t′k = k(T + ∆T ). Referring to (2.20), in time domain it yields then66



4.3 Multiuser OFDM Systems in the Presen
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Figure 4.8: Uplink transmission with frequen
y o�sets.
exp(j2πf ǫt)|t=t′

k
= exp

(
j2πǫk(1 + η)

Nf

)

= exp

(
j2πǫk

Nf

)

exp

(
j2πǫkη

Nf

)

. (4.42)The se
ond produ
t term on the RHS of (4.42), exp
(

j2πǫkη
Nf

), stands for the joint in�uen
e of ǫand η. Apparently, ǫη 
an be regarded as an additional frequen
y o�set su
h that it a�e
ts theOFDM system in a similar way: giving rise to amplitude redu
tion and phase rotation of thedesired symbols, ICI as well as the time-variant phase error. How 
lo
k frequen
y o�set alonea�e
ts an OFDM system has been dis
ussed in Se
tion 2.5.4.3 Multiuser OFDM Systems in the Presen
e of CarrierFrequen
y O�set4.3.1 Downlink TransmissionFor the downlink transmission of an OFDMA system in the presen
e of frequen
y o�set, at there
eiver of user k the overall re
eived symbol ve
tor ri,DL is expressed as
ri,DL = exp(jθki)Ê

(k)H
(k)DLxi + ni (4.43)with

θk = 2πǫk

(

1 +
Ng

Nf

)

, (4.44)67



4 In�uen
e of Frequen
y O�sets on OFDM-based Systemswhere ǫk represents the normalized CFO of user k. In a multiuser s
enario, ICI 
omes notonly from the sub
arriers of the user k, but also from the sub
arriers of other a
tive users.Therefore, ICI 
an generally be 
lassi�ed into two 
ategories:� Self-interferen
e (SI): ICI 
aused by the CFO of one user's own;� Multiuser interferen
e (MUI): ICI 
aused by CFOs of other users.Furthermore, as studied in the previous se
tion, ICI from the adja
ent sub
arriers is mu
hstronger than those from the remote sub
arriers. In 
onsequen
e, in 
onventional OFDMA(C-OFDMA) signals of a 
ertain user are mainly interfered with by SI, and only the marginalsub
arriers in a sub
hannel are a�e
ted badly by MUI. In 
ontrast, in interleaved OFDMA(I-OFDMA) signals of a 
ertain user are mainly disturbed by MUI instead of SI.4.3.2 Uplink TransmissionIn the downlink, signals arriving at a mobile station experien
e the identi
al 
hannel (perhapshave di�erent distortion be
ause of frequen
y sele
tive fading), have the same frequen
y o�setand time delay. In the uplink, however, due to the multiple a

ess, signals from di�erent userswill perhaps undergo di�erent 
hannels, and have di�erent arriving time as well as di�erent
arrier frequen
y o�sets (CFOs). Assume that perfe
t timing is available and CFO is the onlysyn
hronization error. The overall uplink transmission model in the presen
e of multiple CFOs
an be des
ribed as
ri,UL =

K−1∑

k=0

exp(jθki)Ê
(k)H

(k)ULx(k)
i + ni = ĒULΨ̄i,ULH̄ULxi + ni, (4.45)where x

(k)
i is de�ned in (3.32) for C-OFDMA and in (3.34) for I-OFDMA, respe
tively. Therelationship between xi =

∑K−1
k=0 x

(k)
i and x

(k)
i = V(k)xi holds, where V(k) is de�ned either in(3.33) or in (3.35), a

ording to the OFDMA s
heme applied. ĒUL and Ψ̄i,UL are de�ned by

ĒUL =

K−1∑

k=0

Ē(k), (4.46)
Ē(k) = Ê(k)V(k), (4.47)and
Ψ̄i,UL =

K−1∑

k=0

Ψ̄
(k)
i , (4.48)

Ψ̄
(k)
i = exp(jθki)V

(k), (4.49)respe
tively. Ē(k), ĒUL, Ψ̄
(k)
i , and Ψ̄i,UL are all square matri
es of size Nf × Nf . It is worthnoting that Ψ̄i,UL lies in the right to ĒUL. It is be
ause the de�nitions in (4.46) and (4.48)result from the derivation

exp(jθki)Ê
(k)H

(k)ULV(k)xi = Ê
(k)

V(k) exp(jθki)V
(k)H

(k)ULV(k)xi = Ē
(k)

Ψ̄
(k)
i H̄

(k)ULxi. (4.50)68
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Figure 4.9: Equivalent overall uplink 
hannel matrix for a 
onventional OFDMA system withCFOs [-0.45 0.05 0.30 -0.10℄ and an ideal 
hannel.We 
annot transform V(k) to the left of Ê(k), sin
e Ê(k) is not a diagonal matrix. On theother hand, in (4.45) the e�e
ts of CFOs and the 
hannels are separated into two independentmatri
es, ĒUL and H̄UL, su
h that we 
an exploit them respe
tively.Furthermore, on a 
ertain sub
arrier m assigned to user k, the re
eived symbol 
an be writtenas
r
(k)
m,i = exp(jθki)S

(k)
0 H(k)

m x
(k)
m,i

︸ ︷︷ ︸signal of interest +
∑

m′∈Gk,m′ 6=m

exp(jθki)S
(k)
m′−mH

(k)
m′ x

(k)
m′,i

︸ ︷︷ ︸SI
+

K−1∑

k′=0,k′ 6=k

∑

m′∈Gk′

exp(jθk′i))S
(k′)
m′−mH

(k′)
m′ x

(k′)
m′,i

︸ ︷︷ ︸MUI +nm,i
︸︷︷︸noise , (4.51)and 
onsequently, the SINR is given by

SINROFDMA =

∣
∣
∣S

(k)
0

∣
∣
∣

2

E

[∣
∣
∣H

(k)
m

∣
∣
∣

2
]

∑

m′∈Gk,m′ 6=m

∣
∣
∣S

(k)
m′−m

∣
∣
∣

2

E

[∣
∣
∣H

(k)
m′

∣
∣
∣

2
]

+
∑K−1

k′=0,k′ 6=k

∑

m′∈Gk′

∣
∣
∣S

(k′)
m′−m

∣
∣
∣

2

E

[∣
∣
∣H

(k′)
m′

∣
∣
∣

2
]

+1/γ0

.(4.52)Assuming E

[∣
∣
∣H

(k)
m

∣
∣
∣

2
]

= E

[∣
∣
∣H

(k′)
m′

∣
∣
∣

2
]

= |H|2, (4.52) 
an be simpli�ed to be
SINROFDMA =

∣
∣
∣S

(k)
0

∣
∣
∣

2

∑

m′∈Gk,m′ 6=m

∣
∣
∣S

(k)
m′−m

∣
∣
∣

2

+
∑K−1

k′=0,k′ 6=k

∑

m′∈Gk′

∣
∣
∣S

(k′)
m′−m

∣
∣
∣

2

+1/γ
. (4.53)From Fig. 4.9 to Fig. 4.12 we give examples to demonstrate the envelope distribution, ∣∣ĒULH̄UL∣∣,of the equivalent overall uplink 
hannel matri
es for a C-OFDMA and an I-OFDMA system,69
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Figure 4.10: Equivalent overall uplink 
hannel matrix for a 
onventional OFDMA system withCFOs [-0.45 0.05 0.30 -0.10℄ and a multipath 
hannel with tap weight [1, 0.5℄.
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Figure 4.11: Equivalent overall uplink 
hannel matrix for an interleaved OFDMA system withCFOs [-0.45 0.05 0.30 -0.10℄ and an ideal 
hannel.
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Figure 4.12: Equivalent overall uplink 
hannel matrix of an interleaved OFDMA system withCFOs [-0.45 0.05 0.30 -0.10℄ and a multipath 
hannel with tap weignt [1, 0.5℄.
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4.3.2 Uplink Transmissionrespe
tively, in 
ases of an ideal 
hannel and a two-path 
hannel. The presen
e of 
arrierfrequen
y o�sets is assumed for both 
ases. It 
an be seen that� The entries on the main diagonal are asso
iated with the desired symbols on ea
h sub-
arrier, and the o�-diagonal entries are 
rosstalk between sub
arriers;� In prin
iple, signals transmitted on a 
ertain sub
arrier are mainly a�e
ted by ICI fromthe adja
ent sub
arriers, and therefore in 
onventional OFDMA SI is dominating. In
ontrast, in interleaved OFDMA MUI is dominating;� The distortion of the desired symbols as well as the amount of ICI depends on CFOs andthe 
hannel 
hara
teristi
s.Phase Shift in the UplinkEquation (4.51) shows that in the uplink transmission, signals from di�erent users will rotateat di�erent rates, if multiple frequen
y o�sets are present. Fig. 4.13 illustrates signal phaserotations in the uplink of an OFDMA system with four a
tive users. Ideal 
hannels with CFOs
ǫ = [0.02,−0.02, 0.05,−0.05] are assumed. At time index i = 1, it is shown that the re
eivedsymbols of di�erent users are shifted mainly in terms of their 
orresponding CFOs, and signalsof a 
ertain user k have an overall phase shift θk + φk with φk = πǫk(2Ng + Nf − 1)/Nf . Su
ha phase rotation with some i will result in wrong de
isions of symbols, and thus performan
edegradation. Furthermore, the s
attering of the re
eived symbols is 
aused by SI and MUI. It
an also be seen that the larger the CFO, the more s
attering the symbols experien
e. Fig.4.13(b) veri�es that in a C-OFDMA system SI is dominating, whereas Fig. 4.13(a) shows thatin an I-OFDMA system, MUI is dominant su
h that the symbols with a small CFO are alsos
attered signi�
antly.
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Figure 4.13: Phase rotations in the uplink of OFDMA systems with four users, and ǫ =
[0.02,−0.02, 0.05,−0.05].
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ri

ej2πǫ(Nf +Ng)/Nf

Êxi HTU

ni

Figure 4.14: A simpli�ed transmission model of MC-CDM in the presen
e of 
arrier frequen
yo�set.In�uen
e of Constant Time O�setsIn wireless 
ommuni
ation systems, signals from the mobile stations lo
ated at di�erent posi-tions may arrive at the base station with di�erent propagation delays, whi
h may be 
onstantif the mobile station does not move during the transmission. These propagation delays 
antherefore be modeled as 
onstant time o�sets. Be
ause a 
onstant time o�set will result in afrequen
y independent phase shift on the asso
iated sub
arriers, on the assumption that thetotal length of maximum time o�set νmax and maximum delay spread τL−1 is not greater than
Ng + 1, (4.45) 
an then be rewritten as

ri,UL =

K−1∑

k=0

exp

(
j2πǫkνk

Nf

)

exp(jθki)Ê
(k)H

(k)ULx(k)
i + ni, (4.54)where νk denotes the time o�set of user k. Apparently, even if perfe
t knowledge of ǫk, νk and

H
(k)UL is available, one-tap equalizers 
annot totally 
ompensate for the signal distortion.4.4 Multi-
arrier Spread Spe
trum in the Presen
e of Car-rier Frequen
y O�setLike OFDM, all MC-SS transmission s
hemes based on OFDM are sensitive to CFO. Again webegin with the single user 
ase: MC-CDM.4.4.1 MC-CDMAs demonstrated in Fig. 4.14, the transmission model of a MC-CDM system with frequen
yo�set 
an be expressed as

ri = exp(jθi)ÊHTUxi + ni. (4.55)In terms of the spread transmit symbol ve
tor, ẋi = Uxi, ri is the 
orrupted version of ẋi goingthrough an OFDM system. Although time dispersion of the 
hannel destroys the orthogonalityamong spreading sequen
es, and ve
tor dete
tion is preferred for MC-CDM, to simplify theinvestigation of the e�e
ts of frequen
y o�set on MC-CDM, we take into a

ount a simple72



4.4.1 MC-CDM
ri x̃iHH (HHH)−1 UHTHFigure 4.15: E�e
ts of CFO on MC-CDM with zero for
ing equalization: model.
ase where only one-tap ZF equalization and despreading are performed on ri. As shown inFig. 4.15, it yields 
onsequently

x̃i = UHTH(HHH)−1HHri

= UHTH(HHH)−1HH exp(jθi)ÊHTUxi + UHTH(HHH)−1HHni. (4.56)As U is a unitary matrix, the resulting noise samples, UHTH(HHH)−1HHni, are un
orrelatedGaussian random variables as well. Subsequently, the impa
ts of CFO will be exploited forMC-CDM with full spreading, sub-band spreading and interleaved spreading, respe
tively.MC-CDM with Full SpreadingIn the 
ase of full spreading, it follows from (4.56) that on the re
eiving side, a re
eived symbolafter despreading 
an be des
ribed as
x̃l,i = exp(jθi)cH

l

ZF equalizer
︷ ︸︸ ︷

(HHH)−1HHÊHclxl,i
︸ ︷︷ ︸desired signal

+exp(jθi)

Nf−1
∑

l′=0,l′ 6=l

cH
l (HHH)−1HHÊHcl′xl′,i

︸ ︷︷ ︸
rosstalk + cH
l (HHH)−1HHni
︸ ︷︷ ︸noise

= exp(jθi)(S0 +

Nf−1
∑

m=0

Nf−1
∑

m′=0,m′ 6=m

Sm′−mc∗mlcm′l
H∗

mHm′

|Hm|2
)xl,i

+ exp(jθi)

Nf−1
∑

l′=0,l′ 6=l

Nf−1
∑

m=0

Nf−1
∑

m′=0

Sm′−mc∗mlcm′l′
H∗

mHm′

|Hm|2
xl′,i +

Nf−1
∑

m=0

c∗ml

H∗
m

|Hm|2
nm,i. (4.57)We �rst 
onsider the transmission over an AWGN 
hannel, i.e., H = I. The se
ond term in(4.57) is then de
oupled into

Nf−1
∑

l′=0,l′ 6=l

cH
l Êcl′xl′,i=

Nf−1
∑

l′=0,l′ 6=l

cH
l diag{Ê}cl′xl′,i

︸ ︷︷ ︸0 +

Nf−1
∑

l′=0,l′ 6=l

cH
l (Ê−diag{Ê})cl′xl′,i

=

Nf−1
∑

l′=0,l′ 6=l

Nf−1
∑

m=0

Nf−1
∑

m′=0,m′ 6=m

Sm′−mc∗mlcm′l′
H∗

mHm′

|Hm|2
xl′,i, (4.58)73



4 In�uen
e of Frequen
y O�sets on OFDM-based Systemsand (4.57) is rewritten as
x̃l,i = exp(jθi)S0xl,i + exp(jθi)

Nf−1
∑

m=0

Nf−1
∑

m′=0,m′ 6=m

Sm′−mc∗mlcm′lxl,i

+ exp(jθi)

Nf−1
∑

l′=0,l′ 6=l

Nf−1
∑

m=0

Nf−1
∑

m′=0,m′ 6=m

Sm′−mc∗mlcm′l′xl′,i +

Nf−1
∑

m=0

c∗mlnm,i. (4.59)Referring to (4.30), and as c∗mlcml = 1
Nf

and E[x∗
l,ixl′,i] = σ2

xδll′, the SINR in an AWGN 
hannel
an be given by
SINR MC-CDM, 0 =

|S0|2 + 1
N2

f

∑Nf−1
m=0

∑Nf−1

m′=0,m′ 6=m |Sm′−m|2 σ2
x

1
N2

f

∑Nf−1

l′=0,l′ 6=l

∑Nf−1
m=0

∑Nf−1

m′=0,m′ 6=m |Sm′−m|2 σ2
x + σ2

n

=
|S0|2 + 1

N2
f

∑Nf−1
m=0 (

∑Nf−1

m′=0 |Sm′−m|2 − |S0|2)
1

N2
f

∑Nf−1

l′=0,l′ 6=l

∑Nf−1
m=0 (

∑Nf−1

m′=0 |Sm′−m|2 − |S0|2) + σ2
n

=
|S0|2 + 1

N2
f

∑Nf−1
m=0 (1 − |S0|2)

(Nf−1)Nf

N2
f

(1 − |S0|2) + 1
γ0

=
|S0|2 + (1 − |S0|2)/Nf

(Nf−1)
Nf

(1 − |S0|2) + 1/γ0

≈ |S0|2

(1 − |S0|2) + 1/γ0

. (4.60)This result is approximately equal to the SINR0 for a pure OFDM system. Moreover, in theabsen
e of CFO, we have
|S0|ǫ=0 = 1,and then
SINRMC-CDM, 0|ǫ=0 = γ0. (4.61)On the other hand, in the 
ase of a frequen
y sele
tive fading 
hannel, if one-tap ZF equalizeris implemented to 
ompensate for the degradation 
aused by 
hannel distortion, the SINR willbe

SINRMC-CDM, ZF =
|S0|2 σ2

x + 1
N2

f

∑Nf−1
m=0

∑Nf−1

m′=0,m′ 6=m |Sm′−m|2 σ2
x

1
N2

f

∑Nf−1

l′=0,l′ 6=l

∑Nf−1
m=0

∑Nf−1

m′=0,m′ 6=m |Sm′−m|2 σ2
x + σ2

n

Nf

∑Nf−1
m=0

1
E[|Hm|2]

. (4.62)Assuming E[|Hm′|2] = |H|2, we have then
SINRMC-CDM, ZF =

|S0|2 + (1 − |S0|2)/Nf

Nf−1

Nf
(1 − |S0|2) + σ2

n

|H|2σ2
x

≈ |S0|2

(1 − |S0|2) + 1/γ
, (4.63)whi
h approximately 
oin
ides with the SINR in (4.39) for OFDM.74



4.4.1 MC-CDMMC-CDM with Sub-band SpreadingIn the 
ase of sub-band spreading, U is de�ned in (3.54), where the spreading submatri
es Wq,
q = 0, ..., Q − 1, are of size NQ × NQ and NQ = Nf/Q. Therefore, referring to (4.57), there
eived despread symbol x̃l,i, with l = d + q × NQ, 0 ≤ d < NQ, is expressed as

x̃l,i = x̃d+q×NQ,i

= exp(jθi)cH
l (HHH)−1HHÊHclxl,i

+ exp(jθi)

Nf−1
∑

l′=0,l′ 6=l

cH
l (HHH)−1HHÊHcl′xl′,i + cH

l (HHH)−1HHni

= exp(jθi)S0xd+q×NQ,i + exp(jθi)

NQ−1
∑

p=0

NQ−1
∑

p′=0,p′ 6=p

Sp′−p

× c∗(p+q×NQ)(d+q×NQ)c(p′+q×NQ)(d+q×NQ)

H∗
p+q×NQ

Hp′+q×NQ

∣
∣Hp+q×NQ

∣
∣2

xd+q×NQ,i

+ exp(jθi)

NQ−1
∑

d′=0,d′ 6=d

NQ−1
∑

p=0

NQ−1
∑

p′=0

Sp′−p

× c∗(p+q×NQ)(d+q×NQ)c(p′+q×NQ)(d′+q×NQ)

H∗
p+q×NQ

Hp′+q×NQ

∣
∣Hp+q×NQ

∣
∣2

xd′+q×NQ,i

+ exp(jθi)

Q−1
∑

q′=0,q′ 6=q

NQ−1
∑

d′=0

NQ−1
∑

p=0

NQ−1
∑

p′=0

S(p′+q′×NQ)−(p+q×NQ)

× c∗(p+q×NQ)(d+q×NQ)c(p′+q′×NQ)(d′+q′×NQ)

H∗
p+q×NQ

Hp′+q′×NQ

∣
∣Hp+q×NQ

∣
∣2

x(d′+q′×NQ),i

+

NQ−1
∑

p=0

H∗
p+q×NQ

∣
∣Hp+q×NQ

∣
∣
2 c∗(p+q×NQ)lnp+q×NQ,i. (4.64)Further, if the spreading submatri
es are identi
al, i.e., c∗mlcml = c∗(p+q×NQ)(d+q×NQ)c(p+q×NQ)(d+q×NQ) =

c∗w,pdcw,pd = 1
NQ

, where cw,pd denotes the 
ode 
hip in Wq at the position of pth row and dth
olumn, a simpli�ed expression yields then
x̃l,i = x̃d+q×NQ,i

= exp(jθi)(S0 +

NQ−1
∑

p=0

NQ−1
∑

p′=0,p′ 6=p

Sp′−pc
∗
pdcp′d

H∗
p+q×NQ

Hp′+q×NQ

∣
∣Hp+q×NQ

∣
∣
2 )xd+q×NQ,i

+ exp(jθi)

NQ−1
∑

d′=0,d′ 6=d

NQ−1
∑

p=0

NQ−1
∑

p′=0

Sp′−pc
∗
pdcp′d′

H∗
p+q×NQ

Hp′+q×NQ

∣
∣Hp+q×NQ

∣
∣
2 xd′+q×NQ,i

︸ ︷︷ ︸
rosstalk inside sub
hannel q

+ exp(jθi)

Q−1
∑

q′=0,q′ 6=q

NQ−1
∑

d′=0

NQ−1
∑

p=0

NQ−1
∑

p′=0

S(p′+q′×NQ)−(p+q×NQ)c
∗
pdcp′d′

H∗
p+q×NQ

Hp′+q′×NQ

∣
∣Hp+q×NQ

∣
∣
2 x(d′+q′×NQ),i

︸ ︷︷ ︸
rosstalk outside sub
hannel q 75



4 In�uen
e of Frequen
y O�sets on OFDM-based Systems
+

NQ−1
∑

p=0

H∗
p+q×NQ

∣
∣Hp+q×NQ

∣
∣
2 c∗(p+q×NQ)lnp+q×NQ,i

︸ ︷︷ ︸noise . (4.65)The 
orresponding SINRMC-CDM, 0 is di�erent from that in the 
ase of full spreading and isgiven by
SINRMC-CDM, 0|Wq =

|S0|2 σ2
x + Psvσ2

x

PIinσ2
x+PIoutσ2

x + σ2
n

=
|S0|2 + Psv

PIin + PIout + 1/γ0

, (4.66)where
Psv =

1

N2
Q

NQ−1
∑

p=0

NQ−1
∑

p′=0,p′ 6=p

|Sp′−p|2 (4.67)represents the varian
e of the diagonal entries,
PIin =

1

N2
Q

NQ−1
∑

d′=0,d′ 6=d

NQ−1
∑

p=0

NQ−1
∑

p′=0,p′ 6=p

|Sp′−p|2 = (NQ − 1)Psv (4.68)the interferen
e from the transmit symbols transmitted on the desired sub
hannel, and
PIout =

1

N2
Q

Q−1
∑

q′=0,q′ 6=q

NQ−1
∑

d′=0

NQ−1
∑

p=0

NQ−1
∑

p′=0

∣
∣S(p′+q′×NQ)−(p+q×NQ)

∣
∣2

=
1

NQ

Q−1
∑

q′=0,q′ 6=q

NQ−1
∑

p=0

NQ−1
∑

p′=0

∣
∣S(p′+q′×NQ)−(p+q×NQ)

∣
∣
2 (4.69)the interferen
e from other sub
hannels. Unfortunately, (4.66) 
annot be simpli�ed further,sin
e

NQ−1
∑

p=0

NQ−1
∑

p′=0

|Sp′−p|2 6= 1.Furthermore, a

ording to (4.65), the noise 
omponent will have zero mean and varian
e
1

NQ

NQ−1
∑

p=0

σ2
n

E
[∣
∣Hp+q×NQ

∣
∣2
] =

σ2
n

|HWq |2
, (4.70)where E[

∣
∣Hp+q×NQ

∣
∣2] = |HWq |2 is assumed for sub
hannel q. This is be
ause the adja
entsub
arriers of OFDM are usually 
orrelated su
h that sub
hannels based on sub-bands willhave a di�erent average 
hannel gain, and the resultant noise 
omponents will be multivariate.Moreover, at the re
eiver the SINRMC-CDM, ZF asso
iated with the sub
hannel q is given by

SINRMC-CDM, ZF|Wq =
|S0|2 + Psv

PIin + PIout ∣∣∣HWq′

∣
∣
∣

2

/|HWq |2 + 1/(|HWq |2γ0)
. (4.71)Namely, in MC-CDM with sub-band spreading, SINRMC-CDM, ZF is sub
hannel-dependent.However, this results not from frequen
y o�set but from 
hannel 
hara
teristi
s as well as thespreading s
heme.76



4.4.1 MC-CDMMC-CDM with Interleaved SpreadingIn the 
ase of interleaved spreading, on the other hand, equidistant sub
arriers are 
hosen forspreading, su
h that E
[
|Hp′×Q+q|2

]
= |H|2 
an be assumed, and after despreading it yields

x̃l,i = x̃d+q×NQ,i

= exp(jθi)(S0 +

NQ−1
∑

p=0

NQ−1
∑

p′=0,p′ 6=p

S(p′ × Q + q) − (p × Q + q)
︸ ︷︷ ︸

(p′−p)×Q

c∗pdcp′d

H∗
p×Q+qHp′×Q+q

|Hp×Q+q|2
)xd+q×NQ,i

+ exp(jθi)

NQ−1
∑

d′=0,d′ 6=d

NQ−1
∑

p=0

NQ−1
∑

p′=0

S(p′ × Q + q) − (p × Q + q)
︸ ︷︷ ︸

(p′−p)×Q

c∗pdcp′d′
H∗

p×Q+qHp′×Q+q

|Hp×Q+q|2
xd′+q×NQ,i

︸ ︷︷ ︸
rosstalk inside sub
hannel q

+ exp(jθi)

Q−1
∑

q′=0,q′ 6=q

NQ−1
∑

d′=0

NQ−1
∑

p=0

NQ−1
∑

p′=0

S(p′ × Q + q′) − (p × Q + q)
︸ ︷︷ ︸

(p′−p)×Q+(q′−q)

c∗pdcp′d′
H∗

p×Q+qHp′×Q+q′

|Hp×Q+q|2
x(d′+q′×NQ),i

︸ ︷︷ ︸
rosstalk outside sub
hannel q

+

NQ−1
∑

p=0

H∗
p×Q+q

|Hp×Q+q|2
c∗(p+q×NQ)lnp×Q+q,i. (4.72)The resulting SINRMC-CDM, 0|Wq and SINRMC-CDM, ZF |Wq are expressed as

SINRMC-CDM, 0|Wq =
|S0|2 + Psv, inter

PIin, inter + PIout, inter + 1/γ0
, (4.73)and

SINRMC-CDM, ZF|Wq =
|S0|2 + Psv, inter

PIin, inter + PIout, inter + 1/(|H|2γ0)
=

|S0|2 + Psv, inter
PIin, inter + PIout, inter + 1/γ

, (4.74)respe
tively. Note that they are independent of the sub
hannels, and Psv, inter, PIin, inter and
PIout, inter are de�ned as

Psv, inter =
1

N2
Q

NQ−1
∑

p=0

NQ−1
∑

p′=0,p′ 6=p

∣
∣S(p′−p)×Q

∣
∣2 , (4.75)

PIin, inter =
NQ − 1

N2
Q

NQ−1
∑

p=0

NQ−1
∑

p′=0,p′ 6=p

∣
∣S(p′−p)×Q

∣
∣
2

= (NQ − 1) Psv, inter, (4.76)and
PIout, inter =

1

NQ

Q−1
∑

q′=0,q′ 6=q

NQ−1
∑

p=0

NQ−1
∑

p′=0

∣
∣S(p′−p)×Q+(q′−q)

∣
∣
2
, (4.77)respe
tively. 77
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Figure 4.16: E�e
ts of CFO on MC-CDM with zero for
ing equalization: SIR and SINR.
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Figure 4.17: E�e
ts of CFO on MC-CDM with zero for
ing equalization: SIR and SINR,transmission over a two-path 
hannel h = [0.8944, 0.4472].In Fig. 4.16 simulation results are given for an MC-CDM system with full spreading and Nf =
64. The 
hannels we used for simulations in
lude AWGN 
hannels, two-path Rayleigh fading
hannels, and eight-path Rayleigh fading 
hannels given in Se
tion 2.2.3. For the sake of
omparison, in all simulations 
hannels are normalized. As depi
ted in Fig. 4.16, simulationresults for AWGN 
hannels 
oin
ide with the theoreti
al 
urves, whereas in the 
ase of multipathpropagation, simulation results are dependent on the 
hannel 
hara
teristi
s: less than 1dB SIRloss o

urs in the 
ase of two-path Rayleigh fading 
hannels, and about 2dB SIR loss in the 
aseof eight-path Rayleigh fading 
hannels. Furthermore, the a
tual SNR, γ, is strongly a�e
ted bythe 
hannel 
hara
teristi
s su
h that the SINR 
urves for the eight-path fading 
hannels are faraway from the theoreti
al 
urves, whi
h has been derived under the assumption of an average
hannel gain |H|2.Simulation results for a two-path 
hannel with CIR h = [0.8944, 0.4472] are shown in Fig. 4.17,78



4.4.2 CDM-OFDMA
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Figure 4.18: MC-CDM with full spreading: E�e
t of CFO on BER performan
e, transmissionover a two-path 
hannel h = [0.8944, 0.4472].where di�erent spreading s
hemes are 
onsidered. It is worth noting that the average SIR aswell as SINR are almost identi
al for the three spreading s
hemes. This is be
ause in all 
ases,
|S0|2 dominates the power of the desired signals and the total power of interferen
e, and thenoise power does not 
hange when a unitary spreading matrix is used. Fig. 4.18 depi
ts the
orresponding BER performan
e degradation with CFO. Basi
ally, without 
onsideration ofthe time-variant phase rotation 
aused by CFO, at a given BER of 10−4 and a given SNR of
20dB, the tolerable normalized CFO is about ǫ = 0.07.4.4.2 CDM-OFDMAAs a variant of MC-CDM applied in a multiple a

ess s
enario, CDM-OFDMA also su�ersfrom the time dispersion of the 
hannel. Nevertheless, under the assumption of perfe
t syn-
hronization, in CDM-OFDMA users are separated in frequen
y and therefore no MUI o

urs.If a CFO is present, however, the resulting ICI will further destroy the orthogonality betweensub
hannels and lead to MUI.Downlink TransmissionIn the presen
e of a CFO, the overall re
eived symbol ve
tor at the re
eiver of user k 
an bedes
ribed as

ri,DL = exp(jθki)Ê
(k)H

(k)DLTcUxi + ni, (4.78)The parameters H
(k)DL, Tc, U, and xi are de�ned in Se
tion 3.4.2. Referring to MC-CDMwith sub-band spreading and interleaved spreading, in CDM-OFDMA interferen
e inside asub
hannel (belonging to a 
ertain user) 
an be 
lassi�ed into SI, while the interferen
e outsidea sub
hannel 
an be 
lassi�ed into MUI. 79



4 In�uen
e of Frequen
y O�sets on OFDM-based SystemsUplink TransmissionIn the presen
e of frequen
y o�sets, the uplink transmission of CDM-OFDMA 
an be expressedas
ri,UL =

K−1∑

k=0

exp(jθki)Ê
(k)H

(k)ULTcU
(k)x

(k)
i + ni = ĒULΨ̄i,ULH̄ULUxi + ni, (4.79)where ĒUL, Ψ̄i,UL, and H̄UL are all square matri
es of size Nf × Nf , and de�ned in (4.46),(4.48), and (3.69), respe
tively. Thanks to the modeling in (4.79) as well as the analysis forMC-CDM, we 
an easily �nd out that for any individual user, in the uplink SI is asso
iated withthe transmit symbols, the CFO and the sub
hannel 
hara
teristi
s of the user's own, whereasthe amount of MUI depends on transmit symbols, CFOs and the sub
hannel 
hara
teristi
s ofother users.4.4.3 MC-CDMAIn MC-CDMA, user separation is a

omplished by di�erent spreading sequen
es, or di�erentspreading 
odes.Downlink TransmissionReferring to (3.73), The downlink transmission model of MC-CDMA with a CFO 
an be writtenas

ri,DL = exp(jθki)Ê
(k)H

(k)DLTmUxi + ni. (4.80)If sub-band spreading or interleaved spreading is in use, di�erent from CDM-OFDMA, in MC-CDMA the 
rosstalk inside a sub
hannel would be MUI. Moreover, the 
rosstalk from othersub
hannels may be 
aused either by the identi
al user or by other users, so that they are amixture of SI and MUI. In the 
ase of full spreading, if assuming the system is fully loaded,i.e., ea
h user has only one spreading sequen
e, then no SI but only MUI o

urs.Uplink TransmissionThe uplink transmission model 
an be expressed as
ri,UL =

K−1∑

k=0

exp(jθki)Ê
(k)H

(k)ULTmU(k)x
(k)
i + ni

=
K−1∑

k=0

exp(jθki)Ê
(k)H

(k)ULTmU(k)xi + ni. (4.81)Furthermore, de�ning
ĒUL =

[

Ê(0) . . . Ê(k) . . . Ê(K−1)
]

Nf×(Nf K)
, (4.82)80



4.5 Summaryand
Ψ̄i,UL = Diag{[ Ψ

(0)
i . . . Ψ

(k)
i . . . Ψ

(K−1)
i

]

Nf×(Nf K)

} (4.83)with
Ψ

(k)
i = exp(jθki)INf×Nf

, (4.84)a ve
tor-matrix multipli
ation form of (4.81) is therefore given by
ri,UL = ĒULΨ̄i,ULDiag{H̄UL}ŪULxi + ni, (4.85)where H̄UL and ŪUL are de�ned in (3.76) and (3.77), respe
tively. Diag{·} represents anoperation of forming a blo
k diagonal matrix. As we are unable to separate users beforedespreading, ea
h 
omponent in ri,UL is the superposition of signals from all users. Even ifideal 
hannels are assumed, referring to (4.59), CFOs alone 
an lead to MUI. Moreover, thepower of MUI from di�erent users will be di�erent, be
ause with di�erent ǫk the value of S

(k)
0will be di�erent. On the other hand, if signals experien
e frequen
y sele
tive fading, ICI dueto a CFO is further weighted by the 
hannel 
oe�
ients, whi
h 
ompli
ates the 
omponents ofMUI. This also happens in CDM-OFDMA. But for the latter 
ase, from (4.79) we know thatin some situations only a 
omposite uplink 
hannel needs to be estimated. And, sin
e CDM-OFDMA is on the basis of OFDMA, it is possible to use the parameter estimation methods inOFDMA. In MC-CDMA, unfortunately, full 
hannel state information of ea
h user is required,and, sin
e after despreading these information may be erased, parameter estimation in theuplink would be a tough task.4.5 SummaryIn this 
hapter, we have analyzed the e�e
ts of 
arrier frequen
y o�set on OFDM-based systems.The ve
tor-valued transmission models have been modi�ed for the s
enario with CFO.The derivation of the matrix Ê is one of the most important 
ontributions in this work. Thematrix Ê 
ontains all the impa
ts of a fra
tional frequen
y o�set on a frequen
y-domain OFDMsymbol ve
tor, ex
ept for the phase rotation with time (ve
tor index). The diagonal entriesare of the same value, whi
h give rise to amplitude redu
tion and phase rotation of the desiredsymbols. The o�-diagonal entries, on the other hand, represent the 
rosstalk (ICI) betweensub
arriers 
aused by a CFO. Furthermore, analysis shows that the signal on an individualsub
arrier is mainly a�e
ted by the 
rosstalk from the adja
ent sub
arriers. In an AWGN
hannel with a CFO, the SIR depends upon the power of a diagonal entry, |S0|2. As |S0|2de
reases rapidly with CFO, the SIR goes down qui
kly. In a fading 
hannel, the ICI will beweighted by the 
hannel 
oe�
ients.A CFO also results in a phase in
rement θ between two re
eived ve
tors. The 
umulative phaserotation iθ with some i may lead to a wrong de
ision and hen
e severe performan
e degradation.In the 
ase of OFDMA, ICI from the identi
al user is 
lassi�ed into self-interferen
e (SI), andthat from other users is 
lassi�ed into multiuser interferen
e (MUI). In 
onventional OFDMA81



4 In�uen
e of Frequen
y O�sets on OFDM-based Systemsthe SI is dominating, whereas in interleaved OFDMA the MUI is dominating. Moreover, inthe uplink signals from di�erent users will rotate at di�erent rates, be
ause multiple frequen
yo�sets are present in general.The impa
ts of a CFO on MC-CDM has been 
onsidered for a simple situation where onlyone-tap ZF equalization and despreading are performed on re
eived symbols. It is found that
|S0|2 is still a dominating fa
tor in the resulting SINR.In CDM-OFDMA, ICI 
aused by CFO will destroy the orthogonality between sub
hannels andlead to MUI. Furthermore, if the 
hannel is frequen
y sele
tive, the ICI is further weightedby the 
hannel 
oe�
ients, whi
h will 
ompli
ate the 
omponents of MUI. This happens inMC-CDMA as well.

82



Chapter 5Frequen
y O�set Compensation
5.1 Chapter OverviewAfter the study of the in�uen
e of 
arrier frequen
y o�set (CFO), the subsequent problem wehave to solve is how to estimate and 
orre
t the frequen
y o�set, or in other words, how toestablish the frequen
y syn
hronization in an OFDM-based system. This 
hapter is devotedto the 
ompensation methods, while CFO estimation will be 
onsidered in the next 
hapter.Throughout the 
hapter we ignore the estimation error, and assume that a perfe
t estimate ofthe 
arrier frequen
y o�set is available for the 
ompensation.In an OFDM-based system, at a terminal re
eiver a single CFO 
an be 
ompensated by multi-plying a reverse phase fa
tor exp(−j2πǫ(iNs + k)/Nf) at time instant (iNs + k)T . This methodis suitable to a burst transmission, su
h as WLAN. On the other hand, in the 
ase of 
ontinuoustransmissions, like DAB, a basi
 frequen
y syn
hronization approa
h that makes use of a phase-lo
ked loop (PLL) 
an be implemented at the re
eiver, whi
h aims to adjust the lo
al os
illatorto syn
hronize with the 
arrier frequen
y of the re
eived signals. A PLL is impra
ti
al in bursttransmission, however, sin
e the transmission will be �nished before the syn
hronization is setup.The disadvantage of these two methods is that they are not appropriate to frequen
y syn
hro-nization at the base station (BS). It is be
ause at the BS the 
orre
tion of one user's frequen
ywould misalign the other users [51℄. One solution to this syn
hronization problem is perform-ing only time and frequen
y estimation at the BS, whereas adjustment of the syn
hronizationparameters is performed on the user's side, based on instru
tions transmitted on the inverse
ontrol 
hannel. This method simpli�es the syn
hronization in the uplink. Espe
ially in thes
enario where users a

ess to the BS not at the same time, all a
tive users other than thenew 
oming one are assumed to be syn
hronized, and thus the syn
hronization problem 
an betreated like in the single user 
ase. However, an extra tra�
 overhead is introdu
ed by feedingba
k the estimated 
arrier frequen
y o�sets to the transmitter side.Another solution, on the other hand, is to 
ompensate for the e�e
ts of frequen
y o�sets onthe re
eiving side. On the basis of the ve
tor-valued transmission model given in Chapter4, frequen
y 
ompensation 
an be realized solely or together with data dete
tion. The former
on
ept is suited for systems with a relatively simple stru
ture, su
h as pure OFDMA; the latter83



5 Frequen
y O�set Compensationis then preferred in CDM-OFDMA and MC-CDMA. A more 
ompli
ated re
eiver stru
ture isexpe
ted in this 
ase, in order to meet the requirement that the system performan
e should beas 
lose as possible to the 
ase where the transmitter and re
eiver are frequen
y syn
hronized.In the following, �rstly in Se
tion 5.2 frequen
y 
ompensation by performing matrix inversionof the frequen
y o�set matrix is investigated for OFDM and OFDMA. We also propose a
omplexity-redu
ed s
heme to alleviate the 
omputational burden. The least squares (LS)and minimum mean square error (MMSE) 
riteria are then used in Se
tion 5.3 to re
onstru
tthe orthogonal signals in the frequen
y domain from one re
eived symbol ve
tor. A trade-o�between system performan
e and 
omputational 
omplexity 
an be a
hieved in OFDMA, butunfortunately not in MC-CDMA. The uplink BER performan
e of these systems are shownand 
ompared in Se
tion 5.4.It should be pointed out that the implementation of frequen
y 
ompensation approa
hes is
onditioned on the information of all parameters, in
luding the 
hannel state information (CSI),the value of CFOs, the SNR, and so on. Besides, we assume that the frequen
y o�set of ea
huser does not ex
eed half of a sub
arrier spa
ing. This assumption is reasonable, be
ause the
oarse downlink frequen
y syn
hronization 
an be applied before the user terminal a

esses the
ommuni
ation network.5.2 Frequen
y O�set Compensation by Matrix InversionIn a pure OFDM system or a downlink transmission of other OFDM-based systems, the easiestway to 
ompensate for the loss of orthogonality due to CFO is multiplying by a reverse fa
torbefore FFT demodulation at the re
eiver. Its 
ounterpart in the frequen
y domain will be
onsidered subsequently. In Chapter 4, the ve
tor-valued model for an OFDM transmission inthe presen
e of a CFO has been given by
ri = exp(jθi)ÊHxi + ni, i = 0, 1, 2, ..., (5.1)where exp(jθi) and Ê,
Ê = FGppEGapF

−1 =FĖF−1, (5.2)represent the e�e
ts of frequen
y o�set in frequen
y domain. Ė =GppEGap is an Nf × Nfdiagonal matrix with the diagonal entries given by
[

exp

(

j2πǫ
Ng

Nf

)

, . . . , exp

(

j2πǫ
Nf + Ng − 1

Nf

)]

.As Ė is inherently invertible, i.e., it is of full rank, Ê is thus invertible as well, and the inversematrix of Ê is given by
Ê−1 =

(

FĖF−1
)−1

= FĖ
−1

F−1 = FĖ
H
FH = ÊH, (5.3)i.e., Ê is a unitary matrix. As a result, frequen
y o�set 
ompensation in the frequen
y domain
an be performed by means of matrix inversion or mat
hed �ltering of Ê. Together withreversing the instantaneous phase, we get

r̃i = exp(−jθi)Ê
−1

ri = exp(−jθi)Ê
H
ri = Hxi + exp(−jθi)Ê

H
ni. (5.4)84



5.2 Frequen
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Figure 5.1: The interferen
e power of a sub
arrier on other sub
arriers.The noise 
omponents in ñi, ñi = exp(−jθi)Ê
H
ni, are un
orrelated be
ause

Φñiñi
= E

[(

ÊHn
)(

ÊHn
)H
]

= σ2
nE
[

ÊHÊ
]

= σ2
nI. (5.5)In 
omparison to its time domain 
ounterpart, the frequen
y domain 
ompensation methodin (5.4) is not 
ost e�
ient. To redu
e the 
omputational 
omplexity, we try to simplify thematrix Ê by repla
ing some o�-diagonal entries (interferen
e) with zeros. This idea 
omes fromthe ICI analysis in Chapter 4. Let |Im,m′ |2 represent the normalized power of the ICI from thesub
arrier m′ to sub
arrier m, and assume the ICI is 
aused only by CFO. Referring to (4.16)and (4.20), |Im,m′ |2 is then equal to |Sm′−m|2

|Im,m′ |2 = |Sm′−m|2 =

∣
∣
∣
∣
∣

sin(πǫ)

Nf sin π(m′−m+ǫ
Nf

)

∣
∣
∣
∣
∣

2

. (5.6)That means, for a given sub
arrier, the power of the interferen
e from a 
ertain sub
arrierdepends only on the index distan
e between these two sub
arriers and the value of ǫ. In Fig.5.1, the distribution of |Im,m′ |2 versus sub
arrier distan
e m′ − m for di�erent CFO is plotted(with FFT of point Nf = 64). As shown, the power distribution of ICI is approximatelysymmetri
 about |m′ − m| = Nf/2: for |m′ − m| < Nf/2, |Im,m′ |2 de
reases as the distan
ebetween these two sub
arriers in
reases, whereas for |m′ − m| > Nf/2, |Im′,m|2 in
reases with
|m′ − m|. In a pra
ti
al system, a threshold µ 
an be introdu
ed as a design parameter. Forthe sub
arrier group {m : µ < |m′ − m| < Nf − µ}, the ICI is negle
ted and the interferen
e
omponent Im,m′ is a

ordingly set to zero. In 
onsequen
e, the interferen
e into sub
arrier mis lo
alized to its neighboring sub
arrier group {m : |m′−m| ≤ µ} and remote sub
arrier group
{m : Nf − µ ≤ |m′ −m| ≤ Nf − 1}. From (4.15), we see that the remote sub
arrier group liesin the lower-left and upper-right triangle areas of size µ. 85



5 Frequen
y O�set CompensationTo avoid a terminologi
al ambiguity, we repla
e Ê by Π for the time being. The interferen
elo
alization introdu
ed above will separate Π into two parts: Π=ΠI+Πn. The entries in ΠIare determined by
ΠI(m, m′) =

{
Sm′−m if |m′ − m| ≤ µ or Nf − µ ≤ |m′ − m| ≤ Nf − 1;

0 otherwise. (5.7)The system model for OFDM 
an be rewritten as
ri = exp(jθi)ΠIHxi + exp(jθi)ΠnHxi+ni=exp(jθi)ΠIHxi + n̄i, (5.8)where n̄i=exp(jθi)ΠnHxi+ni. The residual interferen
e represented by ΠnHxi is treated asnoise, thus the system noise level will in
rease. The frequen
y 
ompensation 
an therefore berealized by means of matrix inversion of ΠI

r̃i = exp(−jθi)Π−1
I ri = Hx + exp(−jθi)Π−1

I n̄i. (5.9)A similar implementation has been proposed by Cao in [13℄, where normalized power of ICI isapproximately given by
|Im,m′ |2 ≈

∣
∣
∣
∣

sin(πǫ)

π(m′ − m + ǫ)

∣
∣
∣
∣

2

. (5.10)Equation (5.10) holds for m′−m+ǫ
Nf

≪ 1, sin
e sin(x) ≈ x when x ≪ π. Fig. 5.2 shows theinterferen
e power distribution a

ording to (5.10). As 
ompared with Fig. 5.1, the e�e
t ofthe remote sub
arrier groups are ignored. Therefore, the entries of ΠI a

ording to (5.10) aregiven by
ΠI(m, m′) =

{
Sm′−m if |m′ − m| ≤ µ;

0 otherwise. (5.11)Although with (5.11) the 
omputational 
omplexity will be further redu
ed, the total noiselevel will as
end more rapidly and give rise to system performan
e degradation. The numeri
alsimulation and performan
e 
omparison will be given in Se
tion 5.4. In addition, it should bementioned that frequen
y 
ompensation by means of matrix inversion is ine�
ient for OFDM,as 
ompared with the time domain 
ompensation method. However, it 
an be applied in theuplink of OFDMA systems.Appli
ation to OFDMA and CDM-OFDMA UplinkA

ording to (4.45) in Chapter 4, at the BS of an OFDMA system, the re
eived symbol ve
torat time index i is expressed as
ri,UL,OFDMA = ĒULΨ̄i,ULH̄ULxi + ni. (5.12)Note that ĒHULĒUL 6=I ex
ept when the frequen
y o�sets of di�erent users are the same. Nonethe-less, ĒUL is still invertible. Therefore, to 
ompensate for the frequen
y o�sets, we prefer toperform matrix inversion rather than mat
hed �ltering
r̃i,UL,OFDMA =

(
ĒULΨ̄i,UL)−1

ri,UL,OFDMA = H̄ULxi+
(
ĒULΨ̄i,UL)−1

ni, (5.13)86



5.3 Frequen
y O�set Compensation by ZF Approa
h and LMMSE Approa
h
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Figure 5.2: The interferen
e power of a sub
arrier on other sub
arriers a

ording to 5.10.but the noise ñi =
(
ĒULΨ̄i,UL)−1

ni is 
olored sin
e
Φñiñi

= σ2
nΦĒULĒUL 6= σ2

nI. (5.14)Similarly, the frequen
y 
ompensation by using matrix inversion 
an also be applied for CDM-OFDMA
r̃i,UL,CDM-OFDMA =

(
ĒULΨ̄i,UL)−1

ri,UL,CDM-OFDMA (5.15)
= H̄ULTcUxi+

(
ĒULΨ̄i,UL)−1ni.However, matrix inversion is not appli
able to MC-CDMA, sin
e in (4.82) the matrix ĒUL is nota square matrix. Instead, the pseudoinverse is 
onsidered in this 
ase. Yet, this is in
onvenientbe
ause ĒUL as well as Ψ̄i,UL are large s
ale matri
es in MC-CDMA in 
omparison to those inOFDMA or CDM-OFDMA.5.3 Frequen
y O�set Compensation by ZF Approa
h andLMMSE Approa
hFrequen
y 
ompensation also 
an be a
hieved by using least square error (LS) 
riterion andminimum mean square error (LMMSE) 
riterion. The details of these two approa
hes areshown in Appendix A. The �rst 
riterion minimizes the total interferen
e power in one OFDMAblo
k, whi
h results in least squares (LS) or zero-for
ing (ZF) method. The symbol ve
tor afterfrequen
y 
ompensation 
an be expressed as

r̃i,UL,OFDMA = (ΓH
i Γi)

−1ΓH
i ri,UL,OFDMA = H̄ULxi+(ΓH

i Γi)
−1ΓH

i ni, (5.16)87



5 Frequen
y O�set Compensationwhere Γi = ĒULΨ̄i,UL. However, as
(ΓH

i Γi)
−1ΓH

i = Γ−1
i (ΓH

i )−1ΓH
i = Γ−1

i ,ZF approa
h is equivalent to matrix inversion in the 
ase of square matri
es. In the ZF approa
hno probabilisti
 assumption is made about the re
eived symbols or about the noise. If the �rsttwo moments of the joint PDF p(ri, H̄ULxi) are known, then the LMMSE method 
an be used
r̃i,UL,OFDMA = (ΓH

i Γi + σ2
nΦ

−1
x̄ix̄i

)−1ΓH
i ri,UL,OFDMA (5.17)where Φ−1

x̄ix̄i
is the inverse of the 
ovarian
e matrix of the signals x̄i, x̄i = H̄ULxi, and

Φx̄ix̄i
=E[(H̄ULxi)(H̄ULxi)

H ] = σ2
xE
[
H̄ULH̄HUL]

= σ2
xdiag{E[|H̄0|2], E[|H̄1|2], ..., E[|H̄Nf−1|2]

}
. (5.18)Apparently, Φ−1

x̄ix̄i
depends on the 
hannel 
hara
teristi
s of all users. Both approa
hes 
an alsobe implemented in CDM-OFDMA, provided that frequen
y o�sets and the impulse responsesof the 
hannels are known.Joint EqualizationIf the 
on
atenation of spreading, the physi
al 
hannel, the frequen
y o�set, and other signalpro
essing steps between the transmit ve
tor xi and the re
eived ve
tor ri are viewed as anequivalent 
hannel, then we 
an 
ombine the frequen
y 
ompensation and equalization together.This is mu
h more suitable for CDM-OFDMA and MC-CDMA due to the system 
omplexity.Rewriting the ZF and LMMSE approa
hes for the joint equalization in the uplink transmission,we get̃

xi,ZF = (RH
i Ri)

−1RH
i ri = xi+ñi,ZF, (5.19)

x̃i,LMMSE =

(

RH
i Ri +

σ2
n

σ2
x

I

)−1

RH
i ri ≈ xi+ñi,LMMSE. (5.20)The equivalent 
hannel matri
es of di�erent systems are de�ned as

Ri,OFDMA=ĒULΨ̄i,ULH̄UL, (5.21)
Ri,CDM-OFDMA=ĒULΨ̄i,ULH̄ULU, (5.22)and
Ri,MC-CDMA=ĒULΨ̄i,ULDiag{H̄UL}ŪUL. (5.23)In the next se
tion, the BER performan
e of CDM-OFDMA and MC-CDMA will be 
ompared.88



5.4 Simulation Results
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Figure 5.3: Bit error rate performan
e of matrix inversion for ǫ = 0.2 and µ = 5, QPSKmapping.5.4 Simulation ResultsAgain, we use Monte Carlo simulations to evaluate the performan
e of the proposed algorithms.In simulations, the OFDM stru
ture used for all transmission s
hemes is assumed having 64sub
arriers, i.e., Nf = 64 and Ng = 16. Furthermore, if only frequen
y o�set 
ompensation istaken into a

ount, the simulation will be made only for transmission over AWGN 
hannels, inorder to avoid the extra performan
e degradation due to 
hannel imperfe
tion. In the 
ase ofjoint equalization, when the eight-path Rayleigh fading 
hannels introdu
ed in Se
tion 2.2.3 isapplied, for the sake of 
omparison ea
h realization of the 
hannel (even for ea
h individual userin the uplink) is normalized. In some simulations, a 
oded transmission is taken into a

ount,where information bits are en
oded by a 
onventional 
ode (131,171) of rate R = 1/2. Inaddition, in a multiuser s
enario, four users are always assumed in the uplink transmission. And,if not otherwise mentioned, the transmit symbols are 
hosen from a QPSK signal modulation.5.4.1 Frequen
y O�set Compensation in OFDM Using Frequen
y-domain AlgorithmsFig. 5.3 
ompares the frequen
y o�set 
ompensation in OFDM over an AWGN 
hannel byusing matrix inversion. The frequen
y o�set and the threshold are set to be ǫ = 0.2 and µ = 5,respe
tively. It is shown that the inverse operation with the full matrix totally 
ompensatesfor the frequen
y o�set. At a BER of 10−4, the simpli�ed method proposed above gives aperforman
e loss less than 1 dB, whereas the method proposed by Cao leads to a performan
eloss more than 1.5 dB. Furthermore, an error �oor o

urs as Eb/N0 in
reases.Performan
e 
omparison with di�erent values of ǫ and µ is plotted in Fig. 5.4. At a given
µ, performan
e loss in
reases with the CFO. Comparing the left and the right �gures, we
an see that when using full matrix the simulation results always 
oin
ide with the AWGN89



5 Frequen
y O�set Compensation
urve, while for the other two approa
hes, the BER performan
e be
omes bad as the value of
µ de
reases. The proposed method in (5.7) provides a better performan
e than the method byCao. Nevertheless, with a small threshold and a large CFO, e.g., when µ = 5 and ǫ = 0.45, bothapproa
hes fail to suppress the e�e
ts of the CFO and to re
over the frequen
y syn
hronization.
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Figure 5.4: Bit error rate performan
e with di�erent values of ǫ and µ.
5.4.2 Frequen
y O�set Compensation in OFDMA UplinkIn simulations for the uplink transmission of an un
oded OFDMA system, signals from di�erentusers are assumed to have di�erent CFOs, and the CFOs are uniformly distributed in the rangeof [−0.35, +0.35]. We de�ne the largest value in this range as the maximum frequen
y o�set,denoted by ǫmax. In this 
ase ǫmax = 0.35. Furthermore, to get an average performan
e,in ea
h simulation new CFOs are 
hosen. Fig. 5.5 illustrates the performan
e of frequen
y
ompensation by means of ZF approa
h and LMMSE approa
h, respe
tively, where µ is set tobe 15.In Fig. 5.5, we 
an observe that a di�erent BER performan
e is obtained by the two OFDMAs
hemes. If the full matrix is used for 
ompensation, at a lower Eb/N0 C-OFDMA outperformsI-OFDMA, but at a higher SNR, e.g., as Eb/N0 > 10dB, in the 
ase of ZF I-OFDMA out-performs C-OFDMA. The same 
on
lusion 
an be drawn for 
omplexity-redu
tion methods.Nevertheless, an error �oor o

urs when either method (5.7) or (5.11) is applied. In addition,similar to OFDM, the simpli�ed method in (5.7) provides a better performan
e. Finally, it 
anbe seen that the LMMSE approa
h outperforms the ZF approa
h at low SNR. Therefore, inthe following only the LMMSE approa
h is 
onsidered.Compensation with Di�erent µThe 
hoi
e of the threshold µ is of importan
e when we attempt to redu
e the 
omputational
omplexity. As an example, Fig. 5.6 
ompares the BER performan
e when a di�erent µ is90



5.4.2 Frequen
y O�set Compensation in OFDMA Uplink
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Figure 5.5: Performan
e 
omparison of frequen
y o�set 
ompensation methods for un
odedOFDMA (µ = 15, ǫmax = 0.35).
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Figure 5.6: Frequen
y o�set 
ompensation by LMMSE approa
h for un
oded OFDMA over anAWGN 
hannel with di�erent threshold µ (ǫmax = 0.35).
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5 Frequen
y O�set Compensation
hosen. It is shown that setting µ = 5 
an ful�ll a requirement of BER< 10−3 at Eb/N0 = 10dBfor C-OFMDA, and at Eb/N0 = 11dB for I-OFMDA, under the 
ondition that ǫmax = 0.35.The 
hoi
e of µ depends on the range in whi
h the frequen
y o�sets are distributed. To a
hievea given BER performan
e, the larger the ǫmax, the larger the threshold µ should be set.
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Figure 5.7: Frequen
y o�set 
ompensation by LMMSE approa
h for un
oded OFDMA over anAWGN 
hannel with di�erent maximum frequen
y o�set ǫmax (µ = 15).
Compensation with Di�erent Maximum Frequen
y O�set ǫmaxFig. 5.7 further veri�es the impa
t of the distribution of frequen
y o�sets on the 
ompensationperforman
e. If the ǫmax is relatively small, e.g., in the 
ase of ǫmax = 0.20, the performan
edegradation 
aused by CFO 
an be mostly 
ompensated for by using the LMMSE approa
h.However, with the in
rease of ǫmax, the performan
e gets worse.Joint Compensation of Frequen
y O�sets and Frequen
y Sele
tive Fading ChannelsWe now extend our sight to a more pra
ti
al s
enario where multipath propagation furtherdeteriorates the transmission. Joint equalization is implemented to 
ope with the e�e
ts offrequen
y o�sets and frequen
y sele
tive fading. In Fig. 5.8 we 
ompare only the 
ase withoutfrequen
y o�sets and with the maximum frequen
y o�set ǫmax = 0.45. It is not surprisingto see that in the absen
e of CFOs, the same average BER performan
e is obtained in bothC-OFDMA and I-OFDMA in the 
ase of an un
oded transmission. As shown in Fig. 5.9, if a
oded transmission is 
onsidered, bene�tting from interleaving, a mu
h better performan
e isobtained by I-OFDMA when having no CFOs. In the presen
e of CFOs, however, the extraperforman
e loss is small in C-OFDMA but signi�
ant in I-OFDMA. This is be
ause, in the
ase of I-OFDMA, MUI is possible to be enhan
ed by the 
hannel 
oe�
ients of other users, sothat a worse un
oded performan
e is obtained. In the 
ase of a 
oded transmission and the full
ĒUL matrix, I-OFDMA has a slightly better performan
e than C-OFDMA. But unfortunately,the matrix simpli�
ation methods do not work well in this 
ase. It is be
ause, on one hand,92



5.4.3 Comparison of CDM-OFDMA and MC-CDMA in the Uplink
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Figure 5.8: Joint 
ompensation of frequen
y o�sets and frequen
y sele
tive fading 
hannels:un
oded (µ = 15).the CFOs are distributed in a large range; on the other hand, the weighting by the 
hannel
oe�
ients will 
hange the distribution of the interferen
e, and thus the reasonableness of the
ΠI matrix.5.4.3 Comparison of CDM-OFDMA and MC-CDMA in the UplinkIn the previous 
hapters, two transmission s
hemes have been de�ned for CDM-OFDMA: 
on-ventional and interleaved CDM-OFDMA. For MC-CDMA, three transmission s
hemes 
anbe distinguished by (1) fully-spread MC-CDMA, representing MC-CDMA with full spread-ing; (2) interleaved MC-CDMA, representing MC-CDMA with interleaved spreading; (3) non-interleaved spreading, representing MC-CDMA with sub-band spreading. In the following, wewill 
ompare their performan
e in the uplink.The LMMSE equalizer in (5.20) is taken for ve
tor equalization. It should be mentioned thatfor BPSK transmission, the LMMSE ve
tor equalization 
an be modi�ed to

x̃i, LMMSE =

(Re{RH
i Ri

}
+

σ2
n

2σ2
x

I

)−1 Re{RH
i ri

}
. (5.24)This implies that only the real part is useful for the data dete
tion. In addition, sin
e thesimpli�ed matrix ΠI is not appropriate for the 
ase of joint equalization, only the full ĒULmatrix is used in simulations.As we know, the unitary matri
es have been used as the spreading matri
es in all CDM-OFDMAand MC-CDMA transmission s
hemes. For this reason, if no distortion results from 
hannelimpairment or from imperfe
t syn
hronization, i.e., additive white Gaussian noise is the onlyfa
tor whi
h degrades the system performan
e, all aforementioned transmission s
hemes havethe same average BER performan
e whi
h 
oin
ide with the theoreti
al AWGN 
urve for a93
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Figure 5.9: Joint 
ompensation of frequen
y o�sets and frequen
y sele
tive fading 
hannels:
oded (µ = 15).single user. In Figs. 5.10 and 5.13, this 
urve has a legend 'AWGN, simulation for all'. We takethis 
urve as a referen
e for evaluating the performan
e degradation 
aused by the multipath
hannels or/and the CFOs.The performan
e 
omparison is made from three aspe
ts:� The In�uen
e of the 
arrier frequen
y o�sets on di�erent systems. It is evaluated byassuming an uplink transmission over AWGN 
hannels;� The impa
ts of the frequen
y sele
tive fading on di�erent systems. An eight-path Rayleighfading 
hannel model is used for simulations, and additionally the blo
k fading is assumed;� The joint in�uen
e of the 
arrier frequen
y o�sets and the frequen
y sele
tive fading.Moreover, it should be noted that in the following simulations, we fo
us on the average perfor-man
e of all users.Transmission with QPSKTransmission over AWGN Channels Only the in�uen
e of CFOs is 
onsidered in thissubse
tion. In Simulations, we set ǫmax = 0.45, i.e., the CFOs of di�erent users are uniformlydistributed in the range of [−0.45, +0.45]. To obtain a average performan
e, the CFO of ea
huser is 
hanged blo
k by blo
k, where ea
h blo
k 
onsists of 32 overall symbol ve
tors, and
2000 blo
k is used for simulation. Furthermore, it should be noted that phase rotation due tothe CFO 
an not be ignored, su
h that the Ψ̄i,UL matrix will 
hange ve
tor by ve
tor.The simulation results for un
oded transmission of di�erent s
heme are shown in Fig. 5.10.Apparently, the 
urves are mu
h di�erent from ea
h other. In fa
t, it is not easy to give reasons94
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Figure 5.10: Un
oded BER performan
e over AWGN 
hannels with CFOs: QPSK, ǫmax = 0.45.to them, for the uplink stru
tures of these systems are too 
ompli
ated. We 
onsider then asimple s
enario, where all users have the same CFO. Under this assumption, a

ording to thede�nitions of uplink models in Se
tions 4.4.2 and 4.4.3, the ĒUL will be a full Ê matrix inCDM-OFDMA, and in MC-CDMA will be made up of K identi
al Ê matri
es. When mat
hed�ltering is used (a step in LMMSE), sin
e Ê is a unitary matrix, the interferen
e 
aused by theCFO will be totally eliminated, and thus the resulting BER performan
e should be identi
alto the theoreti
al AWGN 
urve. A simulation we have made for this s
enario, and the resultshave veri�ed the analysis above. Therefore, to some extent we 
an believe the 
orre
tness ofthe programmes for simulation, and thus the results shown in Fig. 5.10.It 
an be seen that in general, when LMMSE equalization is in use, 
onventional CDM-OFDMAis most robust to the CFOs. In 
ontrast, interleaved CDM-OFDMA is more sensitive to CFOsthan 
onventional CDM-OFDMA. For instan
e, at a given average BER of 10−4, the former hasabout 5dB performan
e loss in 
omparison to the latter. The performan
e of non-interleavedMC-CDMA is in between. For the other two s
hemes, the 
urve of fully-spread MC-CDMAvaries with Eb/N0 slowly but smoothly, whereas interleaved MC-CDMA has a surprising re-sult: at a lower Eb/N0, its 
urve approximately overlaps with the 
urve of 
onventional CDM-OFDMA, but as Eb/N0 > 8dB, the performan
e of un
oded interleaved MC-CDMA suddenlybe
omes poor. As 
ompared with other systems, performan
e of fully-spread MC-CDMA hasthe worst BER performan
e at a higher Eb/N0.Transmission over Multipath Channels In the 
ase of multipath 
hannels, before dis-
ussing the uplink performan
e, we give some results for the downlink transmission over aneight-path Rayleigh fading 
hannel. It is shown in Fig. 5.11 that interleaved CDM-OFDMAand fully-spread MC-CDMA have the similar performan
e, whi
h is mu
h better than others
hemes'. At a given average BER of 10−4, 
onventional CDM-OFDMA, interleaved and non-interleaved MC-CDMA have 5.7dB, 8.7dB and 11.2dB performan
e loss, respe
tively, in 
om-parison to interleaved CDM-OFDMA.In the uplink, blo
k Rayleigh fading is assumed in simulations. Fig. 5.12(a) depi
ts the re-sulting BER performan
e of all transmission s
hemes in the absen
e of the CFOs. The uplink95
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Figure 5.11: Un
oded BER performan
e over 8-path 
hannels without CFOs: downlink trans-mission.performan
e of fully-spread MC-CDMA and both CDM-OFDMA s
hemes are similar to thosein the downlink, whereas the uplink performan
e of interleaved and non-interleaved MC-CDMAbe
omes worse, espe
ially the former one, whose 
urve has nearly overlapped over the 
urve ofthe latter one.Simulation results for joint in�uen
e of the frequen
y sele
tive fading and the 
arrier frequen
yo�sets on the uplink performan
e are given in Fig. 5.12(b). Extra performan
e loss is introdu
edin most of the s
hemes, as 
ompared with the 
ases without CFO. In general, performan
e
hange of di�erent s
hemes is basi
ally in a

ord with the previous investigation for CFO alone.For instan
e, be
ause of the CFOs, the 
urves of interleaved CDM-OFDMA and fully-spreadMC-CDMA shift more than 5dB to the right (at an average BER of 10−4), whereas the 
urveof 
onventional CDM-OFDMA has moved just a little to the right. As a 
onsequen
e, thesethree s
hemes have very 
lose performan
e. Moreover, interleaved MC-CDMA has a slightlybetter performan
e than non-interleaved MC-CDMA in the range of Eb/N0 for whi
h we havesimulated. The uplink un
oded performan
e of both MC-CDMA s
hemes are however mu
hworse than the others.Transmission with BPSKTransmission over AWGN Channels Fig. 5.13 depi
ts the un
oded BER performan
eof di�erent transmission s
hemes with CFOs in the 
ase of BPSK. The un
oded performan
eof most of s
hemes other than fully-spread MC-CDMA is in a

ord with that in the 
ase ofQPSK. Furthermore, when 
omparing the two modulation s
hemes, we 
an see that with BPSKthe performan
e of all s
hemes has been improved signi�
antly. This �rst of all veri�ed theanalysis in the previous 
hapter that BPSK transmission has relatively less sensitivity to CFOthan QPSK transmission. Se
ondly, LMMSE equalizer in (5.24) has been implemented forBPSK transmission, in whi
h the imaginary part of the 
orrelation matrix of the equivalent
hannel matrix, as well as the imaginary part of the re
eived signals after mat
hed �ltering,are omitted before the equalization. This operation redu
es the total amount of interferen
e,96



5.4.3 Comparison of CDM-OFDMA and MC-CDMA in the Uplink
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Figure 5.12: Un
oded BER performan
e over 8-path 
hannels with and without CFOs: QPSK,
ǫmax = 0.45.and thus improves the performan
e of BPSK transmission. It may also be the reason to theperforman
e improvement of fully-spread MC-CDMA, whose 
urve goes down more rapidlythan the asso
iated 
urve in Fig. 5.10.

0 5 10 15

10
−4

10
−2

10
0

E
b
/N

0
 (dB)

BPSK, AWGN with CFOs

A
ve

ra
ge

 b
it 

er
ro

r 
ra

te

 

 

AWGN, simulation for all
interleaved MC−CDMA
fully spread MC−CDMA
non−interleaved MC−CDMA
conventional CDM−OFDMA
interleaved CDM−OFDMA

Figure 5.13: Un
oded BER performan
e over AWGN 
hannels with CFOs: BPSK, ǫmax = 0.45.Transmission over Multipath Channels The same reason may also be used to explain theperforman
e 
hange when transmitting over multipath 
hannels. Simulation results for this 
aseare given in Fig. 5.14. If the performan
e degradation 
aused by the frequen
y sele
tive fadingalone, as shown in Fig. 5.14(a), the performan
e of all MC-CDMA s
hemes be
omes better thanin the 
ase of QPSK. A signi�
ant performan
e improvement is a
hieved by interleaved MC-CDMA, whi
h, along with spread MC-CDMA, outperforms interleaved CDM-OFDMA. Butthe performan
e of two CDM-OFDMA s
hemes is not improved, by 
ontrast, even a slightlyperforman
e loss happened to 
onventional CDM-OFDMA. 97
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Figure 5.14: Un
oded BER performan
e over 8-path 
hannels with and without CFOs: BPSK,
ǫmax = 0.45.If CFOs are present, like in the 
ase of QPSK, all transmission s
hemes other than interleavedMC-CDMA have the extra performan
e loss. The form of their 
urves 
hanges a

ording tothe results in Fig. 5.13. For example, the 
urve of interleave CDM-OFDMA has shifted beyondthe 
urve of fully-spread MC-CDMA, as it has been strongly a�e
ted by the CFOs. The resultof interleaved MC-CDMA is questionable, however. It may be be
ause in this 
ase the jointin�uen
e of the 
omplex-valued 
hannel (
oe�
ients) and the CFOs leads to that in interleavedMC-CDMA, the interferen
e distributes in a spe
ially way, su
h that more interferen
e in theimaginary part 
an be dis
arded, and thus the performan
e is improved.When 
omparing the un
oded uplink performan
e of all the s
hemes, some results 
an be foundas follows. In the absen
e of CFOs, with QPSK transmission interleaved CDM-OFDMA andfully-spread MC-CDMA have provided the best performan
e, whereas with BPSK transmissioninterleaved MC-CDMA will also a

eptable. In the presen
e of CFOs, with QPSK transmissionfully-spread MC-CDMA and both CDM-OFDMA s
hemes are available, whereas with BPSKtransmission fully-spread and interleaved MC-CDMA, as well as interleaved CDM-OFDMAwould be re
ommended. However, two fa
tors have to be 
onsidered when we 
hose a trans-mission s
hemes for the uplink: �rst, the ability to allow the adaptive modulation; se
ond, the
omplexity of parameter estimations. Be
ause uplink parameter estimation (e.g. CIRs, CFOs)is mu
h rougher task for MC-CDMA than for CDM-OFDMA, and 
onventional CDM-OFDMAis not suitable for BPSK transmission, it follows that interleaved CDM-OFDMA is the onlyone whi
h ful�lls the 
onditions above. It should be noted that this is just a 
on
lusion whi
his drawn from the insu�
ient eviden
es. Other 
onditions, e.g., performan
e in the 
ases of
oded transmission, other equalizers, and high-level mapping (e.g. 16QAM), should also betaken into a

ount. Those are not in
luded in this work, but will be 
onsidered in the future.5.5 SummaryThis 
hapter is devoted to the frequen
y o�set 
ompensation in an OFDM-based system, espe-
ially for the uplink. The task 
an be a

omplished on the basis of the ve
tor-valued transmis-98



5.5 Summarysion model developed in the previous 
hapter. For transmission s
hemes with a relatively simplestru
ture, su
h as pure OFDMA, separate frequen
y 
ompensation 
an be performed, whereasfor CDM-OFDMA and MC-CDMA, joint equalization is expe
ted to 
ope with the interferen
e
aused by both CFOs and the distortion of the dispersive 
hannels. Moreover, throughout this
hapter an assumption is made that a perfe
t estimate of the 
arrier frequen
y o�set is availablefor the 
ompensation step, so is the estimate of the CIR, when it is required. Besides, we haveassumed that the maximum frequen
y o�set does not ex
eed half of a sub
arrier frequen
yspa
ing.The 
hapter started with an analysis of the matrix Ê. One fa
t is found that Ê is a unitarymatrix, and thus in OFDM frequen
y o�set 
ompensation 
an be performed in the frequen
ydomain by means of matrix inversion or mat
hed �ltering of Ê. Similarly, the 
ombined matrix
ĒUL in the uplink model of an OFDMA system is invertible as well. However, sin
e ĒHULĒUL 6=Iex
ept when the frequen
y o�sets of di�erent users are the same, mat
hed �ltering is not pre-ferred for uplink frequen
y o�set 
ompensation. Frequen
y 
ompensation 
an also be a
hievedby using ZF and LMMSE approa
hes. As shown, ZF approa
h is equivalent to matrix inversionin the 
ase of square matri
es.By the analysis of the matrix Ê, we also proposed a method to redu
e the 
omputational
omplexity when performing matrix inversion. A new matrix ΠI 
an be 
reated by repla
ingsome o�-diagonal entries (interferen
e) of Ê with zeros. A threshold µ has been introdu
ed asa design parameter. To generate ΠI from Ê, the entries that are lo
alized to the neighboringof the main diagonal with an index distan
e not more than µ and the entries that lies in thelower-left and upper-right triangle areas of size µ are taken, while other entries are repla
edwith zeros. This method is then taken for OFDMA systems. The idea was �rst proposed in[13℄. The modi�
ation we have made, however, is based on the investigation in the last 
hapter,and has provided an improvement in performan
e, as shown in simulations. Nevertheless, a fullmatrix ĒUL is preferred to be used when the values of the frequen
y o�sets are distributed ina relatively large range.The se
ond part of this 
hapter has dealt with the frequen
y 
ompensation in the 
ases of MC-CDMA and CDM-OFDMA. It has been performed jointly with 
an
ellation of the interferen
eintrodu
ed by the fading 
hannels. We have fo
ussed on the un
oded uplink performan
e overAWGN 
hannels and multipath 
hannels, with BPSK and QPSK transmission, in the absen
eand presen
e of 
arrier frequen
y o�sets.In general, fully-spread MC-CDMA and interleaved CDM-OFDMA provide a better perfor-man
e if data are transmitted over multipath 
hannels. Furthermore, the former slightly out-performs the latter in the 
ase of BPSK. However, if the 
omplexity of parameter estimationsis under 
onsideration, CDM-OFDMA instead of MC-CDMA is preferred to be applied in theuplink.
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Chapter 6Frequen
y O�set Estimation in MultiuserOFDM Systems
6.1 Chapter OverviewThis 
hapter deals with the frequen
y o�set estimation for multiuser OFDM (OFDMA) systems.To give a general impression, we start with the CFO estimation in OFDM, whi
h is equivalentto the CFO estimation in the downlink of a multiuser OFDM system. Then, in Se
tion 6.3 the
onsideration of CFO estimation for OFDMA uplink is given.Mu
h e�ort has been put into the development of e�
ient CFO estimation algorithms. Thesealgorithms basi
ally 
an be 
ategorized into two main 
lasses: data-aided (DA) and non-data-aided (NDA) algorithms. Data-aided algorithms take advantage of the knowledge of referen
esignals, e.g., in a form of training symbols and/or pilot tones; whereas a non-data-aided al-gorithm, or blind algorithm, only relies on the re
eived information signals [55℄, i.e., no pilotsare required in these algorithms. A 
ommon family of NDA algorithms for CFO estimationoriginates from the redundan
y of 
y
li
 pre�x (CP) in OFDM, whi
h provides su�
ient in-formation to perform syn
hronization, see, e.g., [80℄. Besides this, the inherent orthogonalityamong OFDM sub
arriers also o�ers the opportunity of frequen
y o�set estimation [42℄, [78℄.Approa
hes making use of null sub
arrier have also been proposed, e.g., in [55℄.Multiuser uplink syn
hronization is more di�
ult than syn
hronization in a broad
ast or down-link s
enario for a 
ouple of reasons [79℄. First, if the os
illator at BS re
eiver is adjusted to besyn
hronized with one user, other users that are misaligned with this user will not syn
hronizewith the BS. To solve this problem, in [79℄ a syn
hronization poli
y is proposed, in whi
h timeo�sets as well as frequen
y o�sets are estimated in the uplink, but 
orre
ted in the downlink.In su
h a 
ase a feedba
k 
ontrol 
hannel is ne
essary for all a
tive users. This poli
y is alsoadopted in [51℄. Se
ond, estimation of frequen
y o�sets is a more 
ru
ial task in a multiusers
enario. On one hand, the estimation a

ura
y will possibly be a�e
ted by the redu
tion ofthe number of sub
arriers assigned to an individual user. For instan
e, the performan
e of theCFO estimator in [79℄, degrades for this reason. On the other hand, a

urate estimation re-quires orthogonality among users, but the orthogonality will be destroyed if there exist multiple
arrier frequen
y o�sets. In [51℄, with aforementioned syn
hronization poli
y, the assumptionof the 
ontrol 
hannel makes it possible that all the users, ex
ept for the new 
oming one, are101



6 Frequen
y O�set Estimation in Multiuser OFDM Systemssyn
hronized with the BS. In 
onsequen
e, CFO estimation in the uplink is simpli�ed to be fora single user.In this 
hapter, however, we adopt another syn
hronization poli
y in whi
h no downlink 
ontrol
hannel is needed. Instead, a quasi-syn
hronous me
hanism is assumed, and the 
orre
tion offrequen
y o�sets are realized jointly by means of ve
tor equalization, as studied in the previous
hapter. Furthermore, the CFO of the new 
oming user will be estimated in the presen
e ofCFOs of other users.The 
hapter is organized as follows. Se
tion 6.2 will fo
us on CFO estimation in OFDM. InSubse
tion 6.2.1, data-aided algorithms are developed for estimation of a fra
tional as well asan integer CFO. Data-aided maximum likelihood (ML) estimator is of the most importan
e,and will be 
onsidered in both time and frequen
y domain. Subse
tion 6.2 will deal with NDAalgorithms, where a brief overview of CP-based as well as subspa
e-based blind algorithms willbe given. In Se
tion 6.3, CFO estimation in the uplink is 
onsidered. The syn
hronizationpoli
y will be explained in Subse
tion 6.3.1, and in Subse
tion 6.3.2 the dire
t appli
ation ofthe frequen
y domain ML estimator will be found. Unfortunately, CFO estimation su�ers fromMUI. To improve estimation a

ura
y, a modi�ed ML frequen
y estimator will be proposed forthe uplink re
eiver, based on the 
ompensation algorithms developed in the last 
hapter.6.2 Frequen
y O�set Estimation in OFDMFrequen
y o�set estimation is indispensably required in OFDM-based systems be
ause of thesevere performan
e degradation 
aused by frequen
y syn
hronization error. In an OFDM sys-tem, the frequen
y o�set estimation is usually 
omposed of two steps: frequen
y a
quisitionand frequen
y tra
king. If the lo
al os
illators at the transmitter and re
eiver are free-running,the absolute value of fǫ 
ould possibly be greater than the sub
arrier frequen
y spa
ing ∆f .As de�ned in (4.1), we have
fǫ = δ∆f + ε∆f, (6.1)where δ is an integer and ε ∈ (−0.5, +0.5). In general, in the frequen
y a
quisition step, both δand ε are 
onsidered, whereas in the frequen
y tra
king step, fǫ will be a small fra
tion of ∆f ,and therefore δ = 0.6.2.1 Data-Aided Frequen
y O�set EstimationIn an OFDM system, frequen
y o�set estimation 
an be performed either in the time domainor in the frequen
y domain. We begin with a maximum likelihood CFO estimator whi
h isdeveloped for the time-domain training sequen
es.Maximum Likelihood (ML) Frequen
y O�set Estimation in Time DomainIn the time domain, CFO estimation for OFDM 
an also be realized by implementing thealgorithm proposed for a single 
arrier system, sin
e in a pra
ti
al OFDM system, signals102



6.2.1 Data-Aided Frequen
y O�set Estimationare 
arried at a single 
arrier frequen
y. Furthermore, a preamble is usually used in a bursttransmission for syn
hronization and 
hannel estimation. In the IEEE standard 802.11a forWLAN, for example, repeated short training sequen
es are used in the preamble for 
oarsefrequen
y syn
hronization. In the following, we will propose a ML estimator based on su
h anassignment.Let b = [b0, ..., bLb−1] represent a short training sequen
e, where Lb is the length of b. Thesele
tion of Lb satis�es the 
ondition that Nf is a multiple of Lb, i.e., there is an integer Ls,
Ls = Nf/Lb. Furthermore, let y0, ...,yLs−1 denote the re
eived training sequen
e. In a noise-free s
enario, in the presen
e of CFO, the symbols in two su

essively re
eived ve
tors have therelationship

ylb,ls+1 = ejβylb,ls 0 ≤ lb < Lb and 0 ≤ ls < Ls, (6.2)where β is the phase di�eren
e between two ve
tors, β = 2πfǫLbT , and β ∈ (−π, π) is assumed.A frequen
y o�set estimate is therefore given by
fǫ =

β

2πLbT
, (6.3)or equivalently

δ + ǫ =
βLs

2π
. (6.4)In a multipath 
hannel, on the other hand, assume that the maximum delay spread of the
hannel, L, is less than αLb, α ∈ [1, Ls − 3]. To avoid estimation ina

ura
y 
aused by the
hannel dispersion, we only 
hoose the re
eived training sequen
e starting from α + 1, i.e.,

f̂ǫ =
1

2πLbT
tan−1










Im

(
Ls−2∑

ls=α+1

yH
ls
yls+1

)

Re

(
Ls−2∑

ls=α+1

yH
ls
yls+1

)










. (6.5)Equation (6.4) implies that the maximum estimation range of this method is ±Ls/2, and theestimation a

ura
y depends on the values of Lb and α. To enlarge the estimation range, we
an shorten the period's duration Lb, at the 
ost of de
reased estimation a

ura
y. Nonetheless,any o�set beyond the predetermined estimation range (±Ls/2) 
an not be tra
ked. It shouldbe pointed out that under the same assumption, the estimation a

ura
y 
an be improved byusing other approa
hes [53℄, at the expense of 
omputational 
omplexity.Maximum Likelihood (ML) Frequen
y O�set Estimation in Frequen
y DomainML Estimator for Fra
tional Frequen
y O�set As we know, the re
eived frequen
y-domain symbol ve
tor at time index i is given by
ri = exp(jθi)ÊHxi+ni, (6.6)103



6 Frequen
y O�set Estimation in Multiuser OFDM Systemswhere θ = 2πǫ(1 + Ng

Nf
). The re
eived symbol on sub
arrier m 
an be expressed as

rm,i = exp(jθi)

Nf−1
∑

m′=0

Sm′−mHm′xm′,i + nm,i

= exp(jθi)

Nf−1
∑

m′=0

Sm′−mHm′xm′,i(1 + vm,i), (6.7)where the variable vm,i is de�ned as
vm,i =

nm,i exp(−jθi)
∑Nf−1

m′=0 Sm′−mHm′xm′,i

, (6.8)and has zero mean, i.e.,
E[vm,i] = 0. (6.9)Assume ǫ to be a fra
tion of sub
arrier frequen
y spa
ing ∆f , and |θ| < π. If
E
[
|vm,i|2

]
=

σ2
n

E

[∣
∣
∣
∑Nf−1

m′=0 Sm′−mHm′xm′,i

∣
∣
∣

2
] ≪ 1, (6.10)i.e., SNR≫ 1, we have then

1 + vm,i ≈ 1 + j Im{vm,i}, (6.11)sin
e Re{vm,i} ≪ 1, and
arg(1 + vm,i) ≈ Im{vm,i}, (6.12)sin
e tan(σ) ≈ σ if σ ≪ 1.The su

essively re
eived symbols on the same sub
arrier, e.g. rm,i and rm,i+1, di�er only inphase, provided that the 
hannel is time-invariant and noiseless, and the same symbol ve
tor istransmitted. Assume that a = [a1, ..., aNf−1] is a training symbol ve
tor, and the 
omponents in

a have zero mean and the 
orrelation fun
tion E[aja
∗
k] = σ2

aδjk. Furthermore, we de�ne a newvariable zm,i, zm,i = rm,i+1r
∗
m,i. If a is transmitted twi
e at time indi
es i and i + 1, a

ordingto (6.7) we have

zm,i = rm,i+1r
∗
m,i

= exp(jθ)

∣
∣
∣
∣
∣
∣

Nf−1
∑

m′=0

Sm′−mHm′am′

∣
∣
∣
∣
∣
∣

2

+ n∗
m,irm,i+1 + r∗m,inm,i+1 − n∗

m,inm,i+1. (6.13)Therefore, on ea
h sub
arrier, the estimation of ǫ turns to re
over a normalized frequen
yof single 
omplex sinusoid in un
orrelated Gaussian noise. Obviously, (6.13) is valid for all104



6.2.1 Data-Aided Frequen
y O�set Estimationsub
arriers in an OFDM system. The mean of zm,i is then derived by
E[zm,i] = E[rm,i+1r

∗
m,i]

= E



exp(jθ)

∣
∣
∣
∣
∣
∣

Nf−1
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Sm′−mHm′am′

∣
∣
∣
∣
∣
∣

2



+ E[n∗
m,irm,i+1]

︸ ︷︷ ︸

=0

+ E[r∗m,inm,i+1]
︸ ︷︷ ︸

=0

− E[n∗
m,inm,i+1]

︸ ︷︷ ︸

=0

= exp(jθ)σ2
a

Nf−1
∑

m′=0

|Sm′−m|2 E
[
|Hm′ |2

]

= exp(jθ)|H|2σ2
a, (6.14)where E[|Hm|2] = |H|2 is assumed and ∑Nf−1

m′=0 |Sm′−m|2 = 1. As a 
onsequen
e, an estimate of
θ is obtained by 
al
ulating the argument of E[zm,i]

θ̂ = arg(E[zm,i]). (6.15)On the other hand, if the 
ondition in (6.10) is ful�lled, (6.13) 
an be rewritten as
zm,i = rm,i+1r

∗
m,i

= exp(jθ)

∣
∣
∣
∣
∣
∣

Nf−1
∑

m′=0

Sm′−mHm′am′

∣
∣
∣
∣
∣
∣

2

(1 + vm,i+1)(1 + vm,i)
∗. (6.16)A

ording to (6.7), (6.11) and (6.12), the argument of zm,i in (6.16) 
an be expressed as

∆m = arg(zm,i) = θ + Im{vm,i+1} − Im{vm,i}. (6.17)The real-valued noise 
omponent wm, wm = Im{vm,i+1} − Im{vm,i}, is Gaussian of zero mean,
E[wm] = 0. (6.18)The 
orrelation fun
tion is given by
E[wm+lw

∗
m] =

{
σ2

n

σ2
a|H|2

, l = 0

0, l 6= 0
(6.19)be
ause

E[wmw∗
m] = E[(Im{vm,i+1} − Im{vm,i})2] = 2E[(Im{vm,i})2]

=
2 × σ2

n/2

σ2
a

∑Nf−1

m′=0

∣
∣Sm′−Nf +1

∣
∣2 E

[
|Hm′ |2

] =
σ2

n

σ2
a |H|2

. (6.20)A

ordingly, the 
ovarian
e matrix Φww takes on the diagonal form
Φww =










σ2
n

σ2
a|H|2

0 · · · 0

0 σ2
n

σ2
a|H|2

0
...... 0

. . . 0

0 · · · 0 σ2
n

σ2
a|H|2










=
σ2

n

σ2
a |H|2

INf×Nf
. (6.21)
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6 Frequen
y O�set Estimation in Multiuser OFDM SystemsThe problem turns to estimate θ on the observations ∆m, m = 0, 1, ..., Nf − 1. The maximumlikelihood estimate (MLE) of θ is found by minimizing the log-likelihood fun
tion
Λ = (∆− θ1)TΦ−1

ww(∆− θ1), (6.22)where ∆ = [∆0, ∆1, . . . , ∆Nf−1]
T , and 1 = [1, 1, . . . , 1]T . The solution of this problem is wellknown and is

θ̂ =
1TΦ−1

ww∆

1TΦ−1
ww1

. (6.23)Frequen
y o�set estimator in (6.23) is a minimum varian
e unbiased (MVU) estimator of θ aswell. From (6.21) and (6.23) it yields
θ̂ =

1

Nf

Nf−1
∑

m=0

arg {zm,i} =
1

Nf

Nf−1
∑

m=0

arg
{
rm,i+1r

∗
m,i

}
. (6.24)Note that this estimator is 
onditioned on the assumption of a high average SNR, and theargument of zm,i being in the range of (−π, π). It follows from (6.24) that

2π(1 +
Ng

Nf

)ǫ̂ =
1

Nf

Nf−1
∑

m=0

arg
{
rm,i+1r

∗
m,i

}
. (6.25)An alternative of (6.25) is then

2π(1 +
Ng

Nf
)ǫ̂ = arg







1

Nf

Nf−1
∑

k=0

rk,i+1r
∗
k,i






= arg

{
rT

i+1r
∗
i

}
= arg

{
rH

i ri+1

}
. (6.26)Consequently, the ML estimator of ǫ is given by

ǫ̂ =
1

2π

Nf

Ng + Nf
tan−1 Im(rT

i+1r
∗
i )Re(rT

i+1r
∗
i )

=
1

2π

Nf

Ng + Nf
tan−1 Im(rH

i ri+1)Re(rH
i ri+1)

. (6.27)This is similar to the algorithm indi
ated in [50℄, ex
ept that the estimation range of ǫ̂ is s
aledby Nf

Ng+Nf
, apparently depending on the length of guard interval. The maximum estimationrange (−0.5, 0.5) is a
hieved when Ng = 0.Statisti
al Properties Substituting (6.17) into (6.24), and 
al
ulating the expe
tation of θ̂,we obtain

E
[

θ̂
]

=
1

Nf

Nf−1
∑

m=0

E [∆m] = θ, (6.28)and equivalently E [ǫ̂] = ǫ, i.e.,
E [ǫ̂ − ǫ|ǫ] = 0. (6.29)Therefore, for small errors, the estimate is 
onditionally unbiased. This is in a

ord with whatwe mentioned above that the ML estimator in (6.24) is also a MVU estimator of θ.106



6.2.1 Data-Aided Frequen
y O�set EstimationThe varian
e of the estimate θ̂ and ǫ̂ are given byvar [θ̂|θ] =
1

1TΦ−1
ww1

=
σ2

n

Nfσ2
a|H|2 =

1

Nfγa

, (6.30)and var [ǫ̂|ǫ] =
1

(2π)2

N2
f

(Ng + Nf)
2

1

Nfγa
, (6.31)respe
tively. Note that γa = σ2

a|H|2/σ2
n is the average SNR, and on the RHS of (6.30), Nf in thelast produ
t term stands for the total number of sub
arriers used for estimation. This impliesthat the performan
e of the estimator depends on the number of training symbols and γa.What's more, for a given OFDM system (where Nf and Ng are given), under the assumptionthat E[|Hm|2] = |H|2, the minimum varian
e in (6.31) is also the Cramer-Rao lower bound(CRLB) of the estimator. Sin
e

σ2
a

σ2
n

=
Eb

N0
log2(M)for the PSK-mapped symbols, referring to [33℄, the CRLB is 
al
ulated byCRLB =

1

(2π)2
N2

f

(Ng + Nf)
2

N0/Eb

Nf |H|2 log2(M)
, (6.32)where M is the 
ardinality of the alphabet. In Fig. 6.1, Monte Carlo simulations are imple-mented to evaluate the performan
e of the estimator in several OFDM systems. 1000 simula-tions are run to get an average MSE. The training symbols are QPSK-mapped. The 8-path
hannel model introdu
ed in Chapter 2 is used. For the sake of 
omparison, the total energyof the multipath 
hannel is normalized su
h that E[|Hm|2] = |H|2 = 1. In ea
h simulation, anew Rayleigh realization of the 
hannel and a new frequen
y o�set are assumed. The latter isuniformly sele
ted in the range of (−0.3, 0.3). It is shown that wether in AWGN 
hannels orin multipath 
hannels, the estimator is e�
ient in that it attains the CRLB. This data-aidedML frequen
y o�set estimator is apparently appropriate for �ne frequen
y o�set estimation.Frequen
y Tra
king by Using Pilot Sub
arriers In an OFDM system, during datatransmission, pilot sub
arriers 
an be used for frequen
y tra
king. Consider a situation whereonly one pilot sub
arrier is assigned. For a given sub
hannel m and a given pilot symbol XP ,we rewrite (6.7) and (6.16) as

rm,i+1 = exp(jθi)S0HmXP + exp(jθi)

Nf−1
∑

m′=0,m′ 6=m

Sm′−mHm′xm′,i

︸ ︷︷ ︸ICI + nm,i

= exp(jθi)S0HmXP + I
(m)
ICI + nm,i (6.33)and

zm,i = rm,i+1r
∗
m,i = exp(jθ) |S0|2 |Hm|2 |XP |2 (1 + vm,i+1)(1 + vm,i)

∗. (6.34)107
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Figure 6.1: The performan
e of frequen
y-domain ML estimator.Note that unlike in (6.8), vm,i is de�ned as
vm,i =

I
(m)
ICI exp(−jθi)

S0HmXP
+

nm,i exp(−jθi)

S0HmXP
, (6.35)If ICI is treated as the 
omplex Gaussian noise, sin
e E[I

(m)
ICI ] = 0, from (6.35) it follows thatvar(vm,i) =

E

[∣
∣
∣I

(m)
ICI

∣
∣
∣

2
]

+ σ2
n

|S0|2 E
[
|Hm|2

]
|XP |2

, (6.36)where E

[∣
∣
∣I

(m)
ICI

∣
∣
∣

2
] is de�ned in (4.36). Obviously, the varian
e of vm,i depends on the SINR.This restri
ts the estimation range of CFO to be small in that a large CFO will give riseto large ICI, and therefore a lower SIR, whi
h will badly a�e
t the estimation a

ura
y. Thefrequen
y o�set estimation is based on the observation of NP 
on
essively re
eived pilot symbols

rP,0, ..., rP,NP−1. Without loss of generality, we ignore the time index i. Similar to (6.27), afrequen
y o�set estimator 
an be given by
ǫ̂ =

1

2π

Nf

Ng + Nf

tan−1
Im (rT

P,2r
∗
P,1

)Re (rT
P,2r

∗
P,1

) , (6.37)where rT
P,1 = {rP,l}

NP−2
l=0 and rT

P,2 = {rP,l}NP−1
l=1 . The estimate ǫ̂ is the sample mean over NP − 1measurements 1

2π

Nf

Ng+Nf
arg(zm,l), l = 0, ..., NP − 2. This estimator is sub-optimal, however, asit negle
ts the noise in (6.17), whi
h is 
orrelated and whose 
ovarian
e matrix takes on thetridiagonal form

Φww =

E

[∣
∣
∣I

(m)
ICI

∣
∣
∣

2
]

+ σ2
n

2 |S0|2 E[|Hm|2] |XP |2







2 −1 0 0 · · · 0
−1 2 −1 0 · · · 0
· · · · · · · · · · · · · · · · · ·
0 0 · · · · · · −1 2







(NP−1)×(NP −1)

. (6.38)
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Figure 6.2: Performan
e of the estimator for frequen
y tra
king in AWGN 
hannel with Nf = 64and Ng = 16. Comparison of di�erent frequen
y o�sets (left) and 
omparison of di�erentnumber of pilot symbols (right).Referring to [32℄, the varian
e of the estimate θ̂ is given byvar(θ̂) =
1

1TΦ−1
ww1

=
6

NP (N2
P − 1)

E

[∣
∣
∣I

(m)
ICI

∣
∣
∣

2
]

+ σ2
n

|S0|2 E
[
|Hm|2

]
|XP |2

. (6.39)The optimal ML estimator of θ is
θ̂ =

1TΦ−1
ww∆

1TΦ−1
ww1

=

NP−2∑

l=0

wl arg(rP,l+1r
∗
P,l) (6.40)with

wl =
3
2
NP

N2
A − 1






1 −

[

l −
(

NP

2
− 1
)

NP

2

]2





. (6.41)A

ordingly, the optimal ML estimator of ǫ is

ǫ̂ =
1

2π

Nf

Ng + Nf

NP−2∑

l=0

wl arg(rP,l+1r
∗
P,l). (6.42)Furthermore, if |XP |2 = σ2

x, and E[|Hm|2] = |H|2, from (6.39) we then havevar(ǫ̂) =
1

(2π)2

N2
f

(Ng + Nf)
2

6

NP (N2
P − 1)

∑Nf−1

m′=0,m′ 6=m |Sm′−m|2 + 1/γ

|S0|2

=
1

(2π)2

N2
f

(Ng + Nf)
2

6

NP (N2
P − 1)

(SINR)−1, (6.43)109
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Figure 6.3: Frequen
y tra
king in AWGN 
hannel with Nf = 64 and Ng = 16.where γ = |H|2 σ2
x/σ

2
n, and SINR is de�ned in (4.39). It follows from (6.43) that for a givenOFDM system, the varian
e of the estimate is inversely proportional to the SINR. As SINRde
reases with the in
rease of ǫ, the frequen
y estimators in (6.37) and (6.42) in 
onsequen
e
an have good performan
e only when the value of ǫ is small. Moreover, the number of theobservations, NP , a�e
ts the performan
e as well. It is shown in the right of Fig. 6.2 that themore pilot symbols are used, the better the performan
e.The e�
ien
y of the estimators 
an also be 
ompared by simulation results. The optimalestimator in (6.42) is e�
ient, for its simulation results 
oin
ide with the theoreti
al 
urves,whereas the estimator in (6.37) is suboptimal sin
e its 
urves diverge away from theoreti
al
urves as NP in
reases. However, with small NP both estimators have the similar performan
e.The simulations for multipath 
hannels are demonstrated in Fig. 6.3. Simulation is run 100000times to obtain a smooth 
urve. The MSE performan
e is apparently worse than in an AWGN
hannel. This is be
ause the estimator is severely 
hannel-dependent with respe
t to the as-signed pilot sub
arrier. Hen
e, this estimator is only pra
ti
able for tra
king very small fre-quen
y o�set.Estimation of an Integer Frequen
y O�set An integer CFO, δ, 
an also be estimated withfrequen
y domain training symbols, provided that they are well assigned. Before δ is estimated,the fra
tional CFO should be 
ompensated. ICI will disappear after this manipulation, butsub
arrier shift 
aused by an integer CFO still remains. The idea to estimate δ is based onthe 
ondition that the training symbols are sele
ted in a random way, and have the 
orrelationfun
tion E[aja

∗
k] = σ2

aδjk. To a
hieve this goal, we 
an make use of PN sequen
e in both thereal and imaginary part of the training symbols, the resulting 
omplex-valued training sequen
e
a, a = [a0, a1, ..., aNf−1], has an auto
orrelation fun
tion

E[aH
d a] =







2Nf for d = 0
Nf − 1 for d = −1, 1

2 otherwise , (6.44)110



6.2.2 Non-Data-Aided (Blind) Frequen
y O�set Estimationwhere ad is the 
y
li
ally shifted version of a. In an AWGN 
hannel, the number of shiftedsub
arriers 
an be 
al
ulated by �nding d̂ whi
h maximizes
I(d) =

∣
∣aH

d ri

∣
∣
2

|rH
i ri|2

. (6.45)The estimation range of this method is Nf − 1 if ne
essary. This method works well in AWGN
hannels. However, in multipath 
hannels its performan
e is poor, as the frequen
y sele
tivefading will 
hange the statisti
al property of ri and give rise to a wrong solution. An appropriatedesign for training sequen
e as well as 
ost metri
 is ne
essary, whi
h 
an be found, e.g., in [61℄.6.2.2 Non-Data-Aided (Blind) Frequen
y O�set EstimationIn OFDM, NDA or blind frequen
y o�set estimation algorithms are partitioned into three
lasses: CP-based algorithms, null-sub
arrier-based algorithms, and resolution subspa
e meth-ods, su
h as MUSIC and ESPRIT.CP-Based AlgorithmsThe redundant information 
ontained within the 
y
li
 pre�x enables frequen
y o�set estima-tion without pilots [80℄, [34℄. Assuming that data transmission takes pla
e over an AWGN
hannel, and an OFDM symbol ve
tor, y = [y0, y1,..., yNs−1], Ns = Nf + Ng, is observed atthe re
eiver side before FFT, the auto
orrelation fun
tion of the observation ve
tor 
an beexpressed as
E[y∗

kyk+n] =







σ2
s + σ2

n n = 0,
σ2

s exp(j2πǫ) n = Nf ,
0 otherwise. (6.46)Only the repeated symbols in CP satisfy the se
ond term on the RHS of (6.46). Similar to thedata-aided ML frequen
y o�set estimation in Se
tion 6.2.1, we obtain a sample mean estimateof ǫ

ǫ̂ =
1

2π
tan−1

Im

(
Ng−1
∑

k=0

y∗
kyk+Nf

)

Re

(
Ng−1
∑

k=0

y∗
kyk+Nf

) . (6.47)Unfortunately, several drawba
ks 
annot be avoided by CP-based algorithms. First, algorithmsbased on CP apparently su�er from time dispersion of the 
hannel. The symbols distorted byinterferen
e from the previous OFDM-blo
k will redu
e the estimation a

ura
y and shouldnot be used for estimation. This requires that the length of the CP must be greater thanthe maximum delay spread, i.e., Ng > L. On the other hand, the a

ura
y of the frequen
yestimator depends on the length of CP and SNR, even when the 
hannel is time non-dispersive.But the insertion of CP aims to 
ope with the multipath propagation, and it redu
es thebandwidth e�
ien
y. It is not ne
essary to insert a CP in a �at fading 
hannel, whereas in amultipath fading 
hannel, the extra numbers of CP for frequen
y o�set estimation will redu
ethe bandwidth e�
ien
y further. In fa
t, the CP used here is like the pilot symbols. 111



6 Frequen
y O�set Estimation in Multiuser OFDM SystemsSubspa
e-Based AlgorithmsSubspa
e-based algorithms take advantage of the inherent othorgonality among OFDM sub
ar-riers [42℄, [78℄. As F is a unitary matrix, its 
olumns form an orthonormal basis of Cn×n. Let
{um} , m = 1, ..., Nf , represent the 
olumn ve
tors of F. The inner produ
t of any two 
olumnsof F is zero, i.e.,

〈um,un〉 = 0 for m 6= n. (6.48)This property 
ontributes to the subspa
e-based algorithms for frequen
y o�set estimation.The prerequisite to applying these algorithms is that the number of the a
tually used sub
arriersmust be less than the total number of sub
arriers. In other words, at least one virtual sub
arrierexists during the transmission. This requirement basi
ally 
an be met in pra
ti
e, e.g., inWLAN only 52 of 64 sub
arriers are used for data transmission. For this reason, subspa
e-based algorithms also 
an be 
ategorized into null-sub
arrier-based algorithms.From the previous 
hapter, we know that a re
eived symbol ve
tor 
an be expressed in form ofve
tor transmission as
yi=exp

(

j2πiǫ

(

1 +
Ng

Nf

))

ĖFH
QHxi+ni, i = 0, ...,∞. (6.49)where the CP is dis
arded, Ė =GppEGap, and FH

Q stands for a submatrix of IDFT matrix FH ,in whi
h only the 
olumns asso
iated with the used sub
arriers are taken, and other 
olumnsare set to zero, implying that their 
orresponding sub
arriers 
arrying no signals. A

ordingto the property of the normalized DFT matrix, if uq̃ is a 
olumn ve
tor of FH but not in FH
Q ,then in the absen
e of frequen
y o�set, i.e., ǫ = 0,

uH
q̃ FH

QHxi = 0. (6.50)In the presen
e of a frequen
y o�set, if ignoring the noise, (6.49) 
an be rewritten as
yi=diag{[1, . . . , exp(j2πǫ

Nf − 1

Nf
)

]}

FH
QHxi exp

(

j2πiǫ

(

1 +
2Ng

Nf

))

︸ ︷︷ ︸

x̃i

= diag{[1, . . . , exp(
j2πǫ

Nf
(Nf − 1))

]}

FH
Q x̃i. (6.51)A 
ost fun
tion then 
an be formulated as

J(z) =
1

Lq̃

Lq̃−1
∑

i=0

∑

q̃

∣
∣uH

q̃ Z−1yi

∣
∣
2 (6.52)

=
∑

q̃

uH
q̃ Z−1




1

Lq̃

Lq̃−1
∑

i=0

yiy
H
i




(
Z−1

)H
uq̃

=
∑

q̃

uH
q̃ Z−1ΦYY

(
Z−1

)H
uq̃,112



6.3 Frequen
y O�set Estimation for the Uplink of OFDMA Systemswhere Z
def
=diag{[1, z, z2, . . . , z(Nf−1)

]} and
ΦYY =

1

Lq̃

YiY
H
i =

1

Lq̃

Lq̃−1
∑

i=0

yiy
H
i . (6.53)Note that Lq̃ is not more than the total number of virtual sub
arriers. Clearly, from (6.50), J(z)is zero when z = exp(j2πǫ/Nf). In the presen
e of noise, the frequen
y o�set is estimated as theminima of J(z) [42℄. This is so-
alled MUSIC-like (MUltiple SIgnal Classi�
ation) algorithm forfrequen
y o�set estimation. MUSIC method is one of the parametri
 methods for linear spe
tra.Another subspa
e-based algorithm used for OFDM, ESPRIT (Estimation of Signal Parametersby Rotational Invarian
e Te
hniques), is proposed in [78℄. More knowledge of spe
tral analysis
an be found, e.g., in [71℄.Consisten
y of the Frequen
y O�set Estimation One drawba
k of subspa
e-based esti-mators is their dependen
e on the 
hannel. They are able to work well in a �at fading 
hannelwith a reasonable SNR. In a frequen
y sele
tive fading 
hannel, however, subspa
e-based es-timators are possibly 
hannel-dependent, and su�er from the sub
arriers with the transferfun
tion of near-zero value, whi
h may 
ause la
k of identi�ability of the CFO. The estimatorstherefore turn to be in
onsistent, and no matter how many data blo
ks are used, the resultingCFO estimator is not guaranteed to 
onverge to the true ǫ [45℄. In other words, the 
hanneldependen
e of the estimator lead to the ambiguous estimates. In an attempt to solve thisambiguity, [45℄ dis
ards the use of 
onse
utive null sub
arriers and distributes the null sub
ar-riers to non
onse
utive sub
arriers. Unfortunately, this method is limited by two fa
ts. Oneis that, in some s
enario, the pattern of 
hannel nulls resulted from the frequen
y sele
tivefading is similar to the inserted null sub
arriers, thus no 
onsistent estimate 
an be obtained.It is also impra
ti
al to apply this null sub
arrier distribution s
heme, for the guard band isusually adopted for the purpose of avoiding the adja
ent 
hannel interferen
e (ACI), as shownin HIPERLAN/2 and the IEEE standard 802.11a [37℄.The in
onsisten
y 
an o

ur in other estimators, too. For instan
e, performan
e of ML esti-mator based on pilot sub
arriers is also 
hannel-dependent. If the pilot sub
arriers have small
hannel gain as 
ompared to other sub
arriers, the total amount of the ICI will be strongand therefore improves the in
onsisten
y of the estimation. Hen
e, to avoid an in
onsistentestimate, estimation algorithms should be 
hosen 
arefully.6.3 Frequen
y O�set Estimation for the Uplink of OFDMASystems6.3.1 Syn
hronization Poli
yFrequen
y syn
hronization is a tough task in the uplink of an OFDMA system. As mentionedearlier, frequen
y o�set estimation at the BS re
eiver generally is a multiple parameter estima-tion problem asso
iated with multiple users. Nevertheless, syn
hronization poli
y for a given113
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Figure 6.4: Quasi-syn
hronous me
hanism.system plays an important role as well. In the following, we �rst have a brief look at the syn
hro-nization me
hanisms taken for OFDMA systems, and then dis
uss the possible syn
hronizationpoli
ies.Asyn
hronous Me
hanismIn asyn
hronous systems, the time o�set may be not small with respe
t to the duration of anOFDM symbol, and thus it is not advisable to in
orporate the unknown time o�set as part of the
hannel, be
ause an ex
essively long 
y
li
 pre�x has to be introdu
ed. Hen
e, in asyn
hronoussystems, the time o�sets should be estimated separately, and the length of 
y
li
 pre�x is keptas short as possible. Similarly, frequen
y o�sets may be larger than half of sub
arrier frequen
yspa
ing ∆f . This obviously raises the di�
ulties in syn
hronization.Quasi-syn
hronous Me
hanismQuasi-syn
hronism is usually assumed for the uplink of a multiple a

ess system. In quasi-syn
hronous (QS) systems, the users try to syn
hronize with the BS before a 
onne
tion. Usu-ally a 
ommon time referen
e is available for both MS and BS. For instan
e, the BS periodi
allysends syn
hronization information to the MS. In su
h a 
ase, the residual time o�set is usuallysmall, and it may be in
orporated as part of the known 
hannel response [5℄. This demandsthe guard interval to be longer than ne
essary (the maximum delay spread) and thus entails asmall e�
ien
y loss, but it simpli�es the syn
hronization task. And, a 
oarse CFO estimation
an be a

omplished at the MS, su
h that only residual frequen
y o�sets are required to bedealt with at the BS. Therefore, in the rest of this work, we assume that a quasi-syn
hronousme
hanism is in use. Spe
ially, as shown in Fig. 6.4, we assume that the total duration of theguard interval Ng 
an be partitioned into two parts: Ncp, being not less than the maximumdelay spread of the 
hannel, and Ntoff , being not less than the maximum time o�set.Another problem that has to be 
onsidered is the frequen
y 
orre
tion poli
y. It is well knownthat the 
orre
tion of one user's frequen
y (and/or timing) 
an not be done by adjustingos
illator and 
lo
k at the BS, sin
e this operation will misalign the other users. Therefore,a widely a

epted syn
hronization poli
y is that estimation is performed at the BS, whereas114



6.3.2 Frequen
y O�set Estimation in the Uplinkadjustment of the syn
hronization parameters is made at the user's side. A 
ontrol 
hannel isthus required to feedba
k the instru
tions, whi
h leads to extra overhead. Based on this poli
y,it is reasonable to make a further assumption for a s
enario where all the a
tive users but oneare already syn
hronized. This redu
es the multiple parameter (frequen
y o�set) estimation toa simple 
ase: only one frequen
y needs to be estimated. Su
h an assumption is used in [51℄.To de
rease the overhead paid for the feedba
k 
ontrol 
hannel, a joint 
ompensation s
heme atthe BS 
an be taken for QS systems. In su
h a 
ase, the interferen
e 
aused by syn
hronizationmismat
h as well as 
hannel impairment are 
oped with jointly by means of multiuser dete
tion,under the 
ondition that all parameters are estimated and known. As a main syn
hronizationtask, frequen
y o�sets of all a
tive users have to be estimated. In the rest of this 
hapter, wewill adopt this 
orre
tion poli
y, base on a reasonable assumption that only the CFO of thenew 
oming user has to be estimated, while CFOs of all the other users are known.6.3.2 Frequen
y O�set Estimation in the UplinkConsider a quasi-syn
hronous OFDMA system where the 
oarse frequen
y syn
hronizationand os
illator adjustment have been made at the users' re
eiver. In the uplink, the residualfrequen
y o�sets would exist due to the os
illator frequen
y mismat
h (estimation error). It isreasonable to assume that these frequen
y o�sets are fra
tions of sub
arrier frequen
y spa
ing,i.e., in the range of (−0.5, 0.5) or smaller. Therefore, users 
an be roughly separated afterFFT by di�erent sub
hannels assigned to them. Sub
arrier misalignment would not happensin
e there exist no integer frequen
y o�sets. Furthermore, we assume that users a

ess theBS sequentially su
h that only one CFO should be estimated at a time. Be
ause there is nofeedba
k 
ontrol 
hannel, the problem is restri
ted to estimate the CFO of the new 
ominguser, in the presen
e of SI and MUI.To minimize the in�uen
e of SI and the imperfe
t propagation 
hannel, we use the data-aidedML frequen
y estimator introdu
ed in Se
tion 6.2.1. To be spe
i�
, a repeated frequen
y-domain training sequen
e is arranged at the beginning of the transmit blo
ks of the new 
ominguser, while the other users transmit the data at the same time. At the BS re
eiver after FFT,the two re
eived training sequen
e 
an be extra
ted from the sub
hannels belonging to the new
oming user. Like in Se
tion 6.2.1, the 
hannel is assumed to be 
onstant for the time being.Let k, ri and ri+1 represent the user number of the in
oming user, and the re
eived symbolve
tor at time indi
es i and i+1, respe
tively. The time index i is set for all users a

ording tothe initial a

ess of the �rst user. This seems not to be true for the users whi
h have a

essedthe BS subsequently, sin
e their a

ess time should be 
ounted on their own. Nonetheless, a
ommon time referen
e is wel
ome, for the time ambiguity in a mathemati
al expression 
anthen be avoided. On the other hand, from (4.45) we know that the instantaneous phase onlydepends on the index i and CFO, whi
h 
an be unwrapped by di�erential multipli
ation. As a
onsequen
e, we use i as a 
ommon time referen
e.As the �rst step, we 
onsider the dire
t implementation of ML estimator at the BS. Let
a =[a0, ..., aNA−1] represent the training sequen
e used for FO estimation of user k, where NAis the length of a, and also the number of sub
arriers belonging to a user. Training symbols in
a satisfy E[aja

∗
l ] = σ2

aδjl. On the re
eiving side, a re
eived training symbol on sub
arrier m,115
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m ∈ Gk, is then expressed as

r
(k)
m,i = exp(jθki)S

(k)
0 H(k)

m aNm
+
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m′ x

(k′)
m′,i

︸ ︷︷ ︸MUI + nm,i.The �rst two terms on the RHS of (6.54) will 
ontribute to frequen
y o�set estimation. Similarto (6.27), the estimate of ǫk is given by
ǫ̂k =

1

2π

Nf

Ng + Nf
tan−1 Im(r

(k)H
i r

(k)
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Re(r
(k)H
i r

(k)
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. (6.55)
Statisti
al Properties of the EstimateRe
alling the ML estimator in (6.27), it is not di�
ult to 
ome to the 
on
lusion that E[ǫ̂k] = ǫk,namely the estimator is unbiased. The varian
e of the estimator is then given byvar(ǫ̂k) =

1

(2π)2
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. (6.56)Assuming σ2
x = σ2

a, for an AWGN 
hannel (6.56) is simpli�ed to bevar(ǫ̂k) =
1

(2π)2
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2 . (6.57)The varian
e of the estimator is therefore a�e
ted by the following fa
tors:� The sum ∑

m′∈Gk

∣
∣
∣S
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m′−m

∣
∣
∣

2. It is determined by the value of ǫk, and of whi
h ∣∣∣S(k)
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2 is ofthe most importan
e.� The ratio between ∑m′∈Gk
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2 and ∑k′ 6=k

∑

m′∈Gk′

∣
∣
∣S

(k′)
m′−m

∣
∣
∣

2. In (6.57) it representsthe SIR.� Channel gain of ea
h sub
arrier. It depends upon the 
hannel 
hara
teristi
s of di�erentusers, and a�e
ts the a
tual SIR and SNR.� The distribution of the sub
hannels. In interleaved OFDMA, a pilot sub
arrier willbe strongly a�e
ted by the MUI from the nearby sub
arriers, whereas in 
onventionalOFDMA only the sub
arriers near the margin may interfere severely. Therefore, thea

ura
y of ML estimator will be redu
ed in I-OFDMA.116
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Figure 6.5: An example of CFO estimation for a in
oming user in an AWGN 
hannel, in thepresen
e of MUI .
DET

compen.
FO

estimator

ri x̂i

partialFigure 6.6: Frequen
y syn
hronization s
heme.Simulation results in Fig. 6.5 verify the above 
on
lusions. Compared with the single user 
asein OFDM, the ML estimator in (6.55) o�ers a poor performan
e when it is dire
tly implementedin a multiuser situation where MUI is present. It is shown that for a given s
enario, a relativelybetter MSE performan
e 
an be obtained with C-OFDMA. Moreover, an error �oor arises dueto MUI, i.e., the estimation a

ura
y will not in
rease with SNR. Therefore, to improve theestimation a

ura
y, we have to �nd a way to over
ome the in�uen
e of MUI and restore theorthogonality among users.Modi�ed ML Frequen
y EstimatorAssume that before a new MS is a

essing, the CFOs of all 
urrent users have been estimatedand thus are known. These information 
an then be used to 
ope with MUI. To a

omplishthis task, we 
an take advantage of CFO 
ompensation approa
hes introdu
ed in the previous
hapter. The estimation of the new 
oming CFO 
an be performed with the following steps:� Pi
king up ri and ri+1, whi
h in
lude the pilot symbols of the new 
oming user, andinformation data of other users;� Making use of the known CFOs to form ĒUL, Ψ̄i,UL, and Ψ̄i+1,UL. The unknown CFO isset to be zero; 117
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Figure 6.7: Performan
e of the modi�ed ML frequen
y o�set estimator.� Suppressing MUI by using LMMSE equalizer introdu
ed in (5.17). ICI 
aused by theunknown CFO will remain;� Estimating the unknown CFO with the ML frequen
y o�set estimator given in (6.55).The 
orresponding modi�ed estimator is shown in Fig. 6.6. The estimate of ǫk 
an then beused for the ve
tor dete
tion together with estimates of other CFOs. Fig. 6.7 illustrates theperforman
e of this modi�ed CFO estimator. As a 
ontrast, simulations are also made for pureOFDM with a CFO, where pilot sub
arriers of the same number are used, and no data aretransmitted over other sub
arriers. The parameters of OFDMA are assumed like in Fig. 6.5.CFOs are supposed to be uniformly distributed in the range of (−0.3, 0.3).Some 
on
lusions 
an be drawn when 
omparing Fig. 6.5 with Fig. 6.7. Firstly, without 
om-pensation, the estimation a

ura
y is badly limited by MUI, espe
ially in I-OFDMA. Se
ondly,in an AWGN 
hannel, with partial frequen
y 
ompensation, the performan
e of the modi�edfrequen
y o�set estimator approa
hes the performan
e in a single user 
ase. The 
urve forC-OFDMA even attains the best performan
e. Finally, it 
an be seen that be
ause C-OFDMAis sub
hannel-dependent, in the 
ase of multipath 
hannels, the performan
e of the ML esti-mator is worse than that in an AWGN 
hannel. In 
ontrast, the 
urves for I-OFDMA retainthe similar performan
e in both situation.In general, thanks to the introdu
tion of 
ompensation step, the orthogonality between usersis roughly re
overed, so that the estimation is 
arried out in a nearly MUI-free s
enario, andthus a good performan
e is obtained. This bene�t is however a

ompanied by the 
ost of
omputational 
omplexity.6.3.3 Frequen
y Tra
king by Using Pilot Sub
arrierLooking ba
k at the frequen
y tra
king s
heme in Se
tion 6.2.1, we now 
onsider its implemen-tation in the uplink. If the mth sub
arrier is set to be pilot sub
arrier of user k, a

ording to118



6.3.3 Frequen
y Tra
king by Using Pilot Sub
arrier(4.51), the re
eived pilot signal is then given by
r
(k)
m,i = ejθkiS

(k)
0 H(k)

m X
(k)
P + SI i + MUI i + nm,i. (6.58)The estimate ǫ̂k 
an be 
al
ulated by (6.37) or (6.42) with NP su

essively re
eived pilot sym-bols.Similar to the downlink, at a high average SNR we have

E
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x, in the 
ase of an AWGN 
hannel, the varian
e of ǫ̂k is given byvar (ǫ̂k) =
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. (6.62)Simulations are made for both 
onventional and interleaved OFDMA, as plotted in Fig. 6.8.The values of CFOs are limited in [−0.15, +0.15]. It is shown that even in an AWGN 
hannel,the average MSE performan
e of ǫ̂k su�ers from SI and MUI, so that an error �oor appearsas Eb/N0 > 20dB. In summary, the performan
e of frequen
y tra
king by using a single pilotsub
arrier is poor whether in a s
enario of broad
asting or multiple a

ess.In 
ontrast, ML frequen
y o�set estimator in (6.27) and its modi�ed version are robust tofrequen
y sele
tive fading and 
an o�er a better performan
e. Furthermore, sin
e an a

eptableperforman
e 
an be obtained either in the uplink of C-OFDMA or I-OFDMA, as shown in Fig.6.7, the modi�ed frequen
y o�set estimator will be appli
able to an adaptive OFDMA system.It is expe
ted to be implemented for CDM-OFDMA as well. 119
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Figure 6.8: Frequen
y tra
king in the uplink.6.4 SummaryIn this 
hapter, frequen
y o�set estimation in OFDMA systems has been 
onsidered undersome assumptions. Firstly, a quasi-syn
hronous system is adopted. This means a 
oarse CFOestimation 
an be performed in the downlink re
eiver, and thus only the residual CFOs haveto be estimated in the uplink. Se
ondly, we assume that in the uplink re
eiver frequen
yo�set 
ompensation 
an be performed by means of ve
tor equalization. Therefore, no feedba
k
ontrol 
hannel is needed, and the estimation of the CFO of ea
h user has to be performedin the presen
e of CFOs of other users. Furthermore, a reasonable assumption is made thatdi�erent users a

ess the BS sequentially, su
h that only the CFO of the in
oming user shouldbe estimated at a time.To give a general impression, in Se
tion 6.2 CFO estimation algorithms for the pure OFDMare developed �rst. Note that all of them 
an be implemented in the downlink of an OFDMAsystem. These algorithms 
an be 
ategorized in di�erent ways. A

ording to whether train-ing symbols are used or not, we 
an distinguish data-aided algorithms from non-data-aidedalgorithms. On the other hand, a

ording to that an algorithm is implemented before or afterFourier transform, the algorithms 
an be 
lassi�ed into time-domain algorithms and frequen
y-domain algorithms. In addition, the estimation ranges of di�erent CFO estimators are notidenti
al. Some of them 
an estimate a CFO larger than the sub
arrier frequen
y spa
ing,whereas others are only useful for estimation of a fra
tional CFO. An integer CFO 
an also beestimated separately. To get a reliable estimation, the 
hannel is assumed to be time-invariantduring the CFO estimation.When 
omparing the CFO estimation algorithms whi
h are developed for the pure OFDM, it
an be found that the one-shot data-aided ML estimator using all available sub
arriers is robustto multipath propagation and 
an provide a good performan
e for the �ne CFO estimation inthat it attains the Cramer-Rao lower bound (CRLB). Nevertheless, a dire
t implementation ofthis estimation in the uplink re
eiver is not re
ommended. It is be
ause the estimation a

ura
ywill be strongly a�e
ted by the MUI results from the CFOs of other users, whi
h will lead toan error �oor in MSE performan
e, as shown in Subse
tion 6.3.2.120



6.4 SummaryTo eliminate the MUI and restore the orthogonality among users, we 
an implement the fre-quen
y 
ompensation approa
hes proposed in last 
hapter, under the 
ondition that CFOs ofall a
tive users other than the in
oming one are known. The unknown CFO is set to be zeroin the 
ompensation step. Then, CFO estimation 
an be applied for the new 
oming user.The resulting estimator in
luding the 
ompensation step 
an be regarded as a modi�
ationof the ML estimator derived for the single user 
ase. Be
ause the orthogonality among usersis approximately restored, this modi�ed ML estimator provides a good performan
e both inAWGN and multipath 
hannels.Furthermore, 
omparing the performan
e of this modi�edML estimator in 
onventional OFDMAand interleaved OFDMA, we 
an �nd out that in the 
ase of multipath 
hannels, for 
onven-tional OFDMA the estimator has a worse performan
e than for interleaved OFDMA, sin
e theformer one is sub
hannel-dependent. A reasonable but not veri�ed spe
ulation is that if anadaptive sub
arrier assignment s
heme is adopted, under the same assumptions, the modi�edML CFO estimator may provide a MSE performan
e between those in 
onventional OFDMAand interleaved OFDMA.
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Chapter 7Summary and Con
lusions
This thesis has dealt with frequen
y syn
hronization in OFDM-based systems, whi
h in
ludeOFDM, MC-CDM, and the 
orresponding multiple a

ess te
hniques, OFDMA, CDM-OFDMA,and MC-CDMA. The study is basi
ally on the basis of the ve
tor-valued transmission models.The essential 
ontributions of the thesis in
lude� Modeling of OFDM-based systems under the assumption of perfe
t time and frequen
ysyn
hronization. This is the topi
 of Chapter 3. The prin
iple of OFDM-based transmis-sion s
hemes has been des
ribed. OFDM is a multi-
arrier transmission method whi
hallows a bandwidth e�
ient data transmission with low implementation 
omplexity. MC-CDM 
an improve the performan
e of OFDM by spreading the symbols over not fully
orrelated sub
arriers and thus obtaining diversity gain. Three spreading s
hemes, fullspreading, sub-band spreading, and interleaved spreading are proposed for MC-CDM. Formultiuser s
enarios, OFDMA is taken instead of OFDM, while CDM-CDMA and MC-CDMA are taken instead of MC-CDM. Two �xed sub
arrier assignment s
hemes havebeen proposed for OFDMA, and a

ordingly we have de�ned 
onventional and interleavedOFDMA, as well as 
onventional and interleaved CDM-OFDMA. The essential di�eren
ebetween CDM-OFDMA and MC-CDMA is that the former is based on OFDMA, andthe latter is based on CDMA. This is the sour
e of their di�eren
es in system stru
ture,parameter estimation, and so on. Also MC-CDMA transmission 
an be realized withdi�erent spreading s
hemes. The ve
tor-valued transmission model has been derived forea
h system.� Modeling of OFDM-based systems in the presen
e of 
arrier frequen
y o�set (CFO). InChapter 4, the impa
ts of CFO on OFDM-based systems have been investigated in detail.In OFDM, a CFO will give rise to amplitude redu
tion and phase rotation of the desiredsignals, as well as inter
arrier interferen
e (ICI) between the sub
arriers. These e�e
ts
an be modeled by a matrix denoted by Ê. The derivation of the matrix Ê is one ofthe important 
ontributions of this work. As a 
onsequen
e, ve
tor-valued models havebeen derived for OFDM and MC-CDM transmissions with a CFO. A time-variant phasein
rement iθ (i is the ve
tor index) due to CFO is also in
luded in the model. Theimpa
ts of a CFO on MC-CDM has been 
onsidered for a simple situation where onlyone-tap ZF equalization and despreading are performed on re
eived symbols. We have123



7 Summary and Con
lusionsalso derived signal to interferen
e and noise ratio (SINR) for the 
ases of OFDM and MC-CDM. Moreover, based on the investigation to the uplink transmission in the presen
eof multiple CFOs, simpli�ed uplink transmission models are derived for OFDMA andCDM-OFDMA. For MC-CDMA, however, no simpli�
ation 
an be made.� Frequen
y-domain 
arrier frequen
y o�set 
ompensation by using ve
tor equalization ap-proa
hes. This is parti
ularly suited for the uplink, where frequen
y syn
hronization
annot be a

omplished by adjusting the os
illator frequen
y. Separate frequen
y 
om-pensation is suggested in the 
ase of pure OFDMA, for it has a relatively simple stru
ture,whereas joint equalization is preferred for CDM-OFDMA and MC-CDMA, to eliminateinterferen
e 
aused by the joint in�uen
e of the CFOs and imperfe
t 
hannels. Fur-thermore, we also proposed a 
omplexity-redu
tion method for OFDMA, in whi
h theinterferen
e entries in the matrix Ê of a small magnitude are repla
ed by zeros. Simula-tions have been made for evaluating this method, and 
omparing the CDM-OFDMA andMC-CDMA for di�erent s
enarios.� Frequen
y o�set estimation for OFDMA systems. In Chapter 6 an overview of CFO es-timation algorithms for pure OFDM has been given �rst. These algorithms basi
ally 
anbe 
lassi�ed into two 
ategories: data-aided and non-data-aided. A parti
ular derivationof data-aided one-shot maximum likelihood CFO estimator has been given for the esti-mation in the frequen
y domain. Compared with other algorithms, this estimator o�ers abest performan
e for �ne (fra
tional) CFO estimations in that it attains the Cramer-Raolower bound (CRLB). As all available sub
arriers are used for estimation, the estimator isrobust to frequen
y sele
tive fading. Furthermore, under some assumptions, we proposeda modi�ed version of this ML CFO estimator for the uplink of the OFDMA systems.As known, in the uplink re
eiver the estimation a

ura
y of a frequen
y o�set will bestrongly a�e
ted by the multiuser interferen
e. The proposed estimator improves theMSE performan
e by restoring the orthogonality among the users, whi
h is realized bymeans of the partially frequen
y 
ompensation. It is worth noting that most of the CFOestimation methods proposed for OFDMA 
an also be used for CDM-OFDMA.The following 
on
lusions may be drawn from this work:� OFDM-based systems are sensitive to frequen
y o�set. In the 
ase of multiple a

ess, theICI due to CFOs will further lead to multiuser interferen
e (MUI), even for ideal 
hannels.� When OFDMA, CDM-OFDMA, and MC-CDMA are applied for multiuser s
enarios, atleast a 
oarse frequen
y syn
hronization should be implemented in the downlink, in orderto avoid the sub
arrier-shift 
aused by an integer CFO.� For a quasi-syn
hronous OFDM-based system where the maximum timing o�set at theuplink re
eiver is assumed to be not larger than that part of the guard interval whi
h isreserved for time o�sets, 
ompensation of the residual frequen
y o�set 
an be performedin the uplink. No extra bandwidth loss will o

ur, sin
e no feedba
k 
ontrol 
hannel isneeded.� With the derived ve
tor-valued models whi
h in
lude the in�uen
e of CFOs we 
an takeve
tor equalization te
hniques to 
ompensate for frequen
y o�sets. In systems like CDM-OFDMA and MC-CDMA, joint equalization of frequen
y o�sets and 
hannel distortionare preferred.124



� With reasonably designed parameters, the 
omplexity-redu
tion method proposed inChapter 5 provides an a

eptable performan
e in the uplink of OFDMA systems. Never-theless, the full Ê matrix is preferred to be used when the values of the frequen
y o�setsare distributed in a relatively large range.� For CFO estimation in the uplink of OFDMA and CDM-OFDMA, the orthogonalityamong users should be at least approximately restored, in order to keep the estimatea

urate.� Both interleaved CDM-OFDMA and fully-spread MC-CDMA may be the promising 
an-didates for future 
ommuni
ation systems. However, due to the parameter estimation
omplexity in the uplink, interleaved CDM-OFDMA instead of MC-CDMA is preferredto be applied for the uplink transmission.Some 
hallenges remain for future work:� One problem that is not solved in this work is frequen
y o�set estimation in the uplinkof MC-CDMA. The resear
h on this topi
 is still under way.� Coded performan
e of MC-CDMA and CDM-OFDMA systems should be investigated forthe downlink and the uplink transmission. Furthermore, more ve
tor dete
tion methodsshould be evaluated in the future.� The matrix de
omposition methods are expe
ted to redu
e further the 
omputational
omplexity of frequen
y 
ompensation algorithms in the OFDMA uplink.
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Appendix ALinear Ve
tor Equalization
The following derivation is made referring to [33℄.A.1 The Linear Least Squares Approa
hIn the least squares (LS) approa
h we attempt to minimize the squared di�eren
e between thegiven data and the assumed signal or noiseless data. Consider a linear ve
tor-valued modelwithout the usual noise PDF assumption

s = Hcx, (A.1)where x is a 
omplex-valued ve
tor of dimension P × 1, Hc is a known N ×P matrix (N > P )of full rank P , and the re
eived signal s = [s0, s1, ..., sN−1]
T . Due to observation noise or modelina

ura
ies we observe a perturbed version of s, whi
h we denoted by r = [r0, r1, ..., rN−1]

T .Note that no probabilisti
 assumption have been made about the data r. The least squareestimate (LSE) is found by minimizing
J(x) =

N−1∑

n=0

(rn − sn)2 (A.2)
= (r −Hcx)H(r −Hcx).Sin
e

J(x) = rHr − rHHcx − xHHH
c r + xHHH

c Hcx (A.3)(note that rHHcx is a s
alar), the gradient is
∂J(x)

∂x
= 0−(HH

c r)∗ − 0+(HH
c Hcx)∗. (A.4)Setting the gradient equal to zero yields the LSE

x̃ = (HH
c Hc)

−1
HH

c r. (A.5)The equations HH
c Hcx = HH

c r to be solved for x̃ are termed the normal equations. The assumedfull rank of Hc guarantees the invertibility of HH
c Hc. 127



A Linear Ve
tor EqualizationA.2 Linear Minimum Mean Square Error (LMMSE) Ap-proa
hesA.2.1 The S
alar LMMSEIn this se
tion the linear minimum mean square error (LMMSE) equalizer is derived. we beginour investigation with the 
ase where a 
omplex-valued s
alar parameter x is to be estimatedbased on a data set in ve
tor form r = [r0, r1, ..., rN−1]
T . The unknown parameter x is modeledas the realization of a random variable. We assume that a knowledge of the �rst two momentsof the joint PDF p(r, x) is known. A further assumption is the statisti
al dependen
e of x on

r. For a linear equalizer we rely on the 
orrelation between x and r. The general expressionof linear estimator of x is of the form
x̃ =

N−1∑

n=0

dnrn + dN . (A.6)The weighting 
oe�
ients dn's have to be 
hosen to minimize the Bayesian MSEBmse(x̃) = E[(x − x̃)2], (A.7)where the expe
tation is with respe
t to the PDF p(r, x). Now we derive the optimal weighting
oe�
ients for use in (A.6). Substituting (A.6) into (A.7) and di�erentiating
∂

∂dN

E

[

(x −
N−1∑

n=0

dnrn − dN)2

] (A.8)
=

∂

∂dN
E
[
(x − dT r − dN)(x − dT r − dN)∗

]

=
∂

∂dN
E
[
(x − dT r)2 − (x − dT r)d∗

N − dN(x − dT r)∗ + dNd∗
N

]

= E[−(x − dT r)∗ + d∗
N ],where d = [d0, d1, ..., dN−1]

T . Setting this equal to zero produ
es
dN = E[x] − dT E[r], (A.9)whi
h is zero if the means are zero. Continuing, we need to minimizeBmse(x̃) = E

{[
dT (r−E[r]) − (x − E[x])

]2
} (A.10)over the remaining dn's, where dN has been repla
e by (A.9). Further we haveBmse(x̃) = E

{[
dT (r−E[r]) − (x−E[x])

]2
} (A.11)

= E
{[

dT (r−E[r]) − (x−E[x])
] [

dT (r−E[r]) − (x−E[x])
]H
}

= E
[
dT (r−E[r])(r−E[r])Hd∗

]
− E

[
dT (r−E[r])(x−E[x])∗

]

− E
[
(x−E[x])(r−E[r])Hd∗

]
+ E[(x−E[x])2]

= dT Φrrd
∗−dTΦrx − Φxrd

∗+Φxx

= (d∗)HΦrrd
∗−(d∗)H

Φrx − Φxrd
∗+Φxx,

= dHΦ∗
rrd − dHΦ∗

rx − Φ∗
xrd+Φxx,128



A.2.2 The Ve
tor LMMSEwhere Φrr is the N × N 
ovarian
e matrix of r, and Φxr is the 1 × N 
ross-
ovarian
e ve
torhaving the property that ΦH
xr = Φrx, and Φxx is the varian
e of x. Note that Bmse(x̃) is real-valued su
h that [Bmse(x̃)]∗ =Bmse(x̃), and Φ∗

rr = ΦT
rr. We 
an minimize (A.11) by taking thegradient to yield

∂Bmse(x̃)

∂d
= (ΦT

rrd)∗−
(
ΦT

xr

)∗ (A.12)whi
h when set to zero results in
d =

(
ΦxrΦ

−1
rr

)T
. (A.13)Using (A.9) and (A.13) in (A.6) produ
es

x̃ = dT r + dN (A.14)
= ΦxrΦ

−1
rr r+E[x] − ΦxrΦ

−1
rr E[r],or �nally the LMMSE estimator is

x̃ = E[x] + ΦxrΦ
−1
rr (r−E[r]). (A.15)If the means of x and r are zero, then

x̃ = ΦxrΦ
−1
rr r. (A.16)The minimum Bayesian MSE is �nally given byBmse(x̃) = Φxx − ΦxrΦ

−1
rr Φrx. (A.17)A.2.2 The Ve
tor LMMSEThe ve
tor LMMSE estimator is a straightforward extension of the s
alar one. Now we wish to�nd the linear estimator that minimizes the Bayesian MSE for ea
h element. We assume that

x̃i =

N−1∑

n=0

dinrn + diN (A.18)for i = 1, 2, ..., P and 
hoose the weighting 
oe�
ients to minimizeBmse(x̃i) = E[(xi − x̃i)
2] , (A.19)where the expe
tation is with respe
t to p(r, xi). For ea
h xi we have

x̃i = E[xi] + Φxir
Φ−1

rr (r−E[r]) (A.20)and the minimum Bayesian MSEBmse(x̃i) = Φxixi
− ΦxirΦ

−1
rr Φrxi

. (A.21)129



A Linear Ve
tor EqualizationThe s
alar LMMSE estimators 
an be 
ombined into a ve
tor estimator as
x̃ =








E[x1]
E[x2]...
E[xP ]








+








Φx1rΦ
−1
rr (r−E[r])

Φx2rΦ
−1
rr (r−E[r])...

ΦxP rΦ
−1
rr (r−E[r])








(A.22)
=








E[x1]
E[x2]...
E[xP ]








+








Φx1r

Φx2r...
ΦxP r








Φ−1
rr (r−E[r])

= E[x]+ΦxrΦ
−1
rr (r−E[r])where now Φxr is a P × N matrix. By a similar approa
h we �nd that the Bayesian MSEmatrix is

Mx̃ = E[(x − x̃)(x − x̃)H ] (A.23)
= Φxx − ΦxrΦ

−1
rr ΦrxBayesian Gaussian-Markov Theorem for Complex-valued ParametersIf the data are des
ribed by the Bayesian linear model form

r = Hcx + n, (A.24)where r is an N ×1 
omplex-valued data ve
tor, Hc is a known N ×P observation matrix with
omplex-valued entries, x is a P × 1 random ve
tor of 
omplex parameters whose realization isto be estimated and has mean E [x] and 
ovarian
e matrix Φxx, and n is an N × 1 
omplex-valued random ve
tor with zero mean and 
ovarian
e matrix Φnn and is un
orrelated with x.The LMMSE estimator of x is
x̃ = E[x]+ΦxxH

H
c (HcΦxxH

H
c + Φnn)−1(r − HcE[x]) (A.25)

= E[x] + (Φ−1
xx + HH

c Φ−1
nnHc)

−1
HH

c Φ−1
nn(r − HcE[x]).It is be
ause

E[r]= HcE[x], (A.26)
Φrr = HcΦxxH

H
c + Φnn,

Φxr = ΦxxH
H
c ,where Φrr and Φxr are 
al
ulated by

Φrr = E[(Hcx + n)(Hcx + n)H ]

= E[HcxxHHH
c ]+E[nxHHH

c ]+E[HcxnH ]+E[nn
H ]

= HcΦxxH
H
c + Φnn,and

Φxr = E[x(Hcx + n)H ]

= ΦxxH
H
c .130



A.2.2 The Ve
tor LMMSEAppli
ation for unknown but deterministi
 variablesThe transmit symbols are sele
ted from an alphabet, e.g. QPSK modulation. These symbolshas the mean E[x] = 0 and the varian
e E[x2] = σ2
x. In 
ase of ve
tor transmission, we havethen E[x] = 0 and Φxx = σ2

xI. On the other hand, we assume that n is 
omplex Gaussian and
Φnn = σ2

nI. The LMMSE estimator in (A.25) is therefore simpli�ed to be
x̃ = HH

c (HcH
H
c +

σ2
n

σ2
x

I)−1r (A.27)
= (HH

c Hc+
σ2

n

σ2
x

I)−1
HH

c r.
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Appendix B
Mathemati
al Notation and List ofSymbols
al,k(t) time-variant equivalent low-pass tap weighting of kth path with delay τl(t)
a training symbol ve
tor used for ML CFO estimation in the frequen
y domain
b short training sequen
e used for ML CFO estimation in the time domain
B bandwidth of a band-pass �lter
Bc 
oheren
e bandwidth of the 
hannel
BD Doppler spread
c velo
ity of light
cl(t) time-variant equivalent low-pass tap weighting of lth path
|cl(t)| amplitude of cl(t)
cj a spreading sequen
e
e a ve
tor standing for the in�uen
e of CFO in the time domain
E a matrix with e on the main diagonal
Ė a matrix standing for the in�uen
e of CFO in the the domain: matrix E afterremoving pre�x
Ê a matrix standing for the in�uen
e of CFO in the frequen
y domain
Ê(k) a matrix standing for the in�uen
e of CFO in the frequen
y domain for user k

Ē(k) a submatrix of Ê(k), only 
onsisting of entries asso
iated sub
arriers assignedto user k

ĒUL 
ombined Ê matrix in the uplink, 
onsisting of e�e
ts of CFOs of all users
fc 
arrier frequen
y
fd Doppler shift
fd max maximum Doppler shift
fg 
uto� frequen
y of a bandlimited low-pass �lter
fn sub
arrier frequen
y in an multi
arrier system
fs symbol rate on a sub
arrier
fǫ absolute 
arrier frequen
y o�set
∆f sub
arrier frequen
y spa
ing in an OFDM system
F normalized Fourier matrix
F−1 normalized inverse Fourier matrix
g(t) re
eived signal at the input of the re
eiver 133



B Mathemati
al Notation and List of Symbols
gij entries of H at row i, 
olumn j
gm equalization 
oe�
ient on sub
arrier m
G equalization matrix
Gap matrix used for adding 
y
li
 pre�x
Gpp matrix used for removing 
y
li
 pre�x
h(t, τ) time-variant 
hannel impulse response
hT (t) transmit �lter
hR(t) re
eive �lter
hK(t) impulse response of a time-invariant 
hannel
hij entries of Hc at row i, 
olumn j
h dis
rete-time equivalent low-pass 
hannel impulse response ve
tor
Hm transfer fun
tion of sub
arrier m

H
(k)
m transfer fun
tion on sub
arrier m whi
h is assigned to user k

H 
hannel transfer fun
tion matrix
Hc 
hannel matrix
H

(k)
i 
hannel transfer fun
tion matrix of user k at time index i

H(k) H
(k)
i when 
hannel is time invariant

H
(k)DL downlink 
hannel transfer fun
tion matrix of user k

H
(k)UL uplink 
hannel transfer fun
tion matrix of user k

H̄UL 
ombined uplink 
hannel transfer fun
tion matrix
Ĥi 
hannel impulse response matri
es at time index i

I
(m)
ICI,0 inter-
arrier interferen
e (ICI) on the sub
arrier m in an ideal 
hannel
|Im,m′ |2 normalized power of the ICI from the sub
arrier m′ to sub
arrier m under the
I identity matrix
K maximum number of users in a multiuser system
Lb length of b

Ls number of repeated training sequen
e b

mδ sub
arrier shift due to integer normalized CFO δ
M the 
ardinality of the alphabet
n(t) 
omplex-valued low-pass white Gaussian noise
nm,i noise variable on sub
arrier m at time index i
n noise ve
tor
ni frequen
y-domain noise ve
tor at time index i
ṅi time-domain noise ve
tor at time index i

n
(k)
i frequen
y-domain noise ve
tor of user k at time index i

N0 one-side power spe
tral density (PSD) of band-pass white Gaussian noise (real-valued)
Nch guard interval for multipath propagation
Ng guard interval
Ns number of symbols in an OFDM-symbol
Nf length of DFT
Ntoff guard interval for small time o�set
NQ size of submatrix Wq in U in the 
ase of MC-CDM
Ph(τ) power delay pro�le (PDP) of h(t, τ)
Pm the zeroth-order moment of Ph(τ)
Psv varian
e of the diagonal entries in MC-CDM due to a CFO
PIin interferen
e from the transmit symbols transmitted on the desired sub
hannel134



in MC-CDM due to a CFO
PIout interferen
e from other sub
hannels in MC-CDM due to a CFO
rm(t) re
eived signal at the 
arrier fm

rm,i re
eived symbol at the 
arrier fm at time index i

r
(k)
m,i re
eived symbol of user k at the 
arrier fm at time index i

r re
eived symbol ve
tor
ri frequen
y-domain re
eived symbol ve
tor at time index i
ri,DL overall re
eived symbol ve
tor at downlink re
eiver
ri,UL overall re
eived symbol ve
tor at uplink re
eiver
r
(k)
i,DL downlink re
eived symbol ve
tor of user k at time index i

r̃i re
eived symbol ve
tor after frequen
y o�set 
ompensation
R 
ode rate
Ri an equivalent 
hannel matrix at time index
s(t) time-domain transmit signal
sk,i kth time-domain transmit symbol at time index i
ṡk,i time-domain transmit symbol
si time-domain transmit symbol ve
tor with 
y
li
 pre�x
ṡi time-domain transmit symbol ve
tor without 
y
li
 pre�x
S0 diagonal entry of Ê

S
(k)
0 diagonal entry of Ê(k)

Sm′−m entry at row m, 
olumn m′ of Ê

S
(k)
m′−m entry at row m, 
olumn m′ of Ê(k)

SD(fd) Doppler power spe
tral density
Sϕ(f) jitter power spe
tral density of ϕ(t)
Sξ(e

j2πfTs) jitter spe
trum of ξ
δ(t) Dira
 fun
tion
∆t sampling time
T duration of a single sample of an OFDM-symbol
Ts OFDM-symbol duration
T permutation matrix in MC-CDM
Tc permutation matrix in CDM-OFDMA
Tm permutation matrix in MC-CDMA
u(t) basi
 waveform at the transmitter
U (overall) spreading matrix
U(k) user-spe
i�
 spreading matrix of user k
ŪUL 
ombined uplink spreading matrix in the 
ase of MC-CDMA
v velo
ity of movement
v(t) mat
hed �lter of u(t) at the re
eiver
vm,i 
olored noise
V

(k)
jj diagonal entries of V(k)

Vγ 2γ × 2γ Hadamard matrix formed by using the Hadamard matrix Vγ−1

V(k) user-spe
i�
 sub
hannel division matrix for user k
w(k) a Gaussian random variable (r.v.) with zero-mean and varian
e 4πβT
wm the real-valued noise 
omponent
w the real-valued noise ve
tor
W total available bandwidth of a multi
arrier system 135



B Mathemati
al Notation and List of Symbols
Wk,p user-spe
i�
 spreading submatrix of user k on the pth sub
hannel in the 
aseof MC-CDMA
Wq submatrix in U in the 
ase of MC-CDM
Wk user-spe
i�
 spreading submatrix of user k in the 
ase of CDM-OFDMA
x(t) frequen
y-domain transmit signal
xm,i mth elements of xi, the transmit symbol on sub
arrier m

x
(k)
m,i mth elements of xi, the transmit symbol of user k on sub
arrier m

x̂ de
ided symbol
x transmit symbol ve
tor
xi transmit symbol ve
tor at time index i, or overall transmit symbol ve
tor
x

(k)
i transmit symbol ve
tor of user k at time index i

x̃ symbol ve
tor after equalization
XP a given pilot symbol used for CFO tra
king
X

(k)
p,i one transmit symbol of user k at time index i

y(t) time-domain re
eived signal (after re
eive �lter)
yk,i re
eived time-domain dis
rete-time symbol on sub
arrier k at time index i
yi re
eived time-domain symbol ve
tor
zm,i variable designed for frequen
y-domain CFO estimation
α a threshold used for the robust estimation of CFO, α ∈ [1, Ls − 3]
β phase in
rement due to a CFO during the transmission of a short training sequen
e
β∆ two-side 3dB linewidth of the Lorentzian power density spe
trum of the os
illator
δ integer part of ǫ
δmn Krone
ker delta
∆m angle of zm,i

∆ a ve
tor 
onsisting of ∆m

ǫ normalized 
arrier frequen
y o�set
ǫk normalized CFO of user k
ǫ̂ estimate of ǫ
η normalized 
lo
k frequen
y o�set
γ the average SNR at the output of a fading 
hannel
γ0 signal-to-noise ratio (SNR) in an AWGN 
hannel
γa average SNR when training symbol ve
tor a is transmitted
λ threshold for sub-optimal LMMSE
µ threshold for 
omplexity-simpli�
ation frequen
y o�set 
ompensation
ν normalized 
onstant time o�set
νk 
onstant time o�set of user k
νmax maximum 
onstant time o�set in the uplink
Π Π=Ê

ΠI submatrix of Π used for 
omplexity-simpli�
ation frequen
y o�set 
ompensation
Πn submatrix of Π

φ0 phase of S0

φm′−m phase of Sm′−m

φnn(τ) auto
orrelation fun
tion of n(t)
Φnn(f) power spe
tral density of n(t)
Φxx 
ovarian
e matrix of x

Φññ 
ovarian
e matrix of ñ136



Φww 
ovarian
e matrix of w

Ψ̄
(k)
i a diagonal matrix with instantaneous phase of user k at time index i

Ψ̄i,UL 
ombined matrix in the uplink 
onsisting of instantaneous phase of all usersat time index i
σ2

a varian
e of training symbols in a

σ2
n varian
e of white Gaussian noise

σ2
x varian
e of transmit symbol

στ rms delay spread
σ2

ϕ jitter varian
e of ϕ(t)
σ2

ξ jitter varian
e of ξ
τl(t) time-variant propagation delay
△τl(t) delay di�eren
e between τl(t) and τl−1(t)
τl time-invariant propagation delay
τ̄ mean ex
ess delay
1

∆τ
sampling rate

θ phase in
rement due to frequen
y o�set during transmission of one OFDM ve
tor
θ(t) time-variant 
arrier phase error
θl(t) time-variant phase of cl(t)
θ∆(t) time-variant phase noise
θ0 
onstant phase o�set
θk phase in
rement due to frequen
y o�set of user k
θr,i overall instantaneous phase error by reason of the CFO ǫ at the ve
tor index i
θν phase shift 
aused by a 
onstant time o�set ν

θ̂ an estimate of θ
ε fra
tional part of ε
ϕl,k(t) time variant phase of al,k(t)
ϕ(t) 
arrier phase jitter, modeled as a zero-mean stationary random pro
ess
ξ(t) timing jitter
ζ the azimuthal angle between dire
tion of wave and dire
tion of relative re
eivermovement.
Ax modulation alphabet
Gk ensemble of sub
arriers assigned to user k

(·)H ve
tor/matirx 
omplex 
onjugate transposition (Hermitian)
(·)T ve
tor/matrix transpose
(·)∗ 
omplex 
onjugate of a variable
Im{·} imaginary part of the argument
Re{·} real part of the argument
arg(·) angle of the argumentre
t(·) re
tangular windowvar(·) varian
e of an argument
Θ̂(·) symbol-wise de
ision fun
tion
Λ(·) log-likelihood fun
tion
SIR0 signal-to-interferen
e ratio (SIR) in an ideal or an AWGN 
hannel 137
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al Notation and List of Symbols
SINR0 signal-to-interferen
e-and-noise ratio (SINR) in an AWGN 
hannel
SINR MC-CDM,0SINR in MC-CDM over an AWGN 
hannel
SINRMC-CDM, ZFSINR after ZF equalization in MC-CDM over a fading 
hannel
SINRMC-CDM, 0|Wq

SINR MC-CDM,0 asso
iated with the sub
hannel q
SINRMC-CDM, ZF|Wq

SINRMC-CDM, ZF asso
iated with the sub
hannel q
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Appendix CList of Abbreviations
AWGN Additive White Gaussian NoiseACI Adja
ent Channel Interferen
eBER Bit Error RateBPSK Binary Phase Shift KeyingBS Base StationCDM Code Division MultiplexingCDMA Code Division Multiple A

essCDM-OFDMACode Division Multiplexing - Othogonal Frequen
y Division Multiple A

essCFO Carrier Frequen
y O�setCIR Channel Impulse ResponseC-OFDMA Conventional Othogonal Frequen
y Division Multiple A

essCP Cy
li
 Pre�xCPO Common Phase ErrorCSI Channel State InformationDA Data-AidedDAB Digital Audio Broad
astingDET Dete
torDFT Dis
rete Fourier TransformDVB-T Digital Video Broad
asting - TerrestrialEGC Equal Gain CombiningESPRIT Estimation of Signal Parameters by Rotational Invarian
e Te
hniquesFDM Frequen
y Division MultiplexingFDMA Frequen
y Division Multiple A

essFFT Fast Fourier TransformHF High Frequen
yHIPERLAN/2 HIgh PErforman
e Radio Lo
al Area Network/2ICI Inter-Carrier Interferen
eIDFT Inverse Dis
rete Fourier TransformIFFT Inverse Fast Fourier TransformI-OFDMA Interleaved Othogonal Frequen
y Division Multiple A

essISI Inter-Symbol Interferen
eLMMSE Linear Minimum Mean Square ErrorLO Lo
al Os
illator 139



C List of AbbreviationsLOS Line-of-SightMC Multi
arrierMCM Multi
arrier ModulationMC-SS Multi
arrier - Spread Spe
trumMC-CDM Multiarrier - Code Division MultiplexingMC-CDMA Multiarrier - Code Division Multiple A

essMF Mat
hed FilteringML Maximum LikelihoodMLE Maximum Likelihood EstimationMS Mobile StationMSE Mean Square ErrorMUI Multi User Interferen
eMUSIC MUltiple SIgnal Classi�
ationNDA Non-Data-AidedNLOS Non-Line-of-SightMRC Maximum Ratio CombiningOFDM Othogonal Frequen
y Division MultiplexingOFDMA Othogonal Frequen
y Division Multiple A

essPAPR Peak-to-Average Power RatioPDF Probability Density Fun
tionPDP Power Delay Pro�lePLL Phase-Lo
ked LoopPN Pseudo-NoiseQAM Quadrature Amplitude ModulationQPSK Quadrature Phase Shift KeyingQS Quasi-Syn
hronousRF Radio Frequen
yRHS Right-Hand SideSI Self-Interferen
eSIR Signal to Interferen
e RatioSINR Signal to Interferen
e and Noise RatioSNR Signal to Noise RatioTDM Time Division MultiplexingTDMA Time Division Multiple A

essUS Un
orrelated S
atteringWLAN Wireless Lo
al Area NetworkWSS Wide Sense StationaryZF Zero-For
ing
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