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Introduction

In this thesis we study Galois covers of algebraic curves. In characteristic 0, the Galois theory
of curves is well understood. This is in strong contrast to the situation in characteristic p where
less is known. One technique for studying Galois covers in characteristic p is to relate them to the
Galois theory of curves in characteristic 0. Reducing Galois covers of curves in characteristic 0 to
characteristic p is one way to prove existence of Galois covers in characteristic p with a given Galois
group. In the opposite direction, the lifting problem asks which covers of curves in characteristic p
lift to characteristic 0. It is known that not all Galois covers in characteristic p lift to characteristic
0. In our work we prove results regarding the liftability of Galois covers of algebraic curves. For some
Galois covers in characteristic 2, we explicitly construct lifts to characteristic 0. We also introduce a
new necessary condition for the liftability of Galois covers. We then use our new necessary condition
to show that certain Galois covers do not lift to characteristic 0.

Background

It is known that the set of Galois covers of a punctured Riemann surface can be described in terms of
its topological fundamental group. Indeed, if S’ is a Riemann surface of genus g with n punctures,
then the quotients of its topological fundamental group I'y, correspond to the Galois covers of §'.
An explicit description of the fundamental group I'y, is known in terms of the genus g and the
number of punctures n , namely it is the free profinite group on 2g +n — 1 generators for n > 0.

This theory can also be used to describe the Galois theory of curves defined over the complex num-
bers. This is accomplished by using algebraization techniques, which essentially state that there is an
equivalence between the category of compact Riemann surfaces and the category of smooth projec-
tive algebraic curves defined over the complex numbers. This correspondence respects finite branched
covers. Furthermore, one knows that inertia groups of a characteristic- 0 Galois cover D — C', i.e.
the stabilizers of the fixed points of D, are always cyclic.

The Galois theory of curves becomes more difficult in characteristic p. One problem is that the clas-
sical analytic techniques used in the study of Riemann surfaces cannot be used in characteristic p.
However, there exists an algebraic definition of the fundamental group of a punctured curve which
works over any base field. In the case of a genus- g curve over the complex numbers with n punc-
tures, this algebraic fundamental group is the profinite completion of the topological fundamental
group I'y ,, . For more details on this see Grothendieck et al [13].

One knows that the Galois theory of a curve in characteristic p can be described completely via the
algebraic fundamental group. A serious problem is that in general an explicit description of the fun-

damental group is not known. Abhyankar’s conjecture, proved by Raynaud [34] and Harbater [17],
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explicitly states which groups occur as Galois groups of curves in characteristic p. However, simply
knowing which groups can occur as Galois groups is not enough to determine the structure of the
algebraic fundamental group. As an example of the subtleties in characteristic p, one knows that the
affine line A' is no longer simply connected. Another subtlety is that the inertia groups of a cover in
characteristic p need not be cyclic. In general they are extensions of cyclic by p-groups (see Serre
[37D).

Grothendieck has studied the situation when one restricts to tame covers of curves. These are covers
of which the inertia groups have order relatively prime to p . In this case the inertia groups are always
cyclic and the theory is completely described in terms of the tame fundamental group. Grothendieck
proved that the tame fundamental group is a quotient of the topological fundamental group Iy, ,
where g is the genus of the curve and n is the number of branch points.

The lifting problem

One technique for obtaining information about the Galois theory in characteristic p is by reduction.
Let k be a field of characteristic p and let R be a discrete valuation ring of characteristic 0 with
residue field k. It is helpful to think of £ = [F, and R = Z,, the ring of p-adic integers. Let
D — C be a Galois cover of curves defined over R. The curves D and C as well as the finite map
between them are given by polynomial equations. One may now consider the £ -varieties which result
when one reduces the defining polynomials modulo the prime of R.

However, these are in general not smooth. If the singularities are as mild as possible, i.e. ordinary
double points, then we say that the cover has semistable reduction. It is known that after extending
R, there exists a suitable set of defining polynomials such that the reduction is semistable (this can be
made more precise). If the reduction happens to be a separable cover D — C' of smooth irreducible
curves, then we say that the cover D — C has good reduction. One knows that in this case the
reduction D — C is also Galois. For more information on this see Liu [24].

One can also ask to go in the opposite direction, namely given a Galois cover D — C' of curves over
k , does there exist a Galois cover D — C of curves over R which reduces to D — C'? If this is the
case then we say that the cover D — C' lifts to characteristic 0, and the cover D — C is a lift of
D—C.

Lifting and reduction is one way of relating the Galois theory in characteristic 0 to that in character-
istic p. Several interesting questions arise in this context. The first more general but very difficult
question is to ask whether or not there is a necessary and sufficient condition for a Galois cover to be
liftable.

Question A Do there exist necessary and sufficient conditions for a cover in characteristic p to

be liftable?

The Oort conjecture states that all cyclic covers lift from characteristic p to characteristic 0 (see
[30]). A weaker question is to ask, given a group G , does there exist some G -Galois cover of curves
in characteristic p which lifts to characteristic 0. Matignon [27] asked what the situation in this
context is for nonabelian p -groups. More precisely, he asked the following question.



Question B Does there exist a G -Galois cover in characteristic p which lifts to characteristic
0, where G is a nonabelian group of order p3 ?

A slightly different question was posed by Chinburg, Guralnick and Harbater [8] for the general-
ized quaternion groups.

Question C Do all G -Galois covers in characteristic 2 lift to characteristic 0, where G is a
generalized quaternion group of order exceeding 8 ?

Grothendieck’s result on the tame fundamental group proves that all G -covers lift if the order of
G is relatively prime to p, the characteristic of k. However, the lifting problem becomes very diffi-
cult if the order of GG is a multiple of p. Several results are known for the lifting problem. Sekiguchi,
Oort and Suwa [36] proved the Oort conjecture for the group G = Z/pZ , and this result was later
extended by Green and Matignon [15] for the case G = Z/mZ , where p? strictly divides m . Pagot
[32] also proved that all Klein four Galois covers lift to characteristic 0. Later, Bouw and Wewers [4]
proved that all D, -covers lift, where p is an odd prime.

In our work we shall give partial answers to the question of Matignon and the question of Chinburg,
Guralnick and Harbater. We shall identify a family of D, -actions in characteristic 2, where Dy
is the dihedral group of order 8, which lift to characteristic 0 (work taken from Brewis [5]). We
shall also give examples of generalized quaternion actions which do not lift to characteristic 0 (work
taken from Brewis—Wewers [6]). This is done by introducing a new necessary condition for liftability,
namely the Hurwitz-tree condition. Thereafter we show that our necessary condition always holds
for cyclic actions in characteristic p. This provides some new evidence for the validity of the Oort
conjecture.

Our contributions

Let Ci/k be a curve over a field k of characteristic p and let G — Auty(C}) be a G-action on
C};. One says this action [ifts to characteristic 0 if there exists a local ring R of characteristic 0 with
residue field k, a smooth R-curve Cr/R together with a map G — Auty(CR) which reduces to
the given G-action on C},. This is the global lifting problem for the group G.

Similarly one has the local lifting problem: let G — Auty(k[t]), a so-called local G -action. We
ask when one can find an embedding G — Autg(R[7]) reducing to the given one. By considering
inertia subgroups one sees that each global lifting problem induces, by localisation and completion at
each ramification point, several local lifting problems. In fact, the local-global principle of Green—
Matignon [15] states that these two types of problems are equivalent. For more information on this
see also Bertin—-Mézard [2] or Henrio [19].

In Henrio [19], following ideas of Green and Matignon [16], a new understanding of the lifting prob-
lem in the case of Z/pZ -actions was given in terms of the so-called Hurwitz trees. Let G := Z/pZ
act on the p-adic open disc Y := Spf(R[z]), where R is an extension of W (k). Then Henrio
associated a combinatorial object, the Hurwitz tree, with the action. The Hurwitz tree is an object
that is defined purely in characteristic p by a semistable £ -curve and differentials of the individual
components of the semistable curve. It reflects the relative positions of the geometric branch points
as well as the ramification theory locally around each branch point. Henrio also proved that each
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Hurwitz tree is induced by a Z/pZ -action on the open disc. This technique was later exploited by
Bouw and Wewers [4], who generalized the Hurwitz-tree theory to the group D, where p # 2, and
they used this to prove that all local D), -actions lift from characteristic p to characteristic 0.

In this thesis we study the ramification theory of the p-adic open disc in terms of representation
theory and we combine this with the techniques of Kato [21], [22], Kato—Saito [23] and Huber [20].
These techniques were developed to study the higher local class field theory of two-dimensional local
fields (the boundary of the p-adic open disc for instance). This provides new insight into the local
lifting problem.

Using Kato’s theory, in particular his differential Swan conductor, one can associate differential forms
with an action on the p -adic open disc, and many properties are known. We also associate ramifica-
tion groups with such an action. These can be related to Huber’s Artin and depth characters. In our
work we shall prove some relations between the representations of the ramification groups, Kato’s
differential Swan conductor and Huber’s Artin and depth characters (Chapter two).

We partially succeeded in generalizing the Hurwitz-tree concept to arbitrary p -groups (Chapter three).
The crucial new ingredient in our construction is the systematic use of the Artin and depth characters.
This leads to a new necessary condition for the liftability of a local action in characteristic p, called
the Hurwitz-tree obstruction. If our new necessary condition holds, then we say that the Hurwitz-tree
obstruction vanishes.

Theorem 3.6.2 Let G — Auty(k[z]) be a local G -action, where G is a p-group. Let ag be
the classical Artin character of the action. If the action lifts to characteristic 0, then there exists a
Hurwitz tree T with depth 0 and Artin character ag .

This condition is of a representation-theoretic flavour, and by studying the representation theory of
the generalized quaternion group more closely, we are able to answer Question 1.3 of Chinburg—
Guralnick—Harbater [8] negatively.

Theorem 3.6.6 There exist local generalized-quaternion actions in characteristic 2 for which the
Hurwitz-tree condition does not vanish. Hence, there exist local generalized-quaternion actions in
characteristic 2 which do not lift to characteristic 0.

We also show that our new necessary condition holds for all Z/p"Z -actions.

Theorem 4.3.4 Let G — Auty(k[z]) be a local G -action, where G = Z/p"Z. Let ag be the
Artin character of this action. Then there exists a Hurwitz tree T for the group 7./p"Z with depth
0 and Artin character ac . Hence the Hurwitz-tree obstruction vanishes for cyclic actions in charac-
teristic p.

This provides some new evidence for the validity of the Oort conjecture.

A crucial question that remains is whether each Hurwitz tree is induced by an action on the p-adic
open disc. We highlight some of the problems that one encounters when one attempts to give a full
generalization of Henrio’s theory using Kato’s differential Swan conductor (Chapter five). We explore
the differential Swan conductor more thoroughly with examples in the case of Z/p?Z -Galois exten-
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sions and we prove some properties of the differentials that occur as differential Swan conductors.

Finally, we study liftability of Dy -actions in characteristic 2 (Chapter six). More precisely, we study
the so-called supersimple local D, -actions. These are actions which can be compactified, using the
Katz-Gabber compactification, into covers D — P}, where D/H is a projective line and H is the
centralizer of D, . Our theorem is then that all supersimple actions lift to characteristic 0.

Theorem 6.5.1 All supersimple local D, -actions in characteristic 2 lift to characteristic 0.

Furthermore, the genus of D is not bounded from above.

Overview

In the first chapter, we recall the definition of Kato’s differential Swan conductor and its relation to
the differentials that Henrio uses to study Z/pZ -extensions of two-dimensional local fields (Lemma
1.4.2 and Lemma 1.4.3). This is done in Sections 1.3.1 — 1.6. We also gather some results on the
differential Swan conductor from Kato [22]. Lastly in Section 1.7 we study the differential Swan
conductor explicitly in the cases of (Z/pZ)? and generalized quaternion Galois extensions.

In Chapter two we study ramification filtrations of a Galois cover of p -adic open discs. We recall the
filtration that Kato and Saito [23] introduced. Furthermore, in Section 2.3 we simplify their filtration
into what we call the simplified ramification filtration. Following the classical approach (Serre [37]),
we prove some structural results on the quotients of the simplified ramification filtration (Theorem
2.3.16).

In Section 2.4 we shall also introduce Huber’s Artin and depth characters. We then prove a powerful
relation between these, Kato’s differential Swan conductor, and the ramification filtration of Kato and
Saito (Theorem 2.4.5 and Theorem 2.4.11).

Still restricting to Galois covers of p -adic open discs, we build the theory of Hurwitz trees in Chapter
three. The crucial new ingredient in this construction is the use of the Artin and depth characters
introduced in Chapter two. We introduce a new necessary condition for the liftability of a local action
in characteristic p (see Theorem 3.6.2). We call this the Hurwitz-tree obstruction, and we say that
if the necessary condition holds, then the Hurwitz-tree obstruction vanishes. We also apply our new
theory in Section 3.6.6 to study actions of generalized quaternion groups. Lastly, in Section 3.7 we
generalize an old theorem of Green and Matignon [15] on the branch points of (Z/pZ)? -covers of
p -adic open discs.

Chapter four deals exclusively with local cyclic actions in characteristic p . We prove that the Hurwitz-
tree obstruction vanishes for all local Z/p"Z -actions in characteristic p (Theorem 4.3.4).

The fifth chapter serves as an illustration of the problems encountered when one attempts to general-
ize Henrio’s work for arbitrary p-groups. We sketch three problems relating to the values of Kato’s
differential Swan conductors (Section 5.2), to which extend they classify Galois extensions up to con-
jugation (Section 5.3), and what the role of simplified ramification filtration is in the theory of Hurwitz
trees (Section 5.4). We hope that these ideas will serve as guidelines for future studies of Hurwitz trees.
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Lastly in the sixth chapter we consider the problem of Matignon. We study a particular class of
Dy -actions in characteristic 2, namely the supersimple D, -actions. Here D4 denotes the dihedral
group of order 8. The chapter culminates in a theorem stating that all supersimple D, -actions lift
from characteristic 2 to characteristic 0 (Theorem 6.5.1).

Ulm, April 2009 Louis Hugo Brewis



Chapter 1

Swan conductors I : Kato’s differential
character

Consider a G-Galois extension E/F of complete discrete valuation fields. In this chapter we shall
introduce Kato’s differential Swan conductor. In order to do this we first define the type of field ex-
tensions we shall be interested in, namely the so-called Case-II type extensions (Definition 1.2.1).

In Section 1.3.1 we then define the group Sg in which the differential Swan conductor will take its
values. This group is an extension of the group E", where E denotes the residue field of E. We also
define an order function on this group, which extends the order function on E in the case that E is
also a discrete valuation field.

We then turn to Kato’s differential Swan conductor in Section 1.3.3. Following this, we discuss
and compute the differential Swan conductor explicitly in the case of Z/pZ-Galois extensions in
Section 1.4. In this case the differential Swan conductor corresponds to the differentials that Henrio
[19] associates to Z/pZ-Galois extensions. Thereafter we state Kato’s very important version of the
Hasse—Arf theorem (see Theorem 1.5.1). We conclude with examples, where the differential Swan
conductor is related to those of intermediate cyclic extensions in the case that G = (Z/pZ)? or G is
the quaternion group.

1.1 Notation

In this chapter we let K be a complete discrete valuation field of characteristic 0 with perfect residue
field k of characteristic p. We shall denote the ring of integers of K by R. We fix a p!*-root of
unity ¢, € K, and we define \ := (, — 1 € R. We shall also denote by vy the valuation on the
field K, and we denote by 7 a parameter of K. We assume that vg has been normalized such
that UK(T('K) =1.

We let F' be a complete discrete valuation field with residue field ' and with parameter 7. We
denote by (O the ring of integers of F'. We shall assume that F' contains the discrete valuation field
K. Furthermore, the valuation vg : F* — Z on I is assumed to extend the valuation vg : K* — Z
on K,i.e. that vp|x+ = vi. We shall assume that 7p = 7, i.e. we assume that the parameter of
K is also a parameter of F'.

13



14 CHAPTER 1. SWAN CONDUCTORS 1: KATO’S DIFFERENTIAL CHARACTER

Notice that by definition we have an embedding of characteristic- p fields
kCF.

When we refer to a finite Galois extension F' C E, we shall write Qg for the ring of integers of the
(complete) discrete valuation field E. We shall write E for the residue field of £ and € € E for
the reduction of an element ¢ € Og.

1.2 Assumption and setting

In [21], Kato developed his theory for two cases of Galois extensions of the field F'. In our work we
shall primarily be concerned with the second case that he considered, namely, the so-called Galois
extensions of Case-II type.

1.2.1 Definition. Let F' C E be a Galois extension. We say that the extension is of Case-II type if
the induced extension F' C FE' is purely inseparable, has the same degree as F' C FE, i.e.

[E:F|=[E:F)

and furthermore, that the field extension F' C E is generated by one element, i.e. there exists at least
one element y € Op such that

E = F(y),

where y denotes the reduction of y. Such an element is called a generator of the Case-II type
extension F' C FE.

1.2.2 Remark. Notice that if F' C E is a Galois extension of Case-II type with generator y € E,
then it follows that y € OF,.

1.2.3 Remark. For a Galois extension F' C E of Case-II type, the local parameter 7 of F' is also
a local parameter of FE.

In this chapter, we shall restrict to discrete valuation fields with residue fields which satisfy the fol-
lowing condition.

1.2.4 Assumption. The residue field F' of F is either the function field of a smooth k-curve, or a
local power series field over k, i.e.

F ~ k(1).

1.2.5 Remark. Let F' C E be a finite extension of discrete valuation fields. Assuming that F'
satisfies Assumption 1.2.4, one sees that so does F.

1.2.6 Remark. Notice that the F-module of absolute differentials Q% is generated by one element,
i.e. is a one-dimensional vector space over F'.

In the case that F is the function field of a smooth k-curve, the following lemma will be useful later
on. To make it clear we also give its proof.
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1.2.7 Lemma. Let k(x) C L be a purely inseparable extension of fields of degree p™. Then there
exists a y € L such that L = k(y), and furthermore, such that y*" = .

PROOF. We start with the case n = 1. In this case, there existsa z € L,and a f = %Zliz € k(x)

such that L = k(x)[z], where z satisfies

Consider the field M := k(z)[y], where y satisfies
yP = .
Notice that M contains an element g, where gP = f.

Therefore, M contains the field L, and since both are of degree p, we see that L = M = k(y). The
general case follows by induction on n, and writing k(z) C L as a tower of degree- p inseparable
extensions

k(x) C Ly C...... C L. O

1.2.8 Remark. A slightly more general result can be found in Liu [24] Proposition 7.4.21.

Sometimes, we shall also deal with the case that F is local power series field. We leave the proof of
the following proposition for the reader.

1.2.9 Proposition. Let k((x)) C L be a purely inseparable extension of degree p". Then there exists
a y € L such that L = k((y)), and furthermore, such that x := y*".

1.3 Kato’s Swan conductor

1.3.1 The value group of Kato’s Swan conductor

In this section we shall work only with Case-II type extensions of F', where F' is a complete discrete
valuation field assumed only to satisfy Assumption 1.2.4. Following Kato [21], for a p-extension
E/F of Case-II type we define the abelian group Sg to be the group of units of the E-algebra

. . 2
AE = @ IIIZE/IIIZE—i_1 ®FQEJ7
i,jE€Z
where E denotes the residue field of the discrete valuation field E, and mp the maximal ideal of

the discrete valuation field E.

We shall write [dy] for the class of the differential dy € €z inside the group Sg. Furthermore, if
f € O, then there exists an unique n € Z such that f € m7}, but f ¢ m’;"". We shall then simply
write [f] € Sg for the class of f mod m/st.
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For atower ¥ C M C E of Case-lI type extensions of F', we may define an injection Sy; — Sg

as follows. First of all, since 7y is a parameter of both M and F, there exists a canonical mapping
of m, /mht?! — m'; /m'd! for each i € Z. Next we define a map Q57 — Q%[E:M]. Namely, for
an element x € M, we map
[da] > [(dy)#1FM]]

where y € E is the unique element such that y!®*M] = z inside E.

Assume that E/F is a Case-II type G-Galois where G is a finite p-group. Let y € Op be a
generator (see Definition 1.2.1) for the extension. We define Kato’s Swan character swg,r with
values in Sg as the function

swp/p(0) = [dy] — [y — oyl
for 0 # 1 and

swg/p(l) = — Z swg/r(0).
o#1

1.3.1 Remark. The definition of swg /- is independent of the choice of y, see Kato [21] p.319 for
details.

1.3.2 Definition. We define the different of ' C E as the element

Dg/p = —ZSWE/F(O') € Sg.
o#1
1.3.2 Order functions

For this section only we assume that the residue field F' is a discrete valuation field, i.e. a local power
series field over k. Therefore the space of differentials 027 has a natural order function ordz. We
can now define three order functions ordg ., ordg o and ord, 5 on the group Sg.

1.3.3 Definition. Namely, for an element u := [7"] — [w] € Sp with w € Q%j , we define
ordg -(u) :=n, ordgq(u):=j, ordgz(u):= ordz(w).

Consider the group Sk = Sp®zZ. We may extend the three order functions above to order functions
of SE by considering the bilinear functions Sg X Z — Z

(u,a) = ordpr(u) -, (u,) = ordgo(u)- o, (u,a)— ordgx(u)-
where v € Sg and « € Z. In thiNS way we obtain three order functions, also denoted by ordg r,

ordg o and ord 3, on the group Sg.

1.3.4 Remark. Consider a sum u := Zuz ®a; € S]g. Assume that v € Sg,ie. that u = v ® 1
with v € Sg. If Z

ordg r(u;) = ordg,0(u;) = ordg 7(u;) =0
for each i, then

ordg (v) = ordg q(v) = ordy (v) = 0.



1.3. KATO’S SWAN CONDUCTOR 17

1.3.5 Remark. It seems that the group Sp := Sp ®z Z is the value group of some mysterious
arithmetic object £’ which contains the elements of the form z%, where x € F and « € Z.
1.3.3 Kato’s Swan conductor

In order to define Kato’s Swan conductor, we now introduce a normalization term €((,). Let r € Z
be relatively prime to p. For an extension M /F' of Case-II type we define

en((p) =Y la] ® ¢ € Sur.

aeIF;

One checks that under the embedding Sz < Sy the element er(y) € Sp maps to ¢ m(Cy) € S,
and therefore we shall make no further use of the subscript emphasizing the field F'.

1.3.6 Lemma. Forany r € Z relatively prime to p, we have that €(Cp) + [r] ® 1 = €(y) inside the
group Sp.

Finally we can define Kato’s Swan conductor.

1.3.7 Definition. Let x be a character of the group ;. We define the Swan conductor Swgp(x)
of y as

Swg/rp(x) = Z swi/p(0) @ x(0) + x(1) - €(¢y) € S
oelG

Let us state some important properties of Kato’s Swan conductor.

1.3.8 Theorem (Kato [21] Proposition 3.3). Let H <G be a normal subgroup and denote by M :=
EH the fixed field of E under H. Then M C E is a Galois extension which is also of Case-II type.
Let x be a character of H. Then the following identity holds.

Swg/p(Indf; x) = [G : H] - (SWE/M(X) + x(1) - DM/F)-

1.3.9 Theorem (Kato [21] Proposition 3.3). Assume the notation of Theorem 1.3.8. Let x be a
character of G/H and denote by x|q the restriction of x to G — G/H. Then we have the
following identity.

SWE/F(X|G) = SWM/F(X)~

1.3.4 Functorial properties

Let FF C F’ be an extension of complete discrete valuation fields, not necessarily assumed to be
finite, and both satisfying Assumption 1.2.4. Assume that the parameter 7wz of F' is also a parameter
of F’, and furthermore, that the extension F' C F’ induces an embedding of F-vector spaces

1.3.10 Remark. The condition that Qf embeds into Qﬁ is not automatic, since the extension F C
F’ may be purely inseparable and nontrivial, in which case the induced map 27 — (5 is simply
the zero map, i.e. not injective.
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Let F' C E denote a Galois extension of Case-II type. We define E’ := F'E and our aim is to study
the extension F' C E'.

Notice that we have an embedding

The assumption that 7 is a parameter for both F' and F’ implies that we can define embeddings
i? : Sp — Sp and ig/ : Sg — Spg/. Furthermore, one checks that the extension F/ C E’ is
Galois and still of Case-II type, and that the following diagram is commutative

i

B 34
g’

1
Sg —2— Spr.

Let x be a virtual character of the group G := Gal(E/F'). Since the field extensions /' C E and
F C F’ are linearly disjoint, one sees that the restriction morphism

Gal(E'/F') — Gal(E/F)

is an isomorphism, and hence we denote by X’ the character of Gal(E’/F") obtained by the compo-
sition

X' :Gal(E'/F") ~ Gal(E/F) % Z.
1.3.11 Proposition. The following compatibility holds inside the group Spr.
izg/(SWE/F(X)) = Swgr (X))
PROOF. Let y € O be a generator (in the sense of Definition 1.2.1) of the Case-II type extension

F C E. One checks that y is also a generator of F/ C E’ (in the sense of Definition 1.2.1).
Therefore, one reduces to checking the following:

ig,(SWE/F(U)) = swgr /i (0).

But this follows from the definition of swg,r and the fact that 7 is a parameter for all of F, F' FE
and F'. O

1.4 7 /pZ-extensions

Following the unpublished Bouw [3] we do the example where G ~ Z/pZ. We shall often return to
this example in the future, and therefore it is useful to include it here. In the following we let F' be a
complete discrete valuation field satisfying Assumption 1.2.4.

Let us start with the following theorem found in Henrio [19] (Proposition 5.1.6, Corollaire 5.1.8)
which classifies Case-1I type Z/pZ-Galois extensions of F' (see also Kato [22] Proposition 4.1(6))
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1.4.1 Theorem. Let F C E be a Z/pZ-Galois extension and assume that 7 € Qg is a parameter
for both ' and E. Then there exists an integer n € Z with 0 < n < vp(A1), and a unit uw € O
with T ¢ F'" such that E = F(y), where y satisfies

Yy’ =14 7",

Our aim is to calculate Kato’s Swan conductor using this explicit generating equation. We distinguish
two cases, namely n = 0 or the so-called logarithmic case (see Lemma 1.4.2), and n > 0, or the
so-called exact case (see Lemma 1.4.3).

1.4.2 Lemma (Logarithmic case). Letr = € O% such that T ¢ F'. Let E := F(y) be the 7./pZ-
Galois extension generated by vy, where y satisfies

=14z
Let 0 € G := Gal(E/F) be the automorphism
oy (Y.
We let xp be the irreducible character of G defined by
Xo:0 = (s
where b € . Then

dz
1+

Swi/r(xp) = [A] — [b ]

PROOF. We follow Bouw [3] exactly. One checks that £ = F'(y), and hence

swgyp(o”) = [dy] = [y] — [M] = [r] = [-1] = [dyy] [M] = [r] = [-1],
where 7 € F,. Then by definition we have
SWE/F ZSWE/F ®< +€(Cp)
relf,
=Y swip(0") @+ swryp(le) @ 1+ €(G)
TEIF*
= (- - - e - Z([dj] ~ ] - [ - 1)+ elG)
TEF* TE]F;‘,
dy b
— (1%~ - ) (ZF ~p 1)) ~elh) + el + [-1],
from which the result follows. Il

Still following Bouw [3] word-for-word, we also state the following important variation of Lemma
1.4.2.
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1.4.3 Lemma (Exact case). Let u € O}, such that T ¢ FP andlet 0 <n < v (A1) be a positive
integer. We let E := F(y), where y satisfies

Y =1+ mlu.
Let 0 € G := Gal(E/F) be the automorphism

Yy = Gy
and let xyp be the irreducible character

e
where b € F). Then we have that

SWE/F(Xb) = [Afﬂl_(pn] — [bdu].
PROOF. Again we calculate. We define an element v € (O by the substitution
y=1+mgov.

One checks that v € O is a generator for the Case-1I type extension F' C E, and furthermore, that

=1

inside the purely inseparable extension of residue fields ' C E.

Notice that o : y — (Y actson v as
o v (A" + o

where we have defined A, := C;" — 1.

Therefore, for any r € F,, we obtain

swg/p(o") 1= [dv] — [v — 0"
= [dv] — [N 7" — A
= [dv] = A" = [-1]
= [dv] — [r] = amg"] = [-1]
Thus
Swg, (X Z swg/p(o”) ® Cp +€(¢p)
relf,
= Z swr/p(0") @+ swr/p(le) ® 1+ €((p)
relfy
= (o] = M) = [r] = 1) @ ¢ = > ([do] — [M] = [r] = [—1]) + €(G)
refy refy
- [dﬁ] [)\ - (Cp) + G(Cp) [ 1]7
(- - 0)e (S - 0-0)

and the result follows once again. U
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1.4.4 Remark. Let E/F be Z/pZ-Galois of Case-II type and let x be a nontrivial character of the
Galois group Gal(E/F). We write Sw,(x) = [7°] — [w]. Then p|d.

The following is also an useful result.

145 Lemma. Let F C E, G and xp be as in Lemma 1.4.2 or Lemma 1.4.3. Then we have the
following relation between the different Dg/p and SWg;p(Xb)-

p Dgr=(p—1) Swg/r(xs) +[-1]
inside the group Sg.

PROOF. This follows directly from computation. We shall prove the result in the logarithmic case and
leave the exact case to the reader. By definition

p-Dp/p:=—D- Z SWE/F(O'T)

= Y0 - ] - ) - 1]
relf} y
= Sl +plp - ]+ oo = 1)+ (1]~ plp — 1)+ [
relfy
=pp— 1) ]+ 1] = (p - 1) (R
=({@—1)-Swg/rp(x) + [-1]. O

We can now state a preliminary version of Kato’s Hasse—Arf Theorem (see Theorem 1.5.1 for the full
version).

1.4.6 Theorem (Kato [21] Theorem 3.4). Assume that F° C E are complete discrete valuation
fields satisfying Assumption 1.2.4, and that the extension F' C E is Z/pZ-Galois and of Case-1I
type. Then it holds that

Swp/r(x) € Sp®z1C Sp®zZ

where x is an irreducible nontrivial character of 7./ pZ.

1.5 Kato’s Hasse—Arf theorem

Our aim for this section is to give the full statement of Kato’s Hasse—Arf theorem. We shall state the
theorem, then some concepts and definitions which will be useful to us later.

1.5.1 Theorem (Kato [21] Theorem 3.4). Let E/F be a G-Galois extension of Case-II type and let
X be an irreducible nontrivial character of G. Then it holds that

Swg/r(x) € Sp®z1 C Sp ®y Z.
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1.5.2 Definition. Let F' C E and G be as in Theorem 1.5.1 and let x be an irreducible nontrivial
character of G. Then there exists a unique integer, denoted by J,, and a unique differential, denoted
wy € Q%” for some n € Z, such that

Swg/r(x) = (1] = [wy] = dy.[ri] — [wy.

The integer 0, is called the depth of the character x, and the differential w, will be called the
differential Swan conductor of the character x with respect to the choice of the parameter 7 of the
discrete valuation field F'.

1.5.3 Remark. The integer ¢, is independent of the choice of the parameter 7, however, notice
that the differential Swan conductor is dependent on the choice of the parameter. For instance, when
np and 7 are both parameters for F, then one has the following identity.

Swe/rp(x) = [W};«“X] — [wy]

/
s TFE\s
= ()] = [(Z5) .
TF
1.5.4 Convention. In the future, when referring to the field F', we shall always assume that a choice
of a parameter 7 has been fixed, and therefore, when referring to the differential Swan conductor
we shall always mean the differential Swan conductor with respect to this parameter.

1.6 Vector space property

Let x1 and x2 be two characters of degree 1 of the p-group G. Kato’s Swan conductor Swg,/p
associates to each a differential form in . The following is then known and taken from Kato—
Saito [23] Corollary 4.6 and Kato [21] Theorem 3.7 (see also Kato [22] Corollary 5.2 and the remark
following Proposition 6.8).

1.6.1 Theorem. Let x1,x2 be two characters of degree 1, and let 6y, € Z and w,, € Qf be the
depths and differentials associated to these characters via the Swan conductor. Assume that 0, =
Oyo. Then we have that

Oxixz < Oyy = Oy
Furthermore, equality holds if and only if wy, + wy, # 0. In this case it also holds that
Wyixe = Wyi T Wya-

1.6.2 Remark. Notice that in the particular cases that xo = x7, with r relatively prime to p and x;
of order p, Theorem 1.6.1 is a special case of Lemma 1.4.2 and Lemma 1.4.3.

1.6.3 Example. Let I’ be a two-dimensional local field, and let ug and us, be two elements of
O% which do not reduce to p'h-powers of F. Let E; := F(y;) where y; satisfies y? = 1 + 7"u;
for i = 0 or ¢ = oo, where n > 0. Both Ey/F and E./F are Z/pZ-extensions of F, and the
compositum E := EyE., is a (Z/pZ)>-Galois extension. The differentials associated to Fy and
F are exact and are dug and du, respectively.
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Let E; := F(y;) denote the Z/pZ-subextension of E/F generated by y;, where y; satisfies

P = (1+ T (L + ")’
=1+ 7" (uo + iuco) + terms of higher morder.

We see that dug + i dus, # 0 if and only if ug + ius does not reduce to a pt*-power inside F', and
in this case the differential of E;/F is simply the sum d(ug + iuso) = dug + 7 duse.
1.7 Examples

1.7.1 Example : (Z/pZ)*-extensions

Let E/F be a G-Galois extension where G = (Z/pZ)?. We denote by Hy, ..., H, the p + 1
subgroups of G' of order p, and similarly by E; := E'!i. Notice that each F;/F isa Z/pZ-Galois
extension of Case-II type.

Let x be an irreducible nontrivial character of Hy. Then there are exactly p characters x1,...,Xp
of G such that

Xil Ho = X-
It follows that
Indg0 X = Z Xi-

Assume now that E/F is of Case-1I type. We see from Theorem 1.3.8 that

> Swryp(xi) = SWep(Indg, x) = p - Swgp,(x) + P D5 -

We denote by o any irreducible character of G with kernel exactly Hy. Then we see from Lemma
1.4.5 that

P Deye = (p—1) Swg,/e(xo) + [-1]
and hence we obtain
> Swryp(xi) =p-SwWrg,(x) + (0 — 1) - Swgy p(x0) + [—1].

Let us write Swg/p(Xi) = [w%] — [w;] where w; € O, and SWE/ B, (X) = [7°] — [w]. We see that
we obtain

> Si=p-s+(p—1)-d (1.1)
1<i<p
and
Y lwil=p-wl+(@-1)-[wol+ [-1] (1.2)

1<i<p

inside Sg,. From Remark 1.4.4 we obtain the following theorem.
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1.7.1 Theorem. Let E/F be a (Z/pZ)*-Galois extension such that each E;/F is of Case-II type.
Assume that K' /K is an algebraic Galois extension such that EK'/FK' is also of Case-II type and

that this is the smallest extension with this property. If p* does not divide . 6; — (p — 1)6qg then
1<i<p
the ramification index of K'/K is a multiple of p.

1.7.2 Example. Let K = Q,((,) with local parameter A := (, — 1. Let F' be a discrete valuation

field containing K and with parameter A such that the reduction F' is the rational function field
k(t) in one variable. We define Ey/F to be the Z/pZ-Galois extension generated by yo, where yo
satisfies

vy = . (1.3)

For i = 1,...,p we define E;/F to be the Z/pZ-Galois extension generated by y;, where y;
satisfies

Y =az(1— 1)’ (1.4)
We let E//F be the G-Galois extension which is the compositum of the E;/F’, where
G = (Z/pZ)>.

One checks that each E;/F is of Case-1I type. Let H; := Gal(F/E;) and define the §; as above.
Then a calculation shows that

do=...=0,=p-vg(\) =p.
Therefore p?/ > & —(p—1)do and we see that the smallest extension K’/K suchthat EK’'/FK’

1<i<p
is of Case-II type has ramification index divisible by p.

1.7.3 Remark. The example above is inspired by the Fermat curve «P 4 y? = 1. It is known that
G := (Z/pZ)? acts on this curve, and quotients of the curve by the Z/pZ-subgroups of G are given
by the equations (1.3) and (1.4) above.

We continue with the situation before Example 1.7.2. We now assume that the residue field F is a
complete discrete valuation field, i.e. a local power series field F ~ k((t)). We see that Ey = k((v))
where v = t. We may therefore write

w; = t”iui dt
where n; € Z and wu; is a unit inside k((¢)). Similarly, we may write
w=v"udv

where n € Z and w is an unit inside %((v)). We then obtain from (1.2) that

Z ni:n—k(p—l)-no

1<i<p

and hence we obtain the following theorem.
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1.7.4 Theorem. Let E/F be a G-Galois cover of Case-II type where G is the group (Z/pZ)>.
Let E;/F, i = 0,...,p, be the 7/pZ-subextensions of E/F, and let w; € F be the differential
Swan conductor associated with a nontrivial irreducible character of Gal(E;/F). Let w € Eq be the
differential Swan conductor associated with a nontrivial irreducible character of Gal(E/Ey). Then
we have that

Z ordgw; = ordgzw + (p — 1) - ordg wy.
1<i<p

1.7.2 Example : generalized quaternion extensions

In this section we consider a G-Galois extension E/F of case-II type, where G = Qqn+1 is the
generalized quaternion group with finite presentation

Qon+1 = <a,b[ ¥ =1, ' = b2, bab ! = a_1> )

Let H = (a). Notice that H is a normal subgroup of G. We let L := EH and we notice that L/F
is a Z/2Z-Galois extension of Case-II type.

Let x be any irreducible character of H of order 2. We let i) be a nontrivial irreducible character
of G/H ~ 7/27. The character Indg x is irreducible of rank 2. From Theorem 1.3.8 it follows
that

SWE/F(Indg X)=2-Swg;(x) +2-Dr/F-

Let us write
6] - [w]a

Swg/L(x) = [m

where w € Q5. We also write
Swi, (1) = [7%] — [wo,
where wg € (2. Furthermore, we write
SWE/F(Indg X) = [Wa,] — [W'].
Then it follows from Theorem 1.3.8 and Lemma 1.4.5 that
] — W] =27 =2 [w] + [v] — [~wo.
It follows that
=246 (1.5)

and

In terms of orders of the differentials, we have that

ordz(w') = ordy(w) + ordg(w).
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1.7.3 Example : depths at double points

Let A:= R[X,Y]/(XY — 7™). Notice that there exists exactly two codimension-one prime ideals
p1 and py of A which contain the element 7. We denote by Fj the fraction field of the discrete
valuation ring A,, and similarly F, that of A,,. Assume that B/A is a G-Galois extension such
that B is also of the form B := R[X',Y']/(X'Y’ — ™). One checks that n := m - |G| and
furthermore, the Galois extension B/A induces G-Galois extensions FEj/F; and Es/F5, where
both E; and FEs are 2-local fields with parameter 7. The aim of this section is to prove the following
theorem.

1.7.5 Theorem. Assume that G := Z/p"7Z. Let x be an irreducible character of G and assume that
Ey/Fy is of Case-II type. We write SWg, /p,(x) = [1%] — [w;] where i = 1,2 and where w; € Of.
Then we have that

g = 61 — n(ordg(w1) — 1).

PROOF. The case G := Z/pZ has already been proved by Green—Matignon [16] and later Henrio
[19]. Let us now consider the general case and we proceed by induction on the integer n. Assume
that Theorem 1.7.5 has been proved for all n < s where s € N. We shall now prove it also for n = s.

Denote by By /A the intermediate Z/pZ-Galois extension, and notice that we may write
By = R[X")Y"]/(X"Y" — ")

where rp = n. The Z/pZ-Galois extension B;/A induces a Z/pZ-Galois subextension L;/F; of
the 7 /p™Z-Galois subextension F4/F, and similarly a Z/pZ-Galois extension Lo/ F5.

Let X’ be a character of Gal(Ly/F}) ~ Z/pZ and let x” be the restriction of x to the group
Gal(Ey /L) ~ Z/p* ' Z.
/

'] and similarly Swp, /7, (x") = [7%]—[w!] where w} € QF

We may write Swy, /p (x') = [ 8] — w!

and W) € Qf.
By the induction hypothesis we see that we have

0y = 67 — r(ord(wy) — 1).
Furthermore, since the extension By /A is Z/pZ-Galois we have that

0y = &7 — n(ordz(wq) — 1).
We finish the induction step by noting that from Proposition 1.3.8 and Lemma 1.4.5 it follows that

poi = pdi + (p—1)5;
and
pordg—(wi) = (p — 1) ordg—(w}) + ord—(wY)

from which the result follows. O
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1.7.6 Corollary. Assume now that B/A is a G := Qgs-Galois extension. Let x be the irreducible
character of Qg of rank two. We write SWg, /p, (X) = [7%] — [w;]. One has that wy € Q%Q and it
follows that

by = 01 — n(ordp(wy) — 2).

PROOF. The proof is essentially exactly as before. We let H C G be a Z/47Z-subgroup. We let
L; = EZH and we let y g : H — C* be an irreducible character of H with trivial kernel. Let ' be
a nontrivial character of Gal(L;/F;) ~ 7Z/27. We may write

Swg,/r,(xu) = [7%] — [w}]
and similarly
Swr,/r (X)) = [7%] —
This time Proposition 1.3.8 implies that
6 = 6, + 20
and similarly
ord—(w1) = ordp—(wy) + ordz—(wf),
from which the result now follows exactly as before. O

1.7.7 Remark. In Chapter three (see Proposition 3.4.5) we shall proof a powerful generalization of
this result, namely to arbitrary p-groups G.
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Chapter 2

Swan conductors II: Ramification groups

In Serre [37] a ramification filtration is introduced for Galois extensions of complete discrete valuation
fields of which the residue field extension is separable. In the current chapter we follow Kato—Saito
[23] to develop this idea in the case of Case-II type extensions. However, we restrict to the case where
the extension is induced by the boundary extension of local power series rings (in a manner to be made
more precise in Section 2.1). This has the advantage that it significantly simplifies the proof that the
higher ramification groups are normal subgroups of the Galois group and that they are independent of
the choices of local parameters used.

In Section 2.2 we start with the definition of Kato—Saito [23]. We also introduce a simplified ramifi-
cation filtration in Section 2.3 which will prove useful to us later in the third chapter and important for
the fifth chapter. In Spriano [39] and Zhukov [42] similar ramification filtrations were also studied,
and in Section 2.3.1 we shall reconcile our definition with that of Zhukov. In Section 2.4 we introduce
two new characters, the Artin and depth characters of the Galois extension. We then relate Kato’s
differential Swan conductor to these as well as to the associated upper ramification filtration. We
conclude by giving a structure theorem on the quotients of the simplified upper ramification filtration
in terms of the Kato Swan-conductor differentials and vector spaces thereof.

2.1 Notation and setting

As in the previous chapter, we let K be a complete discrete valuation field of characteristic 0 with
perfect residue field & of characteristic p and ring of integers R. We denote by vx the valuation of
the field K, and by mx € R alocal parameter of K. We shall assume that vx has been normalized
such that v (7x) = 1. We shall assume (, € K and we set \ := (, — 1.

o —

We let A := R[t] and F := Frac A;4). Notice that F' is a two-dimensional local field with
parameter 7y and residue field F = k((t)). We denote by vy the discrete valuation of F, and by
v the discrete valuation of F.

2.1.1 Definition. We define the rank- 2 valuation v, : F* — Z? by the rule:
Vpiz € Fr (Uf(i“),’l)p(w)),
where 7 € F is the reduction of xw;(vF (@) € Or to F.

29
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Let G be a p-group and let B/A be a G-Galois extension such that B is also a power series ring
over R,ie. B = R[z]. We define E := B ®4 F. Notice that E//F is a G-Galois extension and
that mx is by assumption also a local parameter of E. Denote by vg the valuation of E and by
v the valuation of the discrete valuation field E which is the reduction of F. As in the case of F,
we may construct a rank- 2 valuation vy on F. We assume that vy has been normalized such that
vi|F = vp. In order to emphasize this normalization we shall from now on denote vy simply by

Vp.
2.1.2 Assumption. We shall from now on always assume that E/F is of Case-II type.

2.1.3 Remark. For an element © € E we have that

m

vp(z) = (

.n)
€E/F

where n := vp(z) and where m := vg (") is the valuation of z7 " inside the residue field E.
Here eg /F is defined to be the ramification index of the residue field extension F' C E. Since we

have assumed that E/F is of Case-Il type, we see that ez = [E : F] = [E': F].

2.1.4 Definition. Anelement x € F is called a local geometric parameter of E if B = R|x].

2.2 Ramification groups

Assume the notation and setting as introduced above. We shall very briefly introduce the higher
ramification filtration, for more details see Kato—Saito [23]. We remind the reader of the reversed
lexicographic ordering < on Q2.

2.2.1 Definition. For any (a,b) € Q? and (c,d) € Q? we declare that (a,b) < (c,d) if and only if
either b=d and a < c orif b < d.

2.2.2 Notation. We shall denote the second projection Q> — Q by po, ie. p2((a,b)) = b, where
a,beqQ.

2.2.3 Remark. If t,¢' € Q? such that ¢t < ', then po(t) < pa(t).

We now come to the definition of the ramification filtration of G.
2.2.4 Definition. For ¢t € Q?, we define

Grim {0 € Glvp(ZPE) _ 1y s 4,

TE

where xp is any geometric local parameter of F.

2.2.5 Proposition. This definition is independent of the choice of xg. Furthermore, the subgroup G4
is a normal subgroup of G.



2.2. RAMIFICATION GROUPS 31

PROOF. Let zp and yg be local geometric parameters of E. Therefore B = R[zg] = R[yr]. We
see that we can find (a;);enuqoy and (b;);enugoy such that

yE:ao—i—Zai-x%ande:bo—i—Zbi-y]é. 2.1)
i>1 Jj=1

One checks that ag, by € mx R and that a; and b; are units of R.
Let us write

olxg) —zg =75 - p(zE)-u (2.2)

where u € B is a unit and p(xzg) is a distinguished polynomial of degree n. Since E/F is of
Case-II type, we see that m > 0. Therefore we have that

n

[E : F]

vp(o(zp) —2p) = ( ;1)

Now we calculate o(yg) — yg in terms of xp. Indeed we have that

o(ye) —yr = Zai (o(zp)’ — o).
1<i

For each 7 > 1 we notice from (2.2) that we may write

O'(ZL'E)i = x’E +1- :172?1 " p(xg) - u+ g,

where «; € B with vg(a;) > m. Hence we have
o(zp) — 2y =i -2 7™ prg) v+ .

It follows that

olyp) —yp =7"p(x)-u- O _i-a5") +a
1>1

where o € B with vg(a) > m. It follows that

vplo(us) = yp) = (i om) = vrlo(or) = op)

Therefore we see that the G is independent of the choice of local geometric parameter x .

Next we check the normality. Let r and s be defined by ¢t = (ﬁ,r) We define the B-ideal

71 := <7rrx§5, 7r’"+1>. We shall now show that Z C B is fixed by the action of GG. Let 7 € G. Then
since E/F is of Case-II type, we may write
T(rg) =2xp + 7' "a, (2.3)

where - > 0 and o, € B. Therefore we have that

7 (t(zg))’ =7"2% + o
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where o € 7771 B. We see thus that Z is fixed by G. We may therefore consider the ring By := B/Z
and we notice that the G-action on B induces a (G-action on Bj.

Assume that p € G acts trivially on By. Therefore
p(zg) =ap + 7 x5/ + 7By (2.4)

where (31, B2 € B. We see thus that

S

vr(pler) ~ 22) = (7 7)
and hence
vi( zE) 1) > ¢
TE

Hence we have that p € G;.

Now let 0 € G; and let 7 € G. First we show that o acts trivially on By. Define m, p(z) € B
and u € B by (2.2). If m > r then we see that ¢ acts trivially on the ring By. Assume now that
m = r and let n be the degree of p(x). Then we see that

o(xg) o on—1 .
TE 71)_([E:F]’)

and since o € G we see that n > s. Therefore also in this case we have that ¢ acts trivially on the
ring Bp. Hence ror— 1 also acts trivially on Bjy. It follows that Tor !t € Gy. ]

We have the following lemma.
2.2.6 Lemma. Let t € Q? and o € G. Then the following statements are equivalent.

o We have that ¢ € Gy and o ¢ Gy forall t' € Q? with t < t'.

o We have that v F(% — 1) =t where xg is any geometric local parameter.

PROOF. Assume that 0 € G; and o ¢ Gy forall ¥/ € Q2 with ¢ < t'. By definition of G; we see
that

o(zp)

TE

Ve -1) >t

Let £ := vp(Z8E) — 1) € Q2. We see that o € G;. Therefore, by hypothesis and the fact that ¢ > ¢,
t

TE

we see that t. The converse direction we leave to the reader. O

2.2.7 Definition. We shall say that ¢ € Q? is a lower ramification jump if Gy # Gy forall t' € Q?
with ¢ > t.
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In order to introduce the higher ramification filtration on G, one defines a generalization ¢ : Q? —
Q)? of the classical Herbrandt function as follows:

S
:/|Gw|dw, s € Q?
0

and
=9,
for the notion of integration on the ordered Q? see Kato—Saito [23] Sections 1 and 2. We briefly
S
recall the definition of the integral f |Gwldw. Let s1,...,s; € Q? be the set of lower ramification

0
jumps not exceeding ¢. Then we define
/rwaw = 51+ |Gyl + (52— 51) - |G| + ..+ (85— 8521) - [Guy | + (5 — 57) - |Gl € Q2.

One then defines the higher ramification filtration by setting for ¢ € Q?
Gt = G’l/)(t)
for t € Q2.

2.2.8 Definition. We shall say that ¢ € Q? is an upper ramification jump if for all ¥ € Q? with
' >t we have that G* % G

2.2.9 Remark. Notice that s € Q? is a lower ramification jump if and only if ¢(s) is a higher
ramification jump.

Furthermore, one proves that for a ¢ € Q% we have

t
/ |G )~ dw,
0

see Kato-Saito [23] Lemma 2.3. For convenience, let us make this integral explicit. Let #q,...,¢; be
the set of upper ramification jumps not exceeding t. Then we define

t
t oty —t ti—ti g t—t
Gw W= —+ —— ... J J J 2.5
/' T e e TRTe (2)
0

The following proposition shows that the upper ramification filtration G?, ¢ € Q?, behaves well with
respect to quotients.

2.2.10 Proposition (Kato—-Saito [23] Corollary 3.3). Let HG be a normal subgroup, and consider
the G/H-Galois extension of two-dimensional local fields F' C E™. Then the higher ramification
filtration on G/H is compatible with that of G, i.e. for any t € Q? we have that

(G/H)" = (G'H)/H
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Later in this chapter we shall prove that the set of upper ramification jumps are related to Kato’s
Swan conductors. More precisely, let p : G — GL,(C) be an irreducible representation of G with
associated character , and let ¢ € Q? be the maximal upper ramification jump such that p|;: is not
trivial. We write Swg,p(x) = [7%] — [w]. Then we shall see that w € Q%) see Theorem 2.4.5, and
furthermore, that

tk(x) - t = (— ordzw — 1k(x), 9),

see Corollary 2.4.12. In the case that G is abelian, we obtain the following theorem.

2.2.11 Theorem. Assume that the group G is abelian. Then the upper ramification jumps are ele-
ments of (7).

A

2.3 The simplified ramification groups G

2.3.1 Definitions

We start by defining GO = @G. Consider the upper ramification jumps ¢; < ... < ty of the group
G. For each j we write t; = (mj,n;), where m;,n; € Q. For i € Q>, we define

G = U G
jing>i

We shall refer to this filtration G, i € Q,on G = G° as the simplified upper ramification filtration.
It behaves well with respect to normal subgroups, as the following consequence of Proposition 2.2.10
states.

2.3.1 Proposition. Let H < G be a normal subgroup of G. Then the simplified upper filtrations of
G and G/H are related via

G/H =G'H/H.

PROOF. This follows directly from the definition of the simplified upper ramification filtration, as
well as the corresponding property Proposition 2.2.10 for the two-dimensional upper ramification
filtration. U

2.3.2 Definition. We shall say that n € Q is a simplified upper ramification jump if Gn % G" for
all n’ € Q with n < n/'.

2.3.3 Lemma. Let n be a simplified upper ramification jump. Then there exists an a € Q such that
(a,n) is an upper ramification jump.

PROOF. Indeed, if Gn #* G" forall n' € Q with n/ > n, then there exists a nontrivial o € Gn
such that o ¢ G™ . Thus, by the definition of G" for some a € Q we have that

o e Gn),

Since ¢ is nontrivial, there exists an upper ramification jump ¢ € Q such that o € G* and o ¢ G
for all ¥ € Q? with ¢ > t. Furthermore, we thus have that (a,n) < t.

However, if ¢ = (b,n’) for some b,n’ € Q with n’ > n, then o € G¥") forall ¥ € Q with
Y < b,and hence o € G"'. Thus n/ = n, completing the proof. O
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2.3.4 Definition. We define the simplified Hasse—Arf function @Z by defining for ¢ € Q
i
i) = / 1G5 ds
0

and setting ¢ := 1)L,

2.3.5 Definition. We define the lower simplified ramification filtration by
Gi = GO,

Let us now compare the functions v and 12)

2.3.6 Lemma. The functions 1 : Q> — Q? and 1& : Q — Q are related by

p2(¥(T)) = ¥ (p2(T)),
where py : Q* — Q denotes the second projection of Q?, i.e. pa((a,b)) =b for a,b c Q2

PROOF. Let T'= (T1,T5). Let t1,...,txN be the set of upper ramification jumps of G' not exceeding
T. Assume first that 7' > t;. We write ¢; = (aj,b;) for a;,b; € Q. We define the indices
Jj1<...<js by j1=1and

bi=by=...= jo—15 bjzz o1 = .. = j3—17---;bjs—---—bN

and such that b;, < ... < bj,. Notice that the simplified upper ramification jumps not exceeding 7%
are bj, < ... <bj, and possibly 75 itself. Furthermore, it follows that

Gl = GY:i, i=1,...,s.
Define ¢y = (0,0) € Q?, jo =0 and by = 0. Then

tj —t;1 T—tn
Gul )

pa((T)) =pa( Y

1<jSN
_ Z bj - bj_]_ T2 - bN
2z, 1en e
_ Z bj; = bjiy | To — by,
Abj. T| -
If T = b;, then we have that ngﬁf‘s =0= T{g;;j's . Hence we obtain from the definition of ¢ that
p2(¥(T3)) = ¢(T), since the simplified upper ramification jumps not exceeding T are bj ,...,bj,.
Next assume that T5 > bj,. Then we see that GT = G2 and hence the result follows once again.
We leave the case T' < t1 to the reader. ]

2.3.7 Lemma. Assume that i € Q and that o € G; = GO0 Then

o(zp)
TR

vp( —1) >
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PROOF. Let ¢; € Q? be an upper ramification jump such that G0 = G Thus pa(t) > ().
Therefore o € G* and hence o € Gyyy,). Thus,

o(zg)
T

—1) > (). (2.6)

Vi (

Therefore

since pa 0 Vp = Up

v(ZEE) )
T

> pa((t)) by (2.6)
p2(t;)) by Lemma 2.3.6

2.3.8 Lemma. Assume that i € Q and that o ¢ G; = GO Then

o(zp)

—-1) <.

vp( s ) <i
PROOF. Once again, let t1,...,ty be the upper ramification jumps. Let b; := po(t;) for j =
1,...,N. Assume that G°) = GU for some index [. Therefore, we obtain that by assumption

o ¢ G''. Notice that t; # t1, since G'* = G and would therefore have contained o. Thus [ > 2.

Since G90) = Gt we see that bj_; < $(i) < by. Let j be the largest index such that o € Gy, =
G'i. We see thus that t; <t;. By Lemma 2.2.6 we have

vp(TEE) 1)) = i),
TE
Thus we obtain

or(PEE 1) = pa(ute)
= ¢ (pa(t;))
< )(pa(ti_1)) since t; < t;—1 and hence po(t;) < p2(ti—1)
= P(bi1)
<4((i)) since by < §(i)
=3 O

As a consequence, we obtain the following proposition
2.3.9 Proposition. Assume that i € Q. Then

o(zp)
TR

Gi = {o € Glop( —1) > i}
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2.3.10 Remark. We have shown that our ramification filtration is the same as that of Zhukov [42].

2.3.11 Remark. We see thus that we may also define Gn by
= U Glasby): 2.7

b;j>n

where the set {(a1,b1),...,(an,by)} C Q? are the lower ramification jumps.

2.3.2 The quotients G, / @nH

We fix a geometric local parameter zg of the field E. Assume that n € Z is a simplified lower rami-
fication jump corresponding to the simplified lower filtration on G := Gal(E/F'). By Remark 2.3.11
there exists a lower ramification jump ¢ € Q2 such that G,, = Gy. Let us write ¢ = ([E%],m),
where m,n € Z.

Let o € Gp,. Then by the Weierstrass preparation theorem we may write
o(xp) =Tp+ Tk - Do - Ug

where p, is a distinguished polynomial of degree d and u, a unit of B = R[zg]. Furthermore,
since o € G, we have that » > m. If » = m then we have that d > n + 1. We may therefore write

olxp)=xp+ 7k - xdE ‘g + T,
where [, € O (however notice that [, need not be in B).

We define v, := 7y " - de 1.y, for 0 #1 and vy = 0.

We have that v, € O} if and only if o ¢ Gm+1 After fixing the choice of zg, each o €
Gm — Gpy1 determines an unique o, € E, and if o € G, for some m’ > m, then we find that
v, = 0. We leave the proof of the following calculation to the reader.

2.3.12 Lemma. Let o and T be two elements of Gm Gm—i—l Then 1o € Gy, — Gm+1 if and only
if Ug + Ur # 0. In this case we also obtain U7, = U + U,. Furthermore we have that 7,-1 = —7,.

A similar calculation yields also the following

2.3.13 Lemma. Let o € G’m but not in ém-&-l and let T € ém+1. Then o1 € G’m — Gm+1, and
furthermore,

This also holds for the automorphism To.
2.3.14 Remark. The assumption that F/F is of Case-II type is essential for the two lemmata above.
We now construct a mapping 'yg/ IR Gn —E by defining

’yg‘/F:UHWGE, o€ G

From the lemmata above we see that 723/ p induces a group homomorphism Gm / Gm+1 — E.
Furthermore ~7, /P is an injective group homomorphism.
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2.3.15 Remark. Notice that the definition of fyg/ p depends on the choice of zp. This is different
from the classical construction in Serre [37] Chapter IV for the case of a one-dimensional local field.
A further distinction is that our construction only works because we have assumed that E/F is of
Case-II type.

We thus obtain the following theorem.

2.3.16 Theorem. The quotient group Gm / ém+1 can be embedded into the additive group E. Thus
each quotient G, /Gm+1 is an elementary abelian p-group.

2.3.17 Remark. We stress the point once again that this theorem only holds because we have made
the assumption that E/F is of Case-II type.

2.3.18 Corollary. Assume that G is cyclic of order p~. Then there exist exactly N distinct lower
(respectively upper) simplified ramification jumps.

PROOF. The group Z/pNZ has exactly N nontrivial subgroups, and hence there are at most N
lower ramification jumps, and at most N lower simplified ramification jumps. However, each quo-
tient of consecutive lower ramification groups must be elementary abelian, and hence the result fol-
lows. 0

2.3.19 Example. Assume that G = (Jg, the quaternion group of eight elements. Then there exist at
least two simplified ramification jumps.

A consequence of our work is the following lemma.
2.3.20 Lemma. Let 0 € G and o # 1. Then for any b € Z relatively prime to p, we have that
swip(o”) = swgp(o) — [b].

PROOF. Let xg be a geometric local parameter of E, and assume that o € Gm, but not in Gm+1, for
m € Z. Let t € Q2 be the least lower ramification jump with second coordinate m, i.e. pa(t) = m,
and write

n
= ([E . F}vm%
where m and n are integers. We thus have
swi,/p(0) = [dTE] — [~2 7" v,)
= [d7E] — [~2% 7™ — [v5]  since v, € OF
= [dzg] = [~ 7™ = [ p(o)].
Thus
swgr(0”) = [dTg] — [—x%ﬂﬁm] hE/F(Ub)}
= [dzE] — [~2 7™ — Vg p(o)] — B
= swpp(0) — [t O

A consequence of this is
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2.3.21 Theorem. Let x be a character of degree 1, i.e. x is a homomorphism G — C*. Let H C G
be a normal subgroup of G and consider the induced tower of Galois extensions F C EH C E. This
induces embeddings Sp — Spn — Sp. Let Dpu p € Spu denote the different of the extension

F C EH. Then we have the following identity inside Sy .
Swg/pu(X|H) + Dgu,p = SWgyrp(X)-
PROOF. The proof is exactly the proof of Lemma 3.12 of Kato [21]. There Kato uses the equality
SWE/F(Ui) = SWE/F(U) — [l

which follows directly from Lemma 2.3.20. O

2.3.22 Corollary. Let x be a character of degree 1, and let r € 7 be an integer relatively prime to
p. Then

Swe/p(X") = Swg/rp(x) — [r]-
In particular, restricting to the differential components, we have
wyr = [wy] + [r] = [rwy].

PROOF. From Theorem 2.3.21 it suffices to prove this in the case that y is a character of order p. But
then the result is an immediate consequence of the explicit calculations in Lemma 1.4.2 and Lemma
1.4.3. 0

2.3.23 Remark. In this section we embedded the quotient groups Gm / Gm41 into the ring B =
Op /7 Op. However, we simply comment that it is in fact possible to refine our calculations and
to prove and even stronger statement, namely that it is possible to embed Gm / C’mH into the ring
Ep == Op /7™ OF.

2.4 Artin and depth characters
Let f € E*.
2.4.1 Definition. We define the order #f of f as
#f = vp(f) = vp(f/meD).
Let xg be alocal geometric parameter of E.
2.4.2 Definition. We define the Artin character of E/F' as the class function of G defined by

ap/p(0) = —#(o(rg) —zg), foro#1
and
ag/r(l) == — Z ag/r(0).
o#1
We define the Swan character of E/F as the class function of G defined by
SE/F ‘= Qg/F — UG,

where ug is the augmentation character of G.
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2.4.3 Definition. We define the depth character o/ with respectto xp by

op/r(0) == —|G| - ve(o(zE) —zE), foro#1
and
Sg/p(1) === dp/r(0)
o#1

2.4.4 Remark. By the fact that the G for ¢ € Q? are independent of 'z, by Lemma 2.2.6, we see
that the 0/, ap/r and sg/p are independent of the choice of zp.
2.4.1 Relation to Kato’s Swan conductor

Let x be a character of G. Let us write Swg/p(x) = [m9x] — [wy], where w,, € Q%rk(X). Define
me := vp(xp — oxg) and n, := #(xg — o(xg)). Notice that for each 0 € G with o # 1, there
exists a u, € F such that

zp—o(xp) =1"7 - T - Ug. (2.8)

Furthermore by the definitions of dg/r and ag,p, we have that both u, € E (respectively its re-
duction u, € E) are units, i.e. vg(u,) = 0 (respectively vg(ts) = 0).

Let us now calculate J, and wy explicitly from dg,p and ap,p. Indeed we see that inside Sk

Swr/p(X) = Y swryr(o) @ x(0) + x(1) - €(¢p)
ceG
= ([d7E] - [*" 2 us)) @ (x(o) — tk(x)) + x(1) - €((p)  from (2.8).
o#1

The term — rk(y) in the factors (x(o) — rk(x) comes from the fact that we have defined
swg/r(la) = Z sWg/p(o
o#lg
and the fact that y (1) = rk(y).

First we concentrate on the terms Y [dZx] ® (x (o) — rk(x)). We find
o#1

> 475 @ (x(0) = 1k(x)) = ~|G| - 1k(x) - [d7F]
o#1
= —1k(x) - [d7F]

where zp is an element of F' such that in the reduction Tp := ﬁ'G‘ (and hence zp is a local
geometric parameter of F'). Consider now the terms

S ) © (x(0) — k().
o#1
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We notice that inside S, £ we have that
[ ug| = [7"7] 4[] + [uo].
A calculation reveals that

=[] @ (x(0) = tk(x)) = [x=/r ]
o#1

and that

=Yl @ (o) — k() = [o ) = o).
o#1

Therefore we obtain that

Define u € §E by

U= — Z[ug] ® (x(o) —1k(x)) + x(1) - €(Ep)-
o#1

By Kato’s Hasse-Arf theorem (Theorem 1.5.1), we see that u € Sp. Furthermore, we have that
ordg r(u) = ordg o(u) = ord; z(u) =0
and hence we obtain the following theorem.

2.4.5 Theorem. Let Swg,p(x) = [1"] — [w], where w € ng and n € Z. Then we have that

j=1k(x), n=9dg/r(x)
and finally the order of w in F is given by
ordw = —aE/F(X).
We obtain as a corollary of Theorem 2.4.5 the following.
2.4.6 Corollary. The values of ap/r and g p at the irreducible characters of G are integers.

2.4.7 Remark. In the next chapter we shall see that the values of ap,p and g p at the irreducible
characters of (G are nonnegative integers.
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2.4.2 The upper ramification jumps

In this section we shall relate the Artin and depth characters (and hence by means of Theorem 2.4.5
also Kato’s Swan conductor) to the upper ramification jumps of G. Let t; < ... < t,, € Q? be
the sequence of upper ramification jumps of G. To help us reach our goal, we shall also work with
the lower ramification jumps, and we denote them by s; < ... < s,, € Q2. We write s; = (@i, bi)
where a;,b; € Q.

We define a class function A\ on G with values in Q? by
—|Gl- A=t ug+ Y (tn —ty) - IndS L uge (2.9)
j<m
Let 0 € G be an element of G, — |J Gy . Then we see that by the definition of sg/r and dg/p

s'>s;
we have

sp/r(o) = —|G|-ai, 6p/r=—|G|-b;. (2.10)

Since 0 € G5, — |J Gy, weseethat o € Gt — |J GY. Therefore by the normality of the G* in
s'>s4 t'>t;
G and by (2.9) we have that

liv1—tj
(0) |G|+Z |th+1’ =5 2.11)

by the relation (2.5) between the lower and upper ramification jumps. We now write t; = (h;, d;)
with h;,d; € Q. Then we obtain the following theorem.

2.4.8 Theorem. We have that
spip=h1-ug+ Y (hjpr —hy) - IndS g (2.12)
J
and
Opyp=di-ug+ Y (djyr —d;) - IndS  uee, . (2.13)
J
PROOF. Let o # 1. Then there exists a lower jump s; suchthat o € G5, — |J Gg. By (2.11) we

s'>s;
see that

Ao) = s;.

Therefore by (2.9) and the (2.10) we see that (2.12) and (2.13) holds for all elements of G differ-
ent from 1. However, since both the left hand sides and right hand sides of (2.12) and (2.13) are
orthogonal to the trivial character 15, we see that they are also equal at the element 1. O

Following Serre [37] we now define x(G"), where t is an upper ramification jump and Y is a class
function of G, as follows:

|Gt| 2 X
ceGH

We leave the proof of the following for the reader.
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2.4.9 Lemma. Let t be an upper ramification jump and let x be a character of G. Then we have
that

<X,Indgt ugt) = (xlgt, ugt) = x(1) — x(G").
Therefore we obtain as a corollary of Theorem 2.4.8 the following.

2.4.10 Corollary. Let x be a character of G. Then we have that

sp/p(X) = hi - (x(1) = x(G)) + Y (hy1 = hy) - (x(1) = x(G"+1))
J

and

op/r(x) = di- (x(1) = x(G)) + Z(dj+1 —dj) - (x(1) = x(GY+1)).

Finally we are able to prove the following theorem.

2.4.11 Theorem. Let p : G — GL,,(C) be an irreducible representation of G and let x be the

corresponding character. Assume that t € Q? is the largest upper ramification jump such that
p(GY) # 1. Let t = (h,d) with h,d € Q. Then we have that

SE/F(X) =rk(x) - h

and

5E/F(X> = 1k(x) - d.

In particular, we have the following generalization of Serre [37] Exercise VI.2.2:

ap/r(x) =r1k(x) - (h + 1).

PROOF. Let s € Q? be such that s > ¢. Then since p(G®) = 1, we have that y(G*) = rk(x) =
X(1). Therefore we have that

spr(X) = h1- (X(1) = X(@) + Y _(hje1 = hy) - (x(1) = x(G"+1))

J<i
where ¢; =t (i.e. t is the ¢ th upper jump).

Let us now assume that s < ¢ and we shall study x(G?®). Since p|gs is not the trivial representation
on G*, there exists a nontrivial irreducible character 1 of G* such that (x|gs, ) # 0. We have
that the G are normal subgroups of G. Fora g € G, denote by 7, the conjugation of G* — G*
by g. Then by Clifford’s theorem (Dornhoff [11] Theorem 14.1), there exists integers e and f and
elements g1,...,gs € G such that

Xlas=e- Y poty,.

1<i<f
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Furthermore, each p o 7,4, is an irreducible nontrivial character of G°. Therefore we have that

X(G”) = (Xlas, 1as)
=e- Z (poty,las)
1<5<f
= 0.

We see therefore that for each s < ¢ we have that

x(1) = x(G®) = rk(x).

The result now follows. 0

2.4.12 Corollary. Let p : G — GL,(C) be an irreducible representation of G and let x be the
corresponding character. Assume that t € Q? is the largest upper ramification jump such that
p(G') # 1. Let t = (h,d) with h,d € Q. Let Swg p(x) = [7"] — [w] where n € Z and

wE Q%rk(X). Then we have that
n=rk(x)-d, —ordpw=rk(x)- (14 h).

243 Example: G = (Z/pZ)?

For our example we let G = (Z/pZ)?. What follows is a continuation of Example 1.7.2. Let K
be a finite extension of Q,((,) such that the ramification index e /() satisfies e, (c,) < P-
Let 7 be alocal parameter of K. Let Y — X be a G-Galois cover of smooth projective K -curves
and assume that Y attains semistable reduction over K. Let ) — spec(Ox) be a semistable model
of Y such that the G-action extends to )). We denote by X := )/G the quotient model of X.
Furthermore we denote by ) the special fibre of ).

2.4.13 Theorem. There exists no component T of Vi, with inertia group G.

PROOF. Assume that sucha I existed, and denote by I' C X} its image inside the special fibre Xj.
Let z € I' be a smooth point and let y be its preimage. Assume that y is also a smooth point. We set
A= @ and B := 63;\y Notice that B/A is a G-Galois extension. We let F' := Frac(fl(ﬂA))
and E := B ®4 F. By assumption on the inertia group of T, we see that E/F is a G-Galois
extension of Case-II type of two-dimensional local fields. We are thus in the situation of this chapter.

Welet H;, i =0,1,...,p, be the order-p subgroups of G, and for each ¢ = 0,1, ..., p, we choose
an irreducible G-character y; with kernel H;. We define §; := dp, r(x:). Notice that by Theorem
2.4.11 we may assume that 6; = ... = ¢, (since we may assume that none of Hiy,...,H), isa
higher ramification group).

Let x be an irreducible character of Hy. We define 0 := dp /EHo (x). Then we have by (1.1) of
Section 1.7 that

p-01 = Z di=p-0+(p—1)-0do.

1<i<p
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Notice that by Remark 1.4.4 we have that p|é and since §; = ... = &,, we have that p?|5y. However,

0 <do < v (W) =p- ek, <P

inside K, a contradiction. g

2.5 The local vector-space theorem: trivial filtration case

We now define vector spaces associated to the differentials w,, where the x range over the irreducible
characters of the group G. For an integer 7, we define the set V, /r C (15 by

VJ%/F 1= {wy |6y =i} U{0}.

From Theorem 1.6.1 it follows that V}é /F is a [F,-vector space. Our aim is to prove the following
theorem

2.5.1 Theorem. Assume that G is abelian. Then the vector space Vé /P isomorphic to the group
Hompp(éi / Gt C*), and therefore isomorphic to the quotient itself.

2.5.2 Remark. It is clear that this theorem needs refinement if we are to handle nonabelian G as
well.

In the rest of this section we shall deduce this theorem in the case that F' C E induces a trivial
simplified higher ramification filtration, i.e. G* is either G' or {1}. We shall leave the general case
for Section 2.6.

Let us denote the unique simplified higher ramification jump by n. Notice that by Theorem 2.3.16
our assumption implies that G' ~ (Z/pZ)"N for some N.

Let X(G) := Hom(G, C*) denote the group of irreducible degree one characters of G.

Let x1,x2 € X(G) be nontrivial. By assumption on the filtration of G, we see from Corollary 2.4.12
that

5X1 = 6X2 =n.

Assume that o # Xl_l. In this case we have that x;y2 is nontrivial on G = G™. Therefore, it too
satisfies 0y, = n.

Thus by Theorem 1.6.1 we have that
Wyixe = Wy + Wy, 7 0.
Furthermore, we have that
Wyt = —Wy -
Hence the association w : X(G) — Vi C Qp
WX Wy

is a group homomorphism, and is in fact an embedding. However, we see that w is also onto, since
the cardinality of V /P can by definition not exceed the cardinality of X (G) = X (G"™). This proves
Theorem 2.5.1 in the special case of exactly one simplified upper ramification jump.
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2.6 The local vector-space theorem: general case

We now prove Theorem 2.5.1 in the general case. Let GG therefore be an abelian group and let the
simplified upper ramification jumps be i1, ...,iN.

2.6.1 Claim. Theorem 2.5.1 holds for the first simplified upper jump i1, i.e. X(Gil/éi”l) o~ VE/F

PROOF. From Corollary 2.4.12 any character with &, = i; vanishes on G?*1. Therefore, all such
characters induce characters of G/G "1, It therefore suffices to consider the subextension F' C

EC"™ with Galois group G/ G+l But in this case the theorem has already been proved in Section
2.5. O
Assume now that the theorem has been proved for the indices ¢ = 41, ...,%,—1,1.e. foreach 7 <r—1

we have that

X (G /Gty ~ VL

We shall now prove Theorem 2.5.1 for the index ¢ = 4,. Consider the subextension F' C F’ :=
EG"™ with Galois group G’ := G/ Girt1. Notice that the simplified upper ramification jumps of
G’ are given by 41 < ... < i,. Furthermore, by Corollary 2.4.12, every G-character x with d, < i,
vanishes on Grt!, and therefore comes from a character on G/ = G / Girtl. The spaces V5

F'/F
and V}zf/  are thus isomorphic by Theorem 1.3.9. By restricting our attention to the subextension

F C F’, we may thus assume that G 1 = {0} is trivial.

Consider the exact sequence of groups
0—G" -G —G/G" —0.
We now use the assumption that G is abelian.
2.6.2 Claim. By applying X (—) := Hom(—, C*), we obtain an exact sequence
0— X(G/G") = X(G) — X(G) — 0.
PROOF. We have an exact sequence
0— X(G/G") = X(G) — X(G™).

One notes that for an abelian group M, every irreducible representation is of degree 1 and hence we
have that | X (M)| = |M|. Thus by a cardinality argument, we see that the last homomorphism is also
surjective. O

Let 1, x2 € X (@) which maps to the same nontrivial element of X (G'r), i.e.
Xtlair = x2lgin-

We see that x1x5 ! vanishes identically on the subgroup Gir, and therefore by Corollary 2.4.12 it
follows that

Sins! < Oy = Oy = i
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Thus by Theorem 1.6.1 we see that

Wx1 = Wxe-
We may therefore define a function w;, : X (G'r) — Vé’/ 5 by defining

Wi, * X*—H,d)z,

where x is any character of G restricting to x on Gir. By Corollary 2.4.12 we see that this map is
injective and surjective. This finishes the proof of Theorem 2.5.1.
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Chapter 3

Group actions on the open disc

In Green—Matignon [16] and later Henrio [19], a combinatorial object, the so-called Hurwitz tree, was
introduced in order to study Z/pZ -actions on the p-adic open disc. These objects simultaneously
reflected the local ramification theory of such an action, as well as the relative positions of the geo-
metric ramification points.

In this chapter we shall partially generalize the concept of Hurwitz trees to general p-groups. Most
of the work in this chapter is taken from Brewis—Wewers [6]. Our aim is to introduce a combinatorial
object which reflects the ramification theory of a Galois extension of the p-adic open disc, as well as
the relative positions of the geometric fixed points. The new ingredient in our approach is the use of
the Artin and depth characters introduced in Chapter two. These were originally introduced by Huber
[20] as generalizations of the classical Artin character.

First we define the underlying objects of Hurwitz trees in Section 3.2.2, the metric trees. These are
essentially ordered trees which are related to the geometry of the fixed points of an action on the open
disc. Thereafter in Section 3.2.3 we consider the very technical definition of a Hurwitz tree. This is a
metric tree with additional data which measures the ramification around the fixed points in the open
disc.

In Section 3.3 we introduce the notion of density of a Hurwitz tree. Roughly speaking, this can be
interpreted as a measure of the relative distances between the branch points. It will be a fundamental
tool in Section 3.6.2 for showing that certain generalized quaternion actions in characteristic 2 do not
lift to characteristic 0. We show in particular how the density of the branch points can be determined
by means of the representation theory of G and the depth characters (to be introduced later) of the
Hurwitz tree.

Thereafter the difficult part of associating a Hurwitz tree to a group action on the open disc begins.
This is done in Section 3.5, first by localizing around a single branch point, and then building the tree

in an inductive manner by moving away from the branch point.

Finally, in Section 3.6 we introduce a new obstruction to the lifting problem, namely the existence of
suitable Hurwitz trees.

Chinburg, Guralnick and Harbater ([8], [9]) call a group G a local Bertin group if the Bertin obstruc-
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tion (see Bertin [1]) of every local G-action vanishes. They call G a local Oort group if every local
G-action lifts to characteristic zero. They prove that the generalized quaternion groups are local Bertin
groups if their orders exceed 8. However, using our results on the density of Hurwitz trees, we shall
see in Section 3.6.2 that there exist generalized quaternion actions, the so-called simple actions, which
cannot be lifted to characteristic 0. This answers Question 1.3 of Chinburg—Guralnick—Harbater [8]
negatively. Furthermore, this shows that our necessary condition is strictly stronger than that of Bertin.

Finally, we also generalize an old theorem of Green—Matignon [15] which studies the geometric
branch points of a (Z/pZ)?-Galois cover of the open disc.

3.1 Notations and setting

Let K be a complete discrete valuation field of characteristic 0 with algebraically closed residue
field k of characteristic p. We denote by R the ring of integers of K, and by 7 a local parameter.
We denote by vg the valuation of K, and by K the algebraic closure of K. We shall always nor-
malize vk such that vg(7) = 1. We shall write | - |z for the norm on the normed field K.

Let G be a finite group. We denote by R(G) the Grothendieck group of the category of C[G]-
modules of finite type. We may identify elements of R(G) with their virtual characters y : G — C.
We denote by RT(G) C R(G) the submonoid of true characters.

We write 1¢ € RT(G) for the unit character, 7¢ € RT(G) for the regular character and ug =
rg — 1lg € RT(QG) for the augmentation character.

3.2 Hurwitz trees

A Hurwitz tree 7 consists of an oriented metric tree 7' and certain additional data attached to each
vertex and edge of T, satisfying certain conditions. These additional data are related to a finite group
G. We postpone all motivation and explanation of the following definitions to Section 3.4.

In Section 3.3 we discuss the notion of density. Later on in Section 3.6 this will be our main tool for
showing that certain Hurwitz trees and, therefore, certain group actions on the disc, are impossible.
3.2.1 The multiplicative character

We start by introducing an important character to be used later in our work. Fix the field K.

3.2.1 Definition. Let G = (o) = Z/p™Z be a finite cyclic group of order p™, with m > 0. We
define an element 63" € R(G) via the following class function. For a # 0 (mod p™) we set

piJrl

0" (o) =~ vk (p),

p—1
where ¢ := ord,(a) < m is the exponent of p in a; furthermore,

p"—1
5g’1ult(1) — Z (Sg}lﬂt(()‘a) = mpm . ?}K(p>

a=1
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Let x € RT(G) be an irreducible character of G of order p™ (with 0 < n < m). One checks that

MUKP n>0’
08" (x) ={ ) ) 1 3.1

It follows that 651““ € RT(G). The superscript ™ stands for multiplicative and was chosen be-
cause 0™t describes the ramification of a torsor under the multiplicative group scheme fpr . See
Lemma 3.5.2.

3.2.2 Maetric trees

3.2.2 Definition. Let 7" be a connected tree, with set of vertices V' and set of edges £ and with one
distinguished vertex vg € V/, called the root. We call T' a rooted tree if the root vg is connected to a
unique edge eg € E' (which we call the trunk of T').

A rooted tree 1" carries a natural orientation, determined by source and target maps s,t : & — V,
as follows. Given an edge e € E, the source s(e) (resp. the target t(e)) is the vertex adjacent to
e contained in same connected component of 7'\{e} as vy (resp. in the connected component not
containing vg ). If v = s(e) and v’ = t(e) we call v’ a successor of v; notation: v — v’. There
is a natural partial ordering < on V, where v; < vy if and only if there is an oriented path starting
from v; and ending at vs.

It is clear that the root vy is the unique minimal vertex with respect to this ordering. A maximal
vertex is called a leaf. We write B C V' for the set of all leaves. It follows from Definition 3.2.2 that
B is nonempty and does not contain the root vg. For any vertex v we define

B,:={beB|v<b}
as the set of leaves which can be reached from v along an oriented path.

3.2.3 Definition. Let 7" be a rooted tree. A metric on " is givenby amap € : £ — Z>q, e — €,
such that €, = 0 if and only if t(e) is a leaf. We call ¢, the thickness of the edge e. The pair (T, €)
is called a metric tree. Sometimes we write 7' instead of (7', €), if no confusion can arise.
3.2.3 Hurwitz trees
Let GG be a finite p-group. Fix the field K.
3.2.4 Definition. A G-Hurwitz tree over K isadatum 7 = (T, [G,], a., d,), where

e T = (T, e¢) is ametric tree (with root vy, trunk ey and set of leaves B),

e [G,] is the conjugacy class of a subgroup G, C G, for every vertex v of T,

e a. € RT(G) is acharacter of G, for every edge e of T,

e 0, € RT(Q) is acharacter of G, for all vertices v.

We call G, the monodromy group and 6, the depth of the vertex v. We call a. the Artin character
of the edge e € F.

The datum 7 is required to satisfy the following conditions:
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(H1) Let v be a vertex. Then, up to conjugation in G, we have
GU’ - va

for every successor v’ of v. Moreover, we have

> Gy Gy] > 1,

v—v’

except if v = vg is the root, in which case there exists exactly one successor v’ and we have

Gy, =Gy =0G.
(H2) The group G is nontrivial and cyclic, for every leaf b € B.

(H3) For all e € E we have

o Zt(e):s(e’) Qe t(e) ¢ B,
Ae =
ug, b=t(e) € B.

(H4) For all e € E we have
5t(e) = 58(6) + €c " Se,
where s, := a, — U*Gz(e) € R(G).
(HS5) For b € B we have that
Gy = (5e1")*.
Here 6@ is given by Definition 3.2.1 for the field K.
We set
07 := 0y, QT 1= Geg,
which we call the depth and the Artin character of the Hurwitz tree 7.

3.2.5Remark. Let 7 = (T, [G,], ae, d,) be a Hurwitz tree, as in Definition 3.2.4.

1. Condition (H3) is equivalent to the following claim: for all edges e we have

ae = g ug, -

bGBt(e)

This follows immediately from induction over the tree 7.

2. It follows from (1) that the Artin characters a. are already determined by the tree 7' and the
conjugacy classes of (cyclic) subgroups ([Gp))se 5. Moreover, using (H4) and (H5) we see that
the depth 0, is determined by the metrized tree (7', ¢) and the conjugacy classes ([Gy])vev .
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3.2.6 Definition. Let 75 and 7k be two Hurwitz trees over K and K’ respectively, where K’ is
an extension of K. Let e/ denote the ramification index of K /K. We say that Ty and Ty
are equivalent if

1.

2.

3.3

the underlying trees are isomorphic and the roots and trunks correspond,

the metrics are scaled by eg/f, i.e. if e is an edge then the thickness of e in T/ is egr /i
times its thickness as an edge of 7k,

. the depth characters of the vertices are scaled by ey /i, i.e. if v is a vertex then its depth

character in 7k is eg i times its depth characters as a vertex of 7,

and finally if the monodromy group associated to a vertex of 7y is the same as that associated
to the vertex in 7.

Densities

We fix a G-Hurwitz tree 7 = (T, [G,], ae, d,), with set of leaves B.

3.3.1 Definition. 1. Let b1,bo € B be two distinct leaves. The inverse distance of b; and bo

is the positive rational number d(b;,b2) € Q¢ defined as follows. Let (vp,vi,...,v,) be
the longest oriented path in 7 starting from the root vy and ending in a vertex v, ¢ B with
vp < b1,be. For i = 1,...,r let e; be the edge with s(e;) = v;—; and t(e;) = v;. Then we
set

T

d(b1,bg) =) e,

=1

Let A C B be a nonempty set of leaves and b € A. The density of A at b is the rational
number

d(Ab) = > db,b).

by eA\{b}

Note that d(A,b) only depends on A,b and the metrized tree 7.

3.3.2 Lemma. Let A,b be as in Definition 3.3.1.

1.

Let (vo,v1,...,v,,b) be the unique oriented path from the root to b. For i = 1,...,r let ¢;
be the edge with s(e;) = v;_1 and t(e;) = v;. Then

d(Av b) = Z €e; ’I?,(A, Ui)a
=1

where

n(A,v) = € A|b #£b, v<b}.
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2. Let x € R(G)" be a character such that

m a€ A,

<X7uGa>G = { 0 ac B\A,

where m = (x,ug)g- Then
m- d(Aa b) = 5b(X) - 51}0 (X)

PROOF. The proof of (1) follows from an induction argument which we leave to the reader. For the
proof of (2) we may assume that Gy C G,, C G,,_, C ... C G, by Condition (H1) of Definition
3.2.4. We deduce the following sequence of inequalities

m = <X7U*Gb> S <X7u*GUT> S S <X7UG> - m7

which, a posteriori, turn out to be equalities. Using Remark 3.2.5 and the hypothesis on y we there-
fore get

Se; (X) = e, (x) —m = Z (ug,) —m=m-n(A,v). (3.2)
a€By,

Now we compute:

5(X) = 0o () = > G0, (X) = 60, (%)
=1

TS e s 0
i=1
@ . Zeei -n(A,v;)

O d(A,b). O

—~

3.3.3 Example. Assume that G = Z/p"Z andlet b € B suchthat G, = G. Let x be an irreducible
character of GG with trivial kernel. Then by Lemma 3.3.2, (HS5) and (3.1) we have
np—n-+1

P vk (p) — 07 (x)-

If 67 = 0 (which is the interesting case for us) we thus get a simple formula for the density d(B,b)
which puts a strong restriction on the metric of the tree 7.

d(B,b) =

3.4 Group actions on the disk

3.4.1 Setting

We fix the following notation. We fix an open rigid-analytic disk Y over K and a subgroup
G C Autg (Y). We assume that there exists at least one fixed point, i.e. a point in Y with a nontrivial
stabilizer. The goal of this section is to attach to (Y, G) a G-Hurwitz tree 7 = (T, [G,], ae, 0y).

This construction is based on Huber’s theory of Artin and Swan characters for rigid-analytic curves
(Huber [20]). But since we only consider a very special case (a disc), we can do everything in an
elementary and self-contained way, and we do not have to actually use any of the results of [20].
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3.4.2 The depth character

At the beginning we shall work with a slightly more general situation than announced above. The ring
B will either denote the ring of formal power series R[z] or the ring R{z} of convergent powers
series in z. It gives rise to a formal scheme ) := Spf B and a rigid-analytic space Y := )V ® K. In
the first case, Y is an open disk, i.e.

Y={zeK |||z <1}
In the second case it is a closed disk, and we have a bijection
Y={z€K | |z|z<1}.
We let valy : B\{0} — Z denote the Gauss valuation, i.e.
valy ( Z a;z') = miin val(a;).
We set B := B/(r) andlet f € B denote the image of f € B. We have B = k[z] or B = k[z].

Suppose we are given a finite subgroup G C Autg(Y) of automorphisms of Y. The action of G
extends uniquely to the formal model )’ and hence induces an action of G on the ring B.

Our first goal is to define an invariant 6¢ € R*(G), called the depth character. It measures the

ramification of G with respect to valy, i.e. the amount to which the induced map G — Aut(B)
fails to be injective.

Let I <1 G be the inertia group with respect to valy, i.e. the normal subgroup consisting of elements
o € G with valy(o(z) — z) > 0.

In Section 2.4 we introduced the depth character of a Galois extension. We reintroduce this here in
order to emphasize that it is an invariant of Y.

3.4.1 Definition. The depth character associated to (Y, G) is the character 6§ € R(G,Q) associ-
ated to the following class function:

6% (0) :== —|G| - valy(o(z) — 2)
for 0 € G\{1} and
05 (1) ==Y 8¢(0).
o#1

By definition we have 6§ = 0 if and only if I = {1}.

3.4.3 The Artin character

We continue with the notation introduced above. But from now on we assume that B = R[[2]], i.e.
that Y is an open disk. Our goal is to define an Artin character a\G( € RT(G) which describes the
action of GG on the boundary of Y. We let E be the boundary of B, i.e. E is the fraction field of
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By = R[] <z_1>. We let F' be the fixed field of £ under the induced action of G. Notice that
the situation E/F is that of Chapter two.

We define
#vf = ord, (f/mvalv(£).

Here ord, : k[[z]] — Z U {oc} is the usual order function and 7¥*¥(/) € R is an arbitrary element
with valuation valy (f). The Weierstrass preparation theorem shows that #v f is the number of zeros
of f on Y, counted with multiplicity.

3.4.2 Definition. The Artin character of (Y,G) is the element of R™*(G) associated to the class
function defined by

a¥ (o) == —#v(o(z) — 2), foro # 1

and

3.4.3 Remark. Notice that ay = ag/p.

We now relate ay to the permutation representation arising from the set of fixed points. For o €

G\{1} let A, C Y(K) denote the set of (geometric) fixed points of o. Set
A= Us£1 Ag.

This is a finite G-set. Let B := A/G denote the orbit space. Choose, for each b € B, an element
y € A belonging to b and let G, C G denote the stabilizer of y.

3.4.4 Proposition. We have
G *
Ay = Z U/Gb'
beB

In particular, a$ is an element of R*(G).

PROOF. Fix an element o € G\{1}. Then A, is the set of zeros of the function f, := o(z) — z.
An easy local calculation, coupled with the assumption that o has finite order and that char(K) = 0,
shows that all zeros of f,, are simple (cf. Green—Matignon [16], §11.1). Therefore, by Definition 3.4.2
and the Weierstrass preparation theorem we have

a{(0) = —#vfo = —=|A].

The proposition follows immediately. U
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3.4.4 Relation between the depth and Artin characters

The next proposition is the key result behind the construction of the Hurwitz tree associated to (Y, G).

3.4.5 Proposition. Let D C Y be a closed disk which contains the set /A and is fixed by the action
of G. Let E C D denote the residue class of a K-rational point y in D. Let H C G denote the
stabilizer of E. Then

6§ =Ind% 6 = 6§ + |G| - €- 5, (3.3)

where S\G( = ag — ug and where € € Z~q is the thickness of the annulus Y\D (after a possible

extension of K ).

PROOF. After a change of parameter we may assume that the point y is given by the equation z = 0.
Then

D={z]|val(z) >€e}, E={z] val(z) >e€}.

After replacing K by some finite extension, we may further assume that there exists an element a €
R with val(a) = e. We obtain formal models D = (Spf R{w}) ® K and E = (Spf R[[w]]) ® K,
where w := a~'2. By definition, we have valp = valg | R{w) and therefore

o o [ G H 6H©e) oenm\{1}
%6 (o) = 0 o € G\H.

Now the first equality in (3.3) is obvious.

Fix an element 0 € G\{1} andset f, := 0(z) — z € R[[z]] C R{w}. By the assumption on D, the
function f, has no zero on the annulus Y\D. It follows that

ValD(fa) = ValY(fo) + e #v fo, (3.4)
see e.g. the proof of [19], Proposition 1.10. We compute:
58(0) = —|G| - valp(o(w) —w) = —|G]| - (ValD(fU) — e)

G4 —|G| - valy(fs) — |G| - €- (#v(fs) — 1)
= 0$(0)+ |G| -€e-s§.

This proves the second equality in (3.3). O

3.5 Definition of the Hurwitz tree

We can now state and prove our main theorem.

3.5.1 Theorem. Let Y = (Spf R][z]]) ® K be an open rigid disk over K and G C Auti(Y) be
a finite p-group of automorphisms. Suppose that the set of fixed points A C Y is nonempty. Then
after possibly extending K there exists a G-Hurwitz tree T over K with

o = 5\?, ar = CL\G(. 3.5
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PROOF. Our proof is by induction over the number of elements of A.
We first assume that |A| = 1. In this case the theorem is essentially equivalent to the following
lemma.

3.5.2 Lemma. Let y € A be the unique fixed point. Then
1. the group G is cyclic,
2. a\G( = uq, and

3. 6G = st

PROOF. Itis clear that every element of G fixes the point y. So (2) follows directly from Proposition
3.4.4.

After a change of parameter we may assume that y is the point z = 0. Then for an element 0 € G
we have

o(z) =x(0)z(1 + a1z +az® +...), (3.6)

where x : G — K is an injective character (Green—Matignon [16], §II.1). This proves (1). Let us
fix an element o € G of order np™, with (n,p) =1 and m > 0. By (3.6) we have

for=0(2) —z=(x(0) = 1)z + x(o)arz* + ...
Since z = 0 is the only zero of f,, we have #f, = 1 and therefore

0 m =0,

valy(fo) =val(x(o) — 1) = {

Now (3) follows from Definition 3.2.1 and a direct computation. O

So in the case |A| =1 we define the Hurwitz tree 7 = (T, [G,], dv, a.) as follows.

e The tree T has two vertices vp,v; and one edge ey with s(eg) = vg and t(eg) = v1. The
metric € is trivial, i.e. we set €., := 0.

o We define

oy = Oy, 1= 0.

e We define G,, = G, := G and ag, := ug.

The validity of the axioms (H2) and (H5) follows from Lemma 3.5.2; all the other axioms and (3.5)
hold by definition. This finishes the proof of the theorem in the case |A| = 1.

We may now assume that |A| > 2. Then there exists a smallest closed disk D C Y which contains
A. Clearly, D is fixed by the G-action. There also exists a finite family (E;);e; of residue classes
E; C D with

A]' = Ej NA # 0 and A C U]’Ej. 3.7)
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For j € J welet G; C G denote the stabilizer of E;. By induction, there exists a Hurwitz tree 7;
for the group G; with

(3.8)

The Hurwitz tree 7 = (T, [G,], ae, §,) associated to (Y, G) is defined as follows.

e Let T} denote the metric tree underlying the Hurwitz tree 7;. Choose a system of representa-
tives J' C J of J/G. The metric tree T' underlying 7 is obtained by patching together the
metric trees T}, j € J', at their roots, i.e. we identify the set of roots of the trees Tj, j € J'
with one vertex v; of 7. We complete 1" by adding another vertex vy (the root of 7") and
an edge eg with s(eg) = vy, t(eg) = v1. The value of the metric € on the edge e is defined
as the thickness of the annulus Y\D, multiplied with |G|. (In fact, €., is the thickness of the
quotient annulus (Y\D)/G.)

e If v is a vertex of T other than vy and vy, it corresponds to a vertex v’ of one of the T}
which is not the root. We define G, := G, and 9, := Indg L Oyt

e Let e be an edge of 7' which corresponds to an edge €’ of 7). We define a. := Ind® a,r.
o Weset Gy = Gy, =G, 6y =065, 8, := 05 and a, := a§.

It remains to show that 7 satisfies the axioms (H1)-(HS). Since these axioms hold for the Hurwitz
trees 7;, many of them hold for 7 by construction. For instance, this is clear for (H1) and (H2).

It follows from (3.7), (3.8) and Proposition 3.4.4 that

G’.
Gey = ag = Z Indgj aE; = Z Ge. (3.9
jeJ/G s(e)=v1

Therefore, (H3) holds for the edge eq. For the other edges it holds by construction.
To check the axioms (H4) and (HS5) we remark that

8y, = 05 = Ind o7, (3.10)

for all j € J, by the first equality in (3.3). This means that our definition of ¢,, is consistent with
the fact that the vertex v; corresponds to the roots of the Hurwitz trees 7;, j € J'. It follows that
(H5) holds automatically and that we have to check (H4) only for the edge eg. But for the edge eg
the statement of (H4) follows directly from Proposition 3.4.5. This concludes the proof of Theorem
Theorem 3.5.1. O

3.5.3 Remark. An alternative way to construct the metric tree 7' is the following (cf. Henrio [19]
and Bouw—Wewers [4]). Let ) be the minimal semistable model of the disk Y which separates the
points of A. Then the G-action on Y extends to ), and the quotient X' := )/G is a semistable
model of the disk X = Y /G which separates the points of B := A/G. Now there is a standard way
to associate to the pair (X, B) a metric tree 7' with set of leaves B (see e.g. Bouw—Wewers [4],
§3.2). Essentially, T' is a modification of the graph of components of the special fiber of X.

The construction of 7' in the proof of Theorem 3.5.1 avoids the use of semistable models and may
therefore be considered as more elementary. However, semistable models become inevitable if one
wants to construct G-actions on the disk with given Hurwitz tree.



60 CHAPTER 3. GROUP ACTIONS ON THE OPEN DISC

3.5.4 Remark. Assume that G acts on R[z] and that the associated Hurwitz tree 7 is defined
over K. We may also consider an extension K’/K and the induced action of G on R'[z], where
R’ is the discrete valuation ring of K'. Let 7 be the induced Hurwitz tree. Then one checks that
the Hurwitz tree 7x defined over K and the Hurwitz tree 7y defined over K’ are equivalent (see
Definition 3.2.6).

3.6 Applications to the lifting problem

3.6.1 A new obstruction

Let £ be an algebraically closed field of characteristic p > 0 and G be a finite group. A local
G-action is a faithful and k-linear action ¢ : G — Auty(k[[z]]) on a ring of formal power series in
one variable over k.

The local lifting problem asks: can ¢ be lifted to an action ¢ : G — Autr(R][z]]), where R is
some discrete valuation ring of characteristic zero with residue field k. If it does then we say that ¢
lifts to characteristic zero.

From our main result we can deduce a new necessary condition for liftability of local G-actions.
Before we state it, we recall the definition of the classical Artin character (see Serre [37] Chapter VI).

3.6.1 Definition. Let ¢ be a local G-action. The Artin character of ¢ is the element ay € R (G)
defined by

ap(o) == —ord.(0(z) — 2)

for 0 # 1 and

ag(1) == ay(0).
o#1

See [37], VI, §2.

3.6.2 Theorem (Hurwitz-tree obstruction). Let ¢ : G — Auty(k((t))) be a local G-action. If ¢
lifts to characteristic O then there exists a G-Hurwitz tree T over some K such that

aT = ag and 6 = 0.

PROOF. Alift of ¢ gives rise to a G-action on the disk Y = (Spf R[[z]]) ® K. Since ¢ is injective
by assumption, we have 5\9 = 0 (Definition 3.4.1) and ag = ay ( Definition 3.4.2). Therefore,
Theorem 3.6.2 is a direct consequence of Theorem 3.5.1. O

By the theorem, the existence of a Hurwitz tree 7 with given Artin character a7 = ag and trivial
depth 7 = 0 is a necessary condition for ¢ to lift. In this case, if such that a Hurwitz tree exists,
we shall say that the Hurwitz-tree obstruction vanishes. If one can show that such a Hurwitz tree does
not exist, i.e. that the obstruction does not vanish, then one has found an obstruction against liftability
of ¢.
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As a special case of this criterion, we obtain the well-known Bertin obstruction, see Bertin [1].
Namely, if 7 = (T, [G,], ac,d,) is a Hurwitz tree with a7 = a4, then Remark 3.2.5 shows that

ag =Y _uf,. (3.11)
beB

This equality is easily seen to imply the following statement: there exists a finite G-set A, with cyclic
stabilizers, such that

g =M TG — XA- (3.12)

Here xao € RT(G) is the character of the permutation representation realized by A and m :=
|A/G|. However, there exist local G-actions ¢ whose Artin character can not be written in this form
(see e.g. Bertin [1] and Chinburg—Guralnick—Harbater [9]). It follows from Theorem 3.6.2 that such
a ¢ does not lift to characteristic zero.

The examples presented in the following section show that our new obstruction is strictly stronger
than the Bertin obstruction. However, it should be pointed out that the converse of Theorem 3.6.2
does not hold. For G = Z/p x Z/p, Pagot has shown in Pagot [31] that certain local G-actions ¢ do
not lift to characteristic zero. For such a ¢ it is straightforward to write down a Hurwitz tree 7 with
aT = Q¢ and (57’ =0.

3.6.2 Simple quaternion actions

We fix an integer n > 2 and let G = Qqn+1 denote the generalized quaternion group of order 2"+!,
with presentation

Qons1 = (0,7 | 72" =1, 2 =02 oro =171 ). (3.13)
Our base field k is assumed to be of characteristic 2.

Chinburg, Guralnick and Harbater [9] have proved that G is a local Bertin group for n > 3, which
means that the Bertin obstruction of every local G-action over k vanishes. The goal of this section
is to construct certain (G-actions which do not lift to characteristic zero. This result gives a negative
answer to Question 1.3 of Chinburg—Guralnick—Harbater [9].

We first introduce some more notation. Set
Hy:= (), Hy:= (o), Hy:={(oT);

these are cyclic subgroups of GG of order 2", 4 and 4, respectively. For ¢ = 0,1,2 there exists a
unique character y; : G — {£1} of order 2 such that H; C Ker(y;). Clearly, xo, X1, X2 define
pairwise distinct irreducible characters of the quotient group

G :=G/(r?) =2 7/2 x L)2.
3.6.3 Definition. A local G-action ¢ is called simple if

ag(xo0) = 2, ag(x1) = ag(x2) > 2.
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3.6.4 Proposition. There exists a simple G-action over k, for every n > 2.

PROOF. Choose an embedding of abelian groups G — (k,+). We obtain alocal G-action ¢ : G —
Auty(k[[t]]) by sending p € G to the automorphism
t
1+ pt

t =t —pt? Pt —

One checks that
%(Xi) =2, fori=0,1,2

By [8], Lemma 2.10, we can extend ¢ to a local G-action ¢ : G — Auty(k[[2]]), such that k[[t]] =
k[[2]]¢™). 1t follows from [37], Proposition IV.3, that

ag(Xi) = ag(xi), i=0,1,2.

We conclude that ¢ is simple. g

3.6.5 Remark. It is possible to give an alternative proof of the proposition above using local class
field theory. We sketch the idea here and leave the details for the reader. Let F' := k((t)) and let L/F
be a 7 /27Z-extension with local degree of different exactly 2. We know from Pop’s theorem that we
can find a 7Z/2"Z-Galois extension E/L such that the extension E/F is Dan-Galois, where Dan
denotes the dihedral group of order 2”1, This is due to a very special splitting property of the group
Dgn .

We also know that we can find a Z/47-Galois extension M /L such that M/F is a (Qg-extension.
Let xg : G, — Q/Z (respectively xns : G — Q/Z) be the irreducible character of order
2™ (respectively of order 4) associated with the extension E/L (respectively M /L), where G,
denotes the absolute Galois group of L. The composite character xg o xps induces a Z/2"Z-
Galois extension N/L, and using the Verlagerung morphism one proves that N/F' is a Qqn+1-Galois
extension. Since it contains L, it is simple.

3.6.6 Theorem. Let ¢ be a simple G-action over k. Then ¢ does not lift to characteristic zero.

PROOF. Suppose that ¢ lifts to characteristic zero. After a possible extension of K, by Theorem
3.6.2, there exists a G-Hurwitz tree 7 = (T, [Gy], ae, 6,) over K, with Artin character a7 = ay
and vanishing depth §7 = 0. We will show that such a Hurwitz tree (up to equivalence) cannot exist.
Our main tool is the notion of density introduced in Section 3.3.

Let B denote the set of leaves of the tree 1. For ¢ = 0,1,2 we set

B;:={beB|[Gy)=|H]}, B :=ByUB,UB,

and
B':= B'\B;.
Then for all b € B we have
1 beB!
ndS ug,, vi) = o 3.14
(Indc;, uGy xi) {0 b B\B'. G19)
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So Lemma 3.3.2 (ii), Condition (HS) of Definition 3.2.4 and (3.1) show that
d(B',b) = dp(xi) = 2 - vk (2), (3.15)
forall b € B

From (3.11) and (3.14) we conclude that

ag(xi) = |B'| = _|Bjl. (3.16)
i

So the assumption that ¢ is simple (Definition 3.6.3) implies that
|Bi| = B[ =1,  [Bo| = 1.

Let by denote the unique element of Bs. Since the B; are disjoint, we have B'NBl=By = {bo}
and B U B! = B'. Using Definition 3.3.1 (ii) and (3.15) we therefore get

d(B',bg) = d(B°,by) + d(B*,by) = 2 - vg(2) +2 - vg(2) = 4 - v (2). (3.17)

Let x : Hyp — C* be an injective irreducible character. The induced character v := Indflo x has
the following property. For any nontrivial cyclic subgroup C' C G, the restriction ¢|c is the sum of
two nontrivial irreducible characters of C, 1|c = 11 + 1)2. Applying this to C' = G}, we obtain

(Indg, ug,,¥)e = (¥1,ug,) + (Y2, ug,) = 2,

for all b € B. We may therefore apply Lemma 3.3.2 (ii) and conclude that

d(B,bo) = v, () /2. (3.18)

Moreover, the restriction of ¢ to Gy, = Ha = Z/4 is the sum of two irreducible characters 1, 12
of order 4. From (HS) and (3.1) we get

0o (1) = O (1) + OFa " (vp2) = 3+ vk (2) + 3+ v (2) = 6 - v (2). (3.19)
We now obtain a contradiction by comparing (3.17), (3.18) and (3.19):
4 =d(B' by) <d(B,by) =3 vk(2).
We conclude that there does not exist a G-Hurwitz tree 7 (up to equivalence) with a7 = a, and
07 = 0. Theorem 3.6.6 follows. O

3.6.3 Example: G = Qg

Let K := Q2 and let R be its ring of integers with parameter 7x. Let A := R[t] and assume
that B/A is a G-Galois extension such that B is also a local power series ring. We do not however
assume that the geometric branch points of B/A are K-rational. Let K'/K now be such that all
branch points are K’-rational and consider the induced extension B’/A’ of A" = R'[t], where R’
is the ring of integers of K'. We let g be a local parameter of K’'. We denote by ey /i the
ramification index of R'/R.
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We let F := A(WKA) and we let 7 := A(WK,A/). Furthermore, we let £ := F ®4 B and E’ :=
F’' @4 B'. Notice that both E'/F’ and E/F are of Case-II type and hence we are in the situation
of Chapter two. One checks that

5E//F/:eK//K’5E/F' (320)

Consider the simplified upper ramification filtration of the G-Galois extension E/F. Let i; be the
first simplified upper ramification jump. We see that since G is not elementary abelian, we have that
Girtt # 1. Let ¢ be an irreducible one-dimensional character of G with kernel containing Girtl,
From Lemma 2.3.3 and Corollary 2.4.12 we see that g/ p(¢) = i1.

Let ¢ have kernel H and let x be an irreducible character of H of order 4. Let v := Indfl x. We
see from (1.5) in Section 1.7 that

6p/r(¥) =2 0g/pu(X) +0p/r(9) =2 6p/pu(X) + 1. (3.21)

From (3.21) and Remark 1.4.4 we see thus that §p /(1)) € Z.

Furthermore, let j € Q be the largest simplified upper ramification jump such that the underlying
representation of ¢ is not trivial on G9. We conclude that G7*1 = {1}. Since G"'*! #£ 1 we see
that j > i;. Furthermore, from Lemma 2.3.3 there exists some ¢ := (h,j) € Q2 such that ¢ is an
upper (usual) ramification jump and such that G/ > G?!. Furthermore since G/t! = {1}, we can
choose h such that ¢ = (h,j) is the last upper (usual) ramification jump. By Corollary 2.4.12 it
follows that §g/p (1) =2 j.

Now assume that there exist at least two geometric branch points in the geometric cover Spf B’ —
Spf A’, one of which is a point b € Spf A’ with inertia group cyclic of order 4. Then using the
technique used (3.19) we see that dg /(1)) < 6.+ (2) (after assuming that K’ has been extended
such that the Hurwitz tree is defined over K'). However vg/(2) = e/ - vk (2) and hence from
(3.20) it follows that

- Omr(Y)
j= 2B

5 <3 uk(2) =3

We see thus that 77 < j < 2. However 2|i; from Remark 1.4.4 and hence we obtain a contradiction.
We therefore have the following theorem.

3.6.7 Theorem. There exists no Qg-Galois extension B/A of formal power series rings over R with
at least two geometric branch points (not necessarily R-rational), one of which has inertia Z/AZ and
which induces a purely inseparable extension of A := k[t].

3.7 Theorem of Green—Matignon

Let G := (Z/pZ)? and consider a G-action on the ring B := R[z]. Let A := B and notice that
we can find a ¢t € A such that A = R[t]. We let F' be the field of fractions of R[t] (¢~!) and,
similarly, we let E be the field of fractions of R[z] (z~'). Notice that E/F is also a G-Galois
extension.
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Let us enumerate the subgroups of order p of G by Hy,...,H, Welet B; := B for i =
0,...,p. Consider the formal R-scheme X := Spf B and the quotient X; := Spf B;. Our aim for
this section is study the relations between the geometric branch points of the different Z/pZ-covers

Let B%, i =0,...,p, be the set of branch points of X; — ). We let n; := |B¢|. In Green—Matignon
[15] it is shown that if the residue field extension k((¢)) C k((z)) of F' C E is separable, then p|ng
where we have assumed without loss of generality that ng is the minimum of {ng,n1,...,np}. This
is a version of the Bertin-obstruction (see Bertin [1]) for the group G' = (Z/pZ)?. Furthermore, it
is shown in Green—Matignon [15] that for ¢ # 0, the covers X; — ) and Xy — ) share exactly
p% -np common geometric branch points.

Our aim for this section is to give an analog of this result for the case that E/F is of Case-II type.
After possibly extending R, let 7 be the Hurwitz tree defined over R associated with the action of
G on B = R[z]. Let eg be its trunk and consider the Artin character a., of the trunk ey. We let
ap/r be the Artin character of the extension E /F. By construction of 7 we see that a., = ag /F-

One sees that the leaves b with monodromy group Gj # H; are exactly in correspondence to the

branch points of X; — Y. Let us define m; := |{b|G}, = H;}|. Therefore we have that n; = > m;.
JFi

We consider two cases dependent on the upper ramification filtration of the Galois extension E/F.

The first case is when there is exactly one upper jump t; € Z2, i.e. the filtration is G = G D {1},

and the second case is where there are exactly two upper jumps t; < ty € Z?2, i.e. the filtration is

G=G" >G> {1}

We consider the first case first, i.e. the case of exactly one upper jump t; € Z? on the filtration of G.
We write t; = (a1,b1). Let x; be a homomorphism G — C* with kernel exactly H;. Notice that
we may view x; as an irreducible character of GG. By Theorem 2.4.11 we see that

aeo(Xi) = ap/r(xi) = a1 + 1. (3.22)

By Definition 3.2.4 (H3) we see that we may also write a., as

ey = »_ m; - Indf, up,. (3.23)

7

It follows from (3.22) and (3.23) that for all ¢+ we have

a1+ 1= ae,(xi) = Y_mj. (3.24)
i#j
We see therefore that mg = mq = ... = m,,.
In particular it follows that p|(a; + 1) and furthermore that &; — ) and X; — Y share % :
(a1 + 1) common geometric branch points.

Now we consider the case where the upper ramification filtration of G has two upper jumps, namely
t1 <ty € Z2. We write t; = (a1,b1) and to = (ag, by). Without loss of generality we may assume
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that G*> = Hy. It follows that ac,(x0) = ag/p(x0) = a1 + 1 and ae,(xi) = ap/r(xi) = a2 +1
for ¢ =1,...,p. From (3.23) we see that

a1+1:ij

J#0
and
as +1=ae,(xi) = ij, i=1,...,p.
i
We see that my = ... = m,,. Therefore we obtain the following theorem.

3.7.1 Theorem. We have that p|(a1 + 1). Furthermore, the covers Xy — Y and X; — Y, i =
1,...,p, share exactly % - (a1 + 1) common geometric branch points.

We can deduce another interesting property. Indeed, it may occur that a; > as (with ¢; < ¢ then
due to the second component b; < b2 ). Notice that this cannot occur in the case that the residue
field extension of E/F' is separable. In this case (where a; > ay) we see that Xy — ) has exactly
a1 + 1 geometric branch points, and the covers X; — ) for ¢ = 1,...,p each have exactly as + 1
geometric branch points. However, % - (a1 + 1) cannot exceed ay + 1, therefore we obtain the
following inequality on the number of branch points for the different covers X; — ).

3.7.2 Theorem. If ng > n; for i =1,...,p, then we have

n0>n¢ZL-n0.
p

3.7.3 Remark. The proof of Theorem 3.7.1 using the representation theory approach of the Hurwitz
trees was shown to the author by Stefan Wewers in an earlier version of Brewis—Wewers [6]. One can
also deduce this result by studying the differentials of the associated differential Hurwitz tree closely
together with the results on G-actions of Section 1.7.



Chapter 4

Hurwitz-tree obstruction to cyclic actions

Let F' := k((t)) be alocal power series field, where & is an algebraically closed field of characteristic
p. Let n be a positive integer and let E/F' be a Z/p"7Z-Galois extension. Associated with E/F is
the Artin character ag,r.

The Oort conjecture states that the Galois extension F/F should lift to a Z/p"Z -Galois extension
of local power series rings over R, where R is some dominant extension of the Witt vectors W (k).
Recall from Theorem 3.6.2 that if this is the case, then there exists a Hurwitz tree 7 with trunk e
such that a. = ap,r and depth 0. Our main goal for this chapter is to prove that such a Hurwitz tree
always exists. This provides some new evidence for the validity of the strong Oort conjecture.

We now give an overview of this chapter. Let x; denote an irreducible character of the group Z/p"Z
of order p/, i.e. a homomorphism G' — C* with image of order p’. In Section 4.2 we begin by stat-
ing inequalities between the ap,r(x;) as j varies. The main idea is to study the upper ramification
jumps of the extension F/F. In particular, we recall a result of Schmid [38] which relates the upper
ramification jumps via inequalities. We then interpret these inequalities in terms of the values of the
Artin character ap/p at the characters x;.

In Section 4.3 we focus on the problem of constructing a Hurwitz tree for the Artin character ag/ .
The inequalities discussed in Section 4.2 are crucial ingredients in this construction. Essentially, the
main problem is to fit the depth characters in such a way that we obtain the multiplicative depth char-
acters at the leaves of the constructed Hurwitz trees (see Definition 3.2.4 (H5)).

Let us briefly outline our strategy for constructing Hurwitz trees for the character ap, . Let the upper
jumps of E/F be 71,...,7,. One knows from Serre [37] Proposition VLS5 that ag/r(x;) = r; + 1.
We define integers my, ..., m, by writing

=M1, To =M1 +M2, ..., Ty =M1+ ...+ My.

Let T,, be a Hurwitz tree with trunk e. If a. = ag /F> then by Definition 3.2.4 (H3), for j > 2
exactly m; leaves of T;, have monodromy group Z/p"™'7J7Z and exactly m; + 1 leaves have
monodromy group Z/p"Z. Thus, in order to construct a Hurwitz tree with trunk e and a. = ag/r,
we first have to accomplish that the monodromy groups of the leaves agree with this.

It is helpful to think of the monodromy groups associated with the leaves as follows. If the Hurwitz
tree 7T, was induced by a G-Galois extension of p-adic open discs, then the branch points with

67
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inertia group Z/p'Z correspond to the leaves with the same monodromy group. Therefore, there will
be exactly m; branch points with monodromy group Z/p" 177 for j # 1 and exactly mj + 1
branch points with monodromy group Z/p"™Z. The distinction for the case j = 1 and j # 1 comes
from the expression

The construction will be carried out inductively. First we construct a Hurwitz tree 7 for the group
Z/pZ with exactly m; + 1 leaves in Section 4.3.1 and Section 4.3.2. We then assume that a
Hurwitz tree T, has been constructed for the group Z/p" 'Z and the sequence of integers
my; < ... < mp_1, where the m; have to satisfy certain inequalities (see Definition 4.3.1). In
this case 7T}, 1 has exactly m; leaves with monodromy group Z/p"~‘Z, where i = 2,...,n — 1,
and exactly mj + 1 leaves with monodromy group Z/p"~'Z. We construct a tree T;, for the
group Z/p"Z which essentially contains the underlying tree 7,,_1 (with the root and trunk of 7},_;
deleted), and with m,, new leaves.

The difficult part is now to fit the thicknesses of the edges of 7, in a correct way. This is done in
Section 4.3.3. Notice that by requiring that the depth at the root is 0, a choice of the thicknesses of
the edges automatically fixes the depth characters at each vertex of 7;,. Thus we have to be careful
in this step, since the depths at the leaves are required to be the induced multiplicative characters (see
Definition 3.2.4 (H5)). We shall check that this is indeed the case in Section 4.3.4.

4.1 Notation

As always, we let K be a complete discrete valuation field of characteristic 0 with perfect residue
field k of characteristic p. We denote by v the valuation of the field K and we denote by 7 alocal
parameter for the discrete valuation field K . We shall always normalize vg such that vg(7) = 1.
The letter F* will denote the local power series field k((?)) .

4.2 Artin characters of Z/p"Z-Galois extensions

Let E/F be a totally ramified Z/p"7Z-Galois extension of F'. Let r1,...,r, be the upper ramifica-
tion jumps associated with E//F'. By the classical Hasse—Arf theorem (see Serre [37] IV.3) we have
that the r; are integers. Then the following theorem is known.

4.2.1 Theorem (Schmid [38]). We have that v; > p-r;_1 for j=2,...,n.
Let us denote by ap/ the Artin character of E/F. We define n positive integers my, ..., my by

requiring that aE/F(Xj) =1+ my + ...+ mj, where y; is a character of Z/p"Z of order P It
is known (see Serre [37] Proposition VI1.5) that

ap/rp(x;j) =1 + 1.

4.2.2 Remark. The condition that r; > p-r;_1 for j = 2,...,n is therefore equivalent to m; >
(p—1)-(mi+...+mj_q) for j=2,...,n.
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4.3 Vanishing of obstruction

Let n € Z be a positive integer and consider a set of positive integers m; < may... < my,. In view
of Remark 4.2.2 we make the following definition.

4.3.1 Definition. We say that the natural numbers m; < ... < m, form an admissible set if for
every j > 2 wehave that m; > (p—1) - (m1 +...+mj_1).

4.3.2 Definition. Let 7 be a Hurwitz tree for the group Z/p"7Z with trunk e. The branching se-
quence of T is the unique sequence of integers my, ..., m, suchthat a.(x;) = 1+mi+...+m;,
where x; is an irreducible character of Z/p"Z of order P

4.3.3 Definition. A 7 /p"Z-Hurwitz tree with root vy and trunk eq is said to be admissible if its
branching sequence my, ..., m, isan admissible set and such that

[AH 1] 6,, = 0,

[AH 2] aey(x;) =1+ mq + ...+ m; where x; is a character of G with order p7 (Compare with
Remark 4.2.2),
[AH3] €, > —25 ) (ee Remark 4.3.5).

mi—+...+mnp
Our main theorem for this chapter is the following.

4.3.4 Theorem. After a possible extension of K, an admissible Hurwitz tree defined over K exists
for every n and every set of admissible positive integers m1 < ... < my. Therefore, for every
7./ p"Z-Galois extension E/F with Artin character ag /F there exists a Hurwitz tree for the group
Z/p"Z with root vy and trunk ey such that 6,, = 0 and a., = ag /F-

4.3.5 Remark. The condition (AH3) is a technical condition which will allow us to prove that the
thicknesses we associate to the edges are all positive. This will become clear in Section 4.3.3.

We start with the case n = 1, i.e. the case G = Z/pZ. Let mj > 1 be an integer. By definition, the
singleton {m;} is admissible. Let B be the normalization of A := R][t] inside the field extension
generated by the Kummer equation Y? = 1 4+ AP¢7"™1. One checks that B is again a formal power
series ring over R and that the residue extension k[t] C B ® k is a separable extension of local
power series rings. One also checks that the associated Hurwitz tree is admissible with respect to the
admissible singleton {m;}.

Now we proceed to the case n > 1. In order to continue, we make the following assumption.
4.3.6 Assumption. We assume that p # 2.

At the end of our construction we shall return to the case p = 2.

We assume that we are given admissible integers m; < ... < m,. Let us assume that an admissible
Hurwitz tree T,,_; has been constructed for the group G’ := Z/p"~'Z and the admissible integers
mp < ...< my_1. We let v6 be the root of this tree and 66 be its trunk. For an edge e of T;,_;
we write a, for its Artin character, s, for its Swan character, and for a vertex v of 7,,_; we write
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G, C G’ for the group associated with the vertex. For an edge e of T,,_; we write €. for its
thickness. Notice that by assumption (see Definition 4.3.3 (AH3))

UK(/\)
mi+ ... +my1

€e), >

4.3.1 Underlying tree

We define 7T, to be the tree T, with the root v{, and trunk ef, deleted. Notice that 7T, _,
is a rooted tree and we denote this root by vj. We now distinguish two cases. Since the integers
my < ... < my form an admissible set, we see that m,, > (p — 1) - (m1 + ...+ mp_1). The first
case we shall consider is the case

mp={pP-=1)-(m1+...+mu_1) 4.1)
and the second case is
my>pP—1)-(my+...+mp_1). 4.2)

The reason we distinguish these two cases is that the construction of the underlying trees for these
cases are different. In both cases we shall make use of m,, copies of an auxiliary object called the
new chain T. Each copy T; is defined as follows. The new chain 7 consists of n + 1 vertices
03,0, 0i15- - Vin-1,Vin and n edges €;;, j =1,...,n, where €; ; connects v; ;1 t0 V; ;.

First case (4.1)

Now we define the underlying tree of the G-Hurwitz tree. We consider the first case first, i.e. the case
of (4.1). Let T,, be the tree defined as follows. We let vy, w1, wo be three vertices. We connect vy
to wi; with an edge eg, and we connect w; with ws with an edge fy. Next we connect Tr’h1 to
wy by identifying the vertex wy with the vertex v}. Furthermore, we connect the m,, copies T; of
the new chain to the vertex w; by identifying for each copy the vertex v; o with the vertex w;. This
completes the definition of the tree T}, and we choose v to be its root and eg to be its trunk.

Vo w1

Figure 1: The underlying tree T, for the first case (4.1).

Second case (4.2)

For the second case, i.e. the case of (4.2), we define the tree T}, as follows. We let vg, w1, ws, w3
be four vertices. We connect vy to w; with an edge eg, and we connected w; with wy with an
edge fo. Furthermore, we connect w; and ws via an edge go. Next we connect 7] _; to ws
by identifying the vertex wy with the vertex vj. Furthermore, we connect the m,, copies T; to
the vertex ws by identifying for each copy the vertex ©;o with the vertex ws. This completes the
definition of the tree 7;, and we choose vy to be its root and eg to be its trunk.
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Figure 2: The underlying tree 7}, for the second case (4.2).

4.3.7 Remark. In both cases the leaves of 7, are the leaves of 7;,_; together with m,, new leaves,
one for the endpoint of each copy 73, i.e. the vertices v; ,,.

4.3.2 Monodromy groups

Let us now associate a group with each vertex of the tree 7),. In the first case, with the vertices vg, w;
and wy we associate the group G, i.e. we set G, = Gy, = Gy, := G. In the second case, with the
vertices vg, w1, wz and w3z we associate the group G, i.e. Gyy = Gy, = Gy, = Gy = G.

Let us now consider the vertices of 7,, coming from the subtree 7} ;. Since 7,1 was a Hurwitz
tree for the group G’ = Z/p"~'Z, we see that with each vertex v', subgroup G’, of G' = Z/p"~'Z.
is associated. Let v’ be a vertex of 7, . Then with v’ considered as a vertex of T;, we associate
the preimage of G/, under the surjection Z/p"Z — Z/p" 'Z . Notice that #G, = p - #G', .

Since in both cases we identified the vertex wy with the vertex v] of 7] , we need to check that
there is no contradiction at this vertex. Indeed, with ws we have associated the group G = Z/p"Z.
However, with v the group G/ .= G' = Z/p"'7Z was associated in the Hurwitz tree T,_1, and
hence there is no contradiction in our definition.

Next we consider the vertices ¥;1,...,0;, of the copies TZ With the vertex v;; we associate the
subgroup G, ; = Z/p"? 17 C G. Notice that with the leaf @; ,, we have associated the subgroup
Gf,i’n = Z/pZ C G.

The choices of associations of subgroups of G with the vertices now also determine by Definition
3.2.4 (H3) the Artin characters associated to the edges of 7;,. Furthermore, setting s. := a. —
Indgt(e) ug,, foranedge e also defines the Swan character of the edge e. The proof of the following
lemma is left to the reader.

4.3.8 Lemma. Let x; be a character of G of order p?. Let b be a vertex of T,,. Assume that
Gy = Z/p™Z. Then x; restricts to the trivial character on Gy if and only if n —m +1 > j.
Therefore we have that

1 n—m+1<7,

(Indg, ug,: x;) ={ 0 ne—m4l> (4.3)

The following lemma follows from Definition 3.2.4 (H3) and Lemma 4.3.8.
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4.3.9 Lemma. For an edge e of T,, we have that a.(x;) = nj where n; is the number of leaves
b > t(e) such that Z/p" 77 < Gy. In particular for the edge ey we have ac,(x;) =mi + ...+
m; + 1.

PROOF. There are exactly 1+m; leaves with the group Z/p™Z associated with them, and for i > 2
there are exactly m; leaves associated with the group Z/p"*'~'Z. Therefore, a,(x;) is the number
of the leaves with associated group containing Z/p" 7 *17Z, and this is therefore 14m;+.. Amj. U

Let us also make Artin and Swan characters explicit for the edge eg and fo, as well as the edge go
in the second case (4.2).

4.3.10 Lemma. We have
(Gegs Xj) = 1+ m1+ ... +my, (ag,x5) =1+m1+ ...+ Muyingin—1}
and
(Seq> Xj) = ma+ ... +my, (Sf,X5) =M1+ ..+ Mminfn—1}-
In the second case, i.e. the case of (4.2), we have for the edge gy that
(agy, Xn) = Mn, (Sgo, Xn) = Mp — 1.

We leave the proof to the reader.

4.3.3 Thicknesses

Next we define the thicknesses of the edges. Since 7;,_; was originally a Hurwitz tree, we define the
thickness of an edge of the subtree Té_l of T,, to be its thickness in the tree T;,_1.

The first case (4.1)

We now consider the thicknesses of the edges ey and fj in the first case (4.1). We define €., such
that

€eo - M = VK (D) 4.4)
and we define €y, such that

€eo + €fy = €el - 4.5)
4.3.11 Remark. To ensure that €., and €y, are integers we might need to extend K.

Our first priority is to check that ey, is positive. Indeed it suffices to show that e, < ;. For this we
note
A
€y > vre (M) by Definition 4.3.3 (AH3) for T),_,
0 mi+ ...+ mp_1
vk(N)(p—1)
mp

>
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since my, > (p—1)-(m1 + ...+ my_1) and hence we have that

by (4.4). This shows the positivity of €.

Since vk (A) < vk (p), we also have that €., > mlvfi(j\r)m’ hence satisfying (AH3) of Definition
4.33.

Next we define the thicknesses of the edges €; ; coming from the m,, copies T; of the new chain.
We define

€5, i= €ey My (4.6)
forj=1,...,n—1 and ¢, , :=0.

4.3.12 Remark. The reason the thicknesses are defined in this way is to make sure that Definition
3.2.4 (H5) holds for the m,, new leaves of the tree. This will become clear toward the end of Section
434,

The second case (4.2)

For the second case, we define €., respectively ef, again by (4.4) respectively (4.5). We define ¢,
such that

€eo - (M1 + ...+ mp) + €y - (Mg, — 1) = v (NP). (4.7)

Our first priority is to show that ¢4, is positive. For this we notice that by (4.2) we have

m1+...—|—mn<L-mn
p—1

in the second case. Hence

eeo'(ml—i—...%—mn)<pL1'mn‘eeO:vK()\p)

which shows the positivity of €4,. As a side remark to be used later, we prove the following lemma
now.

4.3.13 Lemma. We have that €., - m1 > €g,.
PROOF. By (4.7) we have that

€go - (Mn — 1) = v (N) —€eq - (M1 + ... +my).
By (4.4) we have that

€go - (Mn — 1) = v (N) — €cq - My — €¢ - (M1 + ...+ Mp_1)
=g (A) — €y - (M1 + ... +mp_1).
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It follows that
vg(A)  (p—1)-vk(N)

6go:?’?’ln_]._ mn(mn_l) '(ml—i_.”_‘_mn_l)
_ vg(A) mp —(p—1) - (m1+...4+mp_1)
My, m, — 1
< UK(Z))7
My,
since p > 2 by Assumption 4.3.6. O

4.3.14 Remark. The proof of this lemma also works in the case p = 2 and n > 3. However, it fails
in the specificcase p=2, n =2 and m; =1.

We define €, , 1= €¢, - m1 — €, and €, ; 1= €, -my for j =2,...,n—1 and €, := 0. By
Lemma 4.3.13 it follows that all €g; ; are positive.

4.3.4 Depth characters

We have now defined the thickness of each edge of T,. By defining d,,, := 0, we see that by Defini-
tion 3.2.4 (H4) this also fixes the choices of depth characters at each vertex of the tree 7;,. Our aim
now is to check Definition 3.2.4 (H5), i.e. to show that for a leaf b we have 0, = Indgb (52}5‘”.

Let us first do this for the leaves coming from the subtree 7, _; C T;,. Our strategy is as follows. We
mult

shall show that for every irreducible character y of G we have that (J, x) = < ot X’Gb>- Let us

start with the trivial character 1. Indeed, we have that (s, 1) = 0 for each edge e of the tree T),,
and hence it follows that

(G 16) = 0 = (36", 16l ) -

Let x; be an irreducible character of G with order p! for [ =1,...,n and let X be an irreducible
character of G' = Z/p"~'Z of order p' for I = 1,...,n — 1. Let e be an edge of 7). ; and let a’,
denote the Artin character of the Hurwitz tree T}, associated to the edge e. Let us first consider the
case that [ < n — 1. Our first observation is the following relation between a. and a., which follows
from Lemma 4.3.9.

4.3.15 Lemma. We have that (a.,x;) = (a., X})-

. . ’
Our next observation concerns the relation between Indg, uGy and Indgi( ) UGy From Lemma
t(e) e e €

4.3.8 and the fact that #Gy () = p - #Gy(» we deduce the following lemma.
4.3.16 Lemma. We have that
G’ G
<Inth(e>, Ugg@) s X2> = <Inth(e) uGt(e) s Xl> .
Therefore we obtain the following important lemma.

4.3.17 Lemma. For | < n — 1 we have that

<367Xl> = <5,eaX2> .
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Let us now study explicitly what the defined depth character at aleaf b € T, _; is. We treat both cases
(4.1) and (4.2) simultaneously. Let vg < w1 < wy < 21 < ... < Zpy < b be the unique chain of
vertices of 7, starting at the root vy and ending at the leaf b. The vertices z1, ..., 2y, b are vertices
of the subtree T;b_l. Let h; be the edge connecting wy and z;, and let h; be the edge connecting
zi_1 to z;, for i = 2,...,m. Then from the definition of &, (Definition 3.2.4 (H4)), we obtain

(86> X1) = €co * (Seqs X0) + €50+ (Sf0>X1) + > €n, * (sn,,x1)  (Definition 3.2.4 (H4))

i

=€eo - (M1 4 ... +my)+ep - (m1+...4+my) +Zeh (sh;»x1) (Lemma 4.3.10)
= (€co +€) - (M1 + ... + 1) +Zeh (Shs> X1)

SYP <s’e,0, x§> +3 e - (shox))  (Lemmad.3.17)

i

_ <5m“”, xﬂa;,> (Definition 3.2.4 (H5) for T,_1).

Therefore, if we can prove that the order of XHG@ is the same as that of x;|g, , then by (3.1) of
Chapter three we have the equality

(9, x1) = <5m“lt>Xz\Gb> :

Let us now check that the order of XHG;, is the same as that of x;|g, . Let Gy ~ Z/p™Z, where

m € N. Furthermore, the kernel of ; is the subgroup Z/p"~'Z of G = Z/p"Z . Therefore, Xila,
is trivial if and only if n—1 > m. If n—1 < m, then the kernel of x;|¢, is the subgroup Z/p"~'Z,
and hence x;|g, has order m — (n —1).

The subgroup G is isomorphic to Z/ p™ =17 . Similarly, XHG;, is trivial if and only if n — 1 —1 >
m—1.1If n—1—1 < m — 1, then the kernel of X§|G;) is the subgroup Z/p"~'~!'Z, and hence
Xi|; hasorder m —1 — (n —1— 1), which is the same as m — (n — [) . We see therefore that the
order of X;|¢; is the same as that of xi|c, -

We leave the details of the case of [ = n to the reader. Next we turn our attention to the m,, new

leaves of the tree T),. Let b be one of the new leaves of T,,, i.e. aleaf of T}, thatisnotin 7, _,.

The first case (4.1)

We consider the first case first. We consider the chain vg < wy < 931 < ... < b starting at vy and
ending at the endpoint b of the copy 7;. Notice that Gy, = Z/pZ. First of all we remark once again
that for the trivial character 15 of G, we have that

(0, 1) = 0 = <5mult > .

It remains to prove that for a nontrivial irreducible character x of G, we have that

(@) = (88, X, ) -
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Consider the vertex ©;; coming from a new chain TZ in T,. Since the group G@i’j associated
with 0, ; is Z/ p" 177, we see from Lemma 4.3.8 that ; restricts to the trivial character on G
exactly when j > [. Therefore we obtain that

1 j<l
mdS  wug. >: -

Vi, j

Furthermore, the leaf b is the only leaf with ;1 < b. We see that since G}, = Z /pZ, we have by the
fact that ag, ; = Indgb ug, that

0 I<mn,
<U/éi7j7Xl> = 1 l=n
Therefore, for | < n we have that

-1 j<I,
G X)) = 4.8
(8i50x1) {0 P51 (4.8)

and for [ = n we have that
(sei50x1) = 0. (4.9)
Let us now compute (dp, x;). We note that by Lemma 4.3.10 we have
(Seg, X1) =M1+ ... +my.
Therefore for | <n —1,

(O X1) = €eo - (ma+ ... m) + Y (se,,,x1) - €

j<n

=€y (mi+...4m)+Y —1-eg, +0 (by(4.8)
J<i

=€y (m1+...4m)+ Y —1-eq-m; (by(4.6)
i<l

=0.

Hence we see that (5, x;) = 0. However <5g?“,xl|gb> = 0 since x; restricts to the trivial
character on (5}, if [ < n. Therefore we have that

(B, x0) = 0 = (08" xila, ) VI<n—1.

We now consider the remaining case [ = n, i.e. the case of a character y,, of order p™. Indeed, in
this case we obtain

(Obs Xn) = €cq + (M1 + ... +my) + Z <Séi,j7Xn> "€

j<n
=€y (M1 +...+my) (by (4.9)
= ey —2—my  (by (4.1)
p—1
= v (N\P)

= (63 xnlcy ) -



4.3. VANISHING OF OBSTRUCTION 77

Finally, we have proved that &, = Indgb 5(";?” for the new leaves b of the tree 7;,. We have thus
proved that the datum 7, is indeed a Hurwitz tree in the first case.

The second case (4.2)

For the second case, we proceed as follows. Consider the chain vy < w; < w3 < 271-71~. .. < b starting
from the root vy and ending at the new leaf b which is the endpoint of the copy 7;. As usual, we
shall show that &, = Indgb 5&”:” by showing that

0 05) = (88 X, )
for every irreducible character y of G. We consider the case x = xn, a character of order p™ of G.
We find

(s Xn) = €eq * (Seqs Xn) + €go * (Sgos Xn) + Zeéw‘ ' <Séi,j’Xn> : (4.10)
J

We concentrate on the values <$gi’j , Xn>- Namely, by (4.9) we see that these are all 0. Therefore,
putting this into (4.10) we obtain

Ob(Xn) = €eo - (M1 4+ ... +my) +€g - (Mmp —1)+0 (by Lemma 4.3.10)
= vk (A) (by definition of €4)

= (6%l )

since Gy is a cyclic group of order p. We leave the details of the other irreducible characters to the
reader.

Finally we say something about the case p = 2. One can attempt the exact same construction as
above in the case p = 2. However one encounters a problem with Lemma 4.3.13 for the case n = 2
and m; = 1. To remedy this problem, we start the induction at n = 3 in the case of p = 2.
Then the base step of the induction process, where n = 2, is given by the explicit liftings of Green—
Matignon [15] for Z/p?Z-extensions. One checks that the Hurwitz trees induced by their liftings are
admissible (for instance, by applying the Newton polygon to the polynomial G(7~!) of Lemma 5.4
in Green—Matignon [15]). The proof then goes through exactly as we have done it above.



78

CHAPTER 4. HURWITZ-TREE OBSTRUCTION TO CYCLIC ACTIONS



Chapter 5

Towards the lifting problem

In Henrio [19] it was proved that every 7Z/pZ -Hurwitz tree is induced by a Z/pZ -action on the p-
adic open disc. Let us explain Henrio’s method in some more detail.

A fundamental ingredient that Henrio used was an association of differential forms to the vertices of
the Hurwitz tree. Henrio proved that the differentials associated to the vertices are either exact or
logarithmic, and that this depends on the depth associated to the vertex (see for instance Lemma 1.4.2
and Lemma 1.4.3).

A further ingredient was a classification result, which classifies the Z/pZ -Galois actions on a two-
dimensional local field up to conjugation. In particular, Henrio proved that if the depths and differen-
tials associated to two Z/pZ -actions are equal, then the actions are conjugate.

He then exploited this to construct Z/pZ-automorphisms of the open disc which induce a given

Z./pZ-Hurwitz tree. The technique is based on patching certain rigid analytic spaces with G-actions

along their boundaries. Since the boundaries of spaces that Henrio used are essentially two-dimensional
local fields, one needs a classification result, up to conjugation, of the spirit above in order to apply

the patching techniques. A similar technique was used in Bouw—Wewers [4] for the case that G is

the dihedral group of order 2p, where p is an odd prime.

In this chapter, we shall consider some problems that are present when one attempts to generalize
Henrio’s work to the case of general p-group actions. It is possible to extend our definition of a
Hurwitz tree, by using Kato’s differential Swan conductor, in order to associate differential forms to
the vertices of the Hurwitz tree. However, a fundamental problem that we shall illustrate, is that the
differential forms need not only be exact or logarithmic. Instead, as we shall see in Section 5.2, it
seems that the space in which these differential forms take their values can be very big. Therefore, it
is not clear what the correct conditions are that have to be imposed on the differential forms.

The second issue to which we turn our attention is the classification result of Henrio. Unfortunately
we shall see in Section 5.3 that this does not generalize to Z/p?Z -actions. We shall show that there
exist two Z/p?Z -actions on a two-dimensional local field, with the same Swan-conductor informa-
tion, which are not conjugate.

Lastly, we return to the case of a (g -action in Section 5.4, where (s denotes the quaternion group

79
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of order 8. We shall explicitly write down a Huwritz tree for (Jg which cannot be induced from an
action on the p-adic open disc. It seems that the crucial ingredient that is missing is the simplified
ramification filtration, which is trivial for a Z/pZ -action, together with Theorem 2.4.11.

5.1 Notation and setting

As in the previous chapter, we let K be a complete discrete valuation field of characteristic 0 with
perfect residue field k& of characteristic p and ring of integers R. We denote by vy the valuation
of the field K, and by m € R a local parameter of K. We shall always normalize vy such that
vg(m) = 1. In Section 5.2 and Section 5.3 we shall assume (> € K and we set A := (, — 1. In
Section 5.4 we shall assume that p = 2 and K is such that vx(2) = 5.

5.2 Towards differential Hurwitz trees

Let B be either R[z] or the ring of convergent power series R{z}. We let E := Frac B, p. Let G
be a finite p-group and assume that G acts on B fixing R. Welet A := B¢ and F := EC.

Assume that F/F is a Case-II type G-Galois extension. To every character x of GG, we may now

associate a differential w, € Q%rk(") via Kato’s Swan conductor. Using this and the technique of
Section 3.5, we may now extend the definition of Hurwitz trees to also include differential data.

Before this approach can be pursued further, one needs a better understanding of the values that the
differential Swan conductor can take. In this section we would like to illustrate that the space of
differentials that can occur as differential Swan conductors can be very big.

5.2.1 Example : nonlogarithmic nonexact differential Swan conductor

Consider the polynomial

22+ 6246 (5.1)

and let o € Qo be aroot of (5.1). We let K := Qa(ay 1, Qi, V2 + 2) and we denote by R the ring
of integers of K. Let mx € R be a parameter for K. We set b := 2a + 2. Let A := R[t] and let
B be the normalization of A inside the Z/47Z-extension of A generated by y, where y satisfies

yt= 1+ -2 (5.2)

5.2.1 Remark. One can prove that the ring B is a local power series ring, i.e. B = R[z]. Further-
more, one shows that the residue extension Fy[t] C Fa[z] is separable. Therefore, the extension
B/A has good reduction.

5.2.2 Remark. Notice that vg (o) = v (v/2) and therefore vy (b) = v (2). Lastly we note that
UK(b — 2) > UK(Q).

We now consider the ring A’ := R{v} where v and ¢ are related by ¢t = 2v. The Z/4Z-extension
B/A induces a Z/4Z-extension B’/A’ of normal rings.
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5.2.3 Remark. One checks again that B’ is a ring of convergent power series, i.e. B’ = R{s} for
some s € B’. However this time the residue extension k[v] C k[s| is purely inseparable.

Let I := Frac(A/ (ray) andlet E := F ®a B'. The fields I' and E are discrete valuation fields
with parameter 7z . One checks that E/F is a Z/4Z-Galois extension of Case-II type. Our aim is
now to calculate the differential Swan conductors of the characters of Z/4Z for the extension E/F'.
Notice that the residue field F' is k(v).

Let M/F be the intermediate Z/2Z-extension of E/F. One checks that M /F is generated by x
where x satisfies
22 =1+4+20"L. (5.3)
We make the substitution 2 = 1 — /2w™' and we thus obtain from (5.3) that M/F is generated by
(1-V2w )2 =1+20"1. (5.4)
One obtains from (5.4) that
w2 —Vow T =07 (5.5

Let ¢ (respectively x ) be characters of order 2 (respectively 4) of the group Z/4Z. Then one
obtains immediately from (5.3) that

Swi/p(¢) = [2] = [dv™'] = [2] = [~v™? - do]. (5.6)
Let us now also calculate Swp;, (). To do this we shall use the identity (see Theorem 2.3.21)

p-Swg/p(X) =p- (SWe/n(XlH) + Duyr) (5.7)

inside the group Sj; and where H := Gal(E/M) and p = 2. Set b = 23 where € R*. From
(5.2) and (5.5) we see that E//M is generated by y where y satisfies

2 =(1—v2u (1 - Bw?+ V2w (5.8)
=1— w2 —v2(6-Dw '+ V20> — 28w 2 (5.9)

We set iy = wi:‘xj/ﬁ to obtain a generating equation

—1
N —14v28—2 4 VAN 1
(v) +\[ﬁ(w+i\/ﬁ)2+\[ (5.10)
for E/M and where N € 7 - Ops. From (5.10) one sees that
Swer(xli) = [2v2] — -8 w2 (w +1i/B) 2 - dw]. (5.11)

Now we substitute (5.6) and (5.11) into (5.7) to find Swg,r(x). One obtains
2-Swgp(x) = [16] — [Buw ™ (w® — B) v ™2 - (dv)®?]
= [16] — [Bv~ (v — )72 - (dv)®?).
We find thus that

Swp(0) = 4] = [ ol

Notice that the differential part is neither exact nor logarithmic.
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5.2.2 Example : special extensions

In this section we consider again general K such that (> € K. Let F' be a two-dimensional local
field containing the field K and such that 7 is a parameter for F'. Assume that the residue field
of F is F = k((t)). Let Vg C Qp (respectively Vi, C Q) denote the space of exact (respectively
logarithmic) differentials of F', and let V := Vg + V, C Q. Our goal for this paragraph is to show
the following theorem.

5.2.4 Theorem. For every w € V, there exists a 7/p*Z-Galois extension E,/F of Case-II type
together with a character of Gal(E,,/F) = Z/p*Z such that

Swg,/p(x) = [7"] = [w],
where n = v (AP).
Our strategy for doing this is as follows. Firstly one knows that for every logarithmic differential

wr, € Vi, there exists a Z/pZ-extension E,,, /F and an irreducible character x,,, of Gal(E,, /F)
such that

Swi,, /r(xr) = V] — [z,

Notice that we may consider X, as a one-dimensional representation of the absolute Galois group
Gr of F. Secondly, we shall show that for every wg € Vg, there exists a Z/ p?Z-extension E,.,/F
together with a character x, of Z/p?Z = Gal(E,,,/F) such that

Swi,, /i (Xo) = V] - [wE].

Again we may consider X, as an irreducible character of the absolute Galois group G'r of F. Let
H C GF be the kernel of the one-dimensional character x := X, - Xw,- The embedding H — G
induces a 7Z/p?Z-Galois extension E/F together with a character, also denoted by Y, of the Galois
group Gal(E/F'). By Theorem 1.6.1 we then obtain

Swi/p(x) = [N] = lwr + wE]

giving our result.

Before we proceed to proving Theorem 5.2.4, we make two remarks.

5.2.5 Remark. It seems that the choice n = v (AP) is not special. Indeed, one can find other values
for n such that the set of differential Swan conductors still contain logarithmic and exact differentials
simultaneously. We leave to the reader to find such examples.

5.2.6 Remark. For the logarithmic differentials w; € Vi we used a character Y., of order p.
However, twisting Y., by an appropriate character of order p?, we see that we can find a character
of order p? with differential Swan conductor wr,.

We now proceed to the proof of Theorem 5.2.4. By the strategy above, it suffices to consider a
wp € Vg. Let wg = df where f € F. Note that f is not a pth-power in F . Let m be an
integer such that v (p) = m - p. After extending K , we may assume that p|m. Define E to be the
7./p*Z-extension of I generated by y where y satisfies

y? =14 1"PYf. (5.12)
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Let M/F be the intermediate Z/pZ-extension. Let H := Gal(E/M). One sees from (5.12) that
M/F is generated by w = y”, where w satisfies

WP = 14 7P (5.13)
and hence for an irreducible Gal(E/F)-character X’ of order p, we have
Swi/p(xX') = [N~ = [b-df] = N77"] = [b- wg] (5.14)

where b € ]F;.

Let Y now be a character of Gal(E/F) of order p?. We make the substitution
w=1+7"v
and substituting this into (5.12) we obtain the following generating equation for the Z/pZ-extension
E/M:
y? =1+ 7"v. (5.15)
One verifies that since p|m we have by (5.15) that
Swe/m(xlg) = [N~ — [ dv]. (5.16)

where ¢ € IF;.

Using (5.7) we see from (5.16) that
p-Swe/rp(x) =p- N7 "] —p-[c-dv]+(p—1)- [N7""™] = (p—1)-[df]
=\ ep? ] = [d- (4]

where d € F,. However we have that m - p = vk (p) and hence the above shows that

Swe/r(x) = [N] = [df] = ] = [wE].

This proves Theorem 5.2.4.

We now raise two questions. Let x € X(GF) := Hom(Gg,C*) be a one-dimensional representa-
tion. Let £, be the induced cyclic extension of F' and notice that we may consider x as a character
of Gal(E, /F'). We assume that E, /F is of Case-II type. We may therefore define the depth ¢, and
the associated differential w, via Kato’s Swan conductor of the extension E, /F'.

Define V} := {w, |6, = i}.

5.2.7 Question. What is the space Vlf; C €257 Can it happen for instance that the differential tP=1dt
occurs as a differential Swan conductor?

(A7)

The examples above show that V;K ODE+L.

Let A be a formal power series ring and identify F' with Frac(/l7T A) (after an extension of K this
is always possible). We say a character x € X (Gp) is smooth if there exists a cyclic cover B/A
of formal power series rings such that x induces the extension E/F where E := B ®4 F. Let
Xo(GF) denote the group of characters generated by all smooth characters.
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5.2.8 Question. What is the space V}, = {w,|x € Xo(GF) and §, =i} ?

One can show for instance that for certain 7, Vpo O Eo, where Eo, C Q4 denotes the space of
exact differentials on F' with a pole.

5.3 Classification problem

In this section we let F' be again a two-dimensional local field. Let G be a finite p-group and let
Ei/F and E/F be two G-Galois extensions of Case-II type. Assume that for every character y
of G we have that Swg, /r(x) = SWg,/r(x). Our goal for this section is to ask whether or not £
and E» are (G-equivariantly conjugate, i.e. if there exists a K-isomorphism ¢ : F; ~ FE, which
commutes with the action of G. Notice that we do not require ¢ to be a F'-isomorphism.

As we have already pointed out in the introduction of this chapter, in Henrio [19] it was proved that
this is indeed the case for G = Z/pZ. There this has been exploited to show that every Z/pZ -
Hurwitz tree is induced by an action on the p -adic open disc.

We shall now show that in the case of G = Z/p*Z this is no longer true. Therefore we see that we
are still far away from constructing Z/p*Z-automorphisms of the disc which induce a given Z/p?Z-
Hurwitz tree.

Our strategy for constructing the example is as follows. First in Section 5.3.1 we shall explicitly
define the two Z/p?Z-Galois covers of F. We shall choose suitable isomorphisms of their Galois
groups with G := Z/p?Z. Then we make some remarks on the Galois theory of the two G-Galois
extensions. This is done in Section 5.3.2. Thereafter in Section 5.3.3 we shall show that there exists
no K -isomorphism between the two fields which are also G-equivariant. Finally in Section 5.3.4 we
shall show that for every character y of G we have that the Swan conductors of x agrees for both
extensions.

5.3.1 Remark. We point out that Tossici [40], [41] has introduced stronger invariants than the dif-
ferential Swan conductor for Z/p?Z -actions. One might ask if his invariants are strong enough to
classify 7 /pZ -actions up to conjugation.

5.3.1 Definitions of the extensions

Let A := R[t] andlet F := Frac A(W 4)- Notice that F’ is a two-dimensional local field with residue
field F = k((t)). Let n € N be a positive integer satisfying the following conditions.

[n1] vg (7°) < v (p),
[n2] v (") < v (pr~"P),
[n3] p? < n and p?|n.

5.3.2 Remark. Let us give an example of K and n where these conditions are satisfied. Let n =
2 . p? and choose K to be an extension of Qp(¢p2) with ramification index 2 - pt. Let 7 be a
parameter of K . Since vy (7w) = 1, we see that

2
v (7"™P7) = n-p?< vi (p).
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We construct two 7Z/p?Z-extensions of F' as follows. Let fi := 1 + 7™t and gy := 1 + 7Pt. Let
fo: =14 7"Pt and gy := 1. We define E;/F to be the extension of F' generated by y; , where 1
satisfies

2
v =f-gl (5.17)
We define Fy/F to be the extension of F' generated by vy, , where yo satisfies
2
yy = fa-gb. (5.18)

Throughout what follows let o be a generator of G' = Z/p?Z. We identify Gal(E;/F) (respectively
Gal(Ey/F)) with G by declaring that oy; = (2 - y1 (respectively oya = (2 - y2).

5.3.2 Galois theory of E,/F and E,/F

Assume that there exists a K -isomorphism ¢ : Fy ~ Fs which is also G-equivariant.

5.3.3 Remark. Since ¢ is G-equivariant, we see that ¢ restricts to an isomorphism ¢|p : F' ~ F.
This need not be the identity.

Let H be the unique subgroup of G of order p. Our first result is the following lemma.

5.3.4 Lemma. We have that % € F* is a p-power inside F™*.

P
PROOF. Let u; = gf)(%) € E5. Notice that u; € EX! and furthermore, we have that

uy = ¢(f1).

Furthermore,

o-ul = Cp-uq.
- Y3 H
Similarly, we have that ug := g—i € E5' and
o U2 = Gp - Us.

We have therefore that Z—; is an element of F'. However,

Uy _ o(f1)

U f2

(

and the lemma follows. O

Our second result is the following.

5.3.5 Lemma. We have that (b‘é(;; 11,9)117) € F* isa p*-power of F*.
2
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PROOF. Let w = ¢(y1) € E,. We have that

w” = o(f14")

and therefore E5/F is generated by both the Kummer equations

2
w?” = ¢(fig7)
as well as the equation
P’ P
Y = f295-
Notice that since ¢ is G-equivariant, we have that o - w = (2 - w and furthermore o - y2 = (2 - y2.
Therefore the element ;”—2 is fixed under o and therefore y% € F. However,

(Pt o(f197)
Yo (fag5)

The lemma follows. U

5.3.3 Conjugation theorem
Our goal for this section is to prove the following theorem.
5.3.6 Theorem. There exists no G-equivariant K-isomorphism E1 ~ Fs.

PROOF. Assume thata G-equivariant R-isomorphism ¢ : Fq ~ Fs exists. By the Remark 5.3.3, we
see that ¢ restricts to an isomorphism of ¢|r : F' ~ F. Since the reduction of ¢ is a parameter of F,
we see that ¢(t) must also reduce to a parameter of F'. We define f € F' to be such that ¢(t) = t+f.

Therefore we have

¢(f197) = (1 + 7"P)(1 + 771)")
=L+t + ) A+ 7+ )P

By Lemma 5.3.5 we see therefore that

(L+7"P(t+ f))(1+7P(t+ f))P
(1 4+ 7mpt)

must be a p2-power. We expand using [n1] and [n3] and we find the following approximation:

L+ 7"t 4+ f))(1+7P(t+ f))P
(1+ 7pt)

=147 (& + f7) + O(="" )

2 . . 2
where O(7P"*1) means a term of valuation exceeding v (7P").

Therefore, since vi (77°) < v (p) by (nl), we see that the reduction of #* + fP must be a p?-
power in F'. In particular, we see that the reduction of f cannot be a p-power in F.
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However, from Lemma 5.3.4, we see that

L+ 7"t + f)
1 4 7Pt

must be a p-power in F. Expanding, we find

1+ 7" (t+ f)

_ np np+1
oy = LT O,

Therefore, since v (7™) < v (p) by (nl), we see that the reduction of f must be a p-power in
F', a contradiction. O

5.3.4 The Swan conductors of the extensions

In this section we shall show the following theorem.

5.3.7 Theorem. For every character X of G we have that SWg, /p(X) = SWg, /r(X)-

PROOF. In what follows we let H denote the subgroup of G of index p. Let x be the character of

G with x(0) = (2.

The characters of order p

We start with xP. Notice that Eff ~ EH as 7 /pZ-extensions of F. Furthermore, this extensions is
u

generated by w := o

where w satisfies the Kummer-type equation
w? = f1 = fa.
We see from the definition of w that G/H acts on w by
o-w=_C-w=x"(0)- w.
From Lemma 1.4.3 it follows that
Swe,/p(X") = [Nr"] = [dt] = Swg,/p(X")-
Therefore, for all ¢ with (i,p) = 1 we see that SwEl/F(Xip) = SWEQ/F(Xip).

The characters of order p?

In order to calculate Swp;, , r(x) we use the identity from Lemma 2.3.21
Swg,/p(X) = Swg,/L(X|H) + Dr/F

where L := Bl = FIl.

It therefore suffices to compute Swg, /1, (x|n) € S¢.

We may find a v € L such that

(I+ 7"’ =14+ 7"Pt = f1 = fo. (5.19)
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Therefore it follows that
(1+ 7" = g5 .

It follows that (1 4+ 7"v) = Cg - yb for some j € N.

Therefore E2/L is generated by ys, where y, satisfies the Kummer equation
yh = Cp_j (14 7"0) (5.20)
and where the identification of Gal(E>/L) with H is such that
o y2 =Gy yo

Since x maps o” to ¢, it follows from Lemma 1.4.3 and (5.20) that Swg, /7,(x|u) = [A7~"] —[dv].

Next we calculate Swg, /1(x|#). In order to do this, we use again the element v of L. Notice that

yf l
== 1+7"
=Gl ()

for some [ € Z and therefore E7/L is generated by y; where y; satisfies the Kummer equation
yi=¢' (L") g1,
and where Gal(FE;/L) is identified with H via
oy =Gy

The relation (5.19) implies that vg (¢t — vP) > v (pr~ ™). Set a := t — vP . We see therefore that
E1/L is generated by y; , where y; satisfies the Kummer equation

B =G 7 (L+a") - (L+72(v" +a)).
We concentrate on the factor 1 + 7P (vP 4 a) for a moment. We may write
1+ 7P(vP 4+ a) = (1 +7v)? — O(p) + 7Pa
= 1+ mv)P[1 4+ O(pr—"P)]

where O(p) (respectively O(pm~"P)) denotes terms of valuation not smaller than v (p) (respec-
tively v (pm~"P) ). Therefore, E1/F is generated by a Kummer equation of the form

wP = (7 - (14 7") - (1+ O(pr ™))

— P =(, -
where w = 77— and such that o? - w = ¢ - w.

Since vi (7") < vg(A) (from (nl)) and v (7"™) < v (pr~"P) (from (n2)) we see that F/L is
therefore generated by a Kummer equation

wP =14 7" + O(z" 1)
where the identification of Gal(F;/L) with H is via
ol w={y w=x(c?) w.
Therefore from Lemma 1.4.3
Swp, /n(xlu) = [Mr"] — [dv]. =

It follows that Swg, /r(x) = SWg,,p(x) and hence Swg, /r(x") = Swg,/r(x") forall (i,p) = 1.
We are done.
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5.4 The role of the simplified ramification groups

In this section we want to illustrate that in order to have a more complete theory of Hurwitz trees, one
still needs to incorporate the simplified ramification filtration into the definition of a Hurwitz tree. To
illustrate this, we shall explicitly write down a Hurwitz tree for the group G := Qg , where the depth
character at the root will not be 0. However, assuming that such a Hurwitz tree was induced by an
action on the open disc (up to equivalence, see Definition 3.2.6), then a consideration of the associated
simplified upper ramification filtration will yield a contradiction, hence showing that the Hurwitz tree
was not induced by an action on a local power series ring over R.

5.4.1 Remark. The Hurwitz tree that we shall construct will have §(¢) > 0, where ¢ is the depth
character at the root of the Hurwitz tree, for all characters ¢ of Qg . This will imply in particular that
if the Hurwitz tree was induced by an action on the p-adic open disc, then the boundary extension
(see Chapter two for an explanation of this) will be of Case-II type.

We start with the following situation. Let B := R[z] and assume that the group Qg acts on B.
We let E := Frac B(;p) and we let F':= EC. Notice that F /F' is a QQg-Galois extension of two-
dimensional local fields, and we assume that E/F is of Case-II type.

Let dg/p be the depth character of E /F. We denote by x the unique irreducible character of rank
two on (g. Our first goal is to prove the following theorem, which will be become useful to us later.

5.4.2 Theorem. There exists a rank-one character Y of Qg such that <(5 E/F» X> > 2. <5 E/F ¢>.

PROOF. We let the first simplified upper ramification jump of the extension E/F be iy. Since Qg
is not abelian, we see from Theorem 2.3.16 that there exists at least a second simplified upper ramifi-
cation jump 2 with 79 > ;.

By Lemma 2.3.3 we can find an upper (usual) ramification jump ¢ := (h,d) € Q2 such that d = is.
Notice that G* # {1} since t is an upper ramification jump of E/F. Furthermore, we have
G2 5 G and hence G! # G. Denote by p : G — GLy(C) the rank-two representation asso-
ciated with the character . Then we see that p is nontrivial on G* and hence by Theorem 2.4.11
we see that <5E/F’X> > 2-1is.

Let t' := (h/,d") € Q? be an upper ramification jump such that d’ = i;. Then there exists a rank-one
character ¢ such that ¢ is trivial on G*" for all ¢ € Q2 with ¢’ > t'. Therefore we see again by
Theorem 2.4.11 that <(5E/p, w> < 71. We see thus that since 79 > 77 we have that

<5E/F>X> >2-(0g/p, ). U

Let p =2 and let K be such that v (2) = 5. We define eleven vertices vy, ...,vs and w1, ..., wg
as well as seven leaves by, ..., bg.

Let us also associate the monodromy groups with the vertices and leaves. We define 7,0 € (Jg by the
relation (3.13) of Section 3.6.2 in the case that n = 2. With all vertices vg,...,vs3 and wiy,...,ws
we associate the group G = Qg. With the leaf by and the vertex v; we associate the subgroup <7'2>.
With the leaves b; and by we associate the subgroup (7), with b3 and by we associate (o) and
finally with b5 and bg we associate (70).
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We connect the vertices in a tree 7 as follows.
bo

Figure 3: Hurwitz tree 7 for the group Qg

Now we choose the thicknesses of the edges ej,...,eq4 and the f;. We choose €., = €., = €., :=1
and €3 := 7. Furthermore, we choose ¢y, := 10.

By Definition 3.2.4 (H3) we can now define the Artin and Swan characters of the tree. Let us make
them explicit. Let x denote the irreducible character of rank two of GG. We see that

(Aey s x) = 14, (Gey, X) = 12, (af,, X) = (s, X) = (Geq> X) = 2.

Therefore we obtain

(Se1sX) = 12, (Sey, X) =10, (54, X) = (Sez> X) = (Seqsx) = 0.

Let us also make these characters explicit for the irreducible rank-one characters of G. Let ¢, respec-
tively 1, respectively v,, denote the irreducible rank-one character with kernel (7) respectively
(o) respectively (o). Then we obtain

<a617¢j> = <a€2,wj> = 4? <a€3,d}j> = <a€477pj> =0
where j € {7, 0,07}. Thus we obtain
<Se1awj> = <8627wj> =3, <3637wj> = -1, <Se4>wj> =0

where j € {r,0,07}. Note the difference between s., and s.,. This is because the monodromy
groups of vs and vy are G and <72> respectively and hence the induced augmentation characters
differ. Finally for the edges f; we note

<af177/}j> - <af2,¢j> =1, <Sf1’¢j> = <$f277/}j> =0

for j € {o,07}. However for 1, we have that

<af1aw7'> = <af2v¢7’> =0, <sf17w7'> = <Sf27w7'> =-1

Similar expressions hold for the other edges.

Let us now also define the depth characters of the tree. We define ¢,, by

51)0 1:4'¢r+4'¢a+4'¢m+8'><-
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Notice that by definition this is a character of (. Using Definition 3.2.4 (H4) we can now extend
this definition to define the depth characters of the vertices vi,...,v4 and wy,...,wg as well as the
seven leaves by, ..., bg.

What is left is to verify that our construction is indeed a Hurwitz tree. We need to show that for a leaf
b we have that IndG (5’”“” = dp, where G denotes the monodromy group of the leaf b, and & is
the depth character as deﬁned above. We do this for the leaf by first. The case of the leaves bo, ..., bg
are similar. Thereafter we do the case of the leaf b.

Proceeding to the leaf b := by, we notice that
<Ind s, > —6- v (2) = 30.
Furthermore, we have that

<Ind m“”,wa> — <Ind m“lt,¢07> — 2. vk (2) = 10.
and

<Il’ld mult’ ¢T> —

since ), restricts to the trivial character on (7). Let us now also calculate 05, as we have defined it
above. We obtain

(0115 X) = (Ougr X) + €e1 * (Sers X) + €eo * (Seqs X) + €5, - (Sf1,x) by Definition 3.2.4 (H4)
=8+1-12+1-10
=30

<IndGb (Smu”, > .
Furthermore, for 1, we have

<5b1awa> = <6v0a'¢}0> + €y - (561a7p0> + €ey <S€2’¢0'> +€p - <5f1a'¢a>
=4+1-3+1-3+4+0
=10

— <Ind mult’ wo_> )

It is similar for v,.. Lastly, for 1/, we obtain

<5b17'¢7'> = <5’Uov¢7'> + €ey <361ﬂ¢7> + €ey <8627w7'> tep e <Sf1a1/}7'>
:4+1-3—|—1-3+10'(—1)
=0

_ <Ind mult’ ¢T> )

We see therefore that IndG 6"‘“” = 0p, as characters of G. The cases of the leaves ba,...,bs are
similar.
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Let us turn to the leaf by. We see that
G l
<IndGb0 st x> =4 vg(2) = 20
and furthermore
G It —
<IndGbO o ,¢j> =0
for j € {r,0,07}. We calculate dy,. For y we obtain

<6boaX> = <6v07X> + €ey - <S€1’X> + €e3 * <8637X> + €ey * <564’X>
=8+1-12+0+0
=20

G l
— <IndGb0 (5’(7};;2 X> .
Lastly for v, j € {7,0,07}, we obtain

<5bov¢j> = <5v077w[)j> + €y <S€1’7w[}j> + €ey <563,7w[}j> + €ey <‘964’7w[}j>
—4+1-347 (=1
=0

— (Indg, o5 vy

We have therefore checked that oy, = Indgb0 5" and hence that our construction is indeed a Hur-
0
witz tree.

Assume now that the Hurwitz tree 7 was induced up to equivalence (see Definition 3.2.6) by some
Qs-action on B := R'[2], where R'/R is an extension of R. We denote by e/ the ramification
index of R'/R. Let E := Frac B,p and let F := EC. We see that (65/r, ) = 8- ep/p and
<5E/F, ¢j> =4-epyp forall j € {r,0,07}. A contradiction now follows from Theorem 5.4.2.



Chapter 6

Dihedral actions

Another interesting question with regard to lifting is whether a group G admits some local action in
characteristic p which can be lifted to characteristic 0. This is the weak lifting problem for the group
G'. Matignon [26] has shown that this is true in the case that G is an elementary abelian p-group,
and later Green [14] showed a similar result in the case that G is a cyclic p-group.

In [27], Matignon asks what the situation for nonabelian p-groups is. In this chapter we give the first
results in this direction by studying the situation in the case that p = 2. This work is taken from
Brewis [5]. Let D4 be the dihedral group of order 8. Our main theorem for this chapter is to prove
that there exist examples of Dg-actions on k[z], k of characteristic 2, which can be lifted to char-
acteristic 0.

In fact, we exhibit a family of local Dg4-actions, the supersimple D4-actions, which can always be
lifted. Furthermore, the local degrees of different of these actions are not bounded from above, i.e. the
genera of the respective Katz—Gabber compactifications (see Remark 6.2.11) of these actions are not
bounded from above. This provides some evidence for a conjecture of Chinburg—Guralnick—Harbater,
see for instance Chinburg [7], which states that all actions of dihedral groups D, should lift to char-
acteristic 0.

The first part of this chapter is a general overview of the Galois theory that we shall be using. In
Section 6.2.1 we study field extensions with Galois group D4. We also interpret these results in the
context of covers of curves. Most notably, we give a method for producing D4-Galois extensions by
composing two Z/27Z-Galois extensions and taking the Galois closure.

In Section 6.2.2 we focus on the connection between the Galois theory of cyclic extensions and the
theory of group cohomology, following Serre [37]. We then focus once again on [D4-Galois exten-
sions. The group D4 has several subgroups of order (and others of index) 2, and therefore, contained
ina D4-Galois extension are several 7 /27Z-subextensions. We study the Galois-theoretic connections
between these subextensions. Finally in Section 6.2.3 we remind the reader of Artin—Schreier theory
and its connection with the cohomological interpretation of cyclic Galois theory.

Section 6.2.4 and Section 6.2.5 are concerned exclusively with the supersimple D4-Galois exten-
sions. Here we deal exclusively with characteristic 2. As we have already pointed out, it is sufficient
to study lifting problems in the local context, and therefore, all fields concerned in these two sections
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will be local power series fields. First we shall define the notion of a local supersimple D4-extension
(Definition 6.2.10), and then we classify them in Theorem 6.2.20.

In the second part of this chapter our focus shifts to questions of good reduction. Although our goal is
to eventually lift local actions, this part is of a global nature. In Section 6.3 we consider a D4-Galois
cover C3 — Pk of smooth projective curves over a 2-adic field K. Let Cy be the quotient of Cs
under a nonnormal subgroup of order 2. Given certain good reduction properties of the intermediate
cover Cy — Pl¢, we ask when we can deduce that the curve C3 has potentially good reduction. This
culminates in Theorem 6.3.7, which is a criterion for potential good reduction.

The assumptions required in Section 6.3 are difficult to check, and the purpose of Section 6.4 is to
give a method for producing D4-Galois covers of curves which satisfy these assumptions. Finally, we
conclude by giving an explicit family of examples. Furthermore, by explicitly studying their reduc-
tions to characteristic 2, we see that by localizing and completing these families at their ramification
points, we obtain liftable examples of local D4-Galois actions in characteristic 2.

Finally, in Section 6.5 we prove Theorem 6.5.1 which is our main result for this chapter, stating that
all supersimple local Dj-actions lift to characteristic 0.

6.1 Notation

Let k be an algebraically closed field of characteristic 2. Let Ry denote the Witt vectors of k£ and
K its fraction field. We shall reserve the letter /X for a finite field extension of the field Ky and R
for the normalization of Ry inside Kj. The field K will always be assumed to contain /2.

If C is a smooth projective curve over a field F, then we write g(C') to mean its genus, and F(C')
its function field. Lastly, if A is ring, then we write 1P’1A,Z for the projective A-line with distinguished
parameter z. For the notion of a local degree of different see Serre [37] Chapter II1.

Let D4 denote the dihedral group of order 8. We fix once and for all two generators a,b € Dy with
the relations

at =bv% =1, bab = a’.

Whenever L is a field, G will denote the absolute Galois group of L. If G denotes a finite group,
then by saying that two (G-Galois extensions of L are isomorphic, we are implicitly assuming that a
field isomorphism can be found which respects the identification of the respective Galois groups with

G.

6.2 Some Galois theory

6.2.1 General Galois theory of D,-extensions

The aim of this section is to state and prove two facts on constructing [4-Galois extensions. We start
by studying the situation for field extensions. Later we shall also interpret the results in the context of
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covers of smooth algebraic curves.

Let L be a field. We assume that we are given two Z/27Z-Galois extensions Lo C L1 and L; C Lo.
The extension Lo C Ly is of degree 4, but not necessarily Galois. We denote the Galois closure of
this extension by Lg C L, and the Galois group by G. The following lemma will be crucial to our
studies later on in this work.

6.2.1 Lemma. Assume that Loy C Lo is not a Galois extension, i.e. Lo # f)g. Then the Galois
extension Ly C Lo is a Dgy-extension, i.e. G >~ Dy.

PROOF. Since Ly C Lo is an extension of degree 4, we notice that G C S;. We also see that G
must be nonabelian since Ly C Lo is not Galois. Furthermore, the fact that Lo C L1 and L1 C Lo
are both Galois immediately places restrictions on the subgroups of G. One checks that all subgroups
of Sy satisfying all these conditions are isomorphic to Dy. O O

We leave the proof of the following lemma to the reader.

6.2.2 Lemma. Assume the notation of above. Then there exists an isomorphism
Gal(L2/Lo) ~ D4
such that Lo is the fixed field under the subgroup
(b) C D4y ~ Gal(La/Ly).

6.2.3 Remark. Notice that the results of this section can also be applied to separable covers of curves.
Let us make this precise. Let Cy be a smooth projective curve over an algebraically closed field k.
Assume that we are given two Z/27Z-Galois covers C1 — Cp and Cy — C1, where C; and Cy are
smooth projective k-curves, such that the composite cover Cy — Cj is of degree 4, but not Galois.

This tower of Galois covers induces a field extension k(Cp) C k(C1) C k(C2) of degree 4 which is
separable. Let us denote the Galois closure of this extension by k(Cp) C L. By Lemma 6.2.1, we see
that k(Cp) C L is a D4-Galois extension. Since L is an algebraic function field of transcendence
degree one over k, there exists a smooth projective k-curve C, such that the function field of C is
exactly L. Therefore, the separable Galois extension of fields k(Cp) C L induces a Galois cover
C — Cy of curves, and this is a D4-Galois cover.

6.2.2 Cohomological Galois theory of fields

In this section we shall gather some more facts on the Galois theory of fields, and in particular its
cohomological interpretation. Our reference is essentially the book of Serre [37].

Let Li/Lo be a Z/27Z-Galois extension of the field Lg. It is known that we have the inflation-
restriction exact sequence (see Serre [37] p.118)

0— Hl(Gal(Ll/LO), Q/Z) — Hl(GLO,Q/Z) — H! (GLI,Q/Z)Gal(Ll/LO)
— H*(Gal(L1/Lo),Q/Z) —
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Furthermore, one sees that
H'(Gal(L1/Lo), Q/Z) ~ Z/2Z
and
H*(Gal(L1/Ly),Q/Z) ~ 0,
see for instance Serre [37] p.134. We thus obtain the exact sequence
0 — H'(Gal(L1/Lo), Q/Z) — H'(G1,,Q/Z) — HY(Gy,,Q/Z)C /L) 0. (6.1)

Let us very briefly remind ourselves what these cohomology groups mean and how they relate to Ga-
lois theory.

Consider the absolute Galois group Gp,, of the field Lg. The set of Z/nZ-Galois extensions of L
corresponds bijectively to the elements of the group Homz (G, Q/Z), and therefore, if we consider
the group Q/Z as a trivial Gr,-module, the set of cyclic Galois extensions of Ly corresponds
bijectively to the set of elements of the group

lim Homgz(Gr,,Z/nZ) ~ Homz(Gr,,Q/Z) ~ H (Gr,,Q/Z), (6.2)
n—oo
i.e. to the group of G, -characters.

We can now interpret the exact sequence (6.1) in terms of Galois theory. Let L'/Lg be a cyclic
extension of the field Lg. This extension corresponds to an element

x € Homz(Gr,,Q/Z) ~ H (Gr,,Q/Z).

Notice that the compositum L’'L; of L’ and L; over Ly is a cyclic extension of L; of degree
dividing n, and therefore, this corresponds to a character

X' € Homz(Gr,,Q/Z) ~ H'(GL,,Q/7Z).
One checks that the image of x € H' (G, Q/Z) under the restriction map
Hl(GLo ] Q/Z) —H! (GLI ) Q/Z) (6.3)

is exactly /.

Let us now list two properties which will be used later on. We give only a short proof of the last of
these and leave the other for the reader.

6.2.4 Lemma. Let x € H'(GL,,Q/Z) be an element which maps to an element of order 2 inside
HY(GL,,Q/Z) under the restriction map (6.3). Then the order of x is a divisor of 4.

PROOF. Use (6.1). O O

6.2.5 Lemma. Let y; € HY(Gp,,Q/Z) for i = 1,2 be two elements of order 4 which map to
elements of order 2 inside H'(Gp,,Q/7Z). Then the difference x1 — X2 is an element of order at
most 2 inside H*(Gr,,Q/7Z).
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PROOF. By assumption and exactness of (6.1), we see that both 2x; and 2x2 are of order 2 and in
fact contained in the group

7./27. ~ Gal(L1/Ly) € H'(Gr,,Q/Z). (6.4)

Therefore 2y; = 2x2 and the result follows. O U

Let us now apply this formalism of characters to study [4-Galois extensions of a field L. Let

Lo C L be D4-Galois and fix an isomorphism Gal(L/Lg) ~ Dy4. Let L; be the field L49*9) fixed
by the subgroup (a?,b) C Dy. Notice that Ly C L is a (Z/2Z)*-Galois extension.

There are exactly three proper subfields of L containing L; other than L; itself. These are L<“2>,

L® and L<a2b> . Each is a Z/27Z-Galois extension of L; and therefore, these fields correspond to
order 2 characters x,2, Xp» and X2, respectively, of the group Gr,. Hence we may regard the .
as elements of the group

Homyz(Gr,,Q/Z) ~ H'(Gy,,Q/Z). (6.5)
We leave the proof of the following lemma to the reader.
6.2.6 Lemma. We have the following relations.
1. The character Y2 is fixed under the Galois action Gal(L1 /L) on the group H'(Gp,,Q/7Z).
2. The characters xp and X2, are conjugate under this action.
3. The sum of xp and X,2p IS Xa2-
The following lemma will be useful for lifting D4-actions later on.

6.2.7 Lemma. Let Lo C L and Lo C L' be two Dy-Galois extensions. Assume that there exists a
Lo-isomorphism between L and L'®). Then there is also a Lg-isomorphism between L and L'.

PROOF. Use the uniqueness of the Galois closure. O U

6.2.8 Remark. Although a simple lemma, the above tells us that the essential information of the
D4-Galois extension Ly C L is stored inside the subextension Ly C L,

6.2.9 Notation. From now on, whenever we are given extensions as above and a character

X € Hl(GLUQ/Z)a

we shall denote by N x the norm (some reference refer to this as the trace) of x under the action
of Gal(Li/Lo) on H'(Gp,,Q/Z), i.e. the sum of X and its conjugate o*y, where o is the gen-
erator of Gal(L1/Lg). Furthermore, we reserve the notation x,2, xp and x,2; for the characters
corresponding to the 7 /27Z-extensions L<“2>, L® and L{¥®) of the field L = @),
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6.2.3 Artin—Schreier theory of power series fields in characteristic 2
Let L, be the local field k((z)) with parameter z. The following identification will be used often:
k(=) / 0k ((2)) = Hey(spec(k((2))), Z/22) ~ H(GL.,Q/Z)[2] (6.6)
where
o k(2) = k(2), yey’ -y
is the Artin—Schreier operator in characteristic 2. The identification (6.6) associates to the element
fe k(=)
the 7 /27Z-extension of k((z)) generated by w, where w satisfies
w? —w = f.
Often we shall denote the associated class of f simply by
[f] e HY(Gr.,2/22) ~ H'(GL., Q/Z)[2].

Notice that for f; and fo both elements of k((z2)), we have that

LAl =1[fa
if and only if there exists a ¢ € k((2)), such that
h=¢—q+f

inside the field k((z)).

Let f € k[z] C k((z)). In this case, one can always find a fy € k((z)) such that

fi—fo=1
and therefore,
[f1=0
in this case. Therefore, if f:= Y 4C¢z" € k((2)) is a general element of the field k((z)) for ¢; € k,

—N<j
then

F1=1> adl=1)_ al. 6.7)

Furthermore, we also have

[e2mz™"] = [v/ezmz™"]

since k is assumed to be algebraically closed. Therefore, we can also get rid of the terms of f in the
expansion (6.7) of degree —2m, where m ranges over the natural numbers.
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6.2.4 Supersimple Ds-extensions

We now define and study the type of D4-extensions that we are interested in lifting. Assume through-
out this section that L is a local power series field with characteristic 2.

6.2.10 Definition. A local D4-Galois extension Ly C L is said to be supersimple if the following
conditions hold.

1. The local degree of different of S C rie®) s 2,
2. the local degree of different of Ly C Ll s o,

6.2.11 Remark. Let GG be a finite p-group and consider a G-Galois extension of local power series
fields

k(=) C Lg.

We use L with the subscript G to emphasize that we are not restricted to supersimple extensions
in this remark.

It is known that there exists a G-Galois cover of smooth curves
C — P}m

which is étale over A,ﬁ C P}, completely branched over the complement (z = 0) € P}, and which
induces k((z)) C L after localization and completion at z = 0. This cover is known as the Katz—
Gabber cover associated to the extension k((z)) C L. For details on this and for the more general
Katz—Gabber compactification, see for instance the account in Gille [12].

Applying this to the case G = Dy with Ly = k((z)) and Lg = L, one sees that Ly C L is
supersimple if and only if

C/ <a2> ~ P},

where C' — P}, is the Katz—Gabber cover associated to Lo C L. Notice that this compactification is
therefore a hyperelliptic curve.

Let us now construct some examples of supersimple extensions. First we set some notation.

6.2.12 Notation. From now on, we shall reserve the notation Lq for the local power series field
Ek((t)), and the notation L; for the local power series field k((v)), where the variables ¢ and v are
related by

v -t =17t (6.8)
Also, we shall let o denote the generator of Gal(Ly/Lg) ~ Z/27Z.

6.2.13 Example. In view of Lemma 6.2.1, we now construct some Z/2Z-extensions of L; which,
when considered as degree 4-extensions of L, are not Galois.



100 CHAPTER 6. DIHEDRAL ACTIONS

Let 7 € k and consider the element f; € L; given by
= n23 — 2?2 = p2 L,

Notice that the sum of f, and its conjugate o*f,, is simply n?t~!. One checks quickly that for

n ¢ Fa, the Artin—Schreier class of 1?t~! is non-trivial in the group H'(G,,, Q/Z). Therefore, the
extension Lo of Lj, defined by
w?—w = 772t_1v_1,

induces an extension of Ly which is of degree 4 and not Galois. As we have already pointed out in
Lemma 6.2.1, this then produces a D4-Galois extension Ly C L by taking the Galois closure. One
notes that, by Lemma 6.2.2 the Galois group can be identified with D4 such that L; is the fixed field
of (a?,b) andalso Ly that of (b). The extension of L, defined by

$?— 5= 7]215_1 (6.9)

is, by Lemma 6.2.6 (3), exactly the field extension defined by L; = ried) C L<“2>, which one
checks has local degree of different exactly 2. Therefore, the D4-Galois extension Ly C L is
supersimple.

The idea of this example is that it is somewhat representative of supersimple Dg4-actions. In fact, it
will be useful for classifying them (Theorem 6.2.20).

6.2.14 Definition. For a 1 € k, we denote by 1), the character of Gy,) corresponding to the
7./27.-extension generated by w? — w = n?t~lv7!, ie. 1y, denotes the image of the polynomial
n*t~1v~! in HY(GL,,Q/Z) under (6.6).

6.2.15 Remark. Itis important to note that Definition 6.2.14 depends on the choices of the parameters
t and v.

6.2.16 Remark. For the value n = 1, the character v); induces a Z/47-Galois extension of Lj.
Furthermore, one can show that there exists a character ] of the group G,

V) Gr, — ZJAZ,
which maps to ¢; under the restriction mapping
Homg(Gr,,Q/Z) ~ HY(GL,,Q/Z) — H'(G1,,Q/Z) ~ Homz(Gr,,Q/Z)
of (6.1). Furthermore, the character )] generates the torsion subgroup of
H'(Gr,,7/47) c HY(G1,,Q/7Z) ~ Homz(Gr,,Q/Z) (6.10)
of order-4 characters.

6.2.17 Remark. Notice that we have the following identity in H'(Gp,,Q/Z) forall 7 € k.

Unt1 = ¢y + 91 (6.11)
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6.2.5 Classifying supersimple D,-extensions

The aim of this section is to classify the local supersimple D4-Galois extensions. Assume throughout
that k((t)) = Lo C L is a supersimple D4-Galois extension.

6.2.18 Lemma. By possibly changing the parameter t of Lg, we may assume that the intermediate

field extension Lg C £l s generated by v, where v and t are related by

v 2 —p b= (6.12)

PROOF. This result follows from the fact that the local degree of different of Ly C rle®h) g5 2.
O g

From now on we set L = L<a’2’b>. We consider the elements ¢ and v fixed, and use the notation of
Definition 6.2.14.

6.2.19 Lemma. Consider the 7./27-Galois extension L’} /L1 and the associated G, -character

x» € H(G1,,Q,7Z)

of order 2. Then there exists an n € k such that the Grp,-character X, — 1, is the image of a
2torsion element of H' (G, Q/Z) under the restriction map

Hl (GL07 Q/Z) - Hl(GL1 ) Q/Z>

PROOF. By definition the local degree of different of L1 C 4 is 2 and therefore, this extension
is generated by an Artin—Schreier equation of the form

2 — 5= av_l, (6.13)

for some « € k. By Lemma 6.2.6 the norm of Y} is the character y,2. The latter corresponds to the
field extension L; C L% and therefore corresponds to the Artin—Schreier class [av™1].

Choose 7 € k such that 2 + 1 = . One checks that the Artin—Schreier classes of [av~!] and
[n?t~1] are the same inside H'(G1,Q/Z).

Consider the norm N1, of the character v, € H'(Gp,,Q/Z). We see that this corresponds to the

7./27.-Galois extension of L; generated by §, where § satisfies

=2

2 —5=ni""

However, by definition of o and 7, this is exactly the extension L; C L%, see (6.13).

Hence the norm N4/, and the character x,2 = N, are equal inside the group H'(G,,Q/Z), and
hence the difference X3 — v, is fixed under the action of Gal(L;/Ly).

Therefore, Yy, — v, is an element of H!(G,,Q/Z)%(F1/L0) | and thus, by the right exactness of
(6.1), the image of some \’ € H'(G,,Q/Z) under the restriction map

H'(Gr,,Q/Z) — H (GL,,Q/7Z). (6.14)
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By Lemma 6.2.4, we may conclude that X’ has order a divisor of 4.

By Remark 6.2.16, we notice that 1 is also the image of an order 4 element v} of H' (G, Q/Z).
Hence, by Lemma 6.2.5, either ' or X’ — 9| is an order 2 element of H! (G, Q/Z).

If / is of order 2, then we have found a suitable 7 satisfying the hypothesis of the lemma.

Assume this is not the case, i.e. x’—1 is of order 2. Then the image of x’'—1/] inside H'(G1, Q/Z)
under the restriction map (6.14) is exactly

Xo — ¥y — 1 = Xp — ¥y,

and therefore, the value n + 1 satisfies the hypothesis of the lemma. O
6.2.20 Theorem. There exists a polynomial

Q(t™) e k[t™'] C k(1)
and an n € k, such that the field extension

Ly = L{@*b)  L®)
is generated by an Artin—-Schreier equation of the form
w? —w=n*t" T £ Q. (6.15)

Furthermore, the polynomial @ can be chosen to have only odd degree terms in the variable t~*.
PROOF. We let 7 be as in Lemma 6.2.19. Let x’ be an element of H'(G,, Q/Z) which maps to

Xo — ¢y € H'(GL,,Q/Z)
under the restriction map

H'(GLy,Q/Z) — H'(GL,, Q/Z)

and which has order at most 2.

The character ' corresponds to a cyclic Galois extension of the field Ly of degree at most 2. There-
fore, we can find an element Q) of the field Lo = k((¢)) with associated Artin—Schreier class inducing
this extension.

As remarked in Section 6.2.3, we see that we can even choose @) to be inside the subring
K[t € k(1) = Lo

of polynomials in the variable ¢+~!. The comments of Section 6.2.3 also allow us to find a @ with
only odd degree terms. We have proved the lemma. O O

The following lemma will be useful later on and we shall leave the proof to the reader.
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6.2.21 Lemma. We use the notations of Theorem 6.2.20. If the degree of () is denoted by d for some
odd integer d, then the degree of local different of

Ly = L{@*b) 1O
is exactly the maximum max (4, 2d).

PROOF. One uses the relation (6.12) together with the Artin—Schreier equation (6.15) for the field
extension L; C L), O O

6.2.22 Remark. Recall (Theorem 6.2.20) that the extension L; C L® is given by (6.15). The
proof of Lemma 6.2.21 shows that if deg(Q) < 1, then the term n?t~!v~! of (6.15) dominates the
degree of different of L; c L), ie. itis then 4. If deg(Q) > 3, then the term ( dominates
this. In Section 6.5, we shall prove that all supersimple actions lift to characteristic 0. There we
shall distinguish a supersimple action according to the distinction remarked here, i.e. according to the
degree of different of L; C L®, and we shall need to adapt our lifting technique according to the
case we are considering.

6.3 Good reduction of Galois closures
Before we give a brief introduction and overview on this section, we first set some notation. Let
Oy — Pl =:Cy, Cy— Oy

be two Z/2Z-Galois covers of smooth projective K-curves. We shall assume that the composite
extension Cy — Cj ~ Pk of degree 4 is not a Galois cover. We let C3 — Cy ~ P be the Galois
closure.

In Section 6.2.1 it was shown that we can identify the Galois group Gal(C3/P¥%) with Dy in such a
manner that Cs is the quotient of C'3 under the subgroup

(b) C D4 ~ Gal(C3/C)).
From now on we shall assume this to be the case.

In this section we shall be concerned with the following question: what reduction conditions on the
intermediate cover Cy — Cp ~ Pk are necessary to conclude that the curve C'5 has good reduc-
tion? In Section 6.4, we shall make specific choices for the curves Cy, C7 and Cy which will satisfy
these conditions. These choices will be such that after studying their reductions, we shall show that
by localizing and completing these covers at their branch points, we obtain lifts for all supersimple
Dy-actions. For our purposes it is convenient to assume that g(C2) > 1. In this section we shall
place no restrictions on the genus of C7, however, in Section 6.4 we shall work only with the case
that g(Cy) = 0,ie. C; ~ Pk.

One sees that if C'3 has potentially good reduction, then so must the curve C5. Therefore, we shall
always assume that Cy admits a smooth model Co. We introduce the following assumption on the
cover Cy — Cy.
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6.3.1 Assumption (‘Good reduction’ Assumption). There exists smooth models C;, i = 0,1, of
the curves C;, ¢ = 0, 1, together with finite maps

Co — C1 — Co (6.16)
which have generic fibre Cy — Cy — Cj. The induced map of smooth k-curves
Cox — C1p — Cox =~ Pi (6.17)

is a separable cover of degree 4. Furthermore, we assume that (6.17) is totally branched at some point
x € CO,k-

6.3.2 Remark. It follows from Liu-Lorenzini [25] Proposition 1.6 that since Cs is smooth, the quo-
tients C; and Cy are also smooth R-curves. Furthermore, it follows from Liu [24] Proposition 10.3.38
that if furthermore ¢(C7) > 2, then (6.17) is separable.

Furthermore, one sees that the following assumption, which does not necessarily hold, is necessary to
deduce potentially good reduction for the curve Cs.

6.3.3 Assumption (‘NonGalois reduction’ Assumption). The special fibre cover (6.17)
Cox — C1x — Cox =~ Pr
is not Galois.

Let us now study the stable model Cs of the curve Cs. The group D4 acts on this model, and we
denote by Ci,i € {0,1, 2}, the quotients of this model corresponding to the K-curves Cp, C; and
Cs respectively. It is known that all these are themselves semistable R-curves, see for instance Ray-
naud [33] Appendice.

Since Co is a smooth R-curve with positive genus, we see that there exists a birational blowup
morphism

Co — Ca. (6.18)

Therefore, we may conclude by the universal property of quotient schemes, that similar blowup mor-
phisms

él — Cl, é() — Co (619)

exist for C; and Cy, even if their genera are 0.

We denote the strict transform of the smooth k-curve Cs ;. under the map of (6.18) by I's, and using
(6.19) we define the components I'y and I'y similarly. Each T';, for ¢ = 0, 1, 2, is therefore a smooth
k-curve, and furthermore, we have a separable degree-4 covering

FQ — Fl — Fo (620)
which is nothing else than the covering

Co — C1 — Cop ~ P} (6.21)
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Let I's be any component of Cs & which maps surjectively onto I's under the finite map (33 y — Co k-
Since Cg & was assumed to be the stable model of C3, we see that each component of C. 3k isreduced,
and, in particular, the closed subscheme I's is an integral scheme. We may therefore consider the
extension of function fields

k(o) C k(I'1) C k(Ty) C k(T's). (6.22)

6.3.4 Proposition. The component 15 is the only component of C’A&k mapping surjectively onto T's.
Furthermore, the field extension (6.22) is a D4-Galois extension.

PROOF. Let D(I'3) (respectively I(I's)) denote the decomposition (respectively inertia) group of
I's. Let L be the separable closure of k(T'g) inside the normal field extension (6.22). There exists an
exact sequence of groups (see Serre [37] Proposition 1.20)

0— I(T's) — D(I's) — Gal(L/k(Typ)) — 0.
Notice that by Assumption 6.3.1 the Galois extension k(I'g) C L contains the subextension
k(To) C k(T'2).

Furthermore, by Assumption 6.3.3, we see that [L : k(I'g)] > 4 and therefore, the order of Gal(L/k(
must exceed 4. However, D(I'3) is a subgroup of Dy, and therefore, the result follows. 0

Our next step is to study the normalization of the component I's. Let I3 denote the normalization of
I's. In order to deduce smoothness of the stable R-curve ég, we shall now ask for a condition under
which the geometric genus ¢(I'3) of T's is equal to the geometric genus g(C3) of the generic fibre
Cj. It is known that the latter is never strictly less than the former. Furthermore, since (fg is assumed
to be the stable model of the K -curve Ci, equality of g(I'3) and ¢(C3) would imply smoothness of
Cs. We thus proceed to bounding g(f‘g) from below.

6.3.5 Assumption (‘Different’ Assumption). We assume the degree of geometric different of the
cover C'3 — Cy is 2.

6.3.6 Lemma. The genus of Cs is 2g(C2). In particular, we have the following inequalities.

g(Ts) < 2g(Cy). (6.23)
PROOF. Apply the Hurwitz Formula to the cover of smooth K-curves C3 — Cs. g
6.3.7 Theorem. The curve (?3 is a smooth R-curve.

PROOF. By Assumption 6.3.5, the cover of K-curves ('3 — C5 has exactly two geometric branch
points x1, 2, and after possibly extending K, we may assume that these two points are distinct points
of Co(K). From Theorem 1 of Saidi [35], we see that since I'3 — I'y is a separable covering, both
x1 and xo specialize to the same point x of Cj ;. Note that I's — Ty is branched at this point. This
implies that

g(T'3) > 2g(T2) = 2g(Ca), (6.24)

and hence is equal to exactly this. Therefore, Cs is a smooth R-curve. O O

I'o))
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6.4 Lifting supersimple [Dj-actions.

In this section we shall give a method for producing covers of curves which satisfy the assumptions
needed to apply the results in the previous section. Let us first set some notation and then we explain
our goals and strategy.

In Section 6.3, we dealt with towers of Z/2Z-covers Cy — C1 — Cj of composite degree 4. Our
first step is to construct suitable choices for the curves C; and Cp. We let Cy denote the projective
R-line Pk ; with parameter ¢.

To define the R-curve Ci, we define an algebraic extension of K(t) by adjoining the element v,
where v satisfies the relation

=92 7L

We now define C; to be the normalization of the projective line Cp inside the field K (t)(v). We
leave for the reader to verify that C; is again a projective R-line with parameter v, and that the
induced special fibre cover Cy ;, — Cp, is a separable cover of smooth projective lines. By localizing
and completing at the point ¢ = 0, we see that the Z/27Z-Galois cover

Pro =C1 — Co =Pk,

already provides a lift for the Z/27-Galois extension of local fields Ly C L; of Notation 6.2.12.

Now we want to construct some Z/2Z-Galois extensions of the curve C;. Let F' and G be two
elements of R[v~!] C K(v~!). We denote the reductions of F' and G to the ring k[v~!] by F and

G, respectively. We define a field extension K (v) C K (v, w) where w satisfies
w® —wG = F. (6.25)

We let Cf ‘“ be the normalization of C; = Pk, inside K (v,w). We have included the superscripts
F and G to emphasize that our definition depends on the choices of F' and G.

Our strategy now is to find suitable F' and G such that the generic fibre of the finite tower of Z/27Z-
Galois extensions

crY - ¢ =Pk, — Co = Pk (6.26)

satisfies Assumptions 6.3.1, 6.3.3 and 6.3.5.

To check the ‘good reduction’ (Assumption 6.3.1), the form of equation (6.25) will be useful (Lemma
6.4.1). However, to check Assumption 6.3.5, we shall need to rewrite this equation in a Kummer form.
Here we shall restrict the choices of F' and G (Lemma 6.4.2). A further restriction (Lemmas 6.4.3
and 6.4.4) on the choices of F' and G will also aid us in checking that the ‘reduction is not Galois’
(Assumption 6.3.3).

Assume that the degrees of F' and F are both 2g+1, where ¢ is some positive integer. Furthermore,
assume that the degree of G does not exceed 2¢, and that the reduction G is a unit of & (and hence
of degree 0, but that G # 0 inside k[v~1)).
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6.4.1 Lemma. (a) The scheme Cg '@ is a smooth projective R-curve of genus g. Furthermore, the
action of the Galois group Gal(K (v,w)/K(v)) extends to the scheme Cf ¢ and the quotient of
Cf G by this action is C1 = IP’lR,U. Lastly, the induced map of special fibres

e ~ ol
CQ,k - Cl,k = Pk,v

is generically separable, and is in fact branched uniquely at the point v = 0.
(b) By localizing and completing at this point, the cover Cg SN C1 induces a 7./27-Galois exten-
sion of k((v)) generated by w, where w satisfies

w? —wG =F. (6.27)
The local degree of different is 2g + 2.

PROOF. This is essentially Exercise 10.1.9 of Liu [24]. O O

So far, we have constructed a tower of smooth projective curves
CrY — ¢ — Co ~ Pk, (6.28)

For convenience we set Cf G C; g and similarly for C; and Cp. As in Section 6.3, we define

CgF ‘% to be the Galois closure of C’f G, Cy. Notice that in order to apply the results of Section 6.3,

we also need to know that C’QF G Cf ‘C_This will be true for the choices of F' and @ that we shall
later choose.

6.4.2 Lemma. Assume that we can find an element
HeR[t™Y c K(t) Cc K(v),
as well as an n € R such that the following identity holds.
AF +G? = (1 -2 Y)H.

If n # 1, then C’f G #* C? G i.e. the cover Cf AN Cy is not Galois, and furthermore, the degree

of geometric different of C?G — f’G is 2.

PROOF. By construction, the cover
Pk, ~ Oy — Cp ~ Pl

is ramified at exactly v = 0 and v = 2. Notice that the function field K (v,w) of C’f Y s also
generated over K (v) by w’, where w’ = —2w+ @G, i.e. w' satisfies the following Kummer equation

(W) =(—2w+G)* =4F + G* = (1 — 2npv Y H.
Therefore, the cover Cf G, C1 is branched at exactly v = 0, v = 21 and the zeros of
H e K(t) C K(v).

If n # 1, then the conjugate of the point v = 27 (under the action of Gal(C;/C))) is not branched
in the cover C’QF’G — (7. This already implies that CQF’G — () is not Galois, i.e. C’f’G # C’g’G.
Furthermore, one checks that the points of C’QF G lying above the conjugate of the point v = 2n are
exactly the branch points of the cover C’g ¢ Cg ‘¢ There are exactly two points, and hence the

degree of geometric different of C’? G C’QF Cis 2. O U
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Before we state the main theorems of this section, we give two computational results. Let Lyo C L be
a local supersimple D4-Galois extension in characteristic 2. Recall from Lemma 6.2.21 and Remark
6.2.22 that we can distinguish between two cases, namely the case where the local different degree

of L{a*b) C LY is 4, and the case where it is 2d, for some odd integer d. In proving that all
supersimple actions lift to characteristic 0, we shall deal with these two cases separately. In both
cases, we shall need a similar computation, and it is these that we state in the following two lemmas.
Both of these results are essentially computations, and we used the computer package Magma to
verify our calculations.

6.4.3 Lemma. Let n € R*. We assume R has been extended to include a solution, (3, of the follow-
ing equation.

B4+ V2B +n=0. (6.29)
Let Q' € R[t™!] of degree less than or equal to 1. Then we have the following identity.
(1—2pv~ ") (14261 +4Q") = G +4F,
where
G:=1++V28v7"
and
F:=Q —nfvt7 ! =2 1Q.

6.4.4 Lemma. Let 1 and 3 be as in Lemma 6.4.3. Let m be a positive integer, and let Q' be any
element of R[t™'] of degree strictly less than 2m. Furthermore, let y € R* be any unit of R. Then
we have the following identity.

(1 =20 (1 4+ 26%71 429272 £ 229t ™™ + 4Q") = G* + 4F,
where
G:=14+V2Bv Vot ™™
and
F:=Q —nf2v % — 2 1Q — it 2™t — V2npyo ™ — 4B ™,
6.4.5 Remark. The equation (6.29) implies that we have the following equality in & after reduction
3 =7. (6.30)

6.4.6 Remark. The polynomial F' in Lemma 6.4.4 reduces to

Fo=0Q + v 1.
If F' isselected as in Lemma 6.4.4, then it reduces to

F:=Q +np2v i 42t 2™t 4 gyt~

In both cases G reduces to the constant polynomial 1 € k.
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The following theorem is our first main result. It constructs a family of [D4-Galois covers which, by

localizing and completing at branch points, induce local supersimple extensions after reduction. We
define the normal R-curve C? ‘G to be the normalization of Cg ‘G inside the extension Cg G, Cg G

6.4.7 Theorem. Let either 1, Q' be as in Lemma 6.4.3, or let m, v, m and Q' be as in Lemma
6.4.4, and let F' and G be selected as in these lemmas. Consider the D4-Galois extension of normal
projective R-schemes

C?G — Cf’G —C1 —Cy= ]PlR,t~ (6.31)

Then each CZ-F 'Y is a smooth R-scheme. Furthermore, by localizing and completing at the point
t = 0 of the scheme Cy = IP’IR,t, we obtain a lifting of the local Dy4-Galois extension obtained by
taking the Galois closure of

k(#) C k() € k(0)(w),
where w satisfies
w® —w=F.

Here F denotes the reduction of the polynomial F, refer to Remark 6.4.6 for an explicit expression
of F.

PROOF. We shall proof the theorem in the case that F' and G have been selected as in Lemma 6.4.4
and leave the (easier) case of Lemma 6.4.3 to the reader.

First we see from Lemma 6.4.1 that Assumption 6.3.1 is satisfied for the extension (6.31). In fact,
the model Cf '“ is a smooth model for its generic fibre Cf ’G, and by construction the special fibre
subcover

Coi = Cuk = Phy — Co = Pl (6.32)
is separable. Lemma 6.4.2 tells us that Assumption 6.3.5 is also satisfied for this extension.

Let us check that the induced cover
ChG e — Con (6.33)

is not a Galois cover, thereby verifying Assumption 6.3.3. By localizing and completing at the point
v =0 of C ~ P},, we obtain a cover of k((v)) generated by w, where w satisfies

w—w=F=nt"o " +Q +nyt v 4 gyt vl

One checks that the composite field extension k((¢)) C k((v)) C k((v))(w) is not Galois if 77 # 1.
Therefore, the composite cover (6.33) cannot be Galois. By Theorem 6.3.7, we see that the curve
Cg ‘% has potentially good reduction. Since the smooth model Cf ' of C’QF s unique (recall that
g(C2) > 1), we see that C?’G is smooth. We are done. O O
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6.5 Proof of main result

The aim of this section is to prove our main result.
6.5.1 Theorem. All supersimple Dg4-actions lift to characteristic 0.

Assume throughout this section that we have been given a supersimple D4-Galois extension of local
power series fields

Lo = k() C L.

We use the notation of Section Section 6.2.4 and Section 6.2.5. In particular, we set Ly := L{a*0)
with parameter v, where v and ¢ are related by

v 2 —p b =¢7L (6.34)

We have already pointed out (Remark 6.2.7) that the field extension Lo C L is completely determined
by the subextension

LoC Ly C Ly:=L".

By Lemma 6.2.21, we see that there are two cases to consider, namely the case that the degree of
different of Ly C Lo is 4 or the case thatitis 2d, where d > 1 is an odd integer.

In both cases, we apply Theorem 6.4.7 for suitable choices of 7, v, m and @’. In the first case, we
shall choose the F' and G as in Lemma 6.4.3, and in the second as in Lemma 6.4.4. We shall give
the details only for the second case, and leave the detailed proof of the first (easier) case to the reader.

Proof of Theorem 6.5.1 We assume that the local different degree of Ly C Lo is of the form 2d,
where d > 1 is an odd integer. Define m by the relation d = 2m + 1.

From Theorem 6.2.20 and Lemma 6.2.21, we see that we can find a polynomial @ € k[t~!] of degree
exactly 2m+1, as well as an n € k —[F2, such that the extension I.; C Lo is generated by w, where
w satisfies

w? —w= th_lv_l + Q. (6.35)

Recall (Theorem 6.2.20) that we can choose (Q to have only odd degree terms in ¢~!. Furthermore,
since k was assumed algebraically closed, we can find a v € k* such that

Q= 727725—(2m+1) +Q,
where @' € k[t~!] has degree strictly smaller than 2m.
Let us lift the elements 1 and + to units of R. We abuse notation and denote these lifts again by n

and +, respectively. We then choose a polynomial @' € R[t™!], of degree less than 2m, which lifts
the polynomial @’ € k[t™1].

We now apply Theorem 6.4.7 with these choices of 7, v, m and @’ and we choose F' and G as
in Lemma 6.4.4. In view Theorem 6.4.7, we only need to check that the Artin—Schreier class of F is
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the same as n’t~'v~! + Q.
From Remark 6.4.6, we have the following equality of Artin—Schreier classes inside H' (G, Z/27Z)
[F] = mfv "t +Q +my*t 2o~ + gyt 1.
Since 32 = 1 inside k (Remark 6.4.5), we see that
[Fl=W* 7 + Q@+t =[Pt + Q).

This is exactly the class of the extension L; C Lo, see (6.35). We conclude by applying Theorem
6.4.7.
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Zusammenfassung

Sei k ein Korper von Charakteristik p und sei C' — spec(k) eine glatte projektive Kurve mit einer
G-Aktion ¢ : G — Auty(C) auf C, wobei G eine endliche Gruppe ist. Das globale Hochhe-
bungsproblem fragt, ob es eine Erweiterung R der Witt-Vektoren W (k), eine Kurve C — spec(R)
und eine Aktion ¢ : G — Autgr(C) gibt, die nach ¢ reduziert. Man sagt, dass die Aktion ¢ nach
Charakteristik O hochhebt, falls solch ein ¢ existiert.

Analog dazu gibt es auch das lokale Hochhebungsproblem: Sei ¢ : G — Auty(k[t]) eine lokale
G-Aktion. Das lokale Hochhebungsproblem fragt, ob es eine Aktion ¢ : G — Autr(R[t]) gibt,
die nach ¢ reduziert. Durch eine Betrachtung von Verzweigungsgruppen sieht man, dass jedes glob-
ale Hochhebungsproblem ein lokales Problem induziert. Ferner zeigt der Lokal-Global-Prinzip von
Green und Matignon [15], dass diese zwei Probleme dquivalent sind.

Es ist bekannt, dass das lokale Lifting-Problem sehr schwer ist, falls p die Ordnung von G teilt.
Einige Ergebnisse sind bekannt. Oort, Sekiguchi und Suwa [36] haben gezeigt, dass alle lokalen
7./ pZ-Aktionen nach Charakteristik 0 hochheben. Green und Matignon [15] haben dieses Ergebnis
auf den Fall G = Z/p?Z veralgemeinert.

Fiir nicht-zyklische Gruppen haben Bouw und Wewers [4] gezeigt, dass alle G-Aktionen hochheben,
falls G' die Dieder Gruppe der Ordnung 2p ist (wobei p eine ungerade Primzahl ist). Pagot [32] hat
das gleiche Ergebnis fir G = (Z/27)? gezeigt.

In dieser Dissertation studieren wir das lokale Hochhebungsproblem durch die Verzweigungstheo-
rie der p-adischen offenen Kreisscheibe. Unsere Theorie basiert auf den Theorien von Kato [21],
[22], Kato und Saito [23] und Huber [20]. Im ersten Kapitel zeigen wir insbesondere, eine Idee von
Irene Bouw folgend, dass Katos differentieller Swan-Fiihrer die Differenziale von Henrio (im Fall von
7./ pZ-Erweiterungen) verallgemeinert.

Im zweiten Kapitel betrachten wir die Verzweigunsgruppen von Kato und Saito [23]. Wir fiihren
eine vereinfachte Verzweigungsfiltrierung ein, und wir zeigen, dass die Quotienten der Filtrierung el-
ementare abelsche Gruppen sind. Wir fithren auch zwei Charaktere, die Artin- und Tiefen-Charaktere,
ein, und wir beweisen einen Zusammenhang zwischen denselben, Katos Swan-Fiihrern und der Verzwei-
gungsfiltrierung. Diese Ergebnisse verwenden wir in einem Beispiel im dritten Kapitel, und wir zeigen
im fiinften Kapitel, dass sie auch relevant fiir das lokale Hochhebungsproblem sind.

Henrio hat in [16], eine Idee von Green und Matignon [16] folgend, kombinatorische Objekte, die
sogenannten Hurwitz-Béume, fiir Z/pZ-Aktionen auf der p-adischen Kreisscheibe eingefiihrt. Ein

Hurwitz-Baum spiegelt die Geometrie der Verzweigungspunkte einer Z/pZ-Aktion wider. Im drit-
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ten Kapitel dieser Dissertation verallgemeinern wir die Konstruktion von Green und Matignon auf
den algemeinen Fall mit beliebigen p-Gruppen. Die in diesem Kapitel erzielten Ergebnisse sind in
Zusammenarbeit mit Stefan Wewers. Die Neuerung bei unserer Konstruktion ist der Artin-Charakter
der p-Gruppe. Weiterhin fithren wir ein neues Hindernis fiir Hochhebbarkeit einer lokalen Aktion
in Charakteristik p ein. Wir verwenden unsere neue Bedingung, um ein Problem von Chinburg,
Guralnick und Harbater (siehe [8], Frage 1.3) zu studieren. Wir zeigen insbesondere, dass lokale ve-
rallgemeinerte Quaternion-Aktionen in Charakteristik 2 existieren, die nicht nach Charakteristik 0
hochheben. Unser Ergebnis beantwortet Frage 1.3 von [8] damit negativ.

Im vierten Kapitel zeigen wir, dass das neue Hindernis fiir zyklische p-Gruppen verschwindet. Dies
ist ein neues Indiz fiir die Giiltigkeit der Oort-Vermutung, welche sagt, dass alle zyklischen Aktionen
nach Charakteristik 0 hochheben.

Eine weitere Frage ist, ob fiir eine gegebene Gruppe G eine lokale Aktion in Charakteristik p ex-
istiert, die sich nach Charakteristik Null hochheben ldsst. In [27] fragt Matignon, was fiir nicht
Abelshe p-Gruppen gilt. Im sechsten Kapitel geben wir das erste Ergebnis in dieser Richtung. Sei
D4 die Dieder Gruppe der Ordnung 8. Wir zeigen, dass es Beispiele von [4-Aktionen in Charakter-
istik 2 gibt, die nach Charakteristik 0 hochheben. Insbesondere geben wir eine Familie von solche
Aktionen, sogenannte sehr einfachen D4-Aktionen, die alle nach Charakteristik 0 hochheben. Der
Fiihrer der von uns konstruierten Aktionen ist nicht nach oben beschrinkt.
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