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ABSTRACT. Generalized linear models (GLM) have multiple applications, in particular
they are a popular tool in insurance for fitting claims data. Insurance portfolios typically
consist of heterogeneous clusters with similar but different risk characteristics. Problems
arise when only limited statistical information is available for individual clusters. Credi-
bility theory is a commonly used actuarial tool to improve statistical inference for small
clusters, however credibility estimators have only been developed for a few specific mod-
els and a general theory remains lacking. In the present thesis we fill that gap, presenting
a credibility estimator in a general GLM setting allowing all simple exponential families
with natural link functions and cluster specific volume parameters. We study asymptotic
properties of the estimator and illustrate our new concept with both a simulation study
and an application to mortality data.

In the second part of the thesis we deal with an application of evolutionary credibility
models to mortality data. Such a model correctly recognizes the random nature of the
underlying time factor and further allows for the flexibility of time series modeling. The
final model incorporates a smoothing procedure over time that ensures robustness over
successive forecasts.

ZUSAMMENFASSUNG. Verallgemeinerte Lineare Modelle (GLM) sind ein beliebtes Werk-
zeug in der Regressionsanalyse und finden oft Verwendung in der Versicherungsmathe-
matik. Das Portfolio eines Versicherungsunternehmens besteht typischerweise aus het-
erogenen Gruppen mit dhnlichen, aber dennoch unterschiedlichen Risikomerkmalen und
versicherungstechnische Gréflen miissen fiir jede Gruppe einzeln geschétzt werden. Dabei
treten Schwierigkeiten auf, falls bestimmte Gruppen nur wenig statistische Informa-
tion enthalten. Die Credibility-Theorie wird in genau solchen Féllen eingesetzt um die
Schatzung durch Beriicksichtigung des gesamten Portfolios zu verbessern. Credibility-
Ansatze bestehen jedoch nur fiir einige Spezialfille des GLMs und ein allgemeingiiltiges
Verfahren wurde bisher nicht entwickelt. In der vorliegenden Arbeit schlielen wir diese
Liicke, indem wir ein auf GLM angepasstes Credibility-Modell vorstellen. Wir er-
lauben alle natiirlichen Exponentialfamilien mit kanonischer Linkfunktion und zudem die
Beriicksichtigung von gruppenspezifischen Mengenparametern. Die Vorteile des Modells
werden anhand von Simulationstudien und Beispielen aus der Sterblichkeitsmodellierung
verdeutlicht.

Im zweiten Teil der Arbeit entwickeln wir ein zeitdynamisches Credibility-Modell, das
speziell auf Sterblichkeitsdaten zugeschnitten ist. Unser Modell behandelt die stochastis-
chen Zeitfaktoren als solche und erlaubt ihre flexible Modellierung mit Techniken der
Zeitreihenanalyse. Das finale Modell erméglicht eine rekursive Aktualisierung der Prog-
nosen anhand neuer Beobachtungen. Die auf diese Weise erzeugten Prognosen sind
robust gegeniiber aufeinanderfolgenden Beobachtungszeitraumen.
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CHAPTER 1

Introduction

Credibility theory is a topic of Bayesian statistics that appears in many areas of ac-
tuarial science. Research in this field began with the pioneering work of Bichsel (1964),
which was motivated from premium calculation in car insurance. Bichsel studied a
method to incorporate individual claim statistics in the calculation to protect “good”
risks from a forthcoming premium increase. Subsequently, credibility theory experienced
a rapid growth and its methods are now established in many statistical models. New
methods have been developed because of the practical necessity to respond to the contin-
uously changing requirements of an actuary. Indeed, actuaries currently need to consider
all types of underwriting risk that are categorized into risk of random fluctuations and
risk of errors. In particular, the latter demands a proper reflection of the stochastic
nature of the underlying problem. The main purpose of this thesis is to extend the
actuarial toolbox by providing further credibility models.

Even with the passage of time, the fundamental idea to balance the individual risk
experience with the collective risk experience still remains. While the former is more
relevant in estimating future expectations, it is also more volatile than the latter. Un-
certainty increases as less statistical information is contained in the individual cluster.
Estimates obtained using the collective, on the other hand, may inadequately reflect
the individual characteristics. The golden mean, which is the credibility estimator, is
constructed by weighting both forms of information according to their credibility. From
a more mathematical point of view, a portfolio of N random variables (BZ-,Yi)f\Ll is
considered. Individual observations are assumed to be an outcome of the random vector
Y; = (Vi) jen whose distribution Fj, is entirely or partly specified through the realization
B; of B;. The great flexibility for the map 3; — Fj, allows a wide variety of models. We
will, for instance, obtain the Biihlmann-Straub model, cf. Buhlmann and Straub (1972),
when Y;; = B; + €, and the linear regression model, cf. Hachemeister (1975), when
Yi; = X;B; +¢;; with covariate vectors X; and error terms ¢;;. More complex structures
will be studied in the thesis. In all of the models, we seek a function T'(Y1,...,Yn)
that optimally estimates B; with respect to the mean squared error. While classical
Bayesian methods rely on some parametric families of conjugate prior distributions for
the B;, credibility follows a non-parametric approach established by Biihlmann (1967).
In insurance applications it is untypical to impose much structure on the distributions;
instead, structure is imposed on the class of admissible estimators. Indeed, credibility
estimators are linear Bayes estimators, in that they are restricted to affine structures of
the observation vectors. Seeking the optimal solution typically leads to the form

Bi = a;f3; + (1 — ;)E[Bj]

of a weighted average of the best individual estimator ﬂAZ and best collective estimator
E[B;]. Such structures, which may also be interpreted in a multidimensional context,
are termed a credibility formula.
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A credibility model unites the individual clusters, which have a certain structure in
common, “under one roof”. The clusters are a priori identical in the sense that their
unobservable risk profiles B; are identically distributed but variation in the portfolio
arises once these variables are drawn. Many statistical models attempt to describe a
collection of random variables, including a copula model that combines the individual
clusters under a certain stochastic dependence structure. These models normally aim
to correctly estimate the joint distribution of the entire portfolio, whereas the purpose
of credibility models is fundamentally different. One is often interested only in certain
clusters, where either the lack of individual information should be compensated or one
wants to show that the information is sufficient on its own. Credibility theory provides
a simple yet powerful way to make use of the portfolio structure in both cases.

1.1. Part 1

This thesis deals with two forms of credibility models each studied separately. Part 1
deals with credibility estimation for generalized linear models (GLM), which are a pop-
ular tool in insurance applications, among others. Poisson-GLMs, for example, are
used for fitting counted data, including the claim frequency in a car insurance portfolio,
cf. Ohlsson (2008), and the number of deaths in a life insurance portfolio, cf. Brillinger
(1986). In both examples observed data are typically available for heterogeneous clusters
referring to different countries, different groups of people and so forth, and insurance
rates and actuarial reserves have to be calculated individually for each cluster. However,
problems will arise when the clusters contain limited statistical information, for example,
a small number of samples. Although a credibility approach would be the first choice, a
proper framework for GLMs remains lacking in the literature.

Several papers studied similar types of models. Jewell (1974) demonstrated that for
an exponential family of distributions that the credibility formula equals the exact Bayes
estimator, meaning that the linear approximation and the exact formula agree when the
conjugate prior distribution is assumed for the B;. Generalized linear mixed models
(GLMM), which were studied by Breslow and Clayton (1993), extends the classical
GLM framework by random effects. While a GLM allows the first moment of the risks
Y;; to be related to a linear model of the form

g(E[Y;]) = Xi58:, j=1,...,n,

for some link function g, covariate vectors X;; and parameter vectors 3;, a GLMM
assumes that there is a joint fixed effect S but adds a Normal distributed random effects
component B;. More precisely,

g(ElY:; | Bi]) = X8 + ZijB;

with covariate vectors Z;;. This model was extended by Lee and Nelder (1996) to
a hierarchical GLM that allows the inclusion of non-Normal random effects v(B;) for
some strictly monotonic function of B;. Estimations for B; are derived by maximizing
the hierarchical likelihood under the assumption that the B; are distributed according to
the conjugate prior. The optimal solution then has the structure of a credibility formula.
The first credibility type model that follows a semi-parametric approach can be found in
Ohlsson and Johansson (2006) and Ohlsson (2008) for GLMs of Tweedie distributions.
They consider a multiplicative model that in our terminology reads

E[Y; | Bi] = g~ (Xi;8)Bi,
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such that B; is considered as a multiplicative random effect with E[B;] = 1. Given
the GLM parameter 3, credibility estimators for the B; are obtained by considering the
scaled observations Y;; = Y;;/g~1(X;;83). Although the Tweedie models cover practically
relevant distributions like the Poisson and Gamma distributions, their model is in our
opinion unsatisfactory. The random effect is scalar valued and equally affects all obser-
vations and covariates in the fit. However, it is more realistic to assume a GLMM-like
structure with X;; = Z;;, where each component 3 of the p-variate GLM parameter
includes its own random effect B;;. Furthermore, from a theoretical point of view, the
scaled model ffij disregards the stochastic character of §, which is typically unknown
and must be replaced by an estimator B . Their credibility formula for B; does not apply
under a random scaling factor. De Vylder (1985) approaches the problem in a different
way. The author considers a pure random effect model

E[Y; | Bi] = g (Xi; B;)

and approximates the right hand side using a linear model z; + Xij B;. Credibility
estimators for the non-linear regression model are then derived using the linear structure
of the approximating model. However, a convergence behavior towards the exact solution
is not provided.

In this thesis we adopt the pure random effect model g (E[Y;; | B;]) = X;;B; but we
consistently deal with the non-linear structure. Our model refrains from distributional
assumptions on B; but only demands mild regularity assumptions that do not restrict
its applicability. A credibility formula is established for all simple exponential families
with natural link functions and we further allow incorporation of volume parameters in
terms of cluster specific weights and offset terms.

There are several papers dealing with random effect models that are not restricted
to credibility type solutions but allow any kind of structure, see Fahrmeir et al. (1994)
for an overview. Predictions for the random effects are typically performed in a two-
step procedure. In a first step, the fixed parameters are estimated through maximizing
the marginal likelihood, which is obtained by integrating over the random effects dis-
tribution. Because an analytic solution of the integral is only available in special cases,
repeated numerical integration is required. Let us mention Gauss-Hermite quadrature,
cf. Anderson and Aitkin (1985), Gibbs sampling, cf. Zeger and Karim (1991), Laplace
approximation, cf. Breslow and Clayton (1993) and Markov chain Monte Carlo, cf. Gilks
et al. (1996), to name some of the approximation methods. Santner and Duffy (1989)
proposes an EM-type algorithm for indirect maximization of the marginal likelihood to
avoid the numerical integration. Prediction of the random effects is then based on the
posterior density, where parameters are replaced by their consistent estimates. The de-
scribed methods are numerically intensive and their solutions are not readily traceable.
The credibility formula, on the other hand, provides a closed form solution and each
involved component has a practical interpretation.

Part 1 of the thesis is organized as follows. Chapter 2 has a preparatory role and
provides a brief introduction to credibility models and GLMs. Basic terminology and
notation that are used throughout the work are established. We start with the multi-
variate and linear regression credibility models, because these provide a solid theoretical
foundation on which we can develop our theory. Indeed, from a theoretical point of view,
they are special cases of our credibility model below that is tailored for GLMs.
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In Chapter 3 the credibility approach for GLMs, abbreviated with CGLM, is estab-
lished. We consider a simple setting, where the N clusters are assumed to be indepen-
dent and identically distributed. The latter property will be relaxed in a later stage
of analysis by allowing additional cluster specific parameters. The underlying model is
semi-parametric with the prior distribution for the B; having a compact support but
not specified further. Following the structure of conventional credibility models, we seek
an optimal solution within the affine class of the best individual estimators, namely
the maximum likelihood estimators (MLE) for the GLM parameter with respect to the
distribution of Y; given B;. The individual solutions, where the B; are treated as con-
stants, are then considered under the unconditional probability measure that takes the
random nature of the B; into account. Problems immediately arise because these esti-
mators are not square integrable, meaning that mean squared error optimization is not
possible or, to be precise, the mean squared error does not even exist. We overcome
this problem by introducing what we term the pseudo maximum likelihood estimator
(PMLE), which is a square integrable modification of the MLE. The PMLE restricts
the MLE to a sequence of events where the behavior can be kept under control and we
justify the procedure by showing that the probability of these events convergences to
one. A detailed construction is given through Theorem 3.2 and Definition 3.3. Using
these quantities instead, the credibility formula, Theorem 3.7, follows by solving the
optimization problem. Because the PMLE is biased this formula does not have the typ-
ical structure of a weighted average and also contains structural parameters that are
difficult to estimate. To solve these issues, we use the notion of asymptotic equivalence
in probability, cf. Definition 3.8. Theorem 3.9 then provides an asymptotic equivalent
credibility formula that is both easy to interpret and handle, and the involved structural
parameters can all be consistently estimated as we prove in Theorem 3.12. The theory is
completed with a simulation study that demonstrates the effectiveness of our approach.
We compare the simulated mean squared error of the credibility estimator with that of
the individual estimator. In accordance with our primary motivation, the improvement
will be remarkable when clusters contain only a small number of observations, and when
the sample size is large the clusters will be evaluated as being greatly credible.

Chapter j takes a closer look at the credibility model from a purely theoretical
perspective. The special cases of a Poisson-CGLM and of grouped data are studied for
possible impacts on the parameter estimation and the model assumptions. With the
Poisson assumption, the PMLE and the MLE agree with high probability, and more
precisely, the probability of the complementary event decays at an exponential rate
instead of an inverse linear rate, cf. Theorem 4.1. Consequences on the estimation are
discussed in Theorem 4.2. If data have a grouped structure, i.e. when there are only
finitely many different covariate vectors, the assumption of the support of B; being
compact will reduce to mild integrability conditions for B;, see Theorem 4.5.

Chapter 5 extends the credibility model with additional cluster specific volume pa-
rameters. These include offset terms in the linear predictor or weights, which may be the
dispersion of a simple exponential family or a binary variable to describe missing obser-
vations. We allow these parameters to vary from cluster to cluster such that the portfolio
consists of independent but no longer identically distributed pairs (B;, Y;). The revised
model is more relevant for practical applications because clusters rarely have identical
volumes. In the presented example of mortality data, for example, a proper model for
the death counts must account for the different population sizes of each country, age
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group and calendar year. Theorem 5.7 establishes the (asymptotic) credibility formula
and thus makes a credibility estimation for such cases possible. The different volumes
associated with the observed data are reflected in the formula in the form of cluster
specific credibility weights. For the calculation, the structural parameters need to be
estimated and these are derived in Theorem 5.9. The chapter ends with simulation stud-
ies that present the influence of different volume parameters. As one would intuitively
expect, clusters with small volumes, for example a small number of samples or a high
dispersion, benefit most from credibility estimation.

Finally, Chapter 6 concludes with an application to real-world mortality data. Sto-
chastic mortality modeling is a very topical subject and the focus in research is changing
from single-country to multi-country models. However, many papers investigate the es-
tablishment of a joint model framework for the whole portfolio rather than using the
data to improve the estimation for single countries, see, for example, Li and Lee (2005)
and Hatzopoulos and Haberman (2013). A CGLM provides a natural way to extend
GLM-based single-country models to a multi-country framework and we illustrate this
procedure by means of the Cairns-Blake-Dowd model, cf. Cairns et al. (2006), which
decomposes the death rates into age and time factors. The fit includes 36 European and
first world countries and credibility estimators are calculated for their individual time
factors. In accordance with our expectations, the benefits of the credibility approach are
greatest for Iceland and Luxembourg, which are the countries with the smallest popu-
lations. The paths of the estimated time factors are smoother compared to those of the
individual estimators and in fact, the credibility formula will smooth out humps that are
incredible when compared to other calendar years and countries. This effect will become
more apparent when we fit the model to the very advanced ages of 90 to 100 years.
These ages are usually excluded from fitting because the data is very volatile due to the
small exposure-to-risk. Most of the countries in the fit, for example France, Germany,
Japan, UK and USA among others, are evaluated as being highly credible such that the
credibility and individual estimators almost agree. Therefore, from a credibility point of
view, a multi-country model is redundant for these countries.

1.2. Part 2

The second part of the thesis deals with credibility models of an evolutionary type.
If we interpret i as a time index, then (B;, Y;)f\il will belong to a single cluster observed
in successive periods ¢ = 1,..., N and credibility methods can be used to obtain best
predictions for future values. These predictions are successively updated based on recent
observations that are weighted according to their credibility. In the thesis we investigate
an evolutionary credibility framework for mortality modeling.

Mortality forecasts are used in a wide range of fields, including in making health
policy, pharmaceutical research, social security, retirement fund planning and life insur-
ance, to name just a few. In most countries, governmental agencies regularly publish
mortality projections. In Belgium, for example, the Federal Planning Bureau now pro-
duces projected life tables on an annual basis, based on the most recent observations.
However, standard forecasting approaches do not incorporate any smoothing procedures
over time and this may cause some instability from one forecast to another. This is
due to the model being entirely re-fitted based on an extended data set and that no
association is made between the successive projections.
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Following the elegant approach to mortality forecasting pioneered by Lee and Carter
(1992) many projection models decompose the death rates (on a logarithmic scale) or
the 1-year death probabilities (on a logit scale) into a linear combination of a limited
number of time factors. See, for example, Hunt and Blake (2014). In a first step,
regression techniques are used to extract the time factors from the available mortality
data. In a second step, the time factors are intrinsically viewed as forming a time series to
be projected to the future. The actual age-specific death rates are then derived from this
forecast using the estimated age effects. This in turn yields projected life expectancies.

In the first step of the two-step model calibration procedure, the random nature of
the unobservable time factor is disregarded, and this may bias the analysis. Because
possible incoherence may arise from this two-step procedure, Czado et al. (2005) inte-
grated both steps into a Bayesian version of the model developed by Lee and Carter
(1992) to avoid this deficiency. After Czado et al. (2005), Pedroza (2006) formulated
the Lee-Carter method as a state-space model, using Gaussian error terms and a ran-
dom walk with drift for the mortality index. See also Girosi and King (2008), Kogure
et al. (2009), Kogure and Kurachi (2010) and Li (2014) for related works. However, the
practical implementation of Bayesian methods often requires computer-intensive Markov
Chain Monte Carlo (MCMC) simulations. This is why we propose in this thesis a simple
credibility model ensuring robustness over time while keeping the computational issues
relatively easy and allowing for the flexibility of time series modeling. It is worth stressing
that the time factor is treated here as such, and not as a parameter to be estimated from
past mortality statistics using regression techniques before entering time series models.
In this way, we recognize the hidden nature of the time factor and its intrinsic random-
ness. The credibility Cairns-Blake-Dowd model, which will be introduced in Chapter 6,
can be also classified into this category of mortality models. It takes into account the
stochastic character of the time factors but specific time dynamics are nevertheless not
incorporated.

Whereas most mortality studies consider both genders separately, the model that we
propose combines male and female mortality statistics. While ensuring model identifi-
cation, this is particularly useful in practical applications when both genders are usually
involved. In insurance applications, for example, separate analyses could lead to this
strong dependence pattern being missed, which considerably reduces possible diversifica-
tion effects between male and female policyholders within the portfolio. In demographic
projections, combining male and female data is necessary to ensure consistency in a
gender-specific mortality forecast. This problem has been considered by several authors
in the literature. Let us mention Carter and Lee (1992) who fitted the Lee and Carter
(1992) model to male and female populations separately and then determined the de-
pendence between the two gender-specific time factors. These authors considered three
models for the pair of time factors: a bivariate random walk with drift, a single time
factor common to both genders and a co-integrated process where the male index follows
a random walk with drift and there exists a stationary linear combination of both time
factors. More recently, Yang and Wang (2013) assumed that the time factors followed a
vector error correction model. See also Zhou et al. (2013). Other models incorporate a
common factor for the combined population as a whole, as well as additional factors for
each sub-population. The common factor describes the main long-term trend in mortal-
ity change while the additional factors depict the short-term discrepancy from the main
trend within each sub-population. Li and Lee (2005) proposed applying the augmented
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common factor model generalized by Li (2013) to several factors. The model structures
proposed in Delwarde et al. (2006), by Debén et al. (2011), and by Russolillo et al.
(2011) only include a single, common time factor. As argued in Carter and Lee (1992),
this simple arrangement may enforce greater consistency and is a parsimonious way to
model both populations jointly. However, it also implies that the death rates of the two
populations are perfectly associated, an assumption with far-reaching consequences in
risk management.

The thesis is innovative in that a new multi-population mortality projection model
is proposed, based on mortality improvement rates instead of levels. Recently, several
authors suggested targeting improvement rates to forecast future mortality instead of
the death rates. While the time dependence structure of death rate models is dominated
by the continuing downward trend, the improvement rates are already trend adjusted,
cf. Aleksic and Borger (2011) or Mitchell et al. (2013). Furthermore, the model is fitted
properly, recognizing the hidden nature of time factors which are not treated as unknown
parameters to be estimated from the mortality data. Mortality projections are derived
by means of the predictive distribution of the time index, i.e. it is a posterior distribution
given past observations. This is the credibility feature of the proposed approach. New
data feed this predictive distribution as they become available and so help to update
mortality projections. This recognizes the dynamic aspect of mortality forecasting and
avoids refitting the entire model based on new data. To the best of our knowledge, this
dynamic updating approach has not been used as yet and our numerical illustrations
demonstrate its advantages compared to classical frequentist approaches.

Part 2 of the thesis is organized as follows. Chapter 7 provides a brief introduction
into evolutionary credibility models and establishes such a model for the mortality im-
provement rates. Considering the age-aggregate mortality improvement rates allows us
to study the dynamics of the time factor in isolation from the detailed age structure.
This results in a state-space model, where the state variable, i.e. the time factor, follows
an autoregressive moving average process. However, this model possesses identifiability
issues regarding the innovation variances of the observation and state processes. We
consider a gender-combined model, which not only provides gender-consistent forecasts
but also ensures identifiability of the covariance structure. By introducing a gender
correlation parameter, we obtain a variance-covariance structure, cf. Lemma 7.3, that
ensures identifiability, cf. Theorem 7.4. The remainder of the chapter is devoted to
numerical illustrations based on Belgian data. The optimal model is selected and fit-
ted to the observed general population mortality experience with regard to different
degrees of homogeneity between the genders. Chapter 8 derives the predictive distribu-
tion, describes mortality forecasting obtained from that distribution, and discusses the
numerical results obtained from the Belgian population. We conclude with comparisons
with the Lee-Carter and the official mortality forecasts to demonstrate the advantage of
our approach in the sense of its robustness.
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CHAPTER 2

Preliminaries

2.1. Credibility Theory

The aim of this section is to give a brief overview of credibility theory. We will
focus on the essential points which are necessary for establishing credibility theory for
generalized linear models. The main reference for this section is Bithlmann and Gisler
(2005). However, our notation will slightly differ from their convention to make it
consistent with the upcoming chapters.

The multidimensional credibility model. To be considered is a portfolio of
N € N clusters numbered i = 1,...,N. The observation vector of cluster 7 is denoted

by Y; = (Y;;)!_; and its risk profile by B;. Each Y;; and B; are p-variate random vectors

J
on some probability space (2, F,P) and fulfill the following model assumptions.

(i) Conditionally, given B;, the Y;;, j = 1,...,n, are independent and identically
distributed (iid) with conditional moments

E[Y;; | Bi] = Bi,

~—~
o N
o =
S~—

In (2.2), ¥ : R? — RPP stands for the covariance function.
(ii) The pairs (B1,Y1),...,(Bn,Yn) are iid.

Assumption (ii) ensures that the portfolio is homogeneous. However, once the B; are
drawn, the clusters become heterogeneous through the individual stochastic components
B; and ¥(B;). The aim is to find estimators B for the conditional expectations or, in an
actuarial context, the fair premiums B;. If B; is a fixed but unknown constant, (2.1) and
(2.2) will allow empirical estimation for B;. This individual solution is then extended
to a credibility solution where the random nature of B; is taken into account. In the
following, we will denote the entireties B = (By,...,By) and Y = (Y7,...,Yy) by bold
symbols. Let

N n
L(l,Y): a—i—ZZAij}/ij:CLGRp,AijGRp’p

i=1 j=1
be the class of estimators which are affine functions of all available observations. The
classes L(1) and L(Y) are similarly defined by taking the corresponding component in
L(1,Y). As we have already motivated, imposing structure on the class of admissible
estimators is typical in credibility theory and the restriction compensates the lack of
distributional assumptions for the B;.

Notice that (2.2) of assumption (i) implicitly requires that all observations Yj;
are square-integrable, i.e. Yi; € L£*(Q,F,P). Thus, L(1,Y) is a closed subspace of

17
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L£2(Q, F,P) or in short £2. Recall that £2? is a Hilbert space equipped with the dot
product
(X1, Xo) =E[X|Xo], Xi1,X»e L2

where X denotes the transpose of X;.

Definition 2.1. The orthogonal projection

B; = Pro(B; | L(1,Y)) (2.3)

is called the credibility estimator for B;.

Identity (2.3) is equivalent to

. - 2
B; = argmin HBI — B;
B;cL(1,Y)

LZ

and by using the induced norm

IX1c2 = VEX'X], X €L?

we get a more probabilistic interpretation for the credibility estimator. In fact, B; is the
minimizer of the expected quadratic loss function, which is also called the mean squared
error, within the class L(1,Y), i.e.

B; = argmin E {(BZ — B)(B; - Bz)] . (2.4)
B;eL(1,Y)

Solving (2.4) with respect to the parameters a and A;; provides an explicit solution for
the credibility estimator. See Jewell (1973) for details. Let

1 n
Y:nzgyj
j:

Bo = E[Bi], (2.5)
S =E[X(B)]
and T = Cov(B;).
Theorem 2.2 (Jewell, 1973). The multidimensional credibility estimator for cluster
1 1s given by

B = AY; + (I — A)Bo (2.8)
1 \1

A=T <T n s) .
n

Since E[B;] = E[B;], the credibility estimator is the best linear unbiased estimator.
Structure (2.8) also has a nice interpretation. The credibility estimator is a weighted
average of the individual observed average Y; and the overall expected value By. The
credibility matrix A assigns weights according to the variation within and between clus-
ters. By (2.6) and (2.7), we have that

LS = E[(Yy — B)(Vy — BiY] = El(Vi - B)(Y: ~ By

T = E[(Bo — Bi)(fo — Bi)']

with credibility matrix
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and they are the accuracies of Y; and Sy respectively. Hence, the weight of Y; (resp. fo)
is the accuracy of the opposite term in relation to the total accuracy

T+ 15 = Cov (E[Y; | B) +E [Cov(¥; | By)] = Cov(¥:).

The univariate setting allows a simpler interpretation in which case the credibility
weights read

Ao Var(B;) _ Var(B;)
Var(Y;)  Var(B;) + E[Var(Y; | B)]’
1— A E[V&I‘( _i | Bz_)]

"~ Var(B;) + E[Var(Y; | B;)]’

Furthermore, it is easy to check that

Y; = argminE {(BZ —B)(B; — By) | Bz} a.s.
B;eL(Y)

and 50 = arg min [E [(Bz — BZ)/(BZ — Bz):| s
B;eL(1)
i.e. Y; is the best estimator based on the individual observations without any prior
knowledge and fj is in contrast the best estimator based only on the prior knowledge.
The sample mean Y; is sometimes also referred to as the best linear and individually
unbiased estimator of B;. One should also notice that the structure of the class L(1,Y)
allows B; to depend on all observations of the collective but only data provided by its
own cluster appear in formula (2.8). Other clusters nevertheless become indispensable
when it comes to the estimation of the structural parameters £y, S and 7', e.g.

1
Bo = N Z Y.
=1
Equally important is the fact the credibility estimator (2.8) fulfills the identity

B; = Pro(B; | L(1,Y)) = Pro(B; | L(1,Y)), (2.9)

where

N

L(1,Y) = {a—l— ZA@Yi ca €RPA; € vap} .
i=1

Hence, one can compress the class of admissible estimators without losing relevant in-

formation.

Credibility theory is strongly related to Bayesian statistics. Specifically, the Bayes
estimator for B; is, similar to (2.4), the minimum mean squared error estimator but
within £2 instead of L(1,Y). Thus, the credibility estimator is a linear Bayes estimator.
The Bayes estimator has the particular form

A~

BB — BB, | Y] (2.10)
so that both estimators will agree if the conditional expectation is linear in Y. By
construction,

E [(B(Baye@ — By (BB _ Bi)} <E [(Bi — B)(B; — B;)

K3 (2

and the purpose of the credibility estimator may be doubted. However, the Bayes
estimator requires specification of the posterior distribution of B; given Y. This can
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be determined for particular combinations of the prior and conditional distributions and
in such cases,

BZ(BayeS)(y) — . BP(B; €dp|Y =y).

An explicit solution of the integral is generally not given and numerically intensive
integration methods have to be used. In contrast, the credibility formula (2.8) has a
closed form that is easy to evaluate and its estimation will even work if none of the
involved distributions are specified. Thus, credibility allows nonparametric modeling.
The generalization to a broader class of distributions is bought at the cost of a possibly
increased mean squared error. One should not also neglect the interpretability, which is
highly appreciated by practitioners.

The regression credibility model. A portfolio of N clusters with observation
vectors Y; = (Yi1,..., YY) and risk profiles B;, i = 1,..., N, is given. In the regression
credibility model, the Y;; are univariate random variables that conditional on B; satisfy
a regression equation. Provided a known design matrix X € R™P with full rank p, the
precise model assumptions according to Hachemeister (1975) are as follows.

(i) Conditionally, given B;, the Yj;, j =1,...,n, are independent and fulfill
EY;; | Bi| = X;B;, (2.11)
where X; € RYP is the j-th row of X. Furthermore, the clusters satisfy
Cov(Y; | B;) = X(By). (2.12)
(ii) The pairs (B1,Y1),...,(By, Yy) are iid.
Estimating the conditional expectations E[Y;; | B;] requires estimating the B;, which
are in terms of (2.11) random p-variate regression parameters. Analogously to the mul-

tidimensional credibility model, the credibility estimator B; for B; is defined as the
orthogonal projection of B; on L(1,Y), where

N n
LLY)=Sa+Y Y A;Yij:a€RP A € RPP
i=1 j=1
Thus, every component of B; is an affine function of all observations. An equivalent
formulation is again provided by writing B; as the solution of the optimization problem

Bi = argmin E [(Bl — Bz)/(Bz — Bz)] .
B;eL(1,Y)

The class L(1,Y) especially includes the best individual solutions. Considering B; as
a fixed but unknown constant f;, cluster ¢ follows a linear regression model, i.e. the
response vector Y; can be written as

}/i = Xﬁz + €,
where €; is an error term satisfying
Egi [61] =0 and COVBZ-(GZ') = E(,Bl)

The moments are taken with respect to the conditional probability measure denoted by
Ps,. A main result in linear regression analysis, e.g. Seber and Lee (2012), states that

Bi = (X'S(8:)X) 1 X'%(8)Y; (2.13)
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is the minimum mean squared error estimator for ; under Pg,. If the error terms are

conditionally Normal distributed, Bl is also the maximizer of the conditional likelihood
function of Y; given B;. When treating B; as a random variable, expression (2.13) can
be generally written as

Bi = (X'2(B;)X) "' X'%(B;)Y; (2.14)
and it is the best individual solution in the sense that

Bi = argminE [(Bz - BZ)I(BZ - Bl) ’ Bl} o
BieL(Y)

Its expected conditional covariance matrix or, in other words, its accuracy is given by
5 _ -1
E [Cov(3: | By)| = (X'E[S(By)] ' X) .

The credibility solution is then constructed within L(1,Y) that contains B; and opti-
mization accounts for the stochastic character of the B;. The credibility formula now
follows. Let

Bo = E[B],
S = E[S(B),
T = COV(BZ‘),

which are the structural parameters of the model.

Theorem 2.3 (Hachemeister, 1975). The regression credibility estimator for cluster
1 1s given by

By = AB + (- A)By (2.15)
with credibility matriz

A=T(T+ (X’S—lx)*l)*1 .

Formula (2.15) is very similar to that of the multidimensional credibility model (2.8).
The credibility estimator is composed of the best individual estimator /3’1 and the best
prior estimator By both weighted according to their credibility. As the best individual
solution Bz is linear in Y, the credibility estimator also satisfies

B; = argmin E [(BZ ~ B (Bi - Bz)} ) (2.16)
BiEL(lvﬁ)

where
N A
L(1,8) = {a-l- ZAkﬁk :a €RP A, € prp} )
k=1

This structure will motivate the credibility estimator for generalized linear models in a
later stage of analysis.
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distribution 0 b(0) Eo[Y] =0'(0) Varg(Y)=10"(f) natural link
Nor(u, 1) ] % w==~0 1 identity
Exp(A) - —log(—0) T=—1 % inverse
Poi(\) log A exp(6) A = exp(h) A log

Ber(p) log (ﬁ) log (1 +exp(f)) p= 1_?;?{&)0()9) p(1—p) logit

TABLE 2.1. Common simple exponential families of type (2.17).

2.2. Exponential family and GLM

Following Fahrmeir and Kaufmann (1985) and Fahrmeir et al. (1994), we give a short
overview about exponential families and generalized linear models. The exponential
family is a class of probability distributions which have a certain form in common. A
g-variate random variable Y is said to follow a distribution of an exponential family if
its probability density function (pdf) has the structure

foly) = c(y) exp (n(0)'t(y) — b(6)) -
Furthermore, one speaks of a simple or natural exponential family with natural param-
eter § € O if

foly) = c(y) exp (8'y — b(0)) , (2.17)
where ¢ is a non-negative measurable function. The set © C R? is called the natural
parameter space and it contains all 8 satisfying

0< /c(y) exp (0'y) dy < oo.

The function fy is therefore a pdf for all § € © and b(#) defines the normalization factor.
Moreover, the set © is convex and all derivatives of b : ©® — R and all moments of Y
exist in its interior ©°. In particular, we have

Bov] = 20— o), (2.18)
2
Covy(Y) = %968(2/) = %(0) (2.19)

with ¢ and ¥ being called the mean and covariance functions respectively. The natural
exponential family includes many of the common distributions. An overview is presented
in Table 2.1. One may also include an additional nuisance parameter in (2.17), which
will be introduced in Chapter 5.

Assume that observations are sampled from independent random variables (Y});en
that belong to the same simple exponential family with parameters (6;),cn. Generalized
linear models (GLM), first introduced by Nelder and Wedderburn (1972), are character-
ized by the following structure. Known covariates X; € RMP describe the distribution of
the Y; through a linear predictor

n; = X;5,
where 8 € B C RP is called the GLM parameter out of an admissible set B. The linear
predictor 7); itself is related to the mean p; = p(6;) by a link function g. More precisely,

9(ps) = nj = X;0. (2.20)
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This identity makes regression practicable even in cases where p; is constrained, e.g.
pj > 0 for Poisson and p; € [0,1] for Bernoulli variables. Of special interest are so-
called natural or canonical link functions g = p=! = (¢’)~!. Then,

9(py) = 0; = X;8 (2.21)

so that the linear predictor is directly connected to the natural parameter of the distri-
bution. In the sequel g will always be the natural link function if not otherwise stated.
It is also common to use the matrix notation

0 =X8

with design matrix X = (X}, X},...)". There is no consensus in literature concerning
the notion of covariates. While we call X; a covariate vector, the term “design vector”
is also common. Design vectors are functions of covariates, for instance covariates a and
b may be coded as

Xj=(1 a; b)
to include a base effect which equally affects all j € N.

Estimation of the parameter 8 is based on likelihood methods and the following
conditions are assumed to hold.

(L1) The admissible parameter space B is open and convex.

(L2) g is twice continuously differentiable with non-singular Jacobian.
(L3) X;8€0°for all 3€ Band jeN.

(L4) >°%_; XX, has full rank p for sufficiently large n.

Considering (2.17), the log-likelihood function of sample (Y7, ...,Y},) is, up to a constant
which does not depend on S, given by

In(8) = Y 0, — b(0)). (2.22)
j=1

In view of (2.21), the mean and covariance functions (2.18) and (2.19) can be expressed
in terms of 8 and we write p;(8) = p(f;) and X;(8) = X(;). Further quantities of
importance are the score function s, and the observed Fisher information matrix F),
which are

sal®) = L2 57 4 - i (9), (223)
j=1
2 n
_@m:—%%?ZE:ggwm, (2.24)
j=1

As E[F,(8)] = F,(B) the expected and observed Fisher information matrices agree.
Conditions (L2) and (L4) imply that F,,(8) is positive definite for large n so that the
log-likelihood function is concave. Therefore, convexity of B, cf. condition (L1), provides
uniqueness of the maximum if it exists. In what follows, we will denote F, () simply
as the Fisher information matrix without any prefixes. For non-natural link functions,
F,(B) involves stochastic components and its positive definiteness is not guaranteed.
Finally, the maximum likelihood estimator (MLE) B for B is given as the solution of

A~

sn(B) =0
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and it uniquely maximizes [,. Asymptotic properties of B require further assumptions
on F,, which will be discussed in Section 3.2. At this point, the reader should just
keep in mind that the MLE is the best estimator as it is asymptotically efficient. Its
asymptotic covariance matrix equals the inverse Fisher information matrix as sample
size m increases.

2.3. Remarks on notation

The transpose of a matrix A is denoted by A’. In connection with matrix square roots
defined through the identity A = AY2AT/2  the transpose is addressed by a superscript
T. The inverse matrices are written as A~' = A=7/24~1/2_ The norm || - || without a
subscript will always denote the (induced) 2-norm if not explicitly mentioned. Recall
that

v = Vov'v, veRP,
Al = fnax |Av|| = /Amax(A’A), A € RPP

This matrix norm is submultiplicative and consistent, i.e.
[ A1 Azl < [[Axll[[Az]l
and  [[Ayo] < [|Al[|v]
for square matrices Ay, Ao and column vector v respectively. If applied to a random
variable Y, ||Y|| will denote the w-wise evaluation of the norm and ||V 22 = /E[||Y||?]

will denote the norm in the Hilbert space £2. Notice that the former is again a random
variable but the latter is deterministic.



CHAPTER 3

Credibility estimator for Generalized Linear Models

3.1. Model assumptions

We consider a portfolio of N € N clusters (B;,Y;), i =1,..., N, on some probability
space (2, F,P). Each cluster consists of a random GLM parameter B; and an observation
vector Y; = (Yij);‘:l. We make the following assumptions for all i =1,..., N.

(A1) Conditional on B; = f;, the Yj;, j = 1,...,n, are independent and their
distributions belong to a simple exponential family with natural parameters
0; = (0:;)7_1 C ©. The conditional joint pdf fg, takes the form

oy H c(y;) exp Z%yy b(0i;) | . yE€R™, (3.1)
7j=1 7j=1

where ¢ and b have been defined in (2.17).
(A2) The natural parameters are linked to a linear model by the identity

6; = g(E[Y; | B)) = XB;, as., (3.2)

where g is the natural link function, X € R™P is a known design matrix and B;
is a p-variate random GLM parameter.
(A3) The pairs (B1,Y1),...,(Bn, Yn) are iid.

The distribution of Y = (Y1,...,Yn) is not specified until we condition on the
outcome B = (f1,...,0n) of B = (Bi,...,By). Then, under the conditional measure
P, assumptions (A1) and (A2) state that the Y;; follow a GLM of an univariate simple
exponential family with parameter ;. As ¢ is the natural link function, the linear
predictor X, B; describes the first two conditional moments of Y;; through the mean and
variance functions, respectively. Thus, we write

ui(B) = ¥(X,;Bi) = EIY; | B,
0j(Bi) = V(X Bi) = Var(¥y; | By).

The B; characterize the individual distributions of the clusters but without conditioning
on B, the clusters are homogeneous as declared by assumption (A3). As we combine
ideas from credibility theory and GLMs, we refer to the model as CGLM. We concentrate
on the univariate case since it is of main interest in practice and greatly simplifies the
notation. Comments on CGLM for g-variate exponential families will follow in the end
of Section 3.5.

Our aim is to establish credibility estimation for this model and a first step is to
find a proper definition of the credibility estimator for B;. Estimation again follows
a two-step procedure. In the first step, best individual solutions are obtained by con-
sidering the local problem where the B; are treated as unknown constants. The final

25
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credibility estimator is then calculated as the optimal solution within an admissible class
of estimators and optimization regards for the randomness of the B;. Recall the multi-
variate and regression credibility models we have previously introduced. In both cases,
the credibility estimator was defined as the orthogonal projection of B; on the space

N n
L(l,Y) = a—i—ZZAZ‘jYij :aGR”,AZj cR™™ CﬁQ.
i=1 j=1

As the best individual solutions were elements of L(1,Y) we had L(1,Y) D L(1,Y) (re-
spectively L(1,3)) and solving for the minimum mean squared error estimator revealed
that

Pro(B; | L(1,Y)) in the multivariate case,

Pro(Bi | L(1,Y)) {Pro(Bi | L(1,8)) in the linear regression case,

cf. (2.9) and (2.16). Difficulty arises in the present case of GLMs since the conditional
expectations of the Yj; are in general not linear in B;. Estimators which are linear
functions of the observation vector cannot capture the effects of the link g so that
choosing L(1,Y) as the admissible class of estimators is too restrictive. In fact, L(1,Y)
does not contain the individual solutions, which will be introduced soon, and we should
directly select the credibility estimator within the class of the best individual solutions
instead. From a different point of view, one could have also defined the multivariate
and regression credibility estimators by means of (2.9) and (2.16) respectively. Their
optimality even in the larger class L(1,Y) is a nice-to-have property.

What do the best individual solutions look like? If we treat B; as an fixed but
unknown constant ;, the natural choice will be the best estimator of a GLM, i.e. the
maximum likelihood estimator (MLE) ;. The MLE is defined through the quantities
(2.22) to (2.24) which now involve an additional cluster index i. More precisely, §; solves

oy _ Olin(B) = o A
sinlB) = T = X (Y~ ms(B)) = 0. (33)
j=1
Special caution is needed as the GLM parameter itself is actually a random variable. The
maps l;, and s;, represent the true log-likelihood function and the true score function
under the conditional measure Pg respectively but not under the unconditional measure
P. The latter requires integration involving the prior distribution of the B; which we have

not specified. The reader should keep in mind that the /3; are, to be precise, conditional
MLEs.

The presence of N similar clusters should improve the estimation of the B;. The
idea of credibility estimation is to compose the best individual solutions into a mixing
estimator which benefits from the learning effect. As we will later see, ; is already, in
a proper sense, a good estimator but one should be worried if all other Bl, l # 1, clearly
differed. Following the considerations we have made so far, we select the admissible class
of estimators as

N
L(l,ﬁ):{G—FZAiBi:CLGRp,AZ’ERp’p}. (34)

i=1
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The credibility estimator for B; is then defined as the orthogonal projection of B; on
L(1, B) or equivalently as the minimizer of the quadratic loss function

Bz‘ = arg min E [(Bz - Bz),(Bz — Bz) .
However, a necessary condition is that L(1,8) C £2, i.e. the §; must be square inte-
grable. This is in general not satisfied as the next example reveals.

Example 3.1. We consider the Poisson case with the simple n x 1 design matrix
X = (1...1) giving that, conditional on B; = £3;,

Yij ~ Poi(exp(Bi)), j=1,...,n.

Then,
sin(8) = >_(Y — exp(B))
and it follows that "
B; = log %ZYW : (3.5)
j=1

This expression is not well-defined if Z?Zl Y; = 0 which occurs with positive probability.

Thus, Bz ¢ £2 and also not with respect to the conditional measure Pg.

We have to modify the MLEs in order to ensure square integrability and a possible
approach has been inconspicuously given in Example 3.1. Structure (3.5) seems not only
to be a counterexample for BZ ¢ L£? but also a general problem in maximum likelihood
estimation. Indeed, MLEs are meant to be defined on some measurable set contained
in the whole sample space, cf. Witting and Nélle (1970) and Fahrmeir and Kaufmann
(1983). In many papers of nowadays, this aspect of a MLE is often not mentioned. The
absence is justified by the asymptotic existence of the estimator, that is the probability
of existence converges to one as sample size n increases. For the particular case of (3.5),
one can easily check that

n
P> v;=0] =30
j=1
We say that
Bilissr viy>0) (3.6)
is a MLE on {Z;LZI Yi; > 0}. It is such a defining set which plays a crucial role in

credibility estimation and its proper construction is already half the battle.

3.2. The Pseudo Maximum Likelihood Estimator

To stress the role of the defining set and to clearly distinguish between the unre-
stricted MLE, we introduce an explicit notation for estimators of type (3.6). For some
family of measurable sets (M;,)nen C F, we call

Bin == Bm]le, n €N, (3.7)
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the pseudo maximum likelihood estimator (PMLE). The additional index n now em-
phasizes the quantities’ dependence on the sample size. The aim of this section is to
construct M;, such that an € £? and also further properties will follow. For that pur-
pose and for the remainder of the chapter, we will work with the following regularity
assumptions.

(R1) The random vectors B; have a compact and convex support B. Furthermore,
B; has no mass at 0 € RP and on the boundary of B, i.e.

P(B; =0) =0, (3.8)

P(B; € 90B) = 0. (3.9)

(R2) g is twice continuously differentiable with non-singular Jacobian.
(R3) The admissible set of covariates

{Xj:jEN}CRp

is bounded and all of its elements satisfy X;3 € ©° for all 8 € B.
(R4) %, X} X; has full rank p for sufficiently large n.

(R5) The scaled Fisher information matrix

Fa(B) 1

n n

(X'W(B)X),

with W (p) = diag{v;(8) : j = 1,...,n}, converges pointwise to a positive
definite limit F'(3) for all g € B.

Remark. The above assumptions have to ensure that the conditional GLM is pointwise
valid for all realizations 3 € B of B;. Thus, they naturally coincide with the assumptions
(L1) to (L4) of a classical GLM. In particular, (R2) and (R4) are exactly the same as (L2)
and (L4) respectively. Condition (R1) is the counterpart to (L1) that stated openness and
convexity of B. Compactness seems to be in conflict with (L1) but we can without loss of
generality enlarge B to an open set, say B, where B\B gets zero weight. The main purpose
of (R1) is to make the B; almost surely bounded and additional compactness is required
for technical reasons. The second part about point zero is just for technical purposes
and excludes only the trivial case where a regression model is redundant. Similar to
(L3), assumption (R3) deals with the admissible set of covariates. In addition to the
former prerequisites boundedness is now needed. Only (R5) is a totally new assumption
and concerns with the asymptotic properties of maximum likelihood theory. In fact,
it generalizes the linear growth condition of the Fisher information matrix as used by
McFadden (1973) and Andersen (1980) to the whole state space B of B;.

The remainder of this section is devoted for the explicit construction of the sets (M;y,)
which will define the PMLE. The idea comes from Fahrmeir and Kaufmann (1985). For
6 > 0, we define a sequence of neighborhoods

No(8,B;) = {B e B:vn|f—Bil| <5}, neN, (3.10)

which are spheres with radius §/y/n and random central point B; with respect to the
vector 2-norm || - ||. In addition, let

M, := {lin(B) — lin(B;) <0, for all 8 € AN, (6, B;)}. (3.11)

If the event M, occurs, there exists a local maximum in the interior of N, (8, B;). Since
the log-likelihood function I;;, is concave, the local maximum is also an unique global
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maximum which is attained by 3;,,. Therefore, w € M, implies that 8, (w) € N, (8, Bi(w)),
ie.

s [1Bin — a.s. (3.12)

5
Bl < =,
=7

The PMLE will be constructed along these sets with an appropriate choice for 4.

Theorem 3.2. For alln > 0, there exist a 6 > 0 and an n, € N such that for alln > n,),
p(MgL) >1—n, i=1,....N.

Moreover, there exist a null sequence (N, )nen with corresponding sequence (0p,)nen Such
that

P (M) —1
and 6, //n — 0, i.e.
Nn(én,Bi) — {Bz} a.S.
foralli=1,...,N asn — .

PROOF. See Section 3.5. O

Based on this theorem, we can finally define the PMLE as follows.
Definition 3.3 (PMLE). Let (J,) be as in Theorem 3.2. Then, the sets
My, := M7
define the PMLE 3 R
ﬁinzﬁin]lev Zzl)aN

Theorem 3.2 is a very strong result as it provides asymptotic existence under the
unconditional measure P even though the distribution of B; has not been specified.
The resulting PMLE is more comfortable to work with compared to the ordinary MLE.
Especially, Bin is now square integrable.

Proposition 3.4. It holds that Biy, € L2 for allm € N.

Proor. We have

E [IBinl?] = E (|13 Las,, 1]
= E | Las,, |1 B + (Bin = B)I?]

<E [y, mBW+Wm—BW+mwuwm Bi|)]

( % o+ 203\5/%) P(M;) < .

IN

O

The proof demonstrates how the restriction to this particular M;, dramatically sim-
plifies the calculation. Furthermore, asymptotic properties follow. In this connection,
recall that matrix square roots are denoted by A = A1/2A47/2 where the superscript T ad-
dresses the matrix transpose. The inverse matrices are then given by A=1 = A=1/24-1/2,
See also Section 2.3 for an overview of notations.



30 3. CREDIBILITY ESTIMATOR FOR GENERALIZED LINEAR MODELS

Theorem 3.5. The PMLE satisfies the following asymptotic properties as the number
of observations n grows to infinity.

i) Bm 1s weakly consistent, i.e.
> P
Bin — Bi.
i1) Bm 1 asymptotically unbiased, i.e.
i11) The second moments converge, i.e.
Cov (E[fin | B]) — Cov(By)
and
Cov (E[Bm | By, Bi) — Cov(B;).
iv) The conditional second moments converge, i.e.
COV(Bm ’ Bz) —0
almost surely and in L.
v) Bin — Bj is asymptotically Normal, i.e.
T d
FL2(Bin) (Bin — Bi) =5 N (0, T).

In particular, F, 1(an) is the asymptotic covariance matrix of Bm — B;.
PROOF. See Section 3.6. O

All properties except iii) are known from classical GLM theory, cf. Theorem 1 to
3 of Fahrmeir and Kaufmann (1985). Hence, if § denotes the true GLM parameter,
the convergence towards S in the particular types will hold under Pg. This theorem
generalizes the results to the unconditional measure P. Moreover, the modification to
the PMLE does not disturb the convergences. All these properties will play a central
role in the next section where we will finally address the credibility estimation.

3.3. The credibility estimator

Recall that the the credibility estimator for B; is generally defined as the orthogonal
projection of the target variable on some proper linear subspace of £2 or, in other
words, it is the Bayes estimator within this linear class. We have motivated to use
structure (3.4) as the subspace but it has turned out that L(1,3) is not contained in £2.
We now redefine

N
L(1,PB) := {a—l—ZAkBk ca € RP, A E]Rp’p} (3.13)
k=1

as the class of admissible estimators by mixing the PMLEs instead of the MLEs. The
final credibility estimator only depends on these variables and it does not matter whether
the PMLEs belong to a multivariate or an univariate exponential family. It directly
follows from Proposition 3.4 that L(1,3) itself is a Hilbert space as a subspace of L.
Its linearity obviously follows from construction and since L(1,3) has finite dimension
it is also closed.
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Definition 3.6 (GLM credibility estimator). The credibility estimator for B; is
defined as

B; =Pro(B; | L(1,0)) (3.14)
or equivalently as
. ~ Iy
B; = argmin E [(BZ- - Bi> (Bi - Bi)] . (3.15)
BZEL(LIB)

By choosing a = 0 and Ay = 0;1Ip, with ;; being the Kronecker delta and I, €
RPP being the identity matrix, one can easily see that Bl € L(1,3). Therefore, the
GLM credibility estimator performs at least as good as the PMLE. Since ; is a weakly
consistent and asymptotically unbiased estimator, cf. Theorem 3.5, it is already a good
estimator. Moreover, the Bayes estimator E[B; | Y,] is a Y,-martingale, where Y,, =
(Yii, ... ,Y;n)i]\il, and it converges almost surely and in £! to B; due to the martingale
convergence theorem, see e.g. (Revuz and Yor, 1999, Chapter II). As B; converges in
probability to the same limit B;, both estimators agree in probability as n — co. Thus,
the restriction to the linear class L(1,/3) is not a big concern. All these n-asymptotic
properties of the PMLE seem to make credibility estimation redundant at first glance.
In fact, credibility models target situations where n is not very large. In these cases
missing observations can be partially compensated by involving further clusters and this
effect can be observed in the credibility formula for B; which now follows.

Theorem 3.7. The solution of (3.14) and (3.15) is given by

B; =E[B;] + A(B; — E[]) (3.16)
with credibility matriz

A = Cov(B;, ;) Cov(B;) L. (3.17)

PROOF. By plugging the linear representation of B; according to (3.13) into the mean
squared error (3.15), we get the objective function

N / N
fila,A1,...,AN) :=E <Q+ZAkBk_Bi> <a+2Ak5k—Bi>

k=1 k=1

Taking its partial derivatives with respect to the components of a and the A; and setting
them equal to zero leads to the equations

N
a=E[Bi] - AE[B],
h=1

N
E[Bif) = ElaB]] + Y AE[BB]), 1=1,...,N,
k=1

whereat the latter equation simplifies to

N
COV(BZ',Bl) :ZAk COV(Bk,Bl), = 1,...,N, (3.18)
k=1
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also called the orthogonality conditions. Notice that f; is differentiable as it is a poly-
nomial with respect to all components of a and A;. Thus, we may interchange differen-
tiation and integration. Since the function f; is convex, the solution of these equations
is indeed a minimizer. The stochastic components in 3; are Bl and 1, . Both depend
only on (By,Y]) so by assumption (A3), B, and By are independent for | # k. Thus,
(3.18) simplifies to
COV(BZ‘, 51) = Al COV(/Bl).
By the same argument, Cov(B;, 3;) = 0 for i # [ and it follows that A; = 0 for i # [.
Finally, we obtain
A= Al == COV(BZ', Bz) COV(BZ‘)_I

and putting together the pieces completes the proof. O

Notice that the covariance matrix Cov(Bi) is symmetric and positive semidefinite so
it may happen that it is singular. However, this is the case if and only if a component
of Bz is almost surely a linear combination of the others. Such a component is redun-
dant and should be avoided in the stage of modeling by choosing covariate vectors with
p — 1 components. We can without loss of generality assume that Cov(f;) is positive
definite and thus invertible such that the credibility matrix A always exists. The re-
sulting credibility formula (3.16) slightly differs from those for the multivariate and the
regression models (2.8) and (2.15) respectively. However, an analogous structure can
be established in an n-asymptotic meaning. Notice that A as well as B; depend on n
through the PMLE Bm and its moments. The additional index n will be used whenever
its role is stressed.

Recall that two multivariate sequences (Gy,), (Hy) C RY are said to be asymptotically
equivalent as n — oo, written G, ~ H,,, if

(G, — Hy) € o(Hy). (3.19)
The little-o symbol describes asymptotic dominance, i.e.
|G — Hull < c||Hy||

for all ¢ > 0 and n large enough. We use the additional superscript n in ~ to dis-
tinguish between the same symbol without a superscript which stands for “distributed
as”. As the name suggests, asymptotic equivalence is indeed an equivalence relation
providing reflexivity, symmetry and transitivity. Reflexivity trivially follows. Symmetry

is provided since for every ¢ > 0 and large n,
[Hn — Gnll _ [|Gn = Hal| [|Gn + (Hn — Gy ||

e || Hn|| |Gl
<_°© <1+ ||Hn_Gn|>
l+ec Gl
1 ||Hn — Gyl < _©
I4c¢ |Gnll ~—1+c¢

(H, — Gy) € o(Gy,) then follows by multiplying both sides with 1 4+ ¢. This property
together with the triangular inequality directly imply transitivity of ~. We can generalize
the notion of asymptotic equivalence to random vectors and matrices by interpreting

(3.19) in a probabilistic manner. To this end, we use the op-notation introduced by
Pratt (1959).
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Definition 3.8. Let (G,) and (H,) be sequences of multivariate random variables.
They are asymptotically equivalent in probability, written Gy, ~ H,, if

Gn — Hn c O[p(Hn),

i.e. for every ¢ > 0,
n—oo

P([|Gn — Hull < cl[Hnl]) — 1.

This is an intuitive generalization of the deterministic counterpart as the convergence
of the fraction |G, — Hy||/||Hn|| towards 0 must now hold in probability. We use the
same symbol since its meaning is always clear from the context.

Theorem 3.9. An n-asymptotic credibility formula is given by
Bm ~ AnBin + (Ip - An)E[Bin]y (3'20)
where A,, is the same as in (3.17).

The right hand side of (3.20) simply follows by replacing E[B;] in (3.16) with its
approximation E[3;,] but the formal proof requires some preparation. Notice that the
asymptotic formula now has the familiar structure which is easy to interpret. The
credibility estimator is composed of a cluster specific term A;, (i, and a cluster common
term (I, — A,)E[8in]. The best individual estimator f;, is weighted according to its
credibility A,. If it is evaluated to be highly credible, i.e. A,, = I, then the credibility
estimator will approximately equal the PMLE. As we will soon see, this is the case for
large sample sizes n, where 3;, consistently estimates B;. The cluster common part will

compensate the lack of information if necessary. Thus, it can be interpreted as a learning
effect which vanishes as n increases.

Lemma 3.10. We have

n—aoo

A, — I,

and consequently (Ezn — Bm) — 0 almost surely and in L.
ProOOF. By (3.17),
Ay = Cov(Bi, Bin) Cov(Bin) ™"
so that
Ay —1I, = (Cov(Bi, Bin) — cov(Bm)) Cov(Bim) L. (3.21)
The law of total covariance, cf. Sheldon et al. (2002), yields
Cov(Bi, fin) = E [Cov(Bi, Bin | Bi)] + Cov <E[BZ- | Bil, E[Bin | Bi]>
= Cov (Bi,E[Bm | Bi])
and
Cov(Bin) = E [Cov(Fin | Bi)| + Cov (Elfin | Bi)
Hence, (3.21) can be written as

A, =1, = (COV (Bz',]E[Bm | Bz]) — Cov (E[an | Bz]) —E [COV(BM | B’)D Cov(Bin) .
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By claims iii) and iv) of Theorem 3.5, the first factor in brackets converges to the zero
matrix almost surely and in £!. Furthermore, Cov(f;,) converges to Cov(B;), which is
invertible, and so does Cov(B;,)~!. We conclude that

sup ‘Cov(Bin)_lH < 0
n
and finally
|4, — 1, =5 0.
The convergence of Bi, — B follows since sup,, || BmH < oo almost surely. O

Lemma 3.11. The credibility estimator By, is weakly consistent.

PROOF. The claim directly follows by the weak consistence of f3;, its asymptotically
unbiasedness and Lemma 3.10. To be more precise,

< [[An(Bin — Bi)ll + | An(E[Bi] — E[Bin]) | + [|(Zp — An)(E[Bi] — Bi)||
and the right hand side vanishes in P. O

We can now prove the asymptotic credibility formula (3.20).

PrRoOOF OF THEOREM 3.9. We have to show that

(AnBin + (Ip = An)E[Bin) ) * (E[Bi] + ABin — ElBin]) ) (3.22)
in the sense of Definition 3.8. In fact, their difference is

whose norm vanishes by ii) of Theorem 3.5. It suffices to show that it is also asymptoti-
cally dominated by the right hand side of (3.22) which is B;,. Lemma 3.11 implies that
|| Bin|| converges in probability to ||B;||. Therefore,

IE[Bin] — E[Bi]l
[ Binl
is a product of two converging sequences. It converges in probability to 0, which is

the product of the limits, provided that P(||B;|| = 0) = 0. The latter is guaranteed by
condition (R1) so that the claim follows. O

It remains to estimate the structural parameters of the model. Considering the
asymptotic credibility formula (3.20) and Definition (3.17), these are specifically

Bo = E[Bi],
7= Cov(B3) 71,
T := COV(BZ‘, Bz)
and their estimation is based on the N iid samples ,6~'1, .. ,B ~. The first two quantities

allow empirical estimation but the third one requires some work. The next theorem
contains convergence statements with two control variables n and N. Limiting behavior
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of a sequence (Gj n) as both n — oo and N — oo should be interpreted as their
successive application, i.e. as

lim lim G, n.
n—00 N—o00 ’

Theorem 3.12. The structural parameters can be estimated as follows.

i) An unbiased and strongly N -consistent estimator for E[B;] is given by

1K
Po= 7 Zl Bi- (3.23)
1=
ii) Let T be the sample covariance matrix of (Bl)f\il Then,
— N-p-2
-1 _ .24
F1= NPl (3.24)
is a weakly N-consistent estimator of Cov(f3;)~".
iii) Let
1 & "
S= Z} E7YB). (3.25)
1=
Then,
T=7-5 (3.26)

is an asymptotically unbiased and weakly consistent estimator of Cov(B;, ﬁz) as
both n — oo and N — oo.
iv) The credibility matriz can be estimated by
A=1Tr1, (3.27)

which is a weakly consistent estimator as both n — oo and N — oo.

The estimator (3.24) for the inverse covariance matrix includes a factor %, which
will be discussed after the proof.

PRrROOF. ad Az'). As the f; are iid, the strong law of large numbers provides strong con-
sistency of By. Unbiasedness directly follows by construction.
ad ii). The sample covariance matrix
.1 al 5 ANA AN
T=N1 ¢:1(5Z — Bo)(Bi — Bo)
is an unbiased and weakly consistent estimator of Cov(@) as N — oo/\T herefore, by

the continuous mapping theorem, cf. (Klenke, 2006, Theorem 13.25), 7—! consistently
estimates the inverse covariance matrix.

ad iii). First, we show the asymptotic equivalence of the expressions
Cov(By, Bin) ~ Cov (E[Bm | B,-]) . (3.28)
Since

COV(BZ', Bm) = Cov (B’ia ]E[Bm | BZ])
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it suffices to prove that
Cov (E[Bm | Bi]) % Cov (BZ-,IE[BW | Bi]> .
This is easy to see as both terms converge to Cov(B;), cf. Theorem 3.5. Thus,
Cov (E[Bm ] Bl]> X Cov(B;) and Cov (BZ-,E[Bm | Bl]) < Cov(By)

so (3.28) follows by the transitivity of ~. We now estimate Cov(B, 3;) by means of
(3.28) and we use the identity

Cov (E[Bm | Bi]) = Cov(Bin) — E [Cov(,ém | Bi)} . (3.29)

As we have already seen, 7 is an unbiased and weakly N-consistent estimator for
Cov(fin). An intuitive choice for the second summand is

1Y N
~ > Cov(fin | Bi). (3.30)
i=1

However, these conditional covariance matrices are not known so that we look for esti-
mators

Cov(Bin | Bi)
that are asymptotically unbiased and consistent as n grows to infinity. By claim v)
of Theorem 3.5, the inverse Fisher information matrix is the asymptotic conditional

covariance matrix of an and is therefore a natural choice. In fact, it follows from
Lemma 3.14 and (3.9) that

lim F;Y(8in) =0, as. andin £

n—oo

and from Theorem 3.5 claim iv) that
lim Cov(B, | Bi) =0, as. and in £
n—o0

Thus,

N
Z " (Bin)

is an n-asymptotically unbiased and strongly n-consistent estimator for (3.30), which it-
self is an unbiased and strongly N-consistent estimator for E[Cov(fs, | B;)]. Altogether,
T = 7 — S estimates (3. 29) in an asymptotically unbiased and consistent way as both
n and N grow to infinity. 7" preserves these properties for the left hand side of (3.28).
More precisely,

lim lim HT — Cov(B;, Bm)

n—o00 N—o00

< lim lim ]T—cov(ﬂz[ém | Bi])H + lim lim ]cov(E[ﬁm | Bi]) — Cov(Bi, Bin)

n—o0 N—o00 n—o00 N—o00

< lim lim Hf'—COV(Bin)

n—00 N—o00

+ lim lim HE {COV(Bm | B’)} B SH

n—o00 N—o00

+ lim Hcov(E[Bm | B))) — Cov(B;, Bin)




3.3. THE CREDIBILITY ESTIMATOR 37

almost surely. Convergences of the first two summands have just been discussed. For
the last summand, asymptotic dominance (3.28) provides

for all ¢ > 0 and n large enough. The right hand side vanishes by taking ¢ | 0 and since

sup HCOV(Bm Bin)

Cov(E[Bin | Bi]) — Cov(B;, Bin)

’ <c HCOV(Bi,Bm)

< 00

as Cov(B;, Bin) converges.

ad iv). The claim directly follows by applying the continuous mapping theorem on
ii) and iii). O

The credibility formula can now be evaluated by replacing its structural parameters
by their consistent estimators.

Corollary 3.13. The estimator
B; = ABi + (I, — A)p. (3.31)

is a weakly consistent estimator for the exact credibility estimator (3.16) as both n — oo
and N — oo.

PrROOF. The claim is a direct consequence of Theorem 3.9 and Theorem 3.12. O

In practice, we recommend two slight modifications of the presented estimators. The
first has been already in/\dicated and concerns the estimation of the inverse covariance
matrix 77!, Not only 7=1 but also (7)~! consistently estimates 7—!. The additional
factor of the former is justified by the asymptotic distribution. Since the f; are n-
asymptotically Normal, cf. Theorem 3.5, (N — 1)7 is n-asymptotically Wishart dis-
tributed with N — 1 degrees of freedom. The asymptotic distribution of ﬁ(%)*l is the
inverse Wishart distribution with N — 1 degrees of freedom and its expectation contains
a factor (N —p —2)~1. Thus, Nﬁff in (3.24) serves as a bias correction term. The
estimator is not necessarily asymptotically unbiased due to the fact that the convergence
to the inverse Wishart distribution only holds in law. Nevertheless, simulation studies

reveal that 71 performs much better than (7)~!.

The second modification applies to the estimator of T = Cov(E[3; | B;]). As T estimates
a covariance matrix, it should be symmetric and positive semidefinite. By the nature of
structure (3.26), T is symmetric but the latter property is not guaranteed. We therefore
propose a transformation of 7' in the following way. There exist an orthogonal matrix
@ and a diagonal matrix D such that

D =Q'TQ,
where the diagonal elements of D are the eigenvalues of T'. We construct a new matrix D*
by replacing all negative entries of D by zero. Then, a positive semidefinite alternative
T* for T is given by

T* — QD*Q/
and empirical evidence shows that this estimator performs better than T. Details will
follow shortly.
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N\n 15 25 50 100
no.l no.2 no.l no.2 no.l no.2 no.l no.2

5 214 1.02 333 1.06 589 1.06 12.04 1.05
10  1.12 0.90 1.47 095 2.02 098 3.28 0.98
20 090 0.85 1.01 090 1.18 095 1.49 0.97
30 0.8 0.83 093 0.89 1.04 094 1.20 0.97
50 0.82 0.81 0.89 0.88 097 093 1.05 0.96

MSE 0.132 0.078 0.038 0.019

TABLE 3.1. Relative improvement of the credibility estimator compared
to the PMLE. The line MSE shows the simulated mean squared error of
the PMLE.

One drawback of the credibility estimation is that the PMLE f3; cannot be explicitly
calculated since the corresponding sets M;y,, cf. (3.11), have an abstract structure. The
PMLE is however more a theoretical construct introduced to build up the theory in
a clean mathematical way. Whenever the MLE B; can be numerically computed, we
pretend as M;,, has actually occurred so that the PMLE and the MLE agree. This step
can be theoretically justified by making the probability of agreement arbitrarily close to
1. According to Theorem 3.2, P(M;,) > 1 — 1, and we can choose a small n, > 0 for
the particular sample size n of the data in fit.

3.4. Simulation Study

We conclude the theory with an illustrative example that shows the performance
of the credibility estimator. As mentioned earlier, credibility models target at situation
where only little statistical information is available for the single clusters. In this section,
we consider the case of a Poisson-CGLM. Let

Bi~N(2 1),L), i=1,...,N,

be iid and capped whenever || B;|| > 1000. The cap is needed to comply the compactness
condition (R1) even though it will never be reached in simulation. Conditional, given
these B;, Y;; follow a Poisson-GLM with parameter B; and covariates

X;=01 ), j=1,...,n

Thus, the component B;; describes the sensitivity to overall effects and B;o that to
linear effects. For several constellations of the portfolio and sample sizes (N, n), we run
m = 1000 scenarios w1, . . . , wy, and compute the performance of the credibility estimator.
In detail, we calculate the aggregate realized quadratic losses of the credibility and the
(pseudo) maximum likelihood estimator and measure the relative improvement by

Sy o || Bifn) = Bilw)llP
Sk iy I1Bilwr) — Bilwr)|I?

In addition, modifications of the estimators are evaluated by means of this value. These

deal with the bias correction term N];f I2 in (3.24) and the transformation of T into a

positive semidefinite matrix. Recall that we have recommended to use both of them.

(3.32)
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FIGURE 3.1. A particular realization and the associated estimators for
N =30, n =25 and E[B;] = (2.5,1)".

Table 3.1 presents the simulation results. The columns labeled no.1 list the relative
improvement of the credibility estimator without the two modifications. Both of them
are applied in the estimation whose results are given in columns no.2. There are notice-
able differences between these two estimators but differences reduce as N gets larger.
We have also considered the modifications separately and the corresponding values lie
somewhere between the displayed ones. Generally, extremal behavior can be observed
in the first row (N = 5) and in the last column (n = 100). If the portfolio contains only
a small number of clusters, the estimation of the structural parameters as described in
Theorem 3.12 will not work well. There are simply too few independent observations to
estimate the empirical means and covariance matrices properly. When sample size n is
large, the relative improvement is very small. That does not mean that credibility esti-
mation performs badly. Rather, the opposite is the case: The credibility estimator is as
good as the PMLE which is already itself a good estimator. In all other constellations of
(N,n), the credibility estimator shows considerable improvements in sense of the mean
squared error. Lack of statistical information in single clusters can be compensated by
the huge amount of information that the portfolio delivers. This effect is especially large
if observations are atypical or contain irregularities as shown in Figure 3.1. The PMLE
underestimates the Poisson rates since most observations deviate to the downside. How-
ever, the credibility estimator successfully adjusts towards the true Poisson rates. One
should also notice that the credibility matrix A and its estimator A are not necessarily
diagonal. The solid line and the dashed line representing the two estimators are in fact
not parallel. In many scenarios, both estimators almost agree.
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3.5. Proof of Theorem 3.2

The remainder of the chapter is devoted for proofs and we begin with that of
Theorem 3.2 which claims asymptotic existence of the PMLE. Throughout the proof
the cluster index 7 is omitted for notational simplicity, e.g. a particular element of
B = (By,...,By) will be denoted by B instead of B;.

Lemma 3.14. For alln € N, %Fn 1s Lipschitz continuous with Lipschitz constant L > 0
and the sequence (%Fn)neN converges uniformly on B, i.e.

LFa(8) - F(ﬁ)” ~0

n

sup
BeB

as n — o0.

PRrROOF. Since % converges pointwise and its domain B is compact, uniform convergence
is guaranteed if the sequence (%) is equicontinuous. This is indeed the case. First recall
that a sequence of functions (g,) on D is said to be equicontinuous if for all € D and

€ > 0, there exists a 0., > 0 such that for all y € D with ||y — z|| < d, and all n € N,

gn () — gn(y)]| < e

In short, the § depends only on € and = but not on n. A sufficient condition for equicon-
tinuity is that the family is Lipschitz continuous with the same Lipschitz constant. In
fact, for all 51,82 € B, applying the mean value theorem on the variance function
vj(-) = b"(X; -) yields that

IN

H:LFn(ﬂl) - %Fn(&)

%Z 15X (03 (B1) — v (B2)) |
j=1

IN

IS )| su xip e 16 - s
j=1 §EB1B2

< LBy = B2l -

Such a bound L > 0 exists since ' = g~ is twice continuously differentiable by (R2) and

since the domains of X; and £ are bounded. Also notice that B is convex and therefore
contains £. O
The set M?. Recall the constructions (3.10)
Nu(6,B) ={B€B:Vn||p-B||<d}, neN,
for 6 > 0 and (3.11)
M? = {l,(B) —I.(B) <0, forall 3 dN,(,B)}.
We have already seen that
V|, — B[ < 6
whenever the event M? occurs. What remains to show is that 1 — P(M?) vanishes for a

particular choice of §. More precisely, it suffices to prove that for all n > 0 there exist a
0 > 0 and an n, € N such that

P(38 € ONL(6,B) : 1n(B) — 1n(B) > 0) <n, forall n > n,.
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Let 6 > 0 and 8 € ON, (0, B). The Taylor expansion of /,, around B gives

1
ln(B) = 1n(B) = (8 = B)'su(B) = 5(8 = B) Ful&)(8 - B), (3.33)
with derivatives s, = 9l,/08 and F,, = —82l,,/(0898") and an intermediate point &
which lies between § and B. By construction of N, (¢, B),
V|8 — Bl =46
and thus, the vector
n
vi= Y5 p)
fulfills |jv|| = 1. Substituting with v, the Taylor expansion (3.33) can be written as
o 1 E,
(8) = 1(B) = el (B) - 00 D,
where the two summands on the right hand side satisfy
v's,(B) < ‘m‘axl |w's, (B)] < ||sn(B)]| (3.34)
F, . F,
v’ (é)v > min w’ﬁw (3.35)

n T lw|=1 n

The last inequality of (3.34) follows by the Cauchy-Schwarz inequality.

Lower bound for (3.35). Since B € N,(0,B) C B and § € 0N, (9, B), it directly
follows from convexity of B that £ € N,(d, B). Now uniform convergence of the scaled
Fisher information matrix, cf. Lemma 3.14, yields a lower bound for the expression

G

w, w| = 1.

Specifically, there exists for all ¢ > 0 an n. € N which does not dependent on £ such that
for all n > n,,

n

49 =

It follows from the structure of an induced matrix norm and from the Cauchy-Schwarz
inequality that for all w € R? with |Jw| =1,

W,
n

- w’F({)w‘ <e

} n
w/ (5)

w > wF(&w — e

n

By assumption the matrix F'(€) is positive definite for all £&. Furthermore, as an uniform
convergent limit of continuous functions Fj,, F' is also continuous. Boundedness of the
domain therefore provides for sufficiently small € and some d > 0 that

A
n

w>d>0, foralln>n,.



42 3. CREDIBILITY ESTIMATOR FOR GENERALIZED LINEAR MODELS

Putting the pieces together. Altogether, we have
P (38 € ONu(6, B) : 1(B) — 1(B) = 0)

=P (35 € ON, (6, B) : (8 — B sn(B) >

=P (Elﬂ € ON, (8, B) : —=v"s,(B) >

N

<P (Hsn<B>u > Qﬁad) (3.36)

for n > ne. By Chebyshev’s inequality, the last expression satisfies

P (Isu(B)l = o) < o (lsa (B (337)

where the expectation linearly grows in n. More precisely, using the explicit structure
of the vector 2-norm || - ||,

- 2

E[[lsn(B)I?] =Y B || D Xk (V; — u;(B))
k=1 j=1
» - 2
=> E|E Z w(Y;—E[Y; | B)| |B
k=1
:ZP:IE ZX Var(Y; | B)
k=1
< pnV.

The norm ||.X|| is bounded according to assumption (R3). In addition, the boundedness
of {X;} and B ensures that the conditional variances as continuous images b”(X;B) are
bounded. Hence, the above summands are bounded by some V > 0.

For a given 7 > 0, we can finally choose n, = n. and

52,/ PV
nd?’
For these choices,
—P(My) =P(38 € ONu(6, B) : In(B) — In(B) > 0) <1
for all n > n,,, which shows the asymptotic occurrence of M,,.

For the second part of the theorem, we choose a null sequence (7,,) which converges

to zero strictly slower than 1/n. Then, since J,, = const - 1, Y 2 5, /+/n vanishes and the
neighborhood shrinks to a singleton

N,(6,B) — {B}, as.

as n — oo. This completes the proof.
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Remark (¢-variate exponential families). Credibility estimation is purely based
on the PMLEs, which are the best individual solutions. Drawing observations from
g-variate simple exponential families only affects the construction of these estimators.
In particular, conditional expectations and variances have to be consequently replaced
by conditional expectation vectors and covariance matrices respectively. These changes
concern the likelihood functions, score functions and the Fisher information matrices
which now involve multivariate quantities. Their general structures have been already
introduced in (2.22) to (2.24). Nevertheless, the proof of Theorem 3.2 remains valid. We
only need to verify the last step (3.37). Specifically, we have g-variate quantities Xy,
Y; and p;j(B) so that

2
E[Ilsn(B)|!2]=ZE Z ik (V5 — 1i(B))

k=1

» r 2
=> E|E Z w(Y;—E[Y;|B)| |B

k=1
=Y E|D> XiEi(B)Xk

k=1 |j=1
< pnV.

We can find such a constant V' > 0 since every covariate vector and every component of
the conditional covariance matrix ¥;(B) is almost surely bounded.

3.6. Proof of Theorem 3.5

All proofs of the asymptotic properties are based on (3.12) and Theorem 3.2, i.e.
On
ﬁv
with a vanishing upper bound and P(M,,) — 1 at the same time. Also recall that B is
almost surely bounded by some constant cg > 0.

18 — B[, < a.s.

ad i). Let € > 0. Then, Bn is weakly consistent since
P(|Bn — Bl > €) = B([|n — B|| > €| Ma)P(M,) + P(|B]| > € | My)P(M;)

<P (jﬁ >l Mn) P(M,) + B(|B| > ¢ | MOP(MY)

n—oo

— 0.

ad i). Concerning asymptotic unbiasedness, we have
IE[5.] — E[B]|| < E[l|5, — B
= E[[|8n — Bl 1a,] + E[l| Bl Larg]
< On
\/ﬁ

— 0

— 0.

P(M,) + cgP(My;)

3
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ad iii). We claimed that
Cov(E[ | B]) "=F Cov(B).
In fact,

Hcov E[, | B)) — Cov(B)H

H [ [6n | B~ B+ B ~E[f.)) (El3 | B —B+B—E[Bn]>/} _ E[BB'] + E[B|E[B]

|

+ HE [(B — E[Bﬂ]) (B - E[Bn]>/] — E[BB'] + E[BJE[B]’
=: 14 21T + III,

<& o1 1- ] 22 Je5 1 31 - ] 5 15

where all summands I to III turn out to be null sequences. Specifically, by claim ii),

I < HE[B] (8] - E[BnD/

+ 3. (k. - Ei51)

< |[E(B]|||E[B] - E[B.]|| + |[EBa] || |E[B.] — E[B]|| — .

Note that the £'-convergent sequence (Bn) satisfies
sup [ E[B,]| < sup E[[|3,]] < oc. (3.38)
n n

For the summand II,

]< O B[|1B — Elu]|1ar,] + c5E[||B — ElBu]|Lars].

- n

E[|Ei8. | B) - B| | B - EI3.)

By (3.38),
E[|| B~ Eal[|111,] < csP(M, )+supEH|ﬁnH] (My) < oo,

B[||B — B[] 1ag] < esP(My) + sup E[|| 5, [[P(M) — 0
so that II vanishes. At last, convergence of summand I easily follows as
. 2
I—F [HE[ﬁn | B] - BH (L, + nMg)]

< P(My) + cpP(My)

N

We similarly show the second part of the claim, which was
Cov(E[B, | B], B) — Cov(B).

The proof works analogue to above, but we add 0 = —B + B only in the first factor of
Cov(E[S,, | B], B).



3.6. PROOF OF THEOREM 3.5 45

ad iv). Limiting behavior of the conditional covariance matrix is derived similarly
to iii). Since
| Cov(Ba | B)I < E |13, ~ Eln | BII? | B|
<E|[I3. - BI*| B] +2E |3, - BIIB - E[3, | B]| | B

+E[I|B ~E[3, | Bl|? | B]
=: 1+ 211 + 111,

it suffices to prove that all three summands converge to zero in the proper senses. By
using the monotonicity of the conditional expectation, we obtain

1=E[|3, — B|*1r, | B] +E[||3, — B|*1as: | B]

52
< 2P(M, | B) + cpP(M;; | B).

The last expression vanishes almost surely and in £!'. We get the same upper bound for
II and IIT as

1 =E[||3, - BIlI B~ E[. | Bll[tu, | B] +E I3, - BIlIB ~E[3, | Bl|1y; | B|
—~E 18— BIIELB — 3u | Bllas, | B| +E |30 — BIIEB — 3 | Bllltas; | B]

(52
< SP(M, | B) + cHP(M | B)

and
W =E|||B ~Elf, | Bl|*ta, | B] +E [|B ~EB. | BllLy; | B|

52
< P(M, | B) + GHP(M | B).

ad v). Conditional on B = 3, the relation
ET2(B.)(Ba = B) =5 N(0,1)

holds under Pg. It follows that Bn is also asymptotically Normal under the unconditional
measure P. In detail, let Z ~ N (0, I,) and A be a Borel set in R?, then by the dominated
convergence theorem,

lim P (FE/Q(BH)(Bn _B)e A) - / lim Ps (FE/Q(Bn)(Bn _B)e A) P(B € dp)

n—oo B n—oo

= / Ps(Z € A)P(B € dp)
= IP’I(3Z € A).
The asymptotic normality of the PMLE 3, can be directly concluded. We have
F(B0) (Bn = B) = Fy () (Bn = BYa, — F{/(0) Blagg

Since 1,4, converges in probability to 1 and F;{F / 2(O)Bll Me converges in probability to
0, the claim follows by Slutsky’s theorem, cf. (Klenke, 2006, Theorem 13.18).






CHAPTER 4

Particular cases of CGLMs

Particular distributions and types of covariates often appear in regression models for
insurance data. This chapter investigates CGLM for two important situations.

4.1. Poisson data

Modeling frequency variables is a common task in many applications, e.g. the number
of certain events within a certain time period. Generally, the Poisson distribution is the
first point of contact for these cases. The previous chapter has broadly dealt with simple
exponential families and we are going to take a closer look at Poisson-CGLMs. They
are characterized by the conditional pdf of the Y;; given B; = 3;, which now has the
structure

n 1 n .
fa.(y H yf p | 6y —exp(8i) |, yeN.

We will review the construction of the PMLE under the Poisson assumption and discuss
its effects on the credibility estimator. In doing so, the regularity assumptions (R1) to
(R5) remain unchanged. Notice that the natural link function of a Poisson distribution
is the log-link, cf. Table 2.1, and it satisfies the differentiability condition (R2) on the
parameter space (0, 00).

Large Deviation Techniques. First recall the construction of the events Mgf, which
led to Definition 3.3 of the PMLE. We have chosen

MO = {1;n(B) — lin(B;) < 0, for all B € N, (6,, B:)},

where
Ny (0n, Bi) ={B € B: v/n| — Bi| < d,}.

A vanishing upper bound for the probability of the complement of Mg;l has been derived
by Chebyshev’s inequality, see (3.37). While the inequality can be applied to a broad
class of random variables, the provided upper bound is in general very rough. Cramér’s
theorem, see for instance Klenke (2006), is restricted to a special class of random variables
but usually provides a better approximation as the upper bound converges to the exact
probability. More precisely, let S, be the sum of n iid random variables Z1, ..., Z, and
x > E[Z;]. Then, the probability of large deviation satisfies

1
—logP(S, > an) < —I(x)
n
1
and lim —logP(S, > zn) = —I(x),
n—oo N

47
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where

I(z) = igﬂ}g (tz — logElexp(tZ1)]) (4.1)

is the Legendre transform. In contrast to Chebyshev’s inequality, the upper bound
decays exponentially fast in n. We will repeat the last step of the proof of Theorem 3.2
using ideas from Cramér’s large deviation theory. In doing so, we will rely on the explicit
structure of the conditional expectations and variances, which are

b/(X]B) = b//(XjB) = exp(XjB) =: )\](B)

The cluster index ¢ will agin be omitted.

We have already seen in (3.36) that for sufficiently large n

_P(MS) <P (usnw)u > ;lmn) (42)

and the rlght hand side had an upper bound that, up to some constant factors, vanished
at rate 6, 2. This rate was limited since we requlred N to converge to zero at the same
time. The approximation of the upper bound can now be improved. Using the definition
of the 2-norm, the inequality (4.2) can be further continued as

d Ny 2 &
P (1B > s, ) = (30 | XX = nim) | > G
k=1 \j=1
<D P XYy - N(B)| 2 ﬁfé
k=1 j=1

n

Zj 2 )>>7\f5

n

p
FYB [ X - M(B) < v | (43)
k=1 Jj=1 f

The second line follows since at least one of the p summands must exceed the average.
All summands on the last line are probabilities of large deviations. Let 1 < k < p. Then,
writing

Z ))>7f6

/Pﬂ Z ))>7\F5 P(B € dp)

allows us to consider the conditional probabilities instead under which the Y; are Poisson
distributed random variables.
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We apply Markov’s inequality with the exponential function to obtain

Ps ijk ))>7\F5

2/p

with an arbitrary ¢, > 0. The expectation on the right hand side can be further simplified
as the Y} are conditionally independent Poisson variables. Specifically,

< exp (—dtnﬁan> Es [exp [ a3 X5 (Y; — i(8)) (4.4)
j=1

Es exp | ta Y XY = X(8) | | = [T Es | explta Xin(¥; = 3(8)))
j=1

I
. <.
Ez [
_

exp(—tn XjkA;j (B))Eg [exp((tnXjk)Y;)]

<
Il
—

I

exp(—tn XjxAj(B)) exp(A;(B) (exp(tnXjx) — 1))

<
I
—

= exp Z X (B)(exp(tnXjk) — th X — 1)

Hence, the probability on the left hand side of (4.4) is bounded from above by exp(—ry,),
where

d
= —1lp - 'k — 1 . 4'
Tn 2\/ﬁt V/né, — E N (B)(exp(tnXjk) — tnXjx — 1) (4.5)

We maximize r, with respect to ¢, to obtain the analogous structure to the Legendre
transform (4.1). However, structure (4.5) allows no analytic solution of the maximization
problem. We will construct a lower bound r, of 7, with appropriate sequences (t,), and
(0n)rn such that r, — oo and d,/y/n — 0 to avoid this problem.

The regularity assumptions (R1) to (R3) immediately imply that there exist con-
stants cx and ¢y > 0 with

’Xjk’ < cx and /\](B) < ey

for all j € Nand 1 < k < p. Writing the exponential function as a power series gives
that

Z)\ )exp(ta X 1) — £ X — 1) = Z)\ 5y Unt)

=2

8

<> X(8) (tn“X)
j—l

=2

= Z)\ )(exp(tnex) — thex — 1).
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Since
exp(tpex) —thex — 120

we obtain
d
Ty > ﬁtn\/ﬁén — ean(exp(tpex) — thex — 1) =i 1y,
Notice that this lower bound does neither depend on 3 nor on k. Now, choose

1 1
t, = —1 14—, N.
ox 0g< +\/ﬁ> n e

Then,

- 2\[6 (1 + f) Vb — s <1 ~ Jilog (1 + %)) (4.6)

and it suffices to find a sequence d,, € o(y/n) such that r, — co. Let

1
0n = n%, 0<a<§.
The a-condition ensures that \‘Sf converges to zero. We consider the two summands in
(4.6) separately. By applying ’'Hépital’s rule, we get

log (1+ ==
: 1 . g( ﬁ)
i o (1472 ) v = fim =
_3
= lim (—%)n ’
" (14 &) (—a - Pno

Since d/(2,/pcx) > 0, the first summand grows to infinity with speed n®. Next, we

study
1
loo == 1i 1—+/nlog |1+ —
v (1= (1 75 )
to determine the limit of the second summand in (4.6). Since

log (1+ ==
, 1 , g( ﬁ)
nhm Vnlog (1 + \/ﬁ> = lim ————%

n—oo —3

n

;
= lim = 2
n—00 ( )

=1,

w\oa

I\DM—I
N\co
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we can apply I’'Hopital’s rule to determine l,,. More precisely,

1—\/ﬁlog<1+ﬁ>

lo = lim -
n—oo n—§
_1y,-h Bl ) C1y,d
o i )0 )
n—00 (_%)n_%

S A

n
:nlglgof<flog<1+> <1+ 1) ) (4.7)

Applying ’'Hopital another time gives

vios (14 35) = (14 38)

loo = lim_ -1/
dnlog (1 + ﬁ) +yn (1 + ﬁ)fl (—1/2)n~3/2 + (1 + ﬁ)d (—1/2)n—3/2
- nlglgo (—1/2)n_3/2
e )R ) ()
~ Jim —yi (ﬁlog (1 + ;ﬁ) _ (1 + \/1%)_1) +1 (4.8)

Comparing (4.7) with (4.8), we get
loo = —loo +1

so that [, = 1/2 follows. Altogether, 7, > r, — 0o and

Pg Z (B)) > 2\623\/77571 < exp(—7p) < exp(—7r,) =3 0.

Moreover, since the rate r, does not depend on 3 and k, we even obtain a vanishing
bound for the total probability and altogether,

P

>.P ZXjk(Yj —Ai(B)) = 2313\/5% < exp (—(logp)rn) =3 0.
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The probability of negative deviations in (4.3) similarly follows. We have

Ps Z (8) < —7f5

n

=Py Z (8)) > 27&5

<exp <—2\d/ﬁtn\/ﬁén> Eg [exp | —tn > Xu(V; = Ai(B))

=1

=exp(—7y) (4.9)
with t, > 0. The only difference to the former part is that the moment generating
function is now evaluated at —t,. As the covariates X, are bounded from below by
—cx, it holds that

o]
exp(—tnXjk) + tnXjr — 1 = Z
|
ps 1!
exp(tpex) — thex — 1.

IN

Thus, 7, > 75, where 7, is defined as in (4.6). Finally, we again choose §,, = n® with
0 < a < 1/2 to obtain

p n

Sr Y x; (B)) < ——fé < exp (—(logp)ra) "3 0.

k=1 \j=1 2vp
We summarize the result, which we have just proved, in the following theorem. It has
major impact on the estimation of the structural parameters.

Theorem 4.1. Let 6,, = n® with 0 < a < 1/2. Then, there exists a sequence (1, )nen
such that
lim 7 — =19 >0

n—oo ¢
and for My, = Ml‘; ,
1-— IP’ﬂ(Mf;) <exp(—nn), forallp € B, (4.10)
—P(M7) < exp(—1n). (4.11)

for sufficiently large n.
Theorem 4.2. Let 6, = n® with 0 < a < 1/6. Then, fori=1,...,N,
lim nF; Y (Bim) = F~Y(By), (4.12)

n—o0

lim nCov (B, | Bi) = F~Y(B)), (4.13)
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where both convergences are in L'-sense. The limiting function F comes from the con-
vergence condition (R5).

The proof, which is mainly technical, will follow soon. Equations (4.12) and (4.13)
claim that the inverse Fisher information matrix and the conditional covariance matrix
converge to the same limit with the same speed % Especially, they are asymptotically
equivalent in probability, i.e.

E7Y(Bin) ~ Cov(Bin | Bi).

Recall Theorem 3.12, where we have chosen
1 N
f E F-YBin

as the estimator of S = E[Cov(S;, | B;)]. We have motivated this choice by the asymp-
totic normality of Bin, where F 1(Bm) was the appropriate scaling matrix. However,
asymptotic statements in the sense of £! or P could not be provided besides both be-
ing £' and P-null sequences. This is strongly connected to the convergence speed of
1 — P(M;,,) which is in general slower than 1. Until now, all proofs concerning the
PMLE were based on the fact that quantities were negligible on the complement of Mj,.

To mention a particular usage in the proof of Theorem 4.2, we want

Elllsin(Bin) ] = Elllsin(Bin)Lass, + sin (0) Lz ]
— Ef|lsin(0)Lasg, ]

< \/P(an)E[HSin(O)H2]-

to vanish. As we will see later, E[||s4,(0)]|?] < cn? for some ¢ > 0 so that

Elllsin(Bin)[] < \/B(ME,)V/en.

In the case of a general simple exponential family, we have n,/P(Mf) — oo but an
exponentially fast decay of P(M,) solves this issue.

Proof of Theorem 4.2. The proof holds for all clusters ¢ = 1,..., N and the
corresponding index ¢ is omitted. First recall Lemma 3.14 which has provided uniform
convergence of the Fisher information matrix, i.e.

lim sup
n—oo ,BEB

L) - F(3)| =0 (114)

n
This property can be easily extended to the uniform convergence of the inverse functions.
Lemma 4.3. It holds that

lim supHnFn_l(ﬂ) —F_l(ﬁ)H =0. (4.15)

n—oo BEB

Furthermore, there exist a cp > 0 and an ng € N such that for all n > ny,

. 1
sup || F, (Bl < —cp. (4.16)
peB n
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PROOF. Let € > 0. Since matrix inversion is a continuous operation and B is compact,
there exists a § > 0 such that for all 5 € B,

LE3) = PO <8 [nr ) - £ @) <

n

By (4.14), the §-condition is always satisfied if n is chosen sufficiently large so that (4.15)
follows.

For the second claim, let 5 € B. We have

IEH ()] = Amax (B (8)) = A (Fu(8)),

where Anax and Api, denote the largest and the smallest eigenvalue, respectively. We
have already seen in the proof of Theorem 3.2 that there exist constants d > 0 and

ng € N such that
E,
Amin< (/8)) Zd>07 nZno-
n

These constants do not depend on 3. Thus, by putting cp = d~!,

Nk (Fu(B)) = (nAmm <F ”ff)»_l <Ll

n n

for all n > ng. O

Remark. Since the Cholesky square root F;, T/ 2(6 ) of F,;1(B), which is defined through
the identity

FN(B) = F,T(B)F,V2(8),
satisfies
1B = I1F, 2817 = | F2(8)]1%,

the above lemma can be extended to the norm of the square root, i.e.

sup
BeB

F;T/Q(B)H < \/lﬁ\/c? (4.17)

for sufficiently large n.

Lemma 4.3 shows that the inverse Fisher information matrix behaves like n~! on B.
Moreover, F/;! is almost constant on sufficiently small neighborhoods as the next lemma
reveals. For that purpose, we define

Va(B,B) i= F, V(B Fu(B)F, T3(B).

Lemma 4.4. There exist a constant ¢y > 0 and ng € N such that for all n > nyg,

0.
sup  [|[Va(B, B) — Il < ev—

, Q.S
BEN(3n,B) vn

PROOF. Recall that F,,/n is Lipschitz continuous on B with some Lipschitz constant
L > 0 that does not depend on n. Moreover, let cr and ng as in Lemma 4.3 and choose
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cy = cpL. Then, we have for all g € N,,(§, B) and n > ny,

IVa(B, B) = L]l = || B 2(B) Pu(8) B 72(B) — 1
= B 2m) (Pu(8) - FuB) BB
<n )| L - me)| )
<nCL|8 - B]
< cv\/—%
which proves the claim. O

Since d,//n — 0 for 6, = n®, it immediately follows from Lemma 4.4 that V,
converges uniformly to I, on N, (d,,B). Moreover, the convergence speed does not
depend on B. Similar to the uniform convergence of nF, !, this convergence can be
extended to that of V! towards I,,. Again, its convergence speed does not depend on
B. We can now proof (4.12), i.e.

lim nF 1 (B) E FY(B).

n—o0

Let € > 0 and n sufficiently large. By Lemma 3.14, Lemma 4.3 and Lemma, 4.4, we get

|nF 1B = F )| <0

BN Bo) = BAB)|| + 0By (B) - FA(B)|

= || FBa) = BB (i, + 1arg) + [nF (B) - FA(B)|

<n HF;T/Q(B) (Vn_l(Bn, B) — Ip) Fn—l/?(B)H 1o,

0| 0) = B B)|| Targ + 5

<n|FB)|

Vi (Bu B) = I o,
€

+n || FH0) = N (B)| g + 5

< nchi]an + 2cplpe + <
n 2cg no2

almost surely. Thus,

E [HnFn_l(/S’n) - F—l(B)H] < %P(Mn) + 2epP(MS) + g

n—oo

— €

Since € > 0 is arbitrary, the claim follows by taking € | 0.

One similarly proves the second claim (4.13), which was

lim 7 Cov(B, | B) £ FyB).
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In fact, for € > 0 and n large enough,

anov B, | B) - H
< |nFT2(B) Cov(FIA(B)B. | BYF,V2(B) — F(B)|
< ||varT2(B) (Cov(FI2(B)3n | B) — 1) vaF, A(B)|
+||nFy; N (B) — FH(B)||
< |[E 1B | Cov(BI2(B)0 | B) - L[| + oy (B) - P (B)]

IN

r |Cov(FI2(B) (B — B) | B) — 1| + 5

almost surely. It remains to show that the norm on the last line vanishes on average.
We have,

|covEI2B)(5, ~ B) | B) - 1|
< |[Cov(EI(B) (B, — B) | B) ~ Cov(Va(e. BET(B)(, ~ B) | B)|

+ |[Cov(Vale, BYETA(B)(Ba ~ B) | B) - 1 (4.18)

where ¢ lies on the line segment connecting B, and B. The & results from the Taylor
expansion of s,, that is

sn(B) — sn(B) = Fn(f)(ﬁn - B).

The remaining steps can be roughly summarized as follows. Since V;,(&, B) converges to
I,,, see Lemma 4.4, the first summand on the right hand side of (4.18) vanishes. The
second summand vanishes as F);!(B) is, conditional on B, the asymptotic covariance
matrix of Bn

More specifically, we have

Vi€, B)E,*(B)(B, — B) = Vu(€, B)F,*(B )Fn_l(ﬁ)(sn( ) = 5u(5n))
= F, (B)Fu(©)F, T (B)E 2 (B)F, 1 (€) (sn(B) — 5a(6n))
F2(B)(su(B) = sa(Bn))-

Sn

We use the almost sure identities
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to obtain
Cov(Va(¢, B)EL*(B)(5n — B) | B) -
= Cov(F, 2(B)(su(B) = sa(Ba)) | B)
=, V2(B) (El(50(B) = u(5n)(5n(B) — su(5))' | B]
~Elsn(B) = 5a(8a) | BIE[sa(B) — su(Bn) | BY — Fu(B)) F, "/*(B)
= F2(B) (Elsn(Bn)sn(Ba) = su(B)sn(B) — su(Ba)sn(B) | B]
~Elsu(Ba) | BlElsa(Ba) | BY ) F, 7/*(B)
= £, V2(B) (El(sn(Ba)sn(Bn) = su(B)sn(Bn)) = sn(Bu)sn(BY ag, | B]
~Elsn(Ba)Las, | BE[sn(Bu)las, | B) By 7/(B)
+ By 2(B) (B[(50(0)50(0)' = su(B)5a(0) = $n(0)5n(B) Yl | B]
~E[sn(0)Larg | B] [5n(0)Larg | BY) F, 1/2(B)
=, 2(B) (El(50(0)5n(0)' = 0(B)sn(0)' = 5u(0)sn(B) )l | B]
~Els0 (0 >11M | BIE[s(0)Lurg | BY') F, 7/3(B)
Therefore, the second summand on the right hand side of (4.18) satisfies

|Cov(vale, BYFT(B) (B, —B>|B — 5|

< |[EB)]| (EL3(0)5n (0) ]| + 21|50 (B)s <>'||>1MC\B]+E[||sn< )I[targ | BI)
<|FB (\/MM | B] (wa 50 ()5 (0) 2 T B] + 2+/El[[5(B)s (0) 7 | B])
+Ellag | BIEls(0)] | BY). (4.19)

As stated in Theorem 4.1, the conditional probability of MY is almost surely bounded
by an exponentially decaying term exp(—m,). Moreover, one easily shows that all the
other conditional expectations in (4.19) are bounded by terms of polynomial order. For
instance, the Cauchy-Schwarz inequality gives that

E [sa(0)]? | B] = {Z (Z (Y — M]o) B}

k=1

= pckn Z vj(B) + 1(B)* = 2115(B) 11 (0) + 25(0)*)

< const - n?.
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Such a constant exists since v and p are bounded by the compactness of B and the
admissible covariate space. Other upper bounds similarly follow.

To complete the proof, it remains to study the first summand on the right hand side
of (4.18). We have,

|Cov(EI2(B)(Ba — B) | B) — Cov(Va(&, BYET(B)(B, — B) | B)|
| [£12B)(5, — B)(B, — BYEY*(8B) | B]
—E [Va(&, BYFL2(B) (5 — B)(Bn — BY FY*(B)Vi(&, B) | B|

IN

+|-E [F(B)6. - B) | B]E[(5. - BYFY(B) | B Ly
+E[Vale, BB (B)(Ba — B) | B| B[ (o - BY RS BViem 8] f
< | [ = Ve, BYFT2(B) (3o — B)(Ba — BYFY*(B) | B|

+ |[E [Vate, BIET2(B)(Bn — B)(Ba — BY FY(B)(1, — Val&, B | B] || +V

<E [HI V(€ B))| | Eu(B)

~ 2
-2 5]
1K [||Vn(€7 B)H HFn(B)H H/én — BH2 HIp - Vn(f, B)H | B:| +V

<E {nfp V(& B)| | Fa(B

2
BH o, | B]
+E _pr — V&, B)|[ |1 Fn(B)| |B]I? Lae | B}

[ ~ 2
+E | IVa(& B IEa(B)I || B0 = B|| 11, = Val&, B) L, | B]

+E |[Va(&, B)IH Fa (Bl 1B ||, = Vi (&, B)lasg
= I+II+1I+IV+ V.

|B]+V

If M,, occurs, both 3, and ¢ lie in Ny, (9, B). Thus, by Lemma 4.4,

On,
1y — Va(&, B))|| < CV%, a.s.

In addition, by the construction of N, (d,, B),

18, — B|| < —=, as.

f

and there exists a constant cp > 0 with

[1Fn(B)|| < nep
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for sufficiently large n. Hence, with J,, = n® and some constant ¢ > 0,

T=E |||, - Val& B IFa(B)]]|

~ 2
5n_BH ]an | B]

8, &2
< c—=n—"P(M, | B)
n

NG

1
< en?* 3

Since a < %, the right hand side vanishes as n — oo and so does E[I]. By the same
arguments, E[III] converges to zero. On the other hand, if M occurs, the components
I, — Vo(&, B)|l, ||[Fn(B)|| and ||B|| are either bounded or grow at most at polynomial
speed. Since the decay of P(MY) is of exponential order, the summands E[II] and E[IV]
converge to zero. Assuming that o < 1/4, the same procedure works with the first
moments denoted by E[V], too. Altogether, we have shown that

lim HE[n Cov(Gn | B) — F~Y(B)] H =0

n—o0

which completes the proof.

4.2. Grouped data

The particular case of grouped data concerns the structure of the covariates rather

than the distribution of the data. Let
A:={X; e R"”:jeN}
bet the set of admissible covariates. The data is called grouped if A is finite with g = |A]
being the number of groups. The interpretation is that each observation can be classified
into one of the groups [ = 1,. .., g, where all elements of group [ share the same covariate
Xy € A. Hence,
A= {X(l) ERLP = 1,...,g}.

Of immense importance in application is categorical data, where p is the number of
categories. Then, for all j e Nand k=1,...,p,

1 if j belongs to category k,
Xjp =
0 else.

By construction, there are at most 2P groups. Whenever g is finite, we can find a constant
cx > 0 such that

HX(I)H S Cx and ’X(l)k’ S Cx (4.20)
foralll=1,...,g and components k = 1,...,p. Furthermore, for every n € N, we let
ny :‘{jSTLX]:X(l)}‘, l:1,...,g, (421)

be the number of the first n observations that belong to the I-th group.

The construction of the PMLE was based on the regularity assumptions (R1) to (R5)
so far, see also Section 3.2. The grouped structure provides finiteness of A even though
(R3) only demands its boundedness. We are able to relax some of the other conditions in
return and in particular, we can weaken (R1) by dropping the compactness of B. It may
be replaced by some mild integrability conditions for B;. The regularity assumptions for
grouped data look as follows.
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(Gla) The support B of the B; is contained in an open and convex set and

P(B; =0) =0, (4.22)
P(B; € 0B) = 0. (4.23)

(G1b) Let v be the variance function associated to the underlying exponential family
and let v (B;) = v(X(;yB;i). Then, we have

E[vg)(Bi)] <00, I=1,....9, (4.24)
and  Efvg)(Bi) ] <00, I=1,....0. (4.25)

(Glc) B; is square integrable, i.e.
E[|| Bil|*] < cc.

(G2) The link function g is twice continuously differentiable with non-singular Jaco-
bian.
(G3) The number of admissible covariates is finite and all elements satisfy X ;3 € oo

for all g € B.
(G4) There exist g > p essential groups, i.e. they satisfy

il nﬂo a; > 0.
n
Moreover, the corresponding design matrix X, € R9%P that consists of the
essential groups’ covariates has full rank p.
(G5) The scaled Fisher information matrix F,,(/3)/n converges pointwise to a positive

definite limit F'(53) for all 5 € B.

The moment conditions (G1b) and (Glc) are easy to evaluate and allow a wide variety of
distributions for B;. For instance in the Poisson case, v is the exponential function and
both (4.24) and (4.25) are equivalent to the existence of the moment generating function
of B; at the values X(;) and —2X;) respectively. Hence, common distributions as the
multivariate Gaussian is admissible for B;. One may also notice that compactness of B
is sufficient for (G1b) and (Glc). Conditions (G2) and (R2) as well as the convergence
conditions (G5) and (R5) are both identical. As we have already mentioned, assumption
(G3) defines the grouped structure and replaces (R3). The second part of condition (G4)
implies the rank condition (R4). Moreover, (G4) seems to be strongly related to (G5)
since

1 g ny ’

ﬁFn(ﬁ) = Z —vay (B) X X)-

n
=1

However, due to the presence of non-essential groups, (G4) is neither sufficient nor
necessary. If go = g, i.e. if all groups are essential, (G4) will be sufficient and we will
obtain an explicit structure for the limiting function F' that is

g
F(B) =Y awp(B)X(H X
=1

Given these modified regularity assumptions, we reinvestigate the construction of
the PMLE on the basis of Theorem 3.2.
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Theorem 4.5. Assume that assumptions (G1) to (G5) and

E sup v(l)(f)*2 <00, l=1,...,9, (4.26)

feNn((snyBi)

hold. Then, we can find a sequence (6n)nen such that

n—aoo

(M) =51
and  Np(6n, B;)) =3 {B;i}, a.s.,

where the involved quantities have been defined in (3.10) and (3.11).

PRrOOF. The proof works similarly to that of Theorem 3.2. An intermediate result was
(3.36) which stated that

1
- PO <P (s8] 2 ida).
Compactness of B ensured that there exists a constant d > 0 with

F,
min w'ﬁw >d
[lw]=1 n

for sufficiently large n and all £ € N,,(6,, B;) coming from the Taylor expansion of the
log-likelihood function l;;,. Instead, we now use

F, F,
min w’ﬁw > inf min w’ﬁw >0
[lw]|=1 n £ENR (O, B;) [wl|=1 n

so that (3.36) changes to

=B < B (s8] 2 gy (it i w2 ) )

EENL(6n,B;) ||lw||=1 n
) . Fo(6) >‘1 1
<P in(B; f rZnAs/ > ~\/nd,
< <||s B) (56]&1(15”730 min w0,) 7

2 o F(9) 7
< E ||sin I
VAT Isin(B ”'(éeNﬁwnia)ﬁggilu n 'w>

for all n € N. The last step follows by Markov’s inequality. Applying Cauchy-Schwarz’s

inequality on the last term yields
27\ 2
E, -
< inf min w'(g)w> (4.27)
£ENRZ (n,B;) [lw]=1 n

ﬂ (E [lsin(B)I?) E

1—P(Mr) <
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and we consider both expectations separately. By (4.20), we have

n

> XAE[Var(Y; | By

J

E [Isin(B:)*] =

Il
—

I
M=

bl bl
M- 11
= [

mX{Elva (Bi)]

N
Il
—

IN

s
S
()=

vy (B;)]

N
Il
—

g
<pkn Y Elvgy(By)).
=1

By assumption (G1b), E[v)(B;)] exists for all groups I = 1,...,g. Finally, the /n on
the right hand side of (4.27) cancels out. It remains to analyze the second expectation
in (4.27). Let £ € N,(0p, B;) and w € RP with [|w|| = 1. Let without loss of generality
the groups [ = 1,..., g, be essential. By (G4), we can choose 0 < € < min; oy and o > 0
such that for sufficiently large n,

n
JZO&1*€Z(JZ>O, I=1,...,¢e.
n

Therefore,

Thus,

with
Jge p 2
d := min we Xk | -
Jwl=1 &= ; 0
In order to verify that d > 0, we consider the matrix X, which has been defined in
condition (G4). The matrix X/ X, € RP? is symmetric and positive semidefinite and has
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an orthogonal diagonalization QDQ’. Hence,

d= min w'X.X.w = min (Q'w)' D(Q"w)
llwl=1 llwl=1

= ”m”in1 w' Dw = Apin (X2 Xe),

where Apin, denotes the smallest eigenvalue. By assumption (G4), X, and X! X, have
full rank p so that d > 0. It follows that

E [( inf  min w’Fn(f)w> _2] < (ad)™’E

EENL (6n,B;) ||lw||=1 n

-2
<£€Ni?6£,3i) . ”(l)(§)> ]

sup max v (f)_zl .

= (ad)2E
EEN, (6n,B;) =15 :ge

The expectation on the right hand side exists since (4.26) implies

E

g
sup max v(l)(f)_2] < ZE

geNn(aruBi) I=1,....9¢ )

Thus, (4.27) reads

sup v(l)(f)_2] < 0.
§ENR(6n,Bi)

1 P(My) <

and choosing (d,,) such that
6p — oo and 6, € o(y/n)
proves Theorem 4.5. U

For the remaining part, we will derive sufficient conditions for (4.26), which are
easy to verify. Notice that the expression supgen, (s,,8,) V() (¢)72 in (4.26) is indeed a
measurable function. Since v is continuous by assumption (G2), we can write

sup (X&) P= sup (X (Bi+¢)?
feNn(éani) feNn((SnvO)

= sup w(Xp(Bi+¢€)
EGNn((Sn,O)ﬂQP

= sup  fe(B),
£E€NR (0r,0)NQP
where each f¢(B;) is measurable. As a pointwise supremum of measurable functions over
a countable set, the right hand side is again measurable.

Lemma 4.6. Let the conditional distribution of (Y;;) belong to either of the distributions
Normal, Poisson, Gamma, Binomial or Negative Binomial, i.e. a member of the so-
called natural exponential family with quadratic variance function. Then, (4.26) holds.

PRrROOF. The proof is not based on general properties of the variance functions but
on their explicit structures. Therefore, we examine each distribution in the above list
separately. The cluster index i of B; will be dropped throughout the proof for notational
ease.

o Normal. Clear, since the variance function

’U(l)(f) =0°
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is constant and does not depend on &.

o Poisson. In the Poisson case,

vy (€)™ = exp(—2X)€).

Thus,
sup  exp(—2X§) = sup exp(—2X)(B + (£ — B)))
€EN,(6n,B) €EN(6n,B)

=exp(—2X)B) sup exp(—2X( — B))
£EN(5n,B)

<exp(—2XpB) sup exp(| —2X( — B)|)
§ENR(6n,B)

<exp(—2XyyB) sup  exp(2|[Xll[[§ — Bll)
£€Nn (6n,B)

On,
= exp(—2X;)B) eXp(QHX(l)H%)-

Since exp(—2X(;)B) is integrable by assumption (4.25), the claim follows.
o Binomial. In the Binomial case, we have
exp(X(¢)

(1+ exp(X(€))?

vy (§) =

and
o (14 exp(X€))*
exp(2X(;)§)
where m € N is a known dispersion parameter indicating the number of successive
Bernoulli trials. Again, we write X ;)§ = Xq)B+X(;)(§—B) so that for all § € Ny, (5, B),

(1 exp(X(yB) exp(X (€ — B)))'
exp(2X(yB) exp(2X(;y(§ — B))

v (€)F=m

@) =m
The factor in the denominator satisfies

exp(Xy(§ — B)) > exp(—2[X)(§ — B)|) > eXp(_2HX(l)||\5/%)-

For the numerator, we have
(1+ exp(X(yB) exp(X (¢ — B)))*

4
(exp(| X l1€ = BIl) + exp(X ) B) exp([| Xy llll€ — BI))

On
exp <4HX(I)||\/’E> (1 + eXp(X(l)B))4 .

IN

IN

Altogether,

_9 (1 + exp(X(l)B))4
exp(2X(l)B)

)
E sup v 2(Xpé)| <exp <2 X n> E |m
LGNn(cSn,B) X )] | (z)ll\/ﬁ

~ exp (2\|X<l)||j’%> Efvq)(B) ]

and the expectation on the right hand side exists by (4.25).
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o Gamma. Let k > 0 be a known shape parameter. Then,

sup v (§) 7= sup KXo
€N, (50,B) €N (50,B)

<k™2 sup (\X(l)B! + Xy (€ - B)D4
EENR (0n,B)

. 5 \!
<k (X0 B+ X0 -

Since the fourth moment of X ;B exists, all its lower moments exist, too.

o Negative Binomial. The variance function has the structure

1
vy (€) = — exp(2X)€) + exp(X()€),
where r € N is a known number of failures. The proof works similar to the previous
cases which is why we skip it. O
The restriction to specific distributions in Lemma 4.6 is unavoidable as the lemma

turns out to be generally wrong.

Example 4.7. Let the conditional distribution of Y;; belong to an exponential family
with

b(0) = / : / too exp(—s°/2)dsdt.

Since v(#) = b"(0), we get the variance function

o =on (%)

v(0) 2 = exp(¢?)
which is monotonously increasing in 6. For simplicity, we further choose p = 1 and
a covariate X) = 1 so that X(;yB = B. Now, let B be distributed according to the
probability density function

Thus,

fB(b) =

cexp(—b3)b2, b>1
0, else

where ¢ > 0 is the normalizing constant. Then
E[v(B)™?] = c/ exp(b?) exp(—b®)b~2db = c/ b2 < .
1 1

On the other hand, the supremum

sup  v(X(¢) 72
€N, (5,B)

is attained at the right boundary of the interval Ny, (d,, B). Thus,

sup  v(X()€) % = v(&)
€EN (60,B)

where {o = B + §/+/n. Therefore,

v(€&) % = exp ((B + \jﬁ>3> .
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But

as

Hence,
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E[u(&)~2] = ¢ /1 " exp <<b+ %)3) exp(—b)b~2db

/m %%i+%g+ﬁib4@—m
c ! exp Jn - 37 =

lim e 3b2i+3b‘f+i b2 =00
oo P\ U T T s -

E[ sup v(f)_2] = 00.

gENn(ényB)



CHAPTER 5

Incorporating weights

When applying CGLM theory to real world problems one will immediately realize
that portfolios are rarely homogeneous. Clusters, which may be the different regions,
time periods or products, contain data of the same subject but slightly differ in some
individual characteristics. They may now have individual volume parameters that are
known in advance. We will discuss three major cases where the portfolio consists of IV in-
dependent but not identically distributed clusters and a general framework then follows.
The content of this chapter is mainly taken from Christiansen and Schinzinger (2015)
but we supply a more detailed analysis in the present thesis. Furthermore, Christiansen
and Schinzinger (2015) restricts to central results and coincidences will be appropriately
mentioned.

5.1. Cluster specific effects

Known nuisance parameter. Recall structure (2.17) of a simple exponential family.
One can extend the class of distributions by allowing for an additional nuisance or also
called dispersion parameter A > 0. Then, a random variable Y will belong to a simple
exponential family if its discrete or continuous density function is given by

7o) =ctr Ve (P50 yem (5.1

Common distributions which include a non-trivial nuisance parameter A # 1 are the
following.

Example 5.1 (Binomial distribution). Let Y ~ Bin(m, p) be Binomial distributed
with number of trials m € N and success probability p € [0,1]. Then, not Y but the
relative Binomial distribution Y/m belongs to a simple exponential family as for k € N
with £ < m,

Py CZ = Z) = <T,Z>p'“(1 —p)"

= <7Z> exp (klogp + (m — k) log(1 — p))

- (on{o () v )

Thus, the nuisance parameter equals %

67
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Example 5.2 (Gamma distribution). The Gamma distribution with mean parameter
i > 0 and shape parameter v > 0 has the probability density function

foly) = F(ly) (:)Vy”_l exp <—:y>

Lyl exp (v (y(=p~") = log )

)
with y > 0. Hence, it belongs to a simple exponential family with § = —u~! and
A=v 1
In context of a CGLM, allowing cluster specific nuisance variables \; = (/\ij);?zl,
1=1,..., N, leads to a portfolio with non-identically distributed clusters. A particular

example is the Binomial-CGLM, where binary responses are taken from different num-
bers of repetitions m; = (m;;)" i—1. The difference may be caused by experiment j being
observed in several environments in terms of time, place or group . In the general case
of simple exponential families, observations (Yij)?’:l are, conditional on B; = (3, indepen-
dent and distributed according to (5.1). For further progression, it is more convenient
to define the corresponding weights as the reciprocals w;; = i Likelihood function,

score function and Fisher information matrix become all cluster specific, specifically

n
/! / /! /
Z )\—b (X;8) XX, =Y wib"(X;8) X)X
iJ =1
In the univariate case p = 1, Fj, is increasing in each weight w;; so that the more weight
is allocated to cluster i, i.e. less nuisance, the more information it contains. Credibility
estimators should take these information differences into account.

Different sample sizes. In the second case, the observation vectors Y; = (Yl]);”:1
of the N clusters are assumed to have different lengths n; € N. Then, summations in
lin(B), sin(B) and Fj,(5) involve n; summands. Credibility estimators for clusters with
large sample sizes should allocate more weight to their individual estimates Bz —or to
be more precise B, — than for small clusters. Different sample sizes can be incorporated
in the framework of additional weighting terms by choosing them as

1 if j <ny,
= = 5.2
Wiy {0 else. (5:2)

This definition allows us to write

n; n
= V(XB)X[X; =) wit"(X;8) XX
j=1 J=1
where n = max; n;. This structure can be interpreted in the same way as for the nuisance
parameters. Obviously, information increases with the sample size or equivalently with
the amount of allocated weights.

Known offset parameter. Observations in Poisson-GLMs are claim or event counts
that follow a Poisson distribution, where the log-parameters are linked to a linear pre-
dictor. In practice, data like insurance claims are observed in time periods of different
lengths or the number of insured differs from period to period. These differences have
to be taken into account and a natural way to do so is to involve exposure terms. More
precisely, random variables Y;, j = 1,...,n, are said to be Poisson distributed with
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Poisson parameter p; > 0 and known exposure E; > 0 if Y; ~ Poi(E;u;). Then, the
linear predictors are given by

log E[Yj] = log Ej + log uj = log Ej; + X3,

so the terms log F; can be treated as known offset variables. In the general case, the
linear predictors may include known additive terms &; € R, i.e.

9(E[Yj]) =& + X;8

=(& Xj) <é>

for j = 1,...,n. In view of the second identity, offsets can be interpreted as a component
of the covariate vector whose effect on the linear predictor are known in advance. When
considering a portfolio of size N, exposure terms of Poisson models or offset terms in
general typically vary for each cluster. This results in an inhomogeneous portfolio in
the sense that clusters are independent but not identically distributed. Special caution
is required in credibility estimation since the PMLE of large-offset clusters should be
treated differently than those of small-offset clusters.

5.2. The model

We summarize the three introduced cases under revised model assumptions that
allow additional cluster specific parameters. The assumptions look as follows.

(W1) Conditional on B; = f;, the Yj;, j = 1,...,n, are independent and their
distributions belong to a simple exponential family with natural parameters
0; = (0i5)7—; C © and weights w; = (w;;)?_; C RT. The conditional joint pdf
f3,; takes the form

n

fa:(y) = H c(yj, wij) exp szj (0i5y; —b(0i5)) | . y€R™ (5.3)
=1 =1

(W2) The natural parameters are linked to a linear predictor by the identity
0ij = g(B[Y; | Bi]) = &; + Xi;Bi,  as., (5.4)

where ¢ is the natural link function and &; = (51'1')?:1 C R are offset terms.
(W3) The risk profiles By, ..., By are iid. The pairs (B1,Y1),...,(Bn, Yn) are inde-
pendent but not necessarily identically distributed.

The model assumptions (W1) to (W3) incorporate the introduced nuisance parameters
w;j = 1/Xyj, different sample sizes through (5.2) and offset terms in the linear predictor.
Furthermore, covariate vectors X;; may depend on the cluster, too. This is due to the
fact that observation j is not necessarily available for every cluster of the portfolio.

The credibility model defined through the assumptions (A1) to (A3) is a particular
case of the current model that incorporates weights. In fact, it can be derived by choosing
all wij =1, &; = 0 and X;; = X;. We have established credibility theory for the simpler
model which now provides a fertile ground for working on CGLM based on (W1) to
(W3). The first steps are completely the same. We define the maximum likelihood
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estimators BZ as the maximizer of the function
B) = wij (6:;Yi; — b(0i5)) , (5.5)
=1

which is the true likelihood function when conditioned on B; = 3. Also of great impor-
tance are the score functions and Fisher information matrices

alm

sin(B) = wa — Mij (B)), (5.6)
ok lm

an(ﬁ) = 668,3/ wa% j (57)

The MLE solves sm(@) = 0. The conditional mean and variance functions are now given
by

pij(Bi) = E[Yy; | Bi] = V'(&; + Xi; Bi), (5.8)
wijvij(B;) = Var(Yy; | By) = wi;b" (&5 + Xi5Bi).

If Y;; is not observable, i.e. if w;; = 0, its variance will be set to zero.

For credibility estimation, we instead use the PMLE Bz which are the square inte-
grable modifications of the Bl Their construction according to Theorem 3.2 requires a
further condition in addition to the regularity conditions (R1) to (R5) as specified in
Section 3.2.

(R6) The weights w;; and offset terms ¢;; are bounded.

This condition ensures that the mean and variance functions, cf. (5.8) and (5.9), remain
bounded. It directly follow from (R6) and the linear growth condition (R5) that the
effective sample sizes

n

ni = L0

j=1

grow linearly with n.

Lemma 5.3. The effective sample size n; is asymptotically bounded from both above and
below by n, i.e.

0 < liminf 2 < lim sup Mo, (5.10)

n—oo n n—oo N

PROOF. Since %Fm(ﬁ) converges to a positive definite limit F;(f) and as this applies
also to their norms, it follows that

lim n = !
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for all 8 € B. Hence, n is asymptotically bounded by || Fj,(8)||. Furthermore, it holds
that

IFin(B)] = || wijuis (B) X1, X3
j=1

n
< Z 1[w¢j>0] Hwijvij(/B)Xz(inj H
=1

<V Z ]l[ww‘>0]

Jj=1
= Vni

with some V' > 0 since all summands are bounded. The upper bound Vn; is also an
asymptotic upper bound for n and thus,

n < Cn;

for some C' > 0 and sufficiently large n. The claim finally follows as

1
liminf 2 > = > 0.
n—oo N C

The other inequalities in (5.10) hold by definition. O

The lemma especially implies that n; — oo for all ¢ as n — oo. Furthermore,
information converges uniformly on B as shown in Christiansen and Schinzinger (2015).

Lemma 5.4. For alln € N, %Fm is Lipschitz continuous with Lipschitz constant L > 0
and the sequence (%Fin)nEN converges uniformly on B, i.e.

LEn(8) — F(B)

n

n—oo
0

sup —

BeB

PRrROOF. For all 31,82 € B, the mean value theorem applied on the variance function
vi;(+) = 0"(&; + Xij;-) yields that

1 1 1 &
HnFm(ﬁl) - EFm(BQ) < H Z Hwinz{inj ('Uij(,ﬁl) — U”(BQ))H
j=1
1 n
< D fwil || X H sup X0 (5 + Xiﬂ)H 151 — Ball
j=1 ¥€EB1B2
< L||p1 — B2l

Such a bound L > 0 exists since b’ = ¢g~! is twice continuously differentiable by (R2)

and since the domains of w;j, &;;, X;; and v are bounded. By convexity, v € B. O
The construction of j3; relies on (3.10) and (3.12), which are for § > 0 and n € N,

Nu(9,B;) = {B € B:v/n|8 - Bi|| <4},
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Theorem 5.5. Consider the model defined through (W1) to (W3) and the conditions
(R1) to (R6). Then, there exists a sequence (8,,) that satisfies

n—oo

with M, = Mfg and

Nu(6n, Bi) =3 {B;} a.s.
PRrROOF. The proof is almost the same as for Theorem 3.2 but mean and variance func-
tions involve weights and offset terms, cf. proof of Lemma 5.4. They do not violate any

step in the proof since condition (R6) guarantees that all bounds still exist. Christiansen
and Schinzinger (2015) also presents an adjusted version of the proof. O

Theorem 5.5 defines the PMLE by means of Definition 3.3, i.e.
Bin = B@n]le
By construction of the sets M;,, and since || B;|| < ¢p almost surely, we have
1B = Bill < 2200 +eplne  as. (5.11)
- \/ﬁ m in
and this relation delivers the asymptotic properties of the PMLE, cf. Theorem 3.5.
Corollary 5.6. Theorem 3.5 holds under model assumptions (W1) to (W3) and regu-
larity conditions (R1) to (R6).

PRrROOF. The claim follows by Theorem 5.5 and (5.11). The proof is exactly the same as
for Theorem 3.5 and can be also found in Christiansen and Schinzinger (2015). O

Finally, the credibility estimator B; is given in the same way as Definition 3.6. It is
the orthogonal projection of B; on L(1,3), where

N

L(1,8) = {a +Y AiBia R A€ RW} ,
i=1

or equivalently, it is the minimum MSE estimator within this class. The first big change

brought by the additional cluster specific quantities concerns the credibility formula, i.e.
the explicit structure of B;.

Theorem 5.7. The credibility estimator is given by

Bin = E[Bi] + Ain(Bin — E[Bin)) (5.12)
with credibility matriz

Ain = Cov(B;, Bin) Cov(Bin) . (5.13)
Moreover, an asymptotic credibility formula is given by

PROOF. The proofs are identical to these of Theorems 3.7 and 3.9. Alternatively, see
Christiansen and Schinzinger (2015). O
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Since the j3; are not identically distributed, we obtain cluster specific credibility
matrices A;, whose structure (5.13) equals (3.17). The result is in accordance to the
considerations we have made at the beginning of the chapter. Clusters contain different
amounts of information and therefore the PMLE should vary in credibility. For the
particular case of different sample sizes, large sample clusters allocate more weight to
their individual estimates §; since Lemma 3.10 provides that A;, — I, as n — oc.

5.3. Estimation of the parameters

The structural parameters to be estimated in (5.13) and (5.14) are E[G;,], Cov(Bin) ™"
and Cov(B;, Bm) Difficulties arise since we only have one iid sample for each Bin. In the
framework (A1) to (A3) of iid clusters, all N' random vectors (;, were iid. Nevertheless,
the PMLE are comparable in the sense that each of them are weakly consistent estimators
of the corresponding B;. These target variables B; are iid. Thus, cluster specific effects
are less pronounced as n — oo and this property will be frequently used in estimation.
For that purpose, we use some important variables which are

T := Cov(B;),
and Sin = E Cov(@n | Bi)| -
By Theorem 3.5, they satisfy the asymptotic decomposition
Cov(Bin) ~ T + Sin, (5.15)

which consists of a cluster common and a cluster specific term. The asymptotic equiv-
alence is easy to see since both expressions converge to the same limit Cov(B;). We
first motivate the estimators on the basis of the estimation procedure in the iid case, cf.
Theorem 3.12, and then discuss the necessary changes for the new setting. Readers who
are mainly interested in the results may jump over to Theorem 5.9.

ad E[Bm] In the iid setting, the sample mean
1L
o= 2} Bin
1=

was a strongly N-consistent and unbiased estimator for E[Bm] In the present setting,
n-asymptotic unbiasedness of 3;, yields

lim lim HBO — E[fin]

n—00 N—o0o

< lim lim HBO—E[B,-]

n—o00 N—o00

+ lim ||E[B.] - Elfi

N
. : 1 3
= nlLIglo ]\}IHH;O N Z(/Bm - Bz) + (Bz - E[Bz])

N—o0

=1
1L - 1Y
gnlggoNhglooNZ;‘ﬁm—Bi + lLim N;Bi—E[BZ-] .
1= 1=

The second sum on the last line almost surely vanishes by the strong law of large numbers
and the fact that the B; are iid. For the first sum, we use the dominated convergence
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theorem. By (5.11), all its summands are almost surely bounded such that

ngnoogggfz |en = 1] < ]&TMNZEEE Bin = Bi
and therefore
o g 2 5] = 3t [ <0

The last convergence holds in probability because Bm is weakly n-consistent, cf. Theo-
rem 3.5. Hence, BO is a weakly consistent estimator of E[Bm] asn — oo and N — oo and
it is also m-asymptotically unbiased. Nonetheless, we propose a weighted sample mean
of the type

~ N _1 N ~
Po = (Z Ci) > CiBin (5.16)
i=1 i=1

with C; € RPP. The sample mean can be written in form of structure (5.16) by selecting
constant weights C; = C. The estimator obtained by choosing the C; as the inverse
covariance matrices of the f3;, has minimum MSE among all estimators of type (5.16).
Thus, we choose

N
Bo = (Z cov(Bm)1> > Cov(Bin) ™ Bin. (5.17)
=1 i=1

Notice that Bo does not depend on ¢ although the target variable E[Bm] does. The idea
behind this is the asymptotic equivalence of the first moments, i.e.

E[Bin] ~ E[Bi] =: Bo, i=1,...,n. (5.18)

For calculation of (5.17), the inverse covariance matrices in (5.17) have to be replaced
by their estimators which follow soon.

ad Cov(ﬁm)_1 and Cov(B;, Bm) In a first step we analyze the sample covariance
matrix

N

1 1L A R
T = m (/Bm - NZZ;/BM> ﬁzn - N;ﬁln )
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which appeared in the estimators (3.24) and (3.26). Using the independence of the Bins
we get

1L XY
E[ﬂ = [ /Bm - N Z /Bln> (Bm - N Z ﬂln)
=1 =1
N

2N s o
1#1
1 N o 1 N N
+ W;E [ﬁlnﬂfn} + N2 g 2 E[Bin]E 5lm
£l

Further, by (5.18) and the convergence of the second moments,

N
E[7] ~ : Z (N]\_]' ? (COV(BM) + 5056) - 2(]\;\[_1)5056

N—1¢4
ZCov Bin) + Boﬂo Mo)

= Nl_ 1 Z <N 7 Cov(Bin) + 575 Zcov Bin )

N(N Z Cov an — 1 Z Cov ﬁzn

This simplification will not be possible if we use the weighted sample mean (5.17) instead
of % > B in 7. The fj, have different covariance matrices and 7 estimates their

arithmetic mean. Hence, for some specific cluster ¢, 7 over- or underestimates Cov(Bm)
depending on the constellation of the portfolio. In order to remove the systematic error,
we use decomposition (5.15). We then obtain

N
1
E[#] ~ Cov(B ZECovBm|B :T+N2Sm. (5.19)

=1

As in the iid case, we estimate Cov(B;, Bm) by means of its asymptotic equivalent 7.
By (5.19), we set

Ry
-5 > Sin (5.20)
i=1
and by (5.15)
— — N |
71 i= Cov(Bin) L = <T+ Sm> . (5.21)
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It remains to find estimators for the S;,.

ad S;. For the estimation of
Sin = E[Cov(Bin | Bi)],

we use that the inverse Fisher information matrix is the asymptotic covariance matrix
of B;, given B;, cf. Theorem 3.5. Recall that we had

1 N
5 1,3

in the case of identically distributed clusters. Under the present setting, F}, also depends
on the cluster ¢ through the weight and offset terms so we propose

. 1 X N
Si= > F (Bum)- (5.22)
=1

The idea behind this choice is that Fj,'(B;) is, conditional on B;, also the asymptotic

covariance matrix of 3;,. See Theorem 3 in Fahrmeir and Kaufmann (1985). Since
Bl, ey BN are iid,

1 N
N > FNBY)
=1

consistently estimates E[F; (B;)] as portfolio size N increases and (5.22) replaces the

B; by Bin. The following lemma, which is also proved in Christiansen and Schinzinger
(2015), justifies this procedure.

Lemma 5.8. For alli andl =1,...,N, F;,(B;) and Fm(Bln) as well as Fizl(Bl) and
Figl(ﬁln) are asymptotically equivalent in probability.

PROOF. First we show that 1 F;,(B;) — %Fm(ﬁln) converges in probability to zero. In
fact for € > 0,
> e)

P ( %Fin(Bl) - %Fm(/éln)
=P 1F B 1F 3 M, | P(M, P 1F B lF 3
= (Hn m( l) - ﬁ m(ﬁln) > € | ln) ( ln) + <Hn m( l) - E in(ﬁln)

Sel an) P(MY)

< 2(t) (2 (| B = 2 i)

> € | MlnaBln € B) P(Bln eB ’ Mln)

+P <H71LFm(Bz) - %Fin(/éln)

o | M. i B> B(Gin ¢ B| Mm>) L B(ME,).

By Lemma 5.4, F;, is Lipschitz continuous on B with a Lipschitz constant L > 0 that
neither depends on n nor i. Furthermore, on Mj,,

Bin = B+ (Bin — B1)
with || 3, — By < %. By (3.9), B; almost surely lies in the interior of B, i.e. there exists

an 7-neighborhood around B; that is completely included in B. Thus, since % — 0,

P(Bln eB ‘ Mln) nﬂo 1.
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Altogether, we have
1

. ®

Fin(B) ~ + Fin(Bin)
< P(Min) (P (L |Bin = Bi|| > €| Min: Bio € B) B(Bin € B| Miy) +P(Bin ¢ B| M)
+ (M)
0.

n—oo

On the other hand, the asymptote %Fm(Bl) almost surely converges to a positive definite
matrix F;(B;). The quotient
7B

converges in probability to zero so that asymptotic equivalence follows. The proof for
the inverse sequences works similarly by using their uniform convergence on B, see
Lemma 4.3. I

We summarize the results in the following theorem, cf. Christiansen and Schinzinger
(2015).

Theorem 5.9. The structural parameters can be estimated as follows.

i) A weakly consistent estimator for E[Bi] as both n — oo and N — oo is given
by

N
(Z COV(Bm)_1> Z COV(Bm)_lgm-
i=1 =1

it) The random matrix
N
. s
Si = 2 Fin' (Bin)
=1
is an asymptotically unbiased and weakly consistent estimator for S; as both
n — oo and N — oo.
iii) Let 7 be the sample covariance matriz of (B;)Y.,. Then,

T=7%-— S

M) =

1
N “4
=1

is an asymptotically unbiased and weakly consistent estimator of Cov(B;, Bm)_l
as both n — oo and N — oo. )

i) A weakly consistent estimator of Cov(Bi,)~! as both n — 0o and N — oo is
given by

~ ~\ —1
7’;1 = (TJrSi) .

v) The credibility matriz (5.13) can be estimated by

A m_—1
Ai:TTi ,

which is a weakly consistent estimator as both n — oo and N — oo.
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PROOF. See also the proof of Theorem 3.12. O

Notice that the estimators proposed by Theorem 3.12 are particular cases of the
newly introduced ones and in fact, if the clusters are iid, the corresponding estimators will
agree. For instance, the weighted sample mean Bg will reduce to an ordinary sample mean
if the weights are identical. One exception are the estimators of the inverse covariance
matrices. Compared to (3.24), estimator (5.21) does not include the bias correction
N];f 12, which was motivated by the inverse Wishart distribution. By the nature
of structure (5.21), the desired asymptotic distribution is no longer provided. Finally,
the credibility formula can be evaluated by replacing its structural parameters by their
estimators, cf. Christiansen and Schinzinger (2015).

term

Corollary 5.10. The estimator

is a weakly consistent estimator for the exact credibility estimator (5.12) as both n — oo
and N — co.

PROOF. The claim is a direct consequence of Theorem 5.9 and (5.14). O

For usage of the credibility formula in application, we again recommend slight modi-
fications. The inverse covariance matrices in (5.17) must be replaced by their estimators,
meaning that

N —_— —_—
/30 = (Z Ti_l> Z Ti_lém, (5'24)
=1 =1

This structure can be differently interpreted by means of the credibility matrices A;.
Since A; = Tt~ 1,

N \! N N -1 N
o = (z ) = (z A) S A
=1 =1 =1 =1

follows. The right hand side is the credibility weighted sample mean. Furthermore, since
T estimates Cov(DB;), it should be made positive semidefinite. The required steps have
been already introduced in Section 3.3.

5.4. Simulation study

The effort of considering the whole portfolio instead of a single cluster will be worth
if the improvement in terms of the mean squared errors is large, i.e. if

_ E[|Bi - Bi|]’]

rMSE; = = 5
E[l|8: — Bill*]

(5.25)
is clearly smaller than 1. By definition of the credibility estimator, rMSE; < 1 always
holds. Also recall that we used the simulated rMSE (3.32) for quantifying the credibility
estimator in Section 3.4.
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In the multidimensional credibility model, the rMSE; can be expressed as

tl"(AZSZ)
MSE; = ———— 5.26
TR (s (5.26)
see Bithlmann and Gisler (2005), Theorem 7.5. Indeed, (5.26) holds true in the present
case of CGLMs provided that E[S;,] = E[B;]. However, only the n-limit of the expecta-
tions agree. We conjecture that the asymptotic relations

E[||Bin — Bill*] ~ tr(AinSin),
E[[|Bin — Bill’] ~ tr(Sin)
hold but a formal proof is missing. Nevertheless, we include the right hand side of (5.26)

in our empirical illustrations to study its behavior.

We evaluate the performance of the credibility estimators by means of the relative
gain in efficiencies

S [Biwr) = Biwol”
S N Bi(wr) — Bi(w)|12 :

obtained as the ratio of the simulated mean squared errors (simulated rMSE). The
computation is based on m = 10000 scenarios denoted by wi,...,w,. Compared to
(3.32), quantity (5.27) is evaluated for all clusters individually. As we have already
motivated at the beginning of the chapter, typical forms of cluster specific effects are
nuisance parameters in a Binomial-CGLM and exposure terms in a Poisson-CGLM.
These cases will be examined more closely.

_N. (5.27)

Binomial case. We consider a portfolio of N = 30 independent clusters each with
sample size n = 25. The distribution of the risk profiles and the structure of the covariate
vectors agree with those of Section 3.4. Specifically, the B; are independently drawn from
a Normal distribution with mean vector (2 1), and covariance matrix I5. The covariate
vectors are given by

Xij:Xj:(l %), jZl,...,TL.

Conditionally, given B;, the Y;; follow a Binomial distribution with success probability
characterized through the linear predictor X;B; via the logit-link. The weights w;; in
(5.3) are equal to the number of trials which we choose as

wij:10+i

for all ¢ and j.

Figure 5.1 shows the values of (5.27) for several constellations and estimators. The
top left plot belongs to the current case of N = 30 and includes the simulated rMSEs
for three different estimators. The solid line (1) represents our proposed credibility

estimator, i.e. 7' is made positive semidefinite, 7=1 does not include the factor Nﬁf 12

and f3 is the weighted sample mean (5.24). The dotted line (2) belongs to the credibility

estimator which involves the factor N];f I2 in 7. Line (3) uses the unweighted sample

mean of the PMLEs (3.23) for the estimation of the E[3;]. In addition, the dashed line
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represents
Sy tr (Ai(wr) Si(eon) )
Y opy tr (SA’l(wk))

that estimates the right hand side of (5.26). The credibility estimators perform well for
each cluster and we observe improvements in a range between 30% and 65%. Improve-
ments compared to the PMLE are especially large for clusters with small weights, i.e.
a small number of trials. The estimator (2) is slightly better for clusters with a small
number of trials w; but get worse as ¢ and thus w; increase. The line (3) is hardly
visible since it is almost identical to (1) but there is a minor advantage for (1) in the
per thousand range. In fact, both estimators for IE[BZ] and also the credibility estima-

(5.28)

tors B; do not show any noteworthy differences. However, it should be mentioned that
the weighted sample mean BO has, as originally motivated, a lower variance in both of
its components. The last modification concerns T and we strongly recommend to use
the positive semidefinite version of 7. The simulated mean squared errors without this
modification are extremely large, see bottom left plot in Figure 5.1. In the worst case it
reaches the value 15.40.

The top right and bottom right plots in Figure 5.1 are the analogs of the left ones
for the case N = 60. Estimation of the structural parameters should be more accurate
and in fact, the simulated rMSEs of the first 30 clusters have improved by around 5%.

Furthermore, the distance to (5.28) has decreased and ti&‘?és)’) seems to be a good ap-

proximation for the theoretical rMSE. When we take a look at the modified estimators
in the bottom right plot, we observe the same behavior like in the case N = 30. Esti-
mators (2) and (3) are almost identical to (1) but a non positive semidefinite 7" should
be avoided, see bottom right plot.

Poisson case. Next, we consider a Poisson-CGLM with N = 30 and n = 25. The
assumptions on the B; and the X;; remain the same as for the Binomial case. We study
the effect of different exposure terms E;;, which we choose as

E;; =1,
and the resulting offsets log £;;. The linear predictor for the log-Poisson parameters
are thus given by log E;; + X;B;, for all ¢ and j. The calculated values of (5.27) are
presented in Figure 5.2. The top left figure shows the simulated (lines (2) and (3)) and
theoretical values (dashed line) of the ratio of the mean squared errors. As one would
intuitively expect, the smaller the exposure terms the more powerful are the credibility
estimations. For cluster ¢ = 1, which has offsets log 1 = 0, the rMSE is about 88% and
matches with that of the setting (n, N) = (25, 30) in Table 3.1. With increasing exposure,
the advantage rapidly decreases from 12% down to about 1%. Compared to the Binomial
case, the gap between the simulated TMSE and the approximated theoretical rMSE is
small. A possible explanation might be the improved estimation of the conditional
covariance matrix Cov(B, | Bj), which has been discussed in Section 4.1. Further
estimators have been also considered. The dotted line, which is numbered as (3), belongs
to the credibility estimator that uses the non-weighted sample mean instead of /3’0. Again,
the non-weighted sample mean is very close to the weighted sample mean and therefore
leads to almost identical values of the rMSE. That is why line (3) is practically invisible.
Nevertheless, the weighted sample mean has a lower empirical variance. The bottom
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Ficure 5.1. Plots of the rMSE for a Binomial-CGLM with N = 30
(top and bottom left) and N = 60 (top and bottom right). The lines
correspond to the following estimators.

simulated rMSE (1): The proposed credibility estimator with positive
) N—p—2

~—7_ and weighted sample mean BO.
simulated rMSE (2): The credibility estimator using %7*1 instead.

simulated TMSE (3): The credibility estimator using the unweighted
sample mean instead.

simulated rMSE (4): The credibility estimator using a non positive

semidefinite 7', 7—1 without factor

semidefinite 7" instead.
theoretical TMSE: (5.28)

left plot shows (5.27) for estimator (2) which involves the additional factor %.

Unlike the Binomial case, the results now clearly differ. High exposure clusters are
evaluated as highly credible and their estimated credibility matrices A; are close to the
identity matrix. The credibility matrix used by estimator (2) is ngf IQ/L and falsely
classifies cluster 7 to be less credible. That explains the monotone increasing structure
of (2). Finally, concerning T, T was always positive semidefinite in each of the 10000
simulations. The analog plots on the right hand side of Figure 5.2 belong to the portfolio
extended to N = 60. Credibility estimators perform slightly better but the overall
behavior is the same as for the case N = 30.
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FicUure 5.2. Plots of the tMSE for a Poisson-CGLM with N = 30
(top and bottom left) and N = 60 (top and bottom right). The lines
correspond to the following estimators.

simulated rMSE (1): The proposed credibility estimator with positive
" N—p—2

and weighted sample mean 30.

N-1
simulated rMSE (2): The credibility estimator using %7’*1 instead.

simulated rMSE (3): The credibility estimator using the unweighted
sample mean instead.
theoretical rMSE: (5.28)

semidefinite 7", 7—1 without factor

—

The case with clusters of different sample sizes n;, ¢ = 1,..., N, leads to similar
results: Clusters with small sample sizes show greater improvements when the credibility
estimator is used but the advantages vanish as the n; grow. We therefore abstain from
presenting further plots.



CHAPTER 6

Application to mortality data

This chapter deals with actuarial applications of a CGLM and in particular, we will
study mortality data, which is for instance used for pricing life insurance products. We
will discuss the advantages and possible difficulties of credibility models on the basis of
the constructed model.

6.1. The model

We first give a short introduction to mortality models for single countries. An exten-
sion to models for multiple countries using the CGLM framework will follow. We observe
mortality statistics for people of ages © = z1,..., 2, with m being the number of age
groups. The data are taken from calendar years numbered consecutively from ¢t =1to T
For each age x and year t, the Human-Mortality-Database (2014) provides death counts
D, (t) as well as the initial exposure-to-risk F,(t). As we have already motivated, Pois-
son models and Poisson-GLMs are the typical tools for studying counted data and this
also applies for the current case of mortality data. For instance, the Cairns-Blake-Dowd
model (CBD model) by Cairns et al. (2006) is a Poisson model with the structure

log E[D,(t)] = log Ex(t) + k1(t) + ka(t)(z — Z) (6.1)
forx =x1,...,z, and t = 1,...,7T. The two k-terms denote the age independent and
age dependent period effects respectively. The latter describes the impact of linear age
effects, where Z = (21 + ,,) is the central age in fit. Model (6.1) can be also written
in form of a GLM by choosing the GLM parameter

B=(rk(1) ... w&1(T) wo(l) ... ro(T)) €R¥
and the design matrix X = (X1, X@)) ¢ R™T2T with
1 1 — X
XW=Lrol,=Ireo|:| and XP=Ir® : : (6.2)

1 Ty — T
Recall that the Kronecker product of matrices G = (gi;) € R*® and H € R%% is given by

guH ... guH
GoH=| : - 1 |eRw
gaH ... gaH
It is easy to check that the linear predictor with offset log E(t) represents the right hand
side of (6.1). The GLM can now be solved for the unknown period parameters «;(t) and
ka2(t). Further mortality models are for instance the polynomial model introduced by

Hatzopoulos and Haberman (2009) and the age-period-cohort model (APC model) by
Osmond (1985). The polynomial model extends the CBD model (6.1) by incorporating

83
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orthonormal polynomials of higher orders in the covariate vectors. A different approach
is followed by the APC model which is given by

log E[Dy(t)] = log Ex(t) + Bz + Kt + Yia-

It includes, as the name suggests, age effects (5, period effects k; and cohort effects v;_,.
and all effects do not interact. Both models can be expressed as a GLM by choosing
proper design matrices. See Currie (2013) and Appelt (2014) for details and further
models.

More and more research papers study models for multiple countries instead of the
just presented single country models. A particular example is that of Hatzopoulos and
Haberman (2013) which is an extension of the polynomial model and also of the CBD
model as its special case. Consider a portfolio of countries labeled ¢ = 1,..., N and
denote by D;;(t) and E;,(t) the data for country i. An aggregate mortality statistics is
created by summing over all i, i.e.

N N
Dey(t) ==Y Dix(t) and Ee(t) =) Eil(t),
i=1 i=1
and they are assumed to satisfy (6.1) such that
10g E[Dez(t)] = 10g Eez(t) + Ke1(t) + Ke2(t)(z — Z).
Given the estimators ke1(t) and Ae2(t), the N individual models
log E[Diz (1)] = 10g Fia(t) + (ka1 (£) + kit () + (kes(t) + kia(8) (2 — 7). (6.3)

are considered. In this stage of fit, estimation proposed by Hatzopoulos and Haberman
(2013) accounts for the number of parameters in the model such that some & (t) are
set to zero. The final model (6.3) allows coherent mortality forecasts with a common
mortality trend for all countries and is therefore of great interest for insurance companies
with a worldwide portfolio. Coherent forecasts can be achieved by extrapolating &;1 (t)
and A;2(t) with zero-drift processes. However, the advantage for companies acting only
on a national level is not clear. This is exactly where CGLMs come into play since they
target to improve estimation for single countries, especially for small ones.

We adjust the CBD model (6.1) to fit into the credibility framework described by
(W1) to (W3) in Section 5.2. The observed death counts are assumed to be drawn from
random variables D;,(t) that, conditionally on B;, follow a Poisson distribution. The
linear predictor is given by

log E[Dm(t) | Bl} = log Em(t) + K1 (t) + Kig(t) (CC — if), (64)

where the first T' entries of B; correspond to the process K;1 = (K;1(t))1; and the last
T to Kiz = (K;2(t))E_;. We can reformulate structure (6.4) like (5.4) by using the design
matrix X = (XM, X®?) as defined in (6.2).

6.2. The fit

Our portfolio consists of N = 36 countries which are Australia, Austria, Belarus,
Belgium, Bulgaria, Canada, Czech, Denmark, Estonia, Finland, France, East Germany,
West Germany, Hungary, Iceland, Ireland, Italy, Japan, Latvia, Lithuania, Luxembourg,
Netherlands, New Zealand, Norway, Poland, Portugal, Russia, Slovakia, Scotland, Spain,
Sweden, Switzerland, Taiwan, UK, USA and Ukraine. These are all countries of the
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Human-Mortality-Database (2014) for which data is available from 1980 on or earlier.
This is the reason why Germany is separately considered in its eastern and western part.
We fit the CBD model for the ages 30 to 90 and the calender years 1980 to 2000, thus
m = 31 and T = 21. The data for the years 2001 to 2009 are used later on for model
validation. First, individual maximum likelihood estimators are obtained by fitting the
conditional model, which is (6.1), separately for all countries. In doing so, we use the

normed design matrix
x (1) x2)
X IX@

to make the two period effects comparable. The estimators are then combined to the
credibility estimators according to formula (5.23). We are especially interested in the
countries where the credibility estimates clearly differ from the conditional maximum
likelihood estimates. The top left plot in Figure 6.1 shows the quadratic deviations

|B;—5i|2. We take a closer look at Finland as its estimators record the largest deviation.
Its estimators for K;1(t), t = 1,...,T, as well as the corresponding components of the
collective estimator Bo are presented in the top right plot. Contrary to the expectation,
the credibility estimator produces a wild zigzag line.

The reason behind is the sample covariance matrix 7, which appears in estimator
(5.21) in form of

—

= ~ ~\ —1 1 N ~ ~ -
Ti_l = COV(Bi)_l =(T+S; = <7A' - — S+ Sl> .
( ) le; !

It may happen like in the case of iid clusters that
N
Si=+ l; S (6.5)

such that 7';1 = 771, But since N = 36 < 42 = p, 7 is not of full rank and cannot
be inverted. In fact for Finland, the left and right hand side matrices of (6.5) are very
close to each other, i.e. cluster Finland contains an average amount of information.
The resulting matrix T + S; has an eigenvalue 10™4, which is tlle\closest eigenvalue to

zero even under all countries in fit. Although the inverse matrix 7';1 exists, its condition

—

number ||7;7 ||| 7+8; | is very large. Such matrices are called ill-conditioned and typically
have entries of different scales within the same row or column. The fact that Tz-_l is ill-
conditioned is also strongly connected to the model structure (6.4). Since no assumption
about the dependence structure of K;; and Kjo is made, COV(BZ‘) has a block structure
with non-zero off diagonal blocks. Structure (5.23) of the credibility formula then allows
the credibility estimator for K;; to depend on the individual estimator for Kj;o, too.
However, empirical evidence shows that the processes K;; and K;o are independent.

We refit the credibility CBD model under this additional independence assumption,
i.e. we assume that the first T" and last T' components of

Bi= (Ka(1) ... Ka(T) Kp(l) ... Kp(T))

are independent. Now, credibility estimators are calculated separately for K;; and Ko by
applying the credibility formula only to the corresponding components of ;. Separating
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FIGURE 6.1. Several plots for the credibility CBD model: The plots on
the left show the quadratic deviations between the credibility and ML
estimators without (top left) and with (bottom left) the independence
assumption of K;; and K. The top right plot presents the estimators
for K;; of Finland without the independence assumption and the bottom
right one belongs to those of Iceland under the independence assumption.

the procedure also avoids the issue N < p since we now have p = T = 21. The final
credibility matrices A; for B; have a block diagonal structure

~ Ail 0
Ai = 2 )

where Ail and Aig are the credibility matrices of K;; and Ko respectively. The bottom

left plot in Figure 6.1 shows the quadratic deviations between B; and /3’Z No longer
Finland but Iceland and Luxembourg clearly stand out. Since these two countries have
the smallest population of all N countries in the fit the result is natural and coincides
with the propose of credibility estimation. The bottom right plot of Figure 6.1 displays
the estimators for Kj;; of Iceland. The estimators for Ko are not shown since they almost
agree for all countries in the fit.
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6.3. Benefits of credibility estimation

Let K Z-(fred)( t) and K (ML)( t),t=1,...,T, be the estimators for the age-independent
period effects. We already know that the credibility estimator is more favorable than
the MLE in context of the mean squared error. This property reflects in form of

smoother paths of (K;lcred) (t))L, whereas the MLEs better fit the particular realization
but tend to overfit the data. We use the sample standard deviation of the innovations
(Kir(t + 1) — Ki1(t))7! to measure the smoothness of both estimated paths. The calcu-
lated values are presented in Figure 6.2 and we have an relative improvement by about
9% on average. The largest improvements can be observed for Iceland (i = 15) and
Luxembourg (i = 21) with values 41% and 47% respectively.

Period effects with smooth paths are indeed a high desired property in estimating
and forecasting mortality and several papers explicitly target for such models. Currie
et al. (2004), for example, uses a Poisson-GLM with a penalty term incorporated in the
likelihood function. The penalty has the structure

T—1
A Z(ﬁt—l — 2B + Bi1)?, (6.6)

t=2
where (; is the regression coefficient for year ¢, and accounts for smoothness over adjacent
calender years. A smoothing parameters A > 0 has to be specified by the user. Russolillo
et al. (2011), on the other hand, considers a multi-country model for the three-way array
of log death rates log m;,(t) = log D;,(t) —log E;,(t) for country i, agex and year t. The

array is decomposed into its first principal components 3, 7; and k() such that

log My (t) = g + B2ik(t) + €iz(t) (6.7)
with centering term «;,; and modeling error €;,(¢). The country specific period effects
(vir(t))L; can be interpreted as being perfectly smoothed over all countries since ir-
regularities may only appear in either all or none of the countries. A smoothing over
calender years does not take place. Our credibility model incorporates smoothing in both

dimensions, calender year and country. Individual paths of period effects are mixed with
the path of the portfolio and more precisely fort=1,...,T,

Ki(lcred) (t) col) + ZAzl t, 8 ( MLE)( ) Kzglcol) (8))

with K (COI)( t) being the corresponding component of the collective estimator Bg. Of
course, the structure itself does not ensure smoothness but the property naturally follows
from the credibility weights flil, which are optimally chosen. Unlike model (6.7), peaks in
country specific period effects may remain if these are evaluated to be credible. Figure 6.3
shows the first four rows of /hcelandi in order to provide clarity about the smoothing
procedure. The maximum weight is always allocated to the current years, i.e.t =1,...,4
respectively, and weights decrease to zero as the time lag increases in both directions
(positive and negative). Moreover, compared to (6.6), there is no smoothness parameter
involved and the “degree of smoothness” naturally results from the constellation of the
data.

Example 6.1 (Credibility CBD model for high ages). Figure 6.4 belongs to the
credibility CBD model fitted to the ages 90 to 100, years 1980 to 2000 and the same
portfolio of countries. The two plots show credibility and ML estimators for K;; of
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FIGURE 6.2. The standard deviations of the innovation terms as an in-
dicator for smoothness.

FIGURE 6.3. The credibility weights of the first four years for Iceland.

Iceland (left) and Luxembourg (right). Since we have less age groups in fit and also
with smaller exposure terms, the credibility estimators are expected to profit more from
the other clusters. In fact, the mentioned smoothing effect is visible more clearly. An
interesting behavior can be observed for Iceland in year 1983, when none of its three 100
years old citizens died. The MLE is strongly affected and exhibits a downward peak.
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FiGURE 6.4. The credibility CBD model for high ages, estimators for
Ky of Iceland (left) and Luxembourg (right).

The same incidence happens in Luxembourg, 1984. In that year, every 22 of the 96
years old people survived. If we look at the collective estimates (line beta0) for the years
1983 and 1984 we cannot recognize any unusual downward movements. The credibility
estimators successfully smooth these peaks out.

6.4. Consequences for mortality forecasting

Finally, we study the estimation results for the ages 30 to 90 by means of the remain-
ing life expectancies at age 30. We assume that these are outcomes of ARIMA processes
with Gaussian white noise and use the Box-Jenkins methodology to find the best fits.
The ARIMA orders (p,d, q) with p,q € {0,1,2} and d € {0, 1} are considered and eval-
uated via the AICc. Details on the methodology follow in Section 7.3 and the focus
at this point is on the resulting forecasts. Since the path obtained from the credibility
estimators is more smooth, we expect different estimators for the ARIMA parameters
and even different ARIMA orders are possible. This is indeed the case as Table 6.1
shows. The future mortality tables are then constructed from the point forecasts of the
ARIMA processes and period life expectancies directly follow. See Chapter 8 for the
explicit formulas. The forecast life expectancies together with those calculated from
the observed mortality tables are presented in Figure 6.5 (left). One can immediately
recognize that the observed life expectancies of the validation years are much better ap-
proximated by the forecasts produced by the credibility estimators. To be more precise,
the quadratic deviations to the observed values equal 0.451 whereas the MLE-forecasts
deviate by 1.350. Furthermore, we study the impact of different variances of the Gauss-
ian error terms, see last columns in Table 6.1. We calculate 95% confidence intervals
of period life expectancies for the years 2001 to 2009 and check whether they include
the observed values. The results are shown in the right plot of Figure 6.5. Since the
estimated variance for K;; is much smaller in the credibility case, we obtain narrower
confidence intervals (solid lines compared to dashed lines). Nevertheless, the observed
life expectancies (dotted line) are fully contained.
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data order (p,d,q) AR1 MA1 MA2 intercept o2

K& (0,1,1) - -1 - —0.666 0.664
KM (0,1,2) - —1975 1 —0.663 1.089
K& (1,0,00 0454 - - 62416  6.235
KM 1,000 0451 - - 62416 6.279

TABLE 6.1. Parameter estimates for K;; and K.
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FIGURE 6.5. Forecasts of period life expectancies, point predictions (left)
and confidence intervals (right).

6.5. Selection of the cluster structure

An important basis for credibility estimation is the structure of the underlying data
set. The learning effect, which appeared as a smoothing effect in context of mortality
estimation, is the essential component in estimation. While it is also a relevant informa-
tion that a cluster is fully credible, the resulting estimator equals the individual MLE
and does not justify the increased model complexity. The credibility formula (5.14)
involves additional parameters and one needs to find the right balance between model
complexity and model fit. In particular, the learning effect must be clearly evident. To
clarify the importance of the cluster structure, recall the mortality setting where clusters
were the countries in fit. We could increase the number of countries N by considering
the countries of United Kingdom (UK) separately. The Human Mortality Database has
indeed individual data for England & Wales, Scotland and Northern Ireland. Even finer
regional partitions, not necessarily of UK, are conceivable as long as data is available.
Increasing the portfolio size would improve the estimation of the structural parameters
but additional parameters have to be estimated, too. Moreover, if the partitions are very
similar, the separation will not provide any new insights. Choosing the proper cluster
structure thus needs special attention.

Let (B;,Y;), i =1,...,N, be a portfolio of N independent clusters. Furthermore,
let (B;,Y;),i=1,...,(N—1)+ N with N > 2, be the same portfolio where a particular

cluster is finer partltloned into N clusters that are without loss of generality numbered
i=1,...,N. For example, partitioning UK into the N = 3 mentioned countries would
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increase the mortality portfolio by two clusters. In order to ensure that the new clusters
contribute to the learning effect of the credibility estimator, their realizations of B; has
to differ significantly from each other. Otherwise their conditional distributions agree
(apart from known weights and offset terms) and there is no need to distinguish between
these clusters. Thus, the hypothesis is

By 1
G0 = =1 ®B:BeRP (6.8)

By 1
and the aim of this section is to develop a test procedure for ©¢y. For the particular
example of UK in the credibility CBD model, the death counts and exposure terms of
the three countries sum to these of UK respectively. If ©¢ holds, the conditional Poisson
rates E[D;;(t)|Bi], i = 1,...,3, will also add up to the UK rates but this identity is in
general not satisfied under the alternative hypothesis. The B; contain country/region
specific effects which are not reflected in the aggregate model that is UK. The test for

Oy is based on the MLEs ﬁz which contain the essential information about the clusters.
Intuitively, we will reject Oy if the deviation

N A A
> 18 - Bl
=1

from an estimator B of B is large. In fact, this expression can be extended to a X?-test.

We begin with some preliminary results. Let Zi,...,Zy be iid random variables
with Z1 ~ N(0,1). It is a known fact that

N
> 77 ~ X%(N), (6.9)
i=1
where X2(N) denotes a chi-squared distribution with N degrees of freedom. Considering
Z = (Z1,...,Zy) as a multivariate Normal variable, i.e. Z ~ N (0, Iy), allows us to write
N
1Z|*=2'2 =7} ~ X*(N). (6.10)
i=1

Similarly, relation (6.9) can be extended to multivariate Normal random variables as
Pearson (1900) shows.

Theorem 6.2 (Pearson, 1900). Let Zy,...,Zy be independent random vectors with
Z; ~ N (i, %), where p; € RP and ¥; € RPP denote the mean vectors and covariance
matrices respectively. Then, if the ¥; are invertible,

N

> (Zi— )57 (Zi = ps) ~ X*(Np).
i=1

ALTERNATIVE PROOF. Pearson’s original proof shows the identity of the distribution
functions. We present a more probabilistic approach instead. Fix 1 <i < N. We show
that

(Zi — )57 1 (Zi = ) ~ X3(p). (6.11)

(2



92 6. APPLICATION TO MORTALITY DATA

Then, the claim immediately follows by the additivity of the chi-squared distribution.
By (6.10), it suffices to find a W ~ N (0, Iy) such that

—_ d
(Zi — pa)'S;7 N Zi — i) = W'W.
Since ¥; is a covariance matrix, it is orthogonally diagonalizable with transformation
PSP = A, (6.12)

where A is a diagonal matrix with positive diagonal entries. Let Q@ = P’A~Y/2P and
choose

W =Q(Z; — ).
As Q%;Q" = I,, W follows a multivariate standard Normal distribution and furthermore
by (6.12),

W'W = (Z; — i)' PPA"V2PP' A=YV2P(Z; — 1)
= (Zi — wi)'S; 1 (Zi — i)

and the claim follows. O
A common technique in chi-squared tests for univariate samples (Z1,...,2Zy) is to
use the sample mean Z instead of the unknown mean p. Then,
N
S (Zi - 2)° ~ X*(N - 1), (6.13)
i=1

i.e. the replacement costs one degree of freedom. An analogue result holds in the multi-
variate case, where we lose one degree of freedom in each of the p components.

Theorem 6.3 (Cochran, 1934). Let Z; ~ N(u,1,), i = 1,...,N, be iid p-variate
Normal vectors. Then,

N
> (Zi=2) (2= Z) ~ X2(N = 1)p),
=1

where Z = (Z},. .., Zz,?)/ is the sample mean vector.

The two results can now be used to construct a X 2_test for the sub-portfolio of parti-
tions (B;, Y)Y ;. Under Oy, each cluster follows a GLM with unknown GLM parameter
5. Their MLEs ;, are asymptotically Normal distributed, such that for large enough n

Theorem 6.2 and Theorem 6.3 directly imply the following corollary.

Corollary 6.4 (X2-test). Leté be the sample mean of Bl, . ,ffﬁ. The expression

N
~ ~\/ ~ ~ =
D=3 (B:—5) £, (5) (B - 5)
=1
1s asymptotically chi-squared distributed with (]\7 — 1)p degrees of freedom.

The hypothesis ©g will be rejected with significance (1 —«a) € (0,1) if D exceeds the
a-quantile of a X2((N — 1)p)-distribution.
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Example 6.5 (United Kingdoms). The quantity D for the N = 3 countries England
& Wales, Scotland and Northern Ireland is given by

D = 48.856

whereas the 5% quantile of a X2(2p), p = 21, is given by 106.395. Hence, the hypothesis
Oy is not rejected and we keep UK in the portfolio. In fact, using the extended portfolio
does not change the credibility estimation for Iceland. The quadratic deviation between

(N=36))12 _ 682348.

Iceland

the two credibility estimators is 0.009 on the scale Hé

6.6. Conclusion

We have now intensively dealt with the application to mortality data but CGLMs are
generally suitable for a wide range of actuarial problems. From a pure theoretical point
of view, every GLM can be extended to a CGLM as far as data is available. However, if
the portfolio structure is not naturally given like in the case of mortality data, the data
has to be first partitioned into N clusters. In order to ensure that the sample covariance
matrix is of full rank, it must hold that N > p. Furthermore, it is not guaranteed that
the MLEs Bi, i=1,..., N, of the resulting clusters can be uniquely determined. This,
for instance, applies for categorical covariates, where the design matrix X; will contain
a column full of zeros if the corresponding category is not observed within cluster i.

Once a CGLM is applicable, it improves conventional estimators not only in theory
but also in practice. The benefit of credibility estimation is especially large, if a cluster
contains only a little statistical information in terms of population size or death counts
close to zero. An improved mean squared error reflected in form of a learning effect which
produced smoother paths. Although it was not observable in our analysis, this learning
effect could have also worked into the other direction. More precisely, peaks or humps
appearing in the path of the collective estimator can be added to individual paths if the
calculated credibilities force to do so. In any case, the credibility paths for the CBD
model look reasonable and also the forecasts make sense. The model actually delivers
useful results for Iceland and Luxembourg. In addition, most of the countries were
evaluated as being highly credible, which is as well an important discovery. We conclude
that CGLM is a highly promising model. Further investigation besides mortality data
was unfortunately limited due to the lack of suitable data.
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CHAPTER 7

A credibility model for mortality projection

The content of this and the upcoming chapter is also presented in Schinzinger et al.
(2014) in a more demographic context. The present thesis picks up the ideas and method-
ologies of that paper but concentrates more on the mathematical aspects. Empirical il-
lustration on the basis of Belgian mortality data is identical to Schinzinger et al. (2014).

7.1. Evolutionary credibility models

A particular risk (Y;, A;)L; with a w-variate observation process (Y;) and a v-variate
risk profile process (A¢) on some probability space (2, F,P) is considered. This corre-
sponds to a portfolio (Y;, B;)Y; of the previous credibility models but notation differs
to have a clear distinction between the models. The unobservable process (A;) follows
a known dynamics and the premiums E[Y; | A] change with the passage of time. The
aim is to predict future Ay or E[Yr ik | Arik], £ € N, by means of past observations.
In this connection, one defines for ¢t > s

s := Pro (A¢ | L(1,Y1,...,Y5)), (7.1)
where
N
L(1,Y1,....Y,) = {a+ZAkYk:a€R“,Ak€R”’w},

k=1
and the corresponding error covariance matrix

Qus = E [(Ar — pyjs) (D¢ — pgs)'] - (7.2)
The Y; are required to be square integrable so that these quantities are all well-defined.
Then, f1, is the best linear predictor of Ay in terms of all components of 1,Y7,...,¥s.

Unlike in the previous credibility models, the A; are not necessarily independent. More
precisely, (Y, A;) is assumed to have a state-space representation of the form
At+1 = FAt + V;g, (73)
Y = GA+ W,
with F' € R"", G € R"" and white noise processes (V;) and (W;). The two white noise

processes are serially uncorrelated and also uncorrelated with each other. Their joint
covariance matrix thus has the structure

o (5)-(5)) -4 )

Q € R" and R € R¥"Y, if t = s and zero else. Under these assumptions, the credibility
estimators pp g p for Aryg can be calculated in a recursive way.

97
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Theorem 7.1. Assume that (7.3) to (7.5) hold. Starting with the initial values
Hijo = E[A4],
Q1o = Cov(A1) = Q,

we have the following recursion formula. Provided an additional observation Yy, (7.1)
and (7.2) are recursively given by

e = pae—1 + A(Ye — Gpgp—1),
Que = Iy — A1G) Q1
with a (v X w)-credibility matriz
—1
A= Qt\t—1G/ (GQt\t_lG’ + R) )

The movements from t tot + 1 are given by

Ky = F:U't\ta
Qu1e = FQt|tF/ + Q.
PROOF. See (Bithlmann and Gisler, 2005, Theorem 10.3). O
The credibility estimator up 7 results by iterating this procedure for t =1,...,T.

Finally, pi7 47 and the credibility estimator for E[Y7yx | A7 yx] = GAgyy, are given by

sk = F* ppsr,
Pro (GAT+k ’ L(l, 3/1, ceey YT)) = G/~LT+k|T

respectively. Theorem 7.1 is also known as the Kalman recursion or the Kalman filter
algorithm, cf. Brockwell and Davis (2006), and is implemented in the statistical software
R.

7.2. Mortality improvement rates

Age-specific improvement rates. We assume that we observe age-specific mor-
tality statistics over an age range of x1 to x,. Here, n is the number of age groups
included in the analysis. The mortality data relates to calendar years 1 to I', and we are
now at the beginning of the year T+1. For each age x = x1,...,xpand yeart =1,..., T,
we calculate the crude death rate my(t) as the ratio of the number of deaths over the
initial exposure-to-risk. Our aim is to project future rates mg (T + 1), mg (T + 2),. ..
from the observed rates my(1),...,my(T).

Our proposed evolutionary credibility model is based on log mortality rate changes
rather than levels. Specifically, define

Tyt := logmg(t) — logmy(t — 1)

as the log improvement rate in mortality at age x from year ¢ — 1 to year ¢. Then, we
decompose r; into

Txt = ﬁxAt + €zt (76)

where A; is Normal distributed with mean § and variance 0%, written A; ~ N'(8,03).
We assume that A; appearing in (7.6) obeys some time series model and the error terms
€+ are independent with €, ~ N(0, 062). Furthermore, the errors ¢,; are supposed to be
independent from the time factor A = (Ay)sen.
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By interpreting the latent random variables A; as a risk profile process, our model
(7.6) has the natural form of an evolutionary credibility model with (74,4, ..., 7r5,:) being
an x,-variate observation process. Conditional on A, the mortality improvement rates
(ret)gn,, are independent for fixed ¢, but without conditioning on A, they are serially
correlated. Credibility estimation of future mortality rates depend on past observation
through the recursive credibility formula. In the particular setting of Normal error terms,
we even obtain a predictive distribution, see Section 8.1. The primary reason for the
Normal assumption is to determine the dynamics of A. We will in particular use a like-
lihood based information criterion to perform an ARMA model selection procedure and
this requires the specification of the underlying distribution. Notice that the recursive
credibility formula is only based on structures (7.3) to (7.5) and abstains from further
distributional conditions.

The time factor A reflects the general variation of mortality. The non-negative
parameters 3, measure the sensitivity of mortality at age x with respect to calendar
time. As the specification (7.6) is not identifiable, some constraints are needed. This is
why we adopt in the remainder the standard constraint

Considering (7.6) and the assumptions made so far, we see that the correlation of mor-
tality improvements at different ages

2
o
COrT(Tyyty Tgt) = B B2

— ’
2 2

covers the entire range [0, 1] when o3 and o2 vary.

Aggregate mortality improvement rates. If we sum the age-specific mortality
improvement rates, the coefficients 3, disappear because they add up to 1 according to
(7.7). More precisely, we define the aggregate errors

Tn

€ot = g €xt,

r=x1

which obey a Normal distribution with zero mean and variance

ol = no?.

Aggregate errors are mutually independent and independent of A;. Considering (7.7),
summing over x the identity (7.6) gives

Tet := Z Tot = D¢ + €t (7.8)

and it immediately follows that re; ~ N (4, O'2A + 02). In the empirical illustrations, we
first consider the observed 7e1,...,7er and we fit model (7.8). The advantage of this
approach is that we are allowed to study the dynamics of A; describing improvement
rates from the aggregate (7.8) involving the global improvement r4; and not the detailed
age structure (.
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Covariance structure. The stochastic process A = (A¢)ien is assumed to be sta-
tionary Gaussian. The random vector (A1, ..., Ar)’ thus obeys the multivariate Normal
distribution with mean vector

1y = (6,...,6),
where 17 = (1,...,1) € R”, and covariance matrix of the following Toeplitz form:
Cov(Ay, As) = pi—s|04 (7.9)
for correlation parameters pp, € [-1,1], h = 1,2,..., and pp = 1. In matrix notation
(7.9) reads
1L p1 ... pra
oXCr=o% | 7 Lo (7.10)
e e ;m
pPT—1 ---  P1 1

with correlation matrix Cr € RTT. Note that the specification (7.9) has been also
proposed by Sundt (1981) in a credibility context with an autoregressive structure, i.e.
assuming

pon=p" heN, (7.11)
for some correlation parameter p € [—1,1].
The model specification (7.8) directly implies that (re1,...,7e7)" is multivariate Nor-
mal with mean vector
o1 = (4,...,9) (7.12)
and covariance matrix
oIy + o3 Cr. (7.13)

In (7.13), I7 denotes the T'x T identity matrix. However, the covariance structure (7.13)
may not be identifiable or in other words, not one-to-one with respect to its variance
parameters. Let us make this point clear in the following example.

Example 7.2. Assume that the time factor A obeys the MA(1)-process
Ay =7 +07Z4
with independent innovation terms Z; ~ N (0, O'%). Then, as
Var(Ay) = (1 + 6o} = 03,

we see that UQA is implicitly given through the error variance a% and the MA-parameter
6. Moreover,

Cov(Ai_1,Ay) = 00% = . f@QJA
so that
_ 1+692 it h=1,
=0 if h>2

If we replace 0% by G4, the triples (0,02, 02) and (0,5%,52) with
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and 6 as the solution of 3
o 0 JQA
1+62 1+625%
will produce the same covariance matrix (7.13) provided that 52 > 0. In fact, it is easy
to verify that

Cov(ret—1,7et) = Cov(Ar_1,A) = 5A =

0 2
= UA
1+ 62 1+ 062

and

Cov(Tet, Tet) = 02 + 54 = (03 + 0% — 62A) + 6% =02+ 01.

There may exist identifiable ARMA specifications for the time factor A. However,
it is not clear whether such specifications appropriately explain the true dynamics of
re. In order to solve the identifiability issue, we now consider both genders together, as
explained next.

Gender-combined mortality improvement factors. Instead of considering males
and females separately, we now integrate both gender-specific improvement rates into
a single model. In addition to ensuring identifiability of the covariance structure, this
approach also enforces consistency between genders. In insurance applications, it allows
the actuary to evaluate potential diversification benefits between male and female future
mortality improvements.

Our model specification is as follows. Let rgtn) denote the mortality improvement

rates for males and let ri{) denote the corresponding mortality improvement rates for

females from the same country. We now assume that the model (7.6) applies to both
genders, i.e. that

'rg(ci) = ﬁ;i)Agi) + egt) for i € {m, f} (7.14)

holds with a certain dependence structure between the two A()-processes specified later

on. The parameters Bg) add up to 1 for each i € {m, f} in accordance with (7.7).
Furthermore, the error terms egt) in (7.14) are assumed to be mutually independent with
distribution A'(0,02). The corresponding aggregate structure is then given by

r(? = Agi) + el forie {m, f}, (7.15)

where Agi) ~ N(8;,02).

State-space representation. We consider the multivariate process

o (Y (A (e
) = \alo )\

in state-space form in order to express it as an evolutionary credibility model. Both
time factors A(™ and A() are supposed to obey some autoregressive moving average
(ARMA) dynamics. Common state-space representations of ARMA processes can be
easily extended to that of (re). First, consider (Y;) following an ARMA(p,q) pro-
cess with autoregressive (AR) parameters ¢1, ..., ¢, moving average (MA) parameters
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01,...,0, and innovations Z;. Let d = max{p,q+1} and set ¢ = 0 for k > p and O = 0
for k > ¢. Hamilton (1994) showed that we can represent Y; as

Xt
X1
Vi=(1 6 - 6a1) :
Xi—d+1
with state equation
Xy $1 o Qa1 ba\ [ X Z
Xiq 1 - 0 0 X9 0
: I : : : Tl
Xi—d+1 o - 1 0 Xi—da 0

Let us now extend this representation to re;. To this end, define

d:= maX{pm,(Jm + 17pfa qf + 1}7

where (p;,q;) is the ARMA order of A®. The gender specific ARMA parameters are
denoted by an additional superscript (). Then, we have observation equation

x{m
VAN <5m> _(roem e o0 o\ x| (e
ry o 0o 0 - o 1 .. ¢l x¥ el
!
X
= GXt + Wt (716)
with state equation
(m) ¢gm) T gbglnj)l ¢£lm) U 0 0 (m) Zt(m)
Xy 1 0 0 0 - 0 0 X 0
Xt(m?)f“ -7 ! A Xt((;nﬁg +|
Xt 0 0 1 d)dfl de Xt—l Zt
: 0 0 0o 1 0 0 : 0
X(f) : : : : - : : X(f) :
fmdt 0O -« 0 0 0 - 1 0 fd 0
= FX, 1+ V,. (7.17)

From a strict formal point of view, the process (X;) is the actual A-process in sense of
the model structure (7.3) and (7.4). In terms of our model structure (7.15), we have

) =exer (3)
=GX;+
(At(f )> AN

and this allows a more natural interpretation of the state process. Equations (7.16) and
(7.17) combine the state-space representations of A and AU) to a joint structure
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and dependencies between the gender stem from the innovation errors Zt(i) ~ N(0,0%,).
They are correlated through a gender correlation parameter v € [—1,1], i.e.

Cov (Zém), Zt(f)) = ym.

This defines the covariance matrix of the random vector (V}, W7)" as

(6 »)

where
O'?nZ 0 'yw/aglzaffz 0
0 0 0 0
Q= 0 0 ... 0 0 0 ... 0 (7.18)
Y\ J02 02, 0 - 0 o3, 0 - o
0 0 ... 0 0 0 ... 0
0 0 0 0 0 0
o2 0
ne (e 1) -

Equations (7.16) to (7.19) define the joint state space representation of our credibility
model and this model has been also proposed by Schinzinger et al. (2014). The model
is kept general and allows for different degrees of homogeneity between the genders. A
higher degree of homogeneity can be achieved by making one or more of the following
simplifying assumptions.

(S1) A and AY) are ARMA processes of the same order (p,q) and share the
common ARMA parameters ¢1,...,¢, and 01, ...,6,.

(S2) The gender correlation parameter is given by v = 1.

(S3) The parameters d;, o2, (or equivalently 02,), 02, do not depend on the gender
i

All these assumptions can be easily incorporated into the above state-space represen-
tation. Activating all of them leads to the particular case Agm) = Agf ) in which the
mortality improvement factors applying to males and females are both functions of a
single Ay, i.e.

i) =8O+, i {m, ). (7.20)

This case is of particular interest as Carter and Lee (1992) suggested to use the same
time index for both genders. To avoid long-run divergence in gender-specific mortality
forecasts, Li and Lee (2005) further proposed to use the same [, for all groups. Here,
we nevertheless allow for gender-specific sensitivities BS’) and leave the final decision to
the user.

Specifying the joint dynamics of (TET), rE{ )) now solves the identifiability issue.
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Lemma 7.3. Assume that (S1) holds, i.e. we have gender common ARMA parameters.
Furthermore, suppose that the A® are causal. Then,

Cov(A™, AP) = ~pp,_ 03, (7.21)

2 _ /2 2

and py, given through the gender individual covariance structure (7.9).

where

PROOF. First assume that both A® follow a MA(q) process with parameters 6y, . . ., b,
with 6p = 1. Then, for h € N and h < ¢, the covariance structure (7.18) of the innovation
terms yields that

Cov (Agh, A§ )) = Cov E@Zt&)hﬁ., Z Qth(_)j
=0 =0

q
36,6 Cov (Zt(i)hf B Z,fi)k)

I
M=

7=0 k=0
qg—h q ) (i
= 2> Opnbi Cov(Z";, 27))
7=0 k=0
q—h
= 0;+n0; U?Z
j=0

Taking h = 0 gives

and therefore by COV(A(i) Agi)) = proia,

t+h
q—h q !
Ph = Z 0;+n0; Z 03
=0 =0
Similarly, since COV(Z( ), Z(f)) =7, /afnzafcz,
m A _ e (m) ()
Cov (A1, A7) = 373" 0500 Cov(z™), 27))
=0 k=0
q—h
=7 Z 0;+nb; Omz9%z
=0
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The case (—h) € N works in the same way such that (7.21) holds for any MA(q) process.

The result can be generalized using the moving average representation of ARMA (p, q)
models. Since the A(®) are causal, there exist constants pj € R, j € N, with Z?io || < o0
such that

AP =5 =Y w2, (7.22)
=0

almost surely and in £2. See Brockwell and Davis (2006) for details. Thus, (7.21) follows
by taking ¢ — oo and replacing 6; by 1); in the above calculations. ]

Rewriting (7.21) in matrix notation, the covariance matrix between the vectors
(Agm), . ,qum))’ and (Agf), . ,Agf))’ is y0& Cr, where Cr has been defined in (7.10).
The structure directly follows from Lemma 7.3. Then, the gender-combined random
vector

Te = (TET), .. ,TY;), TE{), ey ’I”EJ;))/. (7.23)
of past observed aggregate improvement rates is multivariate Normal with mean vector
00 = (6my.y0m,0p,....07) (7.24)
and covariance matrix
2 2 2

oz Jdr+ 02 A Cr vyorCr
S.= ("™ mA A . 7.25
< ’)/0'2ACT JJ%.IT—FU]%ACT ( )

The additional parameter v now solves the identifiability problem of 3, and the variance
parameters.

Theorem 7.4. In addition to the conditions of Lemma 7.3, assume that the ARMA
order (p,q) satisfies T — 1 >p+q. Ify # 0, then X is uniquely determined by the
model parameters, i.e Xiq = 2o tmplies

2 2 2 2 ~2  ~2 =2 ~2 o~ o~ ~
(Umoa Ufu JmAva—anp)/a P1y--- 7pp) = (Umoa Jf.a OmA>» UfA?"%plv v 7pp)

where Xq s the covariance matrix corresponding to the alternative parameters.

PROOF. Assume that Xy = 3, and recall structure (7.10) of the correlation matrix Cp.
The structure of the diagonal block matrices of (7.25) implies that

TINPh = GinPh (7.26)

for i € {m, f} and h = 1,...,T — 1. The p;, and jj, are the entries of C7 and C7 re-
spectively. Multiplying (7.26) for males and females and taking the square roots provide

the identities
\ TmATFAPh = ) T ATFALR, (7.27)

h=1,...,T —1. On the other hand, also the off diagonal matrices yo% Cr and ’y&QAC’T

agree. Therefore,
1[92 a TP = [T a

h=1,...,T —1, and it follows from (7.27) and v # 0 # 4 that v = 4. The condition
T —1 > p+ q enures that py, # pp, and pp, # pn, for some h; # hy. The identities of
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the further parameters follow step by step. Considering the diagonal entries of yo% Cr
and its counterpart, we obtain

2 2 _x [z2 =2
7\/UmAUfA = 7\/UmAUfA

Since v = 7,

NEG TRV
holds, which in turn proves
on=rpn h=1,...,T—1, (7.28)
using (7.27). Relation (7.26) then provides
oin = Gias i€ {m, f}
and o2, = 52, follows from
Tia + OiA = Gia + i,

which are the diagonal entries of U?.IT + O'Z-QACT and that of the alternative parameters
respectively. O

Both results rely on the simplifying assumption (S1) which is indeed justified by the
upcoming empirical below. Therefore, we do not provide a general covariance structure
for the case that ARMA dynamics for males and females differ.

7.3. Application to Belgian mortality data

Presentation of the data. We consider mortality data for Belgian males and fe-
males available from Statistics Belgium (http://statbel.fgov.be/). Many insurance
applications consider ages after retirement to study various issues about pension bene-
fits. The data set considered here thus consists of ages 1 = 65 to x, = 99 (n = 35)
observed in the time period from 1970 to 2010. Observations before 1970 are not in-
cluded since there is a structural break in the 70s as documented in Coelho and Nunes
(2011). Thus, t = 1 corresponds to the mortality improvement from calendar year 1970
to 1971 whereas T' corresponds to that from 2009 to 2010. In a later stage of our anal-
ysis, we supplement these observations with calendar years 2011 and 2012 to study the
robustness over successive forecasts. However, notice that the model selection procedure
is generally applicable for any choices of ages and years in fit.

(4)

Figure 7.1 displays the observed age-aggregated mortality improvements r,, for
males and females. Both series appear to be strongly correlated. Mortality statistics

depicted in Figure 7.1 indicate negative correlation between rﬁ? and rﬁ?ﬂ. This property
is a consequence of the typical zigzag pattern, i.e. large improvements in mortality rates

are followed by small improvements (or even declines) and vice verse. This apparent
behavior also rules out time-invariant random effects in (7.6), i.e. Agz) = A for all

t € N, as this specification implies Cov(rﬁ?, rii)) = Var(A®) > 0 for all ¢t # s. Hence,
Agz) = A constraints TE? and TE? to be positively correlated among all years ¢t and s

which contradicts empirical evidence in Figure 7.1
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FIGURE 7.1. Age-aggregated mortality improvements r,, ) for Belgian
males and rﬁ{ ) for females.

Model assumptions. First, we check whether the Belgian data satisfies the model
assumptions specified in Section 7. Specifically, we investigate whether the data agree
with the assumptions of Normality and stationarity in the age-aggregate model (7.8).

We test both T’ET) and TE{ ) for Normality using the Shapiro-Wilk test. The p-values
for both genders are 0.0038 and 0.0036 so that the hypotheses of Normal distribution
are rejected. However, if we omit the observations with the largest deviation from the
sample mean in both series, we get the p-values 0.5752 and 0.2281 respectively. The
hypotheses cannot be rejected. The Q-Q plots in Figure 7.3 confirm this observation.
Concerning stationarity, the augmented Dickey-Fuller test provides small p-values for
the hypothesis of non-stationarity. The calculated p-values are 0.023 and 0.01037 for
males and females respectively, where the lag has been chosen as (T' — 1)1/ 3. Thus, the
hypothesis of non-stationarity is rejected for both genders.

Model selection. As our models are fully specified, with Normal distributed com-
ponents, the maximum likelihood approach is expected to deliver accurate estimations.
As motivated, we first fit the age-aggregate model to study period and age-effects sep-
arately. Let 7o gather the observed aggregate improvement rates as defined in (7.23).
The log-likelihood function

log L = —% log | 2| — % (e — 0e) By (10 — 84) (7.29)

of a 27 -variate Normal distribution with mean vector d, and covariance matrix e has

to be maximized with respect to the model parameters. Notice that the input variables

for the optimization are the ARMA parameters and the innovation variances 0222 rather

than the correlation parameters p; and the variance terms O'?A. The latter quantities
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Normal Q-Q Plot, male Normal Q-Q Plot, female

Sample Quantiles
o]
Sample Quantiles
-2
|
o

T T T T T T T T T T
-2 -1 0 1 2 -2 -1 0 1 2

Theoretical Quantiles Theoretical Quantiles

FI1GURE 7.2. Normal Q-Q plots of the age-aggregated mortality improve-
ment rates.

can be deduced from the input variables using the identities
Do itk

— 7.30
=T (7.30)

and
o0
2 9 2
Tin _UiZE (i
j=0

where (¢;)jen comes from the corresponding MA (co)-representation, see (Brockwell
and Davis, 2006, Section 3.3). The actual evaluation of the log-likelihood function is
performed with the FKF-package in R. Instead of (7.29), the likelihood is calculated by
means of the fitted residuals

A\ _ ()
W)\ -dh )
(1)

where 7y, are the best predictions obtained by the Kalman filter. This method avoids the
computation and the inversion of the huge covariance matrix ¥. Its implementation only
requires the specification of a state-space representation instead of manually defining 3.

The model selection procedure then follows a backward approach. We start from a
first model allowing for dynamics specific to each gender and we simplify it by activating
the assumptions (S1) to (S3) step by step. Each time, we evaluate the candidate model
by using the Akaike information criterion with correction for finite samples (AICc).
Recall that
2k(k +1)

AICc = —2log L + 2
Cc og L + k+T—k—1’
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Om of Ton TiA Ome  Ofe  $1 b v
Model 3, MA(1)  —0.504 —0.605 2.139 1.812 0.347 1077 -  —0.459 1
Model 5, ARMA(1,1) —0.554 1.920 0.180 0.429 —-0.999 1

TABLE 7.1. Parameter estimates for Models 3 and 5.

where k is the dimension of the parameter space.

Model 1. We first fit ARMA models for both genders separately, i.e. we model
(T‘ET), e ,rﬁgf)) and (TE{), e ,T‘EJ;)) in isolation following the Box-Jenkins methodology.
Although the marginal models face the identifiability problem described earlier and
maximum likelihood estimates are not unique, the AICc values can still be taken for
comparison. We restrict our analysis to ARMA(p, ¢) models with 0 < p+ ¢ < 5. This
also covers the previously mentioned AR(1) structure characterized by the exponentially-
decaying correlations (7.11). Models of higher orders are not shown here since additional
parameters were not significant and the corresponding AICc values did not show any
improvement over those of the lower-order ARMA models.

Minimum AICc values are attained at ARMA(1,1) for males and MA(1) for females.
The joint likelihood under the gender-combined structure yields an AICc of 228.5117.

Model 2, (S1). Let us now assume that TET) and rE{) follow the same ARMA (p, q)
dynamics with common ARMA parameters, i.e. that (S1) holds. Several ARMA models
are tested by maximizing the likelihood of the joint series of gender-specific aggregate
improvement factors, correlated through the v parameter. It turns out that the MA(1)
structure is optimal, with an AICc of 221.5098 outperforming the preceding 228.5117.

Model 3, (S1) and (S2). As the estimated  in Model 2 appears to be close to 1, we
now consider a fixed gender-correlation parameter v = 1. The optimal model is again
MA(1) and setting v = 1 impacts on AICc, which changes from 221.5098 to 218.5918.
The estimated model is described in Table 7.1.

Model 4, (S1) and (S3). Now, Model 2 is fitted with gender-common parameters 9,
02 and o2. The optimal AICc value of 220.9682 then corresponds to the ARMA(1,1)
model.

Model 5, (S1) to (S3). We now set v equal to 1 in Model 4 so that (7.20) holds.
The ARMA(1,1) model fits best with an AICc of 218.3188. The estimations of model
parameters are displayed in Table 7.1.

Model validation. Models 3 and 5 are the AICc-best models. We compare them by
checking their fitted residuals obtained through the Kalman filter specified by the state-
space representation (7.16) to (7.19). The fitted residuals are viewed as realizations of
eslt) and are tested for Normality, independence and stationarity. For that purpose, we
use the Shapiro-Wilk test, the Box-Ljung test and the ADF-test respectively. The results
are given in Table 7.2. The second hypothesis “Normality*” describes the Shapiro-Wilk
test, where the absolutely largest residuals were left out. All of the three properties
hold when taking a significance level of 0.1. Therefore, we decide to proceed with both
models.
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Model 3, MA(1) Model 5, ARMA(1,1)

Hypothesis m f m f
Normality 107 0.1324 107* 0.2129
Normality* 0.5581 - 0.5819 -

Independence 0.7976 0.3647 0.7488 0.6278
Non-stationarity 0.0103 0.0623 0.0584 0.0851

TABLE 7.2. p-values for various tests

7.4. Comparison with the Lee-Carter model

Table 7.3 demonstrates estimates for the age-aggregate mortality improvement model

implicitly given by the Lee-Carter model. Recall that in the Lee-Carter framework, the
log death rates log m,(vl) (t),1 € {m, [}, are decomposed by a principal component analysis
into ol + ﬁﬁ)nﬁ‘) where the time factor ﬁgl) obeys an ARIMA dynamics. Therefore,

5" (logm) ~logm(t — 1)) = 3° A0 — ) = wf? — w9,
=1 =1

for i € {m, f}. As in the majority of empirical studies conducted with the Lee-Carter

model, we assume that /{1(52) obeys the random walk with drift model
k) — fﬁ(i_) = bin + S

with independent error components S ~ N(0, am) Furthermore, the residual variance
between the observed and fitted model is denoted by o2 which is the analog term to o2
in our model. Even though both models are based on a similar structure, the differences
in the estimated values are remarkable. Drift parameters clearly vary from those of the
Lee-Carter model. What is even more important is how the total variances o2 + 02, and

2 -+ 02 are allocated in the two models. While the Lee- Carter mortality improvement
rnodel gives more weight to the measurement variance ow, the innovation variance az A

is dominating in our model. Notice that the innovation error affects all ages through the
sensitivity factor ﬁg(f).

7.5. Age-specific structure

Given the parameters of the age- aggregate model, we can calibrate the age-specific

coefficients Bz and the residual variances O' - appearing in the age-specific model (7.14),
which was

(4)

xt - /8( + €t -

Notice that for each age x, the random vector (ril) e Tg(;j)ﬂ) is multivariate Normal with
mean vector

BWsi1r = (805, ..., B5;)
and covariance matrix
UZ'QGIT + Bgaz'QACT-
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Model 3, MA(1) Model 5, ARMA(1,1) Lee-Carter

male male male
5; —0.504 —0.554 —0.434
o2z 2.139 1.920 0.330
o2 0.347 0.180 1.7904
female female female
5 —0.605 —0.554 —0.522
o2 1.812 1.920 0.6637
o2 1077 0.180 0.6994

i

TABLE 7.3. Estimated mean and variance parameters. For the Lee-
Carter models, the values are the estimates for §;, afﬁ and afo respec-
tively.

The corresponding Normal log-likelihood function can thus be maximized with respect
to the mean Bg(f)di for each age x separately, which gives

— 1 LI .
B, = T ZT;@'
=1

As the analysis of the aggregate mortality improvement rates rzn) and rE{ ) gives

T
~ 1 4
0 = T TE?’
t=1
ot (i) _ pe;
we finally choose a plug-in estimator for 5, = 5 as

o - (zr@) > 7)
t=1 t=1

which add up to 1. Hence, constraint (7.7) is satisfied. The estimated parameters are
displayed in Figure 7.3 together with their smoothing splines.

2 _ 1.2
For 0. = - 07,, we choose

~ 1.
62 = —52. (7.32)
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FiGURE 7.3. Estimated age effects Bf(f)




CHAPTER 8

Mortality forecasting

8.1. Predictive distribution

In this section, we assume that A and AV) are ARMA processes of the same
order with gender-specific parameters d;, afA and 022.. This corresponds to assumption
(S1), i.e. Model 2 in Section 7.3. The predictive distributions for Models 3 to 5 are then
easily obtained by making the parameters gender-common and/or setting v to 1. Model
1 is not of practical importance.

In applications, we are interested in the prediction of the future k years
(m) (m) A () ()
(a2 afm,all Al

given the past observed aggregate mortality improvement factors (rﬁT), cee rf?), TE{), el rfi}) ).

Their credibility estimators follows from the recursive formula presented in Theorem 7.1.
Since we have a full parametric model, we can even specify the predictive distribution.
The main tool is the following famous result, which can be found, for example, in Giri
(1977).

Lemma 8.1. Let N; ~ N (i, %), i = 1,2, with Cov(Y1,Y2) = X19. Then, conditional
on Yo =y, Y71 follows a Normal distribution with mean vector

g+ S1255 " (y2 — p2)
and covariance matriz
Y1 — D935 12,
In order to apply Lemma 8.1, we require the distribution of the random vector
(m) (m) .(f) () A(m) (m) A (f) ()
(T.T T T ,...,T.T,ATﬁl,...,ATnj_k,ATH,...,AT_i_k) (8.1)

gathering past aggregate mortality improvement factors and future time indices. The T'x
k correlation matrix Cry, of the past (Agl), .. ,Agf)) and the future (Agfll, A Agfl_k)
up to horizon T+ k is given by

pPT  PTH+1 ---  PTHEk—1
pr-1  PT .- PTHE-2
Cry= . )
P1 P2 - Pk

The (t,1)-th entry in Cr, is corr(Agi), Agﬂrl) = pr+i—t and can be calculated by equation
(7.30).

113
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Further, define C}, 7 = C7;,. The random vector (8.1) is multivariate Normal with
mean vector 0197495 and covariance matrix

Tmelr + 02 ACT YoACr oo aCrr 70X CTk
’);JZACT UJ%.IT;-U]%ACT "YU;ACT,k UJ%A2CT,I€
Um2ACk,T 7gACk,T UmQACk ’YgACk
oA CrT O'fACk’T Yo R Ch O'fACk

and Lemma 8.1 can now be applied.

Theorem 8.2. The predictive distribution for (Ag:b_)l, R Agﬁj_)k, Agf_?_l, e A’E/Qk) given

(TET), e ,TEVTY,L), TE{), e ,’FEJ;)) is multivariate Normal with mean vector
Oomlry | oo ACrT YOAC)T
5f1k ’YO'QACk,T O'J%Ack,T
'YUZCT UJQc.IT—I-O']%ACT Tsf) _5f1T ’

and covariance matrizc

UanACk ’YgQACk _ O-EnQACk,T ’YgQACk,T
’}/O'ACk UfACk 'VUACk:,T UfAC]%T

<UZ“IT + UanCT ’)/0'2ACT )‘1 <072nACTJ€ 'yUQACTJC> (8.3)

’}/O'QACT O'J%.IT + UJ%ACT 'yJQACTJC O'J%AC'TJ€
Furthermore, (8.2) is also the credibility estimator for (Ag@l, e A%}k, Agfll’ e Agfj_k)

PROOF. We only have to prove the second claim. Since (8.2) equals
m m (f f m m f s
E KA’EFJr)lv-“?A(TJr)kvATJ)rp--~,A(le) (m) (m) () ( )] 7

ol 2 s Ter sTal s+ s Tar
it is the Bayes estimator for the future A-variables. Furthermore, it is also an affine
function of r,, i.e. a particular element of the Hilbert space L(1,7Te1,...,Ter), SO that
(8.2) is exactly the credibility estimator. O

r

Given the predictive distribution for the future Agl_k, one can obtain forecasts for

the future death rates m(;)T 1 and the corresponding one-year death probabilities qCEZ)T ke

Precisely, by iterating the relationship
m(t) = m{ (¢ = D exp (BVAL + L)),
we get
k
m)(T 4+ k) =m) (Tesp | 3 (80AF, + ) | (8.4
j=1

We can use the credibility estimators to get point predictions of mg(f) (T + k),

k
AT + k) = m@(Dyexp | 30 B0E [AD ) [0, orif P 85)
j=1
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Paths of future m}” (T'+k) can be simulated by (8.4). The corresponding one-year death

probabilities q:(;)T 4, and one-year survival probabilities pg)T 4, are easily obtained from

qo(f,)ﬂk =1- p:(pi,)T+k =1—exp(— m{ (T + k)).

Any quantity of interest can then be computed from these life tables.

8.2. Period life expectancies

We illustrate the forecasts of our mortality model on the basis of period life expectan-

cies. Using the predictive distribution (8.2)-(8.3) of the future Agfzrk and the procedure
described above, predictions for future mortality rates are derived. The predicted period
life expectancy ég5(T + k) at age 65 in calendar year T + k can then be calculated using
the formula

j—1

+ > [ pessrrin (8.6)

§>11=0

s (T + k) =

DN |

The predicted mortality improvements are applied on the last observation mgj)(2010).
Table 8.1 shows point predictions ég5(2050) using formula (8.5) and also the point fore-

casts obtained by the Lee-Carter model are shown for comparison. We see that smooth-

ing the estimated age effects ,Bg(f) has little impact on the life expectancy. Considering
the Lee-Carter forecast, applying the mortality reduction factors to the last observations
m4(2010) greatly affects the projected egs(T + k). In the remainder, all calculations are

done with smoothed ﬁ,(f) and Lee-Carter forecasts use m\) (T') as an initial value instead

of the offsets a;(f). In this case, the forecasts roughly agree.

Next, eg5(2050) has been calculated for 3000 scenarios of simulated life tables for

year 2050. To stress the role of the age-common processes Af) and their Lee-Carter
counterparts (/@EZ) - /ﬁgz_) ), the noise terms in both models have been set to zero. The
empirical standard deviations of the simulated eg5(2050) are listed in Table 8.2. Although

Agi) have larger standard deviations than their Lee-Carter counterparts, the opposite is
the case for the life expectancies. This might be counter-intuitive at first sight but it
is a consequence of the underlying ARMA structure. As the estimated autocorrelation

)

function of the time index is negative for lags of size one, large deviations of Agi are likely

to be followed by A£21 going into the opposite direction. By (8.4), the deviations cancel
out. On the other hand, mortality improvements are independent under the Lee-Carter
model. Thus, outliers remain and strongly impact the future life expectancy.

8.3. Robustness over successive forecasts

To conclude, let us show that the model proposed in the present thesis solves the
robustness issue mentioned in the introduction, when applied sequentially over the years.
To this end, we fit the model using data up to 2010 and update the predictive distribution
by using data up to years 2011 and 2012. This provides three forecasts of future mortality
that we compare together as well as to the Lee-Carter forecasts and the three official
forecasts published by Statistics Belgium over the same period. As Table 8.3 shows,
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Mo.3, MA(1) Mo.3, MA(1) Mo.5, ARMA(1,1) Mo.5, ARMA(1,1)

smoothed 8, smoothed S,
male 22.2386 22.2610 22.5540 22.5793
female 25.7778 25.7691 25.3981 25.4147
Lee-Carter Lee-Carter
with m,(2010) with oy
male 21.9329 19.5003
female 25.3079 23.2666

TABLE 8.1. Point forecasts of period life expectancy in 2050

Mo.3, MA(1) Mo.5, ARMA(1,1) Lee-Carter

Male 0.9193 0.2848 0.7140
Female 0.6797 0.2425 0.8117

TABLE 8.2. Standard deviations of simulated life expectancies

Mo.3, MA(1) Mo.5, ARMA(1,1) Lee-Carter Official

male male male male
up to 2012 22.29 22.63 21.86 23.04
up to 2011 22.38 22.64 22.12 23.21
up to 2010 22.26 22.57 21.93 22.91
Mo.3, MA(1) Mo.5, ARMA(1,1) Lee-Carter Official
female female female female
up to 2012 25.71 25.41 25.16 25.12
up to 2011 25.84 25.43 25.41 25.29
up to 2010 25.79 25.40 25.30 25.00

TABLE 8.3. Predicted period life expectancies in year 2050 for different
observation periods.

our estimates are more stable than the other two. This is again a consequence of the
underlying ARMA structure, i.e. mortality improvements not being independent in time.

This effect is further illustrated in Figure 8.1. We have displayed there the forecasts
for egs(T + 1),...,e65(2015) with 7" = 2010, 2011 and 2012, starting from the latest
available eg5(7). It can be clearly seen that differences in the initial values are stabilized
over time for our model, whereas forecasts by Lee-Carter are just straight lines starting
from the different initial values.



8.3. ROBUSTNESS OVER SUCCESSIVE FORECASTS 117

18.0 18.2 18.4
I I I

17.8
L

T
2010 2011 2012 2013 2014 2015
Year

18.0 18.2 18.4
I I I

17.8
L

T
2010 2011 2012 2013 2014 2015
Year

18.6
I

18.4
I

18.2
I

- official

18.0
I

17.8
L

T
2010 2011 2012 2013 2014 2015
Year

FicUrE 8.1. Comparison of predicted paths of period life expectancies.
From top to bottom, we compare predictions of Model 3, MA(1), to Lee-
Carter, Model 5, ARMA(1,1), to Lee-Carter and Model 5, ARMA(1,1),
to Statistics Belgium. The three consecutive lines are based on data up
to 2010, 2011 and 2012 respectively.
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