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Abstract. We prove the existence of a global random attractor for a cer-
tain class of stochastic partly dissipative systems. These systems consist
of a partial and an ordinary differential equation, where both equations
are coupled and perturbed by additive white noise. The deterministic
counterpart of such systems and their long-time behaviour have already
been considered but there is no theory that deals with the stochastic ver-
sion of partly dissipative systems in their full generality. We also provide
several examples for the application of the theory.
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1. Introduction

In this work, we study classes of stochastic partial differential equations (SPDESs),
which are part of the general partly dissipative system

duy = (dAuy — h(z,ur) — f(z,ur,u2)) dt + By (z,u1,us) dWy, (1.1)
dug = (—o(x)ug — g(z,u1,u2)) dt + Ba(x, u1,uz) dWs, ’

where W o are cylindrical Wiener processes, the o, f, g, h are given functions,
B 2 are operator-valued, A is the Laplace operator, d > 0 is a parameter, the
equation is posed on a bounded open domain D C R™, uj o = uj 2(x, t) are the
unknowns for (z,t) € D x [0, Tynax), and Thax is the maximal existence time.
The term partly dissipative highlights the fact that only the first component
contains the regularizing Laplace operator. In this work we analyse the case
of additive noise and a certain coupling, more precisely,

Bl(xaulaUQ) = Bl? BQ(I7U17U’2) = B27 g(xaulauz) = g(‘r7u1)7 (12)
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where Bj o are bounded linear operators. A deterministic version of such a
system has been analysed by Marion [20]. We are going to use certain assump-
tions for the reaction terms, which are similar to those used in [20]. The precise
technical setting of our work starts in Sect. 2.

The goal of this work is to provide a general theory for stochastic partly
dissipative systems and to analyse the long-time behaviour of the solution us-
ing the random dynamical systems approach. To this aim, we first show that
the solution of our system exists globally-in-time, i.e. one can take Ty = +00
above. Then we prove the existence of a pullback attractor. To our best knowl-
edge the well-posedness and asymptotic behaviour for such systems (and for
other coupled SPDEs and SODEs) has only been explored for special cases,
i.e. mainly for the FitzHugh Nagumo equation, see [4,24] for solution theory
and [2,19,31,32] for long-time behaviour/attractor theory. Here we develop
a much more general theory of stochastic partly dissipative systems, moti-
vated by the numerous applications in the natural sciences such as the the
cubic-quintic Allen-Cahn equation [17] in elasticity. Moreover, unlike several
previous works mentioned above, we deal with infinite-dimensional noise that
satisfies certain regularity assumptions. These combined with the restrictions
on the reaction terms allow us to compute sharp a-priori bounds of the so-
lution, which are used to construct a random absorbing set. Even once the
absorbing set has been constructed, we emphasize that we cannot directly ap-
ply compact embedding results to obtain the existence of an attractor. This
issue arises due to the absence of the regularizing effect of the Laplacian in
the second component. To overcome this obstacle, we introduce an appropri-
ate splitting of the solution in two components: a regular one, and one that
asymptotically tends to zero. This splitting technique goes (at least) back to
Temam [28] and it has also been used in the context of deterministic partly
dissipative systems [20] and for a stochastic FitzHugh—Nagumo equation with
linear multiplicative noise [33,35]. The necessary additional technical steps for
our setting are provided in Sect. 3.4. Using the a-priori bounds, we establish
the existence of a pullback attractor [9,14,25,26]; which has been studied in
several contexts to capture the long-time behaviour of stochastic (partial) dif-
ferential equations, see for instance [3,5,8,12,15] and the references therein.
In the stochastic case pullback attractors are random invariant compact sets
of phase space that are invariant with respect to the dynamics. They can be
viewed as the generalization of non-autonomous attractors for deterministic
systems. In the context of coupled SPDEs and SODEs, to our best knowl-
edge, only random attractors for the stochastic FitzHugh-Nagumo equation
were treated under various assumptions of the reaction and noise terms: finite-
dimensional additive noise on bounded and unbounded domains [32,33] and for
(non-autonomous) FitzHugh—-Nagumo equation driven by linear multiplicative
noise [1,19,35]. Here we provide a general random attractor theory for stochas-
tic partly dissipative systems perturbed by infinite-dimensional additive noise,
which goes beyond the FitzHugh—-Nagumo system. To this aim we have to em-
ploy more general techniques than those used in the references specified above.
Furthermore, we emphasize that other dynamical aspects for similar systems
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have been investigated, e.g. inertial manifolds and master-slave synchroniza-
tion in reference [7].

We also mention that numerous extensions of our work are imaginable.
Evidently the fully dissipative case is easier from the viewpoint of attractor
theory. Hence, our results can be extended in a straightforward way to the
case when both components of the SPDE contain a Laplacian. Systems with
more than two components but with similar assumptions are likely just going
to pose notational problems rather than intrinsic ones. From the point of view
of applications it would be meaningful to incorporate non-linear couplings
between the PDE and ODE parts. For example, this would allow us to use
this theory to analyse various systems derived in chemical kinetics from mass-
action laws. However, more complicated non-linear couplings are likely to be far
more challenging. Moreover, one could also develop a general framework which
allows one to deal with other random influences, e.g. multiplicative noise, or
more general Gaussian processes than standard trace-class Wiener processes.
Furthermore, it would be interesting to investigate several dynamical aspects
of partly dissipative SPDEs such as invariant manifolds or patterns. Naturally,
one could also aim to derive upper bounds for the Hausdorff dimension of the
random attractor and compare them to the deterministic result given in [20].

This paper is structured as follows: Sect. 2 contains all the preliminaries.
More precisely, in Sect. 2.1 we define the system that we are going to analyse
and state all the required assumptions. Subsequently, in Sect. 2.2, we clarify
the notion of solution that we are interested in. The main contribution of this
work is given in Sect. 3. Firstly, some preliminary definitions and results about
random attractor theory are summarized in Sect. 3.1. Secondly, we derive the
random dynamical system associated to our SPDE system in Sect. 3.2. Thirdly,
we prove the existence of a bounded absorbing set for the random dynamical
system in Sect. 3.3. Lastly, in Sect. 3.4 it is shown that one can indeed find a
compact absorbing set implying the existence of a random attractor. In Sect. 4
we illustrate the theory by several examples arising from applications.
Notation. Before we start, we define/recall some standard notations that we
will use within this work. When working with vectors we use (-)T to denote
the transpose while | - | denotes the Euclidean norm. In a metric space (M, d)
we denote a ball of radius r > 0 centred in the origin by

B(r) = {z € M|d(z,0) <r}.

We write Id for the identity operator/matrix. L(U, H) denotes the space of
bounded linear operators from U to H. O* denotes the adjoint operator of
a bounded linear operator O. We let D C R™ always be bounded, open, and
with regular boundary, where n € N. LP(D), p > 1, denotes the usual Lebesgue
space with norm ||-||,. Furthermore, (-, -) denotes the associated scalar-product
in L?(D). CP(D), p € NU{0, 00}, denotes the space of all continuous functions
that have continuous first p derivatives. Lastly, for £ € N, 1 < p < oo we
consider the Sobolev space of order k as

WkP(D) = {u e LP(D) : Du € LP(D) V|a| < k},

with multi-index «, where the norm is given by
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1
(Ewgk ||Dau||1£p(D)) ! 1<p<oc;

||U||kap(D) =
max|a‘<k ”DauHLOC(D) p = <.

The Sobolev space W#?(D) is a Banach space. H¥(D) denotes the space of
functions in H*(D) = W*?2(D) that vanish at the boundary (in the sense of
traces).

2. Stochastic partly dissipative systems

2.1. Basics
Let D C R™ be a bounded open set with regular boundary, set H := L?(D) and
let Uy, Uy be two separable Hilbert spaces. We consider the following coupled,
partly dissipative system with additive noise
dul = (dAu1 — h(x,ul) — f(m,ul,UQ)) dt + Bl dWl, (21)
dug = (—o(z)us — g(x,u1)) dt + By dWs, (2.2)
where u1 o = uq 2(x,t), (2,t) € D x [0,T], T > 0, W1 are cylindrical Wiener
processes on Uj respectively Uy, and A is the Laplace operator. Furthermore,
By € L(U1,H), By € L(Us,H) and d > 0 is a parameter controlling the

strength of the diffusion in the first component. The system is equipped with
initial conditions

up(z,0) = ud(z), us(x,0) = u(x), (2.3)
and a Dirichlet boundary condition for the first component
up(x,t) =0 on OD x [0, T]. (2.4)

We will denote by A the realization of the Laplace operator with Dirichlet
boundary conditions, more precisely we define the operator A : D(A) — L?(D)
as Au = dAu with domain D(A) := H?*(D) N H}(D) C L?(D). Note that A
is a self-adjoint operator that possesses a complete orthonormal system of
eigenfunctions {ey}2°, of L?(D). Within this work we always assume that
there exists £ > 0 such that |ex(z)[* < & for k € N and € D. This holds for
example when D = [0, 7]™. For the deterministic reaction terms appearing in
(2.1)—(2.2) we assume that:

Assumption 2.1. (Reaction terms)
(1) h € C?(R" x R) and there exist d;,da,d3 > 0, p > 2 such that

d|ur|P — 03 < h(x,ur)uy < dalug|P + ds. (2.5)
(2) f € C?*R™ xR x R) and there exist 6, > 0 and 0 < p; < p— 1 such that
|f (2, ur, u2)| < 6a(1 + [ua[™* + [uzl). (2.6)

(3) o € C%(R™) and there exist 6,4 > 0 such that
6 <o(z) <. (2.7)

(4) g € C*(R™ x R) and there exists d5 > 0 such that
|9u (@, ur)| < 05, |ga, (2, u)| <O5(1 + ), i =1,...,n. (2.8)
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In particular, Assumptions 2.1 (1) and (4) imply that there exist 7, dg >
0 such that

lg(x,&)] < 57 (1 4 |€]), forall £ e R, x € D, (2.9)
\h(z,€)| < dg(1+[£[P71), forall ¢ € R, = € D. (2.10)

The Assumptions 2.1(1)—(4) are identical to those given in [20], except that in
the deterministic case only a lower bound on o was assumed.

We always consider an underlying filtered probability space denoted as
(Q,F, (Ft)it>0,P) that will be specified later on. In order to guarantee cer-
tain regularity properties of the noise terms, we make the following additional
assumptions:

Assumption 2.2. (Noise)
(1) We assume that By : Us — H is a Hilbert-Schmidt operator. In particu-
lar, this implies that Q2 := B2 Bj is a trace class operator and BaWs is

a (Q2-Wiener process.
(2) We assume that By € L(Uy, H) and that the operator @; defined by

t
Quu — / exp (sA) Q1 exp (sA*)u ds, u € H,t >0,
0

where Q1 := B1 By, is of trace class. Hence, B; W is a (Q1-Wiener process
as well.

(3) Let Uy = H. There exists an orthonormal basis {e;}7°, of H and se-
quences {A;}72, and {0;}72, such that

Aep, = —)\kek7 Qlek = 5kek; k € N.

Furthermore, we assume that there exists o € (0, 3) such that

o0
Z (5k)\za+1 < 00.
k=1

Assumptions 2.2 guarantee that the stochastic convolution introduced
below is a well-defined process with sufficient regularity properties, see Lem-
mas 3.17 and 3.25. As an example, one could choose B; = (—A)_”*/2 with
v > 5 —1to ensure that Assumptions 2.2 (2)-(3) hold for a with 2a0 < y—5+1,
see [10, Chapter 4].

Let us now formulate problem (2.1)—(2.2) as an abstract Cauchy problem.
We define the following space

H:= L*(D) x L*(D),
with norm ||(ug,u2) |4 = |lu1]|3 + ||uz|/3 this becomes a separable Hilbert
space. (-, -)u denotes the corresponding scalar product. Furthermore, we let
V := Hy(D) x L*(D),
with norm ||(u1,u2)"||3 = Jurl| 1 (py + lluzll3. We define the following linear
operator
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where A : D(A) C H — H with D(A) = D(A) x L?(D). Since all the re-
action terms are twice continuously differentiable they obey in particular the
Carathéodory conditions [34]. Thus, the corresponding Nemytskii operator is
defined by

F((o )70 o= (02D

_ <—h(x,’u1($)) - f(ffaul(x)auz(x))>
—9(x, w1 (z)) ’
where F : D(F) C H — H and D(F) := H. By setting

_ (W _ (B _(u
W = (Wg) , B .= <B2) , and wu:= (u2>

we can rewrite the system (2.1)—(2.2) as an abstract Cauchy problem on the
space H
du = (Au+ F(u)) dt + B dW, (2.11)

with initial condition

w(0) = 1 = <“§) . (2.12)

2.2. Mild solutions and stochastic convolution

We are interested in the concept of mild solutions to SPDEs. First of all, let
us note the following. We have

A= <61 8) i (8 —Uo(x)> :

=:A =:A>
It is well known that A; generates an analytic semigroup on H and A is a
bounded multiplication operator on H. Hence, A is the generator of an analytic
semigroup {exp (tA)};>0 on H as well, see [23, Chapter 3, Theorem 2.1]. Also
note that A generates an analytic semigroup {exp (tA)}:>o on LP(D) for every
p > 1. In particular, we have for u € LP(D) that for every « > 0 there exists
a constant C, > 0 such that

|(—A)*exp (tA) ul|, < Cot™“exp (at) ||ullp, forallt >0,

where a > 0, see for instance [27, Theorem 37.5]. The domain D((—A)%) can
be identified with the Sobolev space W?2®P(D) and thus we have in our setting
fort >0

Jexp (t4) ull e (o) < Cat =/ exp (at) [l (213)

Remark 2.3. Omitting the additive noise term in equation (2.11), we are in
the deterministic setting of [20]. From there the existence of a global-in-time
solution (uy,us) € C([0,00),H) for every initial condition u® € H already
follows.

Let us now return to the stochastic Cauchy problem (2.11)-(2.12). We
define
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Definition 2.4. (Stochastic convolution) The stochastic process defined as

wat) = (yal) = | Cexp (1~ 5)A) B AW(s),

is called stochastic convolution.

More precisely, we have (see [22, Proposition 3.1])

Wal(t) = /0 t (exp((to_ 94) exp(_(to_s)a(x))> (g;) AW (s)

(. [7exp ((t — s)A) By dWi(s)
Jo exp (—(t — s)o(x)) By dWa(s)
This is a well-defined H-valued Gaussian process. Furthermore, Assumptions

2.2 (1) and (2) ensure that W (t) is mean-square continuous and F;-measurable,
see [11].

Remark 2.5. As W4 is a Gaussian process, we can bound all its higher-order
moments, i.e. for p > 1 we have

sup E|[Wa ()| < oc. (2.14)
t€[0,T)

This follows from the Kahane-Khintchine inequality, see [29, Theorem 3.12].

Definition 2.6. (Mild solution) A mean-square continuous, Fi-measurable H-
valued process u(t), t € [0,T7] is said to be a mild solution to (2.11)—(2.12) on
[0, T if P-almost surely we have for ¢ € [0, T]

u(t) = exp (tA) u® + /0 exp ((t — $)A) F(u(s)) ds + Wal(t). (2.15)

Under Assumptions 2.1 and 2.2 (1)—(2) a mild solution exists locally-in-
time in
L2(; C((0, T]; ) 0 L*(9; ([0, T V),
for some T > 0, see [11, Theorem 7.7]. Hence, local in time existence for our
problem is guaranteed by the classical SPDE theory.

3. Random attractor

3.1. Preliminaries

We now recall some basic definitions related to random attractors. For more
information the reader is referred to the sources given in the introduction.

Definition 3.1. (Metric dynamical system) Let (Q, F,P) be a probability space
and let 0 = {6; : Q@ — Q}ier be a family of P-preserving transformations (i.e.
0P =P for t € R), which satisfy for ¢,s € R that

(1) (t,w) — Oyw is measurable,

(2) 6o =1d,

(3) 9t+s == 9,5 O 68.
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Then (2, F,P,0) is called a metric dynamical system.
The metric dynamical system describes the dynamics of the noise.

Definition 3.2. (Random dynamical system) Let (V, ||-||) be a separable Banach
space. A random dynamical system (RDS) with time domain Ry on (V, || - |)
over 6 is a measurable map

0: Ry xVXxQ—=V; (tv,w) — @(t,w)v
such that ¢(0,w) = Idy and

Qﬁ(t + s, w) = (P(t, osw) ° 90(57 w)
for all s,t € Ry and for all w € Q2. We say that ¢ is a continuous or differen-
tiable RDS if v — ¢(t,w)v is continuous or differentiable for all t € R} and
every w € ().

We summarize some further definitions relevant for the theory of random
attractors.

Definition 3.3. (Random set) A set-valued map K : Q@ — 2V is said to be
measurable if for all v € V the map w — d(v,(w)) is measurable. Here,
d(A,B) = sup,c4infsep|lv — || for A,B € 2Y, A, B # 0 and d(v,B) =
d({v}, B). A measurable set-valued map is called a random set.

Definition 3.4. (Omega-limit set) For a random set K we define the omega-
limit set to be

Qi (w) == ﬂ U o(t, 0_w)K(0_1w).

T>0t>T
Qi (w) is closed by definition.

Definition 3.5. (Attracting and absorbing set) Let A, B be random sets and let
© be a RDS.

e B is said to attract A for the RDS ¢, if
d(p(t, 0_w)A(0_w), B(w)) — 0 for t — oo.

e B is said to absorb A for the RDS ¢, if there exists a (random) absorption
time ¢t 4(w) such that for all t > ¢ 4(w)

o(t, 0_w)A(0_w) C B(w).
e Let D be a collection of random sets (of non-empty subsets of V), which is

closed with respect to set inclusion. A set B € D is called D-absorbing/D-
attracting for the RDS ¢, if B absorbs/attracts all random sets in D.

Remark 3.6. Throughout this work we use a convenient criterion to derive the
existence of an absorbing set. Let A be a random set. If for every v € A(f0_,w)
we have

liinsup llo(t, 0w, )| < p(w), (3.1)
—00

where p(w) > 0 for every w € Q, then the ball centred in 0 with radius p(w)+e€
for a € > 0, i.e. B(w) := B(0, p(w) + ¢€), absorbs A.



NoDEA  Random attractors for stochastic partly dissipative systems Page 9 of 37 35

Definition 3.7. (Tempered set) A random set A is called tempered provided
for P-a.e. w € )

tlim exp (—0t) d(A(f—w)) =0 for all >0,

where d(A) = sup,c 4 [|al|. We denote by 7 the set of all tempered subsets of
V.

Definition 3.8. (Tempered random variable) A random variable X € R on
(Q,F,P,0) is called tempered, if there is a set of full P-measure such that
for all w in this set we have

L gl X(0)

=0. 3.2
t—+oo |t| ( )

Hence a random variable X is tempered when the stationary random
process X (0,w) grows sub-exponentially.

Remark 3.9. A sufficient condition that a positive random variable X is tem-
pered is that (cf. [3, Proposition 4.1.3])

E ( sup X(Gw)) < 0. (3.3)

t€[0,1]

If 0 is an ergodic shift, then the only alternative to (3.2) is

log | X (6;w)]
im ———
t—+oo |t|

)

i.e., the random process X (0;w) either grows sub-exponentially or blows up at
least exponentially.

Definition 3.10. (Random attractor) Suppose ¢ is a RDS such that there exists
a random compact set A € 7 which satisfies for any w € €2

e A is invariant, i.e., p(t,w)A(w) = A(6w) for all t > 0.
e A is T-attracting.
Then A is said to be a 7-random attractor for the RDS.
Theorem 3.11. ([9,25]) Let ¢ be a continuous RDS and assume there exists a

compact random set B € T that absorbs every D € T, i.e. B is T -absorbing.
Then there exists a unique 7 -random attractor A, which is given by

Aw) = | QW)

DeT

We will use the above theorem to show the existence of a random attractor
for the partly dissipative system at hand.
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3.2. Associated RDS

We will now define the RDS corresponding to (2.11)—(2.12). We consider V =
H := L?(D)x L?(D) and 7 is the set of all tempered subsets of H. In the sequel,
we consider the fixed canonical probability space (€2, F,P) corresponding to a
two-sided Wiener process, more precisely

Q={w = (w1,ws) 1 w1,ws € C(R,L*(D)),w(0) = 0},

endowed with the compact-open topology. The o-algebra F is the Borel o-
algebra on 2 and P is the distribution of the trace class Wiener process W(t) =
(W (t), Wa(t)) = (BiWi(t), BoWa(t)), where we recall that B; and By fulfil
Assumptions 2.2. We identify the elements of 2 with the paths of these Wiener
processes, more precisely

W(t,w) == (Wi (t,w), Wa(t,ws)) = (w1 (t),ws(t)) =: w(t), for w e Q. (3.4)
Furthermore, we introduce the Wiener shift, namely
Ow() i =w(-+1t) —w(t), forweNand t € R. (3.5)

Then 6 : R x Q — € is a measure-preserving transformation on 2, i.e. ;P = P,
for t € R. Furthermore, fyw(s) = w(s) — w(0) = w(s) and b sw(r) = w(r +
t+s) —w(t+s) = O:(w(r+s) —w(s)) = 0:(0;w(r)). Hence, (Q,F,P,0) is a
metric dynamical system. Next, we consider the following equations

le = AZl dt + dwl, (36)
dzo = —0(x)z2 dt + dws.
The stationary solutions of (3.6)—(3.7) are given by
(t,w) — 2z1(0w) and (t,w) — zo(Oiw),

where

¢ 0
z1(0iw) = / =94 duy (s) = / e~ dfywy (s),

t 0
32(915‘*1) :/ e*(tfs)o(m) dwg(s) :/ esa(m) detWQ(S).

Here, we observe that for t =0

0 0
21 (w) z/_ e A dw (s), 22(w) :/_ 7@ dws(s).

Now consider the Doss-Sussmann transformation v(t) =

v(t) = (1 (t),02(1)) 7, 2(w) = (21(w1), z2(w2)) " and u(t)

solution to the problem (2.1)—(2.4). Then v(t) satisfies
dv

5= Av+F(v+ z(6w)). (3-8)

u(t) — z(0w), where

(w1 (1), uz(t) " is a
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More explicitly /or component-wise this reads as

dvét(t) = dAvi(t) = h(z,v1(t) + 21(6iw))
= @, 01(t) + 21 (6w), v2(t) + 22(0,w)), (3.9)
dvjt(t) = —o(z)v2(t) — g(z, v1(t) + 21 (Oiw)). (3.10)

In the equations above no stochastic differentials appear, hence they can
be considered path-wise, i.e., for every w instead just for P-almost every w.
For every w (3.8) is a deterministic equation, where z(6;w) can be regarded
as a time-continuous perturbation. In particular, [6] guarantees that for all
v = (v),09)" € H there exists a solution v(-,w,v%) € C([0,00),H) with
v1(0,w,Y) = v, v2(0,w, v]) = v3. Moreover, the mapping H 3 v +— v(t,w,vg) €
H is continuous. Now, let

uy (t,w,uf) = vy (tw,uf — 21 (w)) + 21 (Opw),
us(t,w, ug) = vy(t, w, ug — 23(w)) + 2z2(bw).

Then u(t,w,u’) = (uy(t,w,ud),uz(t,w,ud)) " is a solution to (2.1)-(2.4). In
particular, we can conclude at this point that (2.1)-(2.4) has a global-in-time
solution which belongs to C([0,00); H); see Remark 2.3. We define the corre-
sponding solution operator ¢ : R™ x Q x H — H as

o(t,w, (ul,ul)) := (uy (t, w,ul), ua(t, w,ul)), (3.11)

for all (t,w, (ud,ud)) € RT x Q x H. Now, ¢ is a continuous RDS associated

to our stochastic partly dissipative system. In particular, the cocycle property
obviously follows from the mild formulation. In the following, we will prove
the existence of a global random attractor for this RDS. Due to conjugacy, see
[9,25] this gives us automatically a global random attractor for the stochastic
partly dissipative system (2.1)—(2.4).

3.3. Bounded absorbing set

In the following we will prove the existence of a bounded absorbing set for the
RDS (3.11). In the calculations we will make use of some versions of certain
classical deterministic results several times. Therefore, we recall these results
here for completeness and as an aid to follow the calculations later on.

Lemma 3.12. (e-Young inequality) For x,y € R, ¢ >0, p,q > 1, %—i—% =1 we
have

_ DE 1—q -
jay] < elop + P pya (3.12)

Lemma 3.13. (Gronwall’s inequality) Assume that ¢, a and 3 are integrable
functions and ¢(t) > 0. If

¢'(t) < alt) + Bt)e(), (3.13)
then

o(t) < o(to) exp ( t: ﬁ(T)dT> + / " a(s) exp ( / t ﬁ(T)dT> ds, t > to. (3.14)

to
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Lemma 3.14. (Uniform Gronwall Lemma [28, Lemma 1.1]) Let g, h, y be pos-
itive locally integrable functions on (tg,00) such that y' is locally integrable on
(tg,00) and which satisfy

d
T <gyth fort>t,

t+r t4r t+r
/ g(s)ds < ay, / h(s)ds < as, / y(s)ds < ag fort > to,
t t t
where r, a1, as,az are positive constants. Then

yt+r) < (% + a2> exp (ay), YVt > tp.
r
Lemma 3.15. (Minkowski’s inequality) Let p > 1 and f,g € R, then

|f +gl” < 227N fP + 1glP).

Lemma 3.16. (Poincaré’s inequality) Let 1 < p < oo and let D C R™ be a
bounded open subset. Then there exists a constant ¢ = c¢(D,p) such that for
every function u € Wy (D)

[ullp < el Vullp. (3.15)

Having recalled the relevant deterministic preliminaries, we can now pro-
ceed with the main line of our argument. For the following result about the
stochastic convolutions Assumption 2.2 (3) is crucial.

Lemma 3.17. Suppose Assumptions 2.1 and 2.2 hold. Then for every p > 1
21 ()5 and [|z2(w)]l3

are tempered random variables.
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Proof. Using 0 < § < o(x) < 6 and the Burkholder-Davis-Gundy inequality
we have

E ( sup IZQ(Gtw)II§>
t€[0,1]

=K <£E)I?1} Lm exp (—(t — s)o(z)) dwa(s) 2)
—F (été‘?u /D exp (=2to(x)) ] / o (so(x) du(s) dx)

/_ exp (so(z)) dwa(s)
_cp)

< C’|D|/1 exp (255) ds ¥ exp (25)

< 0.

2
dx)

<E| sup exp(—2t5)/
t€[0,1) D

<E <t2}(1)1701} / exp (so(z)) dwa(s)

<ce(f " Jlexp (so@) |3 as)

— 00

The temperedness of ||z2(w)||3 then follows directly using Remark 3.9. Now,
we consider the random variable ||z;(w)|[}. Note that using the so-called fac-
torization method we have for (z,t) € D x [0,7] and « € (0,1/2) (see [11, Ch.
5.3])

2z, 00) = Singrm) / exp ((t—7)A) (t— 1) Y (z,7) dr,  (3.16)

— 00

with
Y(z,7) = /OT exp ((1 — $)A) (1 — s)"“By dWi(x, s)

= i /OT exp ((1 — $)A) (1 — s) " “Brex(x)dfk(s)

k=

S [ exp (- tr = ) (97 VBen (i),
k=170

where we have used the formal representation Wi(z,s) = > po Bi(s)ex(x)
of the cylindrical Wiener process, with {8}, being a sequence of mutually
independent real-valued Brownian motions. Y (x, 7) is a real-valued Gaussian
random variable with mean zero and variance
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Var(Y (z,7)) = E [\Y(%T)‘z]

- ; (/o exp (—(7 = $)Ax) (t = )"V, dﬁk(5)> lex(z)] ]

o0 T 2
= ;5k|ek(m)| E l(/o exp (—(7— 8)Ap) (t —s)~¢ dﬁk(s)> ]
= 3 ex()]? Tex —25\) 572 ds
= S tuleno)l® [ exp (-20h0) 57 s

where we have used Parseval’s identity and the It6 isometry. Our assump-
tion on the boundedness of the eigenfunctions {ej}?2 ; yields together with
Assumption 2.2 (3) that

Var(Y (x, 7) <Z(5k/-€/ exp (—2s)\) s 2% ds
0

_5222(1 11—\ Z(S )\2(1 1

Hence, E [\Y(x,r)|2m} < C)y, for Cy, > 0 and every m > 1 (note that all odd

moments of a Gaussian random variable are zero). Thus we have

E [/OT/D Y (2, 7)*"dadr

i.e., in particular for all p > 1 we have Y € LP(D x [0,7T]) P-a.s.. We now
observe

< TCn|DJ,

|21 (0:w) |l wa.r (D)

< @ [ (t =) exp ((t =7)A) Y () [wew () d7

. t
< cSIHSfC” / (t— 1)Lt — 1)~ 2 AED |y (), dr

— 00

t
<C s [Vl [ (t-n) e
]

TE(—00,t

oo

where we have used (2.13) and thus

E ( sup ||zl(9tw)lp>
tel0,1]

<CE| sup sup ||[Y(,7)]p / T2 emAT qr
te[0,1] T€(—o0,t]

=CE ( sup sup |Y(, )”p) Fiafz).

t€[0,1] T€(—o0,t]
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Now, the right hand side is finite as all moments of Y (z,7) are bounded uni-
formly in z, 7, see above. Due to embedding of Lebesgue spaces on a bounded
domain we have that

E ( sup ||zl(0tw)||p> < oo implies E ( sup |zl(9tw)||§> < 00,

te[0,1] te[0,1]

i.e., temperedness of [|21(w)||b follows again with Remark 3.9. O

Remark 3.18. (1) Note that Assumption 2.2 (3) together with the bounded-
ness of ey for k € N are essential for this proof. One can extend such
statements for general open bounded domains in D C R", according to
Remark 5.27 and Theorem 5.28 in [11].

(2) Regarding again Assumption 2.2 (3) one can show in a similar way that
z1 € WHP(D) and in particular also [|[Vz1(w)|[5 is a tempered random
variable for all p > 1.

Remark 3.19. Alternatively, one can introduce the Ornstein—Uhlenbeck pro-
cesses z; and 2o using integration by parts. We applied the factorization
Lemma for the definition of z; in order to obtain regularity results for z;
based on the interplay between the eigenvalues of the linear part and of the
covariance operator of the noise.

Using integration by parts, one infers that

21(fiw) = / exp((t — 7)A) dwi(7) = wi(t) + A/_ exp((t — 7)A)wi (1) dr

—00

— 4 /_ exp((t — 1) A) (w1 (t) — wy (7)) dr.

This expression can also be used in order to investigate the regularity of z; in
a Banach space H as follows:

[ et - A - o,

< C[ (t = 7) " exp(t = 7)Allpllwr (t) — wi(r) ][5 dr.

Here one uses the Holder-continuity of wy in an appropriate function space in
order to compensate the singularity in the previous formula.
In our case, we need z; € D(A*/?) = W*?(D). Letting w; € D(A®) for e >0
and using that w; is B-Holder continuous with 8 < 1/2 one has

t

10wy < [ (¢ =) s expl(t - 1) A)]

— 00
which is well-defined if 3 + ¢ > «a/2. Such a condition provides again an
interplay between the time and space regularity of the stochastic convolution.

Based on the results regarding the stochastic convolutions we can now
investigate the long-time behaviour of our system. The first step is contained
in the next lemma, which establishes the existence of an absorbing set.
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Lemma 3.20. Suppose Assumptions 2.1 and 2.2 hold. Then there exists a set
{B(w)}wea € T such that {B(w)}weq is a bounded absorbing set for ¢. In
particular, for any D = {D(w)}twea € T and every w € Q) there exists a
random time tp(w) such that for all t > tp(w)

o(t, 0_tw, D(0_1w)) C B(w). (3.17)

Proof. To show the existence of a bounded absorbing set, we want to make use
of Remark 3.6, i.e. we need an a-priori estimate in H. We have for v = (vy,v2) "
solution of (3.8)

d 1d d
G QB+ Joal) = 5 ol = (o) = (Ao Flo + (6. o)

24t )
H
= (dAvy,v1) + (F1(v + z(0iw)), v1) — (o(2)v2, v2) + (Fa(v + 2(Ow)), v2)
= —d|[Vor |3 = (h(z,v1 + 21 (0w)), v1) = (f (&, 01 + 21 (Ow), v2 + 22(0yw)), v1)
=1 =:I>
— Ol|val5 —(g(@,v1 + 21 (0w)), v2),

2113

N | =

where we have used (2.7). We now estimate I;-I3 separately. Deterministic
constants denoted as C,C1, Cy, ... may change from line to line. Using (2.5)
and (2.10) we calculate

I = —/D h(z,v1 + z1(0yw))vy dz
=— /D h(z,v1 + 21 (0w))(v1 + 21 (Oyw)) da

+ /D h(z,v1 + 21(0sw)) 21 (Ow) da

< 7/ O1|uqgl? dx+/ 3 dx+/ |h(z,v1 + 21 (0iw))||21(0iw)| da
D D D
< =dilul+C+ 0 [ (L4 P a0 do
D
= =Sl + €+ Ssllz (Bl + 5 [ P a1 (6)]
D
1)
< ~aullurlly + € + Cullea(B) I + Ll + ol )l

0
= *%IIMIIZ +C + C1 ([z2(Bew) 13 + |21 (Brw)I7) -
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Furthermore, with (2.6) we estimate

I, = —/ fz,v1 4+ 21(Opw), va + 22(6iw)) vy da
D
S/ |[f(z, 01 + 21 (Orw), v2 + 22(61w))||ur — 21 (frw)| dz
D
g/ S4(1+ lur P + Jua])len | dz
D
[ Bk P+ fual)a (0| do
D
= [ aunl + a1 ok [ ] do -+ 80
D D
+/ Salurl? 21 (00)| dx+/ 5alus]| 1 (6uw)| da
D D
S/ 54(\u1\+|u1|p1+1) d$+/ 54|’LI,1||U2| dx+(54||21(9tw)\|§—|—0
D D
5
4 [ Sl o+l + [ diula0w) ds
D D
3
g/ 64§(|u1|+\u1|p1+1) dx—i—/ Saur|ug| dz 4+ C
D D

+ 4 (||21(9tw)\|§ + ||21(9tw)||£iﬁ) —I—/ dslus||z1 (Oiw)| da.
D

With (2.9) we compute

I3 = —/Dg(:c,vlJrzl(Otw))vg dx
< /D 9o, un)luz — 25(0w)] da
< /D 671 + fur luz] o + /D 6701+ [ur])|22(0,)] d
- /D 521+ s )] d + 6125 (01 + /D bl 22(6)]| da

< / 87(1 + |us|)|ua| da + 67|22 (8:w)]|2 + C+/ d7|uq]|z2(0rw)| da.
D D

35
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Now, combining the estimates for I and I3 yields

I + 13
S/ 07 (1 + |uq])|us] da:Jr/ o7|ur||z2(0w)| da
D D
3
+/ §4§(|u1|+|u1|p1+1) da:—l—/ Og|ug||uz] dx+/ d4|uz||z1(Ow)| da
D D D
+C+ 1 (22013 + 21 (0)l3 + 121.(60) 1211
S (54+57)/ (1+ |U1D|U2| d93—|—/ 57|u1||z2(9tw)| d$
D D
3
+/ 54§(|u1|+|u1|p1+1) der/ O4|us||z1 (Ow)| dz
D D
+C+Cr (201 + 121 Bl + 121 () 1251
1)
< soluall + Co [ (1 ) dot [ srfurlea(0r0)| o
16 D D
3
+/ 54§(|u1|+|u1|p1+1) dx—i—/ dy4|uzl|z1 (O;w)| dz
D D
+C+Cr (|01 + 1210l + 121 (G 1251
1 3
= gplualld +815 [ (al+ P o1+ n)?) o
6 2 /p
+/ 5ol |2 (6,)] dx+/ 5alus|| 21 (0uw)| da
D D
+C+C1 (|03 + 1210l + 121 ) 1251
1) ) )
< ol +02/D<1+ fu]?) do + S} + T luzll

+C+ 1 (1220} + 21 (G)l3 + 1100 12241

where we have used that for ¢ = max{p; + 1,2} < p there exists a constant
(5 such that

Cr (J€]+ [€P T+ CA+[€])%) < Ca([€]9+1), for all € € R. (3.18)
Thus,
I, + 13

1) 01 01

< —Jluzll3 + gl\ul\li + leullli
+C+Cy (Ilza(ﬁtw)llé + [lz1(6w) 13 + ||zl(9tw)lliiii)
5 513

< —|lvall3 + %Hullli +C

+C1 (12206113 + 121(6) 13 + 121 (B) 12211
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Hence, in total we obtain

1d
5 (ol + oz 3)

01 ) 013
< —d|Vor 3 = Flhually - blleall3 + 3 leall3 + 22 e 2

+C + 1 (J122(0)13 + 21 (0o)l3 + 121(0) 12231 + 121.600) )
01 36

= —d||Vu 5 — §||u1||5 - ZHUzH%
+C 4 (2203 + 121 0 + I ) 2173 + 121 60) 2
d d 39
< *§||V111||§ - 21””1”3 - ZHWH%
+C+ C (H22(9tw)||§ + ||Z1(0tw)||§) (3.19)

and thus

d

T lalz+llvall2) < =C ([lorll3 + llv23) +C+Cr (llz2(0i) 5 + 122 (B:)][5) -
(3.20)

Now, applying Gronwall’s inequality we obtain

loil3 + Ilv23
< (2113 + [[02113) exp (—Cat) + C3 (1 — exp (—Cat))
t
+Cl/ exp (—Ca(t — 5)) ([22(0:w)II3 + [l21 (Bs) ) ds
0
< (107113 + [v2113) exp (=Cat) + Cs

+01/0 exp (=Ca(t — 5)) ([z2(0sw)[I3 + l21(Osw) ) ds. (3.21)

We replace w by 6_;w (note the P-preserving property of the MDS) and carry
out a change of variables

[[v1 (£, 0w, 07 (O—e))II3 + [|va(t, 0w, v3 (0—w))13
< (IR (013 + [[03(0—ew)[[3) exp (=Cat) + Cs
t
+01/ exp (=Ca(t — 5)) ([z2(Bs—w) 3 + 121 (0s—ew)[I}) ds
0
< (IR (0-w) 13 + 02 (0—w)13) exp (—Cat) + Cs

0
+ Cl/ exp (Cas) (||22(05w)||§ + ||21(05w)||£) ds.

—t
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Now let D € T be arbitrary and (uf,u9)(6_;w) € D(6_;w). Then
(s 0—sw, (), 1) (0—w)) [
= [Jo1(t, 0w, ud (0-1w) — 21(0—w)) + 21 (w)]13
+[lva(t, 0w, up(0-iw) — 22(0-w)) + 22(w)|I3
< 2[or (t, 0w, ud (0—1w) — 21 (0-ew)) |3 + 2] 21 (W)]I3
+ 2]z (t, 0w, uy (0—w) — 22(0—w)) |13 + 2l|22(w) 13

<2 ([[uf (O-1w) — 21(0—4w) |13 + [[uS (O—1w) — 22(0_4w)||3) exp (—Cht)
0
+2C5 + 201/ exp (Cys) (||zz(95w)|\§ + HZ1(QSw)||g) ds

—t
+2[lz1 (W)[13 + 2l 22(w) 13

<4 ([[u} (O—w) 13 + 121 (0—1w)l[5 + [[uz(0—w) 15 + [|z2(6—w)|13) exp (—Cat)
0
+2C5 + 201/ exp (Css) (||z2(05w)|\§ + Hzl(Gsw)Hg) ds

—t

+2[z @)|I3 + 2l|z2(w)]13.

Since (uf,u9)(0_w) € D(0_w) and since [|z1(w)[[f (p > 1), ||z2(w)]3 are
tempered random variables, we have

lim sup (I (O—ew)lI3 + |22 (0-ew)II3 - .

Hug(0—1w)lI3 + 22(6-w)[13) exp (~Cat) = 0.

Hence,
lim sup [ (t, 0w, (u, up)(6-w)) &

t—o0

0
<203+ 201/ exp (C25) ([|22(0sw)[13 + 21 (Bsw)|2) ds

— 00

+2[lz1 (W13 + 2l 22(w) 13
=: p(w). (3.22)

Due to the temperedness of ||z1(w)|[% for p > 1 and ||za(w)||3, the improper
integral above exists and p(w) > 0 is a w-dependent constant. As described in
Remark 3.6, we can define for some € > 0

B(w) = B(0, p(w) + €).

Then B = {B(w)}, € T is a T-absorbing set for the RDS ¢ with finite
absorption time t7(w) = suppes tp(w). O

The random radius p(w) depends on the restrictions imposed on the non-
linearity and the noise. These were heavily used in Lemma 3.20 in order to
derive the expression 3.22 for p(w). Regarding the structure of p(w) we infer
by Lemma 3.17 that p(w) is tempered. Although we have now shown the
existence of a bounded 7-absorbing set for the RDS at hand, we need further
steps. To show existence of a random attractor, we would like to make use of



NoDEA  Random attractors for stochastic partly dissipative systems Page 21 of 37 35

Theorem 3.11, i.e., we have to show existence of a compact T-absorbing set.
This will be the goal of the next subsection.

3.4. Compact absorbing set

The classical strategy to find a compact absorbing set in L?(D) for a reaction-
diffusion equation is the following: Firstly, one needs to find an absorbing set
in L?(D). Secondly, this set is used to find an absorbing set in H'(D) and due
to compact embedding this automatically defines a compact absorbing set in
L3(D). In our setting the construction of an absorbing set in H'(D) is more
complicated as the regularizing effect of the Laplacian is missing in the second
component of (3.8). That is solutions with initial conditions in L?(D) will in
general only belong to L?(D) and not to H'(D). To overcome this difficulty,
we split the solution of the second component into two terms: one which is
regular enough, in the sense that it belongs to H'(D) and the another one
which asymptotically tends to zero. This splitting method has been used by
several authors in the context of partly dissipative systems, see for instance
[20,32]. Let us now explain the strategy for our setting in more detail. We
consider the equations

dvj t(t) = —o(x)vy(t) — g(x,v1(t) + 21 (w)), v3(0) =0, (3.23)
and ,
%2 = —o()v3, v3(0) = vy, (3.24)

then vg = vi +v3 solves (3.10). Note at this point that we associate the initial
condition vy € LQ(D) to the second part. Now, let D = (D1,D2) € T be
arbitrary and u® = (u{,uJ) € D. Then

o(t,0_w,u’(A_,w))
= (u1(t,0_sw,ul (0_w)), uz(t,0_sw, ud(0_w)))
= (v1(t, 0_w, 0] (0_4w)) + 21 (w),
vy (t, 0w, V3 (0-4w)) + V3 (t, 0w, V3 (0—w)) + 22(w))
= (00 (8,00, 10(0_10)) + 1 (@),
v3(t, 04w, 0) + 22(w)) + (0,03 (¢, 0_w, v (0_4w)))
(1,0, (0 10)) + pa(t, 00, 1(0_ 1))

If we can show that for a certain t* > ¢p(w) there exist tempered random
variables p;(w), p2(w) such that

o1 (8, 0w, v (0_1=w)) + 21 (W) 71 (p) <p1(w), (3.25)
|03 (£*, 0_-w, 0) + 22(w) || g1 (py <p2(w), (3.26)

then, because of compact embedding, we know that ¢ (¢*,0_;w, D1 (0_4w))
is a compact set in H. If, furthermore

tlim lva (t, 0_sw,vS(0_w))|l2 = 0, (3.27)
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then po(t, 0_tw, Da(0_4w)) can be regarded as a (random) bounded perturba-
tion and ¢(t,0_w, D(0_w)) is compact in H as well, see [28, Theorem 2.1].
Then,

ot 0_tw, B(O_4w)) (3.28)

is a compact absorbing set for the RDS ¢. We will now prove the necessary
estimates (3.25)—(3.27).

Lemma 3.21. Let Assumptions 2.1 and 2.2 hold. Let Dy C L?(D) be tempered
and u € Dy. Then

Tim (3¢, 010, v2(0-1s0)) [ = 0.
Proof. The solution to (3.24) is given by
v3(t) = v5 exp (—o(2)t)
and thus
Tim (316 03(6_1)]3
= Jim [[0§(6-w) exp (=o (@)1
< lim 086 w) 3 exp (=50
< lim (u(0-1) 3 + [122(0-1s) [2) exp (~t) = 0,
as uy € Dy and ||29(w)||3 is a tempered random variable. O

We now prove boundedness of v; and v in H!(D). Therefore we need
some auxiliary estimates. First, let us derive uniform estimates for u; € LP(D)
and for v; € HY(D).

Lemma 3.22. Let Assumptions 2.1 and 2.2 hold. Let Dy C L?(D) be tempered
and ul € Dy. Assumet >0, r > 0, then

t+r
/ s (5, w0, u0(w))[2 ds
t
t+r
<cri / (122(05) 13 + l121. (B, [2) dis
t
+ Jlor (£ w, (@)1 + [Jva(t, w, v3(w))]12, (3.29)
t+r
/ 1901 (5, 0, 09 (@))||2 ds
t
t+r
SCT+C’1/ (22 (Bsw)l3 + ll21(Bsw)|5) ds
t

+ loa(t, w, v (W)II3 + [[oa(t, w, v3 (W) 13, (3.30)

where C,Cy are deterministic constants.
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Proof. From (3.19) we can derive

d
E(Hvlllﬁ + [Jv2]3)

o
< =d|[ Vi3 ~ ZlHulHﬁ +C + C1 ([22(0:w) 13 + [z (Bw)II7)

and thus by integration

51 t+r

t+r
d [ IV @) ds+ G [ e @)l ds

t+r
<Coricy / (122(0s0) 13 + [11 (Bs)|I2) ds
t

+ loa(t, w, 07 (W)II3 + [[oa(t, w, v3 (W) ]13.

The two statements of the lemma follow directly from this estimate. O

Lemma 3.23. Let Assumptions 2.1 and 2.2 hold. Let Dy C L?(D) be tempered
and u(l) € Dy1. Assume t > r, then

t+r 9 9
O —_
/ s (5,0, (@) |222 dis
t

t+r 5
< Cor + Callz1(05w)[[7.—5 + Csllz2(05w) 15 + Callva(s,w, v5(w))|l3 ds

t—r

+ Csllvr (t = rw, W (@) + Cs[lva(t — 7w, 05 (@) 3, (3.31)

where Cy, Cs,Cy, C5, Cg are deterministic constants.
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Proof. Remember that v, satisfies equation (3.9). Multiplying this equation
by |v1[P~%v; and integrating over D yields

pdt/ |1 [P da
4 / A (8)[v[P~20; dz — / Bz, v1(8) + 21 (Biw))[on [P~ 201 da
D D

—/ Fx,01(t) + 21(6:w), va(t) + 22(6:w)) |01 [P~ 201 da
D
— dp—1) / IVor 2o P2 dar — / h(@, v1 () + 21 (610)) 02?20y e
D D
- / F(z,v1(t) + 21 (0sw), v2(t) + 20(0;w)) |01 [P 20y da
D
o
= _/ <1|”1|p C — Ci(|z1(8w)” + |21(9tw)|p)> 01|72 da
D
+/ [f (@, 01() + 21(0w), v2(t) + 22(8,w))| |01 [P~ 201 da
D
_ 571 2p—2 p—2
5 |v1] de+C [ |Jv|P7= de
D D
- Cl/ (21 (6ew) |* + 21 (0w)[P) 01 P72 dar
D
—|—/ Sa(1 4 1 + 21 (0,0)[P* + |vg + 22(0;w)])|v1|P 20y da
D
< 7/ 5—1|1)1|2p*2 d:chC/ vy |P~2 dx+Cl/ |v1|P~! da
p2° D D

" 02/ (|21 (B:w) 272 + |21 () |P* P) dar +/ 64 (JoafP" o
P D

+ C5 (|U1|p1+p71 + |21(9tw)|p1 |1)1|p71 =+ |’L)2||U1|p71 -

|22(9tw)||v1|p_1)) dx

_ 2p—2 e 2p—2
< / vl dz +2p4/ |v1] dz + Cs
+Ca [ (5B + 1 (0)P ) do
D

+/ Cs (|21 () [P o1 [P71 + [wa] o1 [P~ + [z2(Brw)[[or [P7) dia,
D

where we have used condition (2.6), the relations p—1,p—2,p; +p—1 < 2p—2
and the inequality

d
Wz, 01+ 2o 2 P = C = Ca(laaf® + |21 7).



NoDEA  Random attractors for stochastic partly dissipative systems Page 25 of 37 35

that can be proved by using conditions (2.5) and (2.10)

h(z,v1 + z1)vy = h(x,v1 + 21)(v1 + 21) — h(z,v1 + 21) 2
2 1lvr + 21 — 83 — [h(@,v1 + 21)]] 21
> 81fvr + 21 [P — b3 — (I + Osfvr + 21 [Pz
> §1|vy + 21 P — C — C1|z1]? — 61/2Jv1 + 21|P — Ca|21|P

6
= Lo+ 2P~ C = Cilal + |2 ]

1)

> *1||U1| —|z|lP = C = Ci(|lza|* + |21]?)
5

> Lulr — O = Cllaal + |17,

Hence we have

p

= 02/ <|zl<etw>|2p*2 Fla(0)P" ) da
D

+/ Cs (|21 (Bw) [P + [v2] + [22(fw)|) o1 [P da
D

gc6+02/(|z1(9tw)|21’*2+|z1(9tw)|1’2*?) dx—i—/ ol do
D
-I-/ C3(|21(0w)|P* + |va| + |22(0w)|)? d
D
and thus
P 2p—2
pdt/|v1| dx—l—/ 22p|v| dx
< Co+ o [ (a0)72 + |21 (00)P" ) do
D
+/ C3(|21(0:w)|?P* + |ua(8) | + |22(0w)|?) da. (3.32)
D
We arrive at the following inequality
iy fp 4 2 20-2 < O+ Co|21 (0w)]|7 7 + Cs |22 (0:) |2 + Cs w22
S qlville + g llvillzp—s < Co+ Collz1 (Bew)llpe =) + Csllz2(B:w)[2 + Csllvz
(3.33)
and hence
d <(Cs+C 0 P 0 C p
T llvillp < Co + Callz1 (Bew)llp ) + Callza( 1w)l5 + Csllvzl3 — oo 1v1llp-

(3.34)
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With (3.29) we have

t+r
/t lon (s, w, o @) ds
t+r
— [ Il od@) - @) ds
t

t+r
<CriC, / (122(0sw)[3 + []21 (Bo) 12) dis

+ Ceflvi(t,w, v] (W) |I3 + Collva(t, w, v3 (W) |3-
Thus by applying the uniform Gronwall Lemma to (3.34) we have

1 (¢ + 7, w, 07 (@) 15

t+r
<7rCs + Cal[z1(0 sw)IIZ Ty 4 Csllz2(85w)|[3 + Callvz(s, w, vy (w))I[3 ds
+05Hvl(t w, 07 (W))|3 + Cs[lva(t, w, v3 (W) 3. (3.35)

Now integrating (3.33) between t and ¢ + r yields

t+r 5 2
/ o1 (5,0, 02 (W))]|Z22 d
t

t+r
< Cer + Cal[z1(0 sw)IIZ Ty 4 Csllz2(85w)II3 + Csllvz(s, w, vy (w))I[3 ds

+C||U1(t w, vy (W)
and thus for t > r using (3.35)

t+r 5 2
/ o1 (5,0, 03 (@))]|Z22 d
t

t+r
< Cer + Collz1(6 sw)IIZ Ty 4 Csllz2(85w)[[3 + Callvz(s, w, vy (w))I[3 ds
t—r

+ Cs[lvi(t — 7w, 09 (W))]I3 + Cs [|va(t — 7, w, v3 (w))]]3.
In total this leads to

t+r 9
/ lan (5,0, 00 (w)) 2272 ds
t

t+r
< Cer + Csl|z1 (05 w)Hp TPt Cs|22(05w)||3 + Cyllva(s,w, v3(w))||3 ds

t—r

+ Csllvr (t = rw, 0} (@) + Cs[lva(t = w, 05 (@) [3

t+r 5 5
L AENCS e £ ®
t
t+r
< Cer + Cal[z1(0s W)IIZ b+ Csl22(050) |15 + Callva(s, w, v3 (w)) |3 ds
t—r
+ Cs[lvi (t — 7w, 09 (W))[I3 + Cs[lva(t — 7w, v3 (w))[I3,
and this finishes the proof. O
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One can also use appropriate shifts within the integrals on the left hand
sides in (3.29), (3.30), (3.31) to obtain simpler forms of the w-dependent con-
stants on the right hand side, see for instance [33, Lemma 4.3, 4.4]. More
precisely, in case of (3.29) one can for instance obtain an estimate of the form

t+r
| b Ol < 1+ 70,

where p(w) is a random constant. Nevertheless such estimates hold for every
w, independent of the shift that one inserts inside the integral on the left hand
side. Without the appropriate shifts on the left hand sides, as in the lemmas
above, the constants on the right hand sides depend on the shift. Next, we are
going to show the boundedness of vy in H!(D).

Lemma 3.24. Let Assumptions 2.1 and 2.2 hold. Let D = (D1,Ds) € T and
u® € D. Assume t > tp(w) + 2r for some r > 0 then

901 (8,010, 02 (0_ )3 < 1 (@), (3.36)
where p1(w) is a tempered random variable.

Proof. Remember that vy satisfies the equation (3.9) and thus

51Vl = (o -a0r)

= (dAvy — h(z,v1 + z1(Oiw)) — f(z,v1 + 21(Ow), v2 + 22(Oiw)), —Avy)
—d||Av1 |5 + (h(z, 01 + 21(6iw)), Avr)

+ (f(z,v1 + 21(01w), v2 + 22(0iw)), Avy)

<—d||Av1||§+/ 5(1+ [ua]P~1)| Ay | da
D

+/ 54(1 + [ |P* + |us|)|Aon | da
D

<—d|Anff+C [ @4+ a4 ol + ushlAv] ds
D
d -
<1803 +C [ (@ ful ™+ o +us)? de
D
d _
< - SI8ulE+C [ (4 + lusP) ds
D
d -
=~ 2180l + 01 + ClhulE 3 + Clual}
dc ,
< =LVl + 01 + ClulE 3 + Clhal?
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We want to apply the uniform Gronwall Lemma now. Therefore, note

< [Vui w9 @) < <de [F0r(tw,08(0) 3

==y(t) —g(t)

+ O+ Cllua (t,w,u () 1555 + Cllua(t,w, u3(@))II3

:=h(t)
We calculate

t+r
/ g9(s) ds <0 (3.37)

and

t+r
L’|Wm@wm<»mw

t+r
<Cr+ Cl/ (Ilz2(Bsw) 13 + |21 (sw) IP) ds
t

+ O (JJor (t w, v (W) + vz (t, w, v3(w)) 13
where we have applied Lemma 3.22. By Lemma 3.23 for ¢t > r

t+r
[ It @3 ds
' t+r
<Cort [ Colla @25 + Calla(O)l + Callua(s, o n§(@) s
+ Csllor (t — r,w, 09 (W) I3 + Cs llva(t — 7, w, 09 (w)) 3.
Now, the uniform Gronwall Lemma yields for ¢ > r

V0t + 70, 00(w))[2
t+r
gc+a/’(wx@m@+mwwm@®
+Co (o (t, w0, 2 )3 + oty w, 03(@))]2)

t+r
+Cs/ 21 (Buw) 22 + [[22(0:) |13 + lua(s, w, v3(w))|3 ds
t

p?—p
-7

+Cu ([lor(t = 7w, 0] (W))II3 + [lva(t — 7w, 03 (W) ]13)

t+r
+Cs [ fuals, a3 s
t

t+r
gc+a/’n@@wUADMds
t

-

t+r
+@/’|mwMMW*+wxmm@m
t

+Cs (loa(t,w, 07 (@) 13 + lloa(t,w, v @)]I3 -
Hlvi (t = w, R (@) + o2t — 7w vz( NIE) -
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That is, for t > 0 we have

[V (t +2r,w, 08 (w))]I3

t+42r
< C+Cl/ [[v2(s,w,ud(w))||3 ds
t

t+2r 5
4 [ a0 ds
t
£y (ot + oo, 003 + [[os(t + 7y, 0 @) ..
st w, 00() I3 + ot w, 10(@)I3)

Let us recall that our goal is to find a t* > tp(w) such that (3.25) holds. Now
assume that t > tp(w). We replace w by _;_o,w (again note the P-preserving
property of the MDS), then

V01 (t + 27, 0y 2w, 07 (0—1—2,0)) 13

t4+2r
<C+ 01/ o (s, 0—t—orw, ud(0_;—o,w))|3 ds
t

p2—p

t+27r 5
e / 122 (Bt —an )2 + (220 t—zr)[3 dis
t

+ C3 (Hvl (t +r0_; 9w, v?(G_t_gTw))H% .
+ ||1)2 (t + r, 07t72rw7 Ug(aft*QTw))”g cee
+ o (t, 0120w, Y (04 —2,w))|3 - .-

+va(t, O—t—2rw, v3(0—i—2,w))||3) -

As t > tp(w) we know by the absorption property that there exists a p(w)
such that

||U1 (ta 0w, U(l) (Q*tw)) Hg < ﬁ(w)>
and thus replacing w by 0_s,w
[0 (80—t —2rw, 07 (0—s—2,0))[|3 < A(O-2rw).
Similarly, we know that
lvr (t + 7, 0w, 07 (O—¢—,0)) |13 < A(O-sw),
and thus by replacing w by 0_,w
[ o1 (¢ + 7,0t 2,0, 07 (0—t—2,0)) 13 < p(O-2,).

The same arguments hold for vy. Furthermore, as t > tp(w) and we know from
Lemma 3.20 that there exists a tempered random variable p(w) such that for
s € (t,t+2r)

lva(s, 0—sw, uz(0-sw)) |3 < p(w)
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and thus

t+2r
/ 025, 8200, u(B—s 20|25
t
t+2r 2r 0
< / P(Oeinpi) ds = / PO, arw) dr = / P(0,0)dy.
t 0 —2r

With similar substitutions in the integral over ||z (Hs_t_Qrw)Hgiii and
|22(0s—¢t—orw)||3 we arrive at
Vo1t + 27, 0420w, 07 (0—s—2,w))[I3

0 0 5
p(0,0)dy + Cs / 121(0,) 1777 + | 22(6,0)]3 dy
—2r —2r

+ 03,5(9_27-(,«)),

SC’+C’1/

where the right hand side is independent of ¢. Due to the temperedness of
all terms involved, they can be combined into one tempered random variable
p1(w) such that for t > tp(w) + 2r =: t* we have

[Vo1(t, 00,07 (0—w))15 < p1(w),
this concludes the proof. O

We are now able to prove the boundedness of the first term of vo in
HY(D).

Lemma 3.25. Let Assumptions 2.1 and 2.2 hold. Let D = (D1,D3) € T and
u® € D. Assume t > tp(w) + 2r for some r > 0. Then we have

Vo3 (t, 0—1w, 0)[13 < p2(w), (3.38)
where pa(w) is a tempered random variable.

Proof. Remember that v] satisfies the equation (3.23) and thus
1d 4
2dt dt

= <—O'(I)’U% - g($, v+ zl): _AU%>
= (o(x)vy, Avy) + (g(x, 01 + 21), Avy) .

=:L1 =:L>

[Vw3ll3 = (S-v3, —Avy)

We estimate L; and Lo separately
L, = / o(x)vs Avidx
D

= —/ V(o(z)vl) - Voida
D

IA

—5||Vv§||§ — / Va(x)v% . V'U%dx,
D
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and

Ly = / g(x, vy + 21)Avy dz = 7/ Vg(z,v1 + 21) - Vo dz
D D

=~ [ (Vglava+ 2) + Beglvn + 20)V(wr +20) - Vo da,
D
where in the last equation the gradient is to be understood as
Vg(x, v+ 21) = (O, 9(x, 01 + 21), ..., 0n, glx,v1 + 21)) "
Hence,
i v 1112 2511V 12
dt” vy |3 + 26[[ Va3
< 2/ }VU(m)U% + Vyg(z,v1 + 21) + Oeg(z,v1 + 21)V(v1 + zl)‘ |Vug| dz
D
1
< g/ ’Vo(ac)v% + Vyg(z,v1 + 21) + Oeg(x,v1 + 21)V(v1 + 21)’2 dx
D
+0[|Vus 3
and further with (2.8)
L vod3 +51vo3 3
dt 212 2112
<5/ S (1000 (od] + 10,9, 1 + 20)
=5 Di:l T4 2 T; )
Heg(w,v1 + 21)0s, (v1 + 21)])° da

1 n
< —/ S (Clod| + 65(1 + o1 + 211) + 851s, (01 + 21)])° do
5 Jp &

(C+65) n/ (|v%|+1+\v1+zl d:c+ /Zk’? (v1 + 21)|? dz
D

em\w oq\w

(C+35) n/D ([0l + 1+ o1 + 21)) do + T5||V(v1 + 20l
< C1+ Ca(llvz 113 + lloall3 + ll21113) + Cs(I V013 + V21 13).-
where C':= max; <j<, max, 5 |0,,0(x)|. Next, we apply Gronwall’s inequality
while taking the initial condition into account and we obtain for ¢ > 0
t
IVvz 13 < /0 [C1 + Calllvz 13 + llvall3 + [l22113) + Cs (Vo3 + V21 l3)] -
x exp ((s —t)d) ds. (3.39)

We have from (3.19) the following equation

d S
a(llvl||§+||v2|\§)+M(||v1II§+||02||3)+dIIVv1II§ < CHC([|22(6s0) 5+ 21 (0:) 1),
(3.40)
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where M = min{d/c,d} and certain constants C,C. We multiply (3.40) by
exp(Mt) and integrate between 0 and ¢
' d 2 2 ' 2 2
/0 exp(Ms) = ([[vr]lz + [Jozll2)ds + M/O exp(Ms)([|lvr]lz + [lvz]l2)ds
t
er/ exp(Ms)|| Vo ||2ds
0

t t
§/ Cexp(Ms)ds+C/ exp(Ms)(sz(Gsw)H% + ||zl(98w)||§)ds.
0 0

This yields

/0 exp(M(s — £))[[Vor (5, w, v9(w)) |2ds
< = exp(= MO + [18()I3) + €
e / exp(M (s — 1) ([[22(65) |3 + |21 (6s) [2)ds, (3.41)
0
as well as
o1 (£, @, W @)IIZ + et w, v3(w)) 2
<

(1o @)II3 + [[v3(@)13) exp (=M1) + C

+ é/o exp (M (s — 1)) ([[z2(6sw)[13 + 21 (Bsw)[[B) ds.

In particular, from the last estimate we obtain

tp () 0 2 0 2
/ (o (5, 0—s0, 00 (01|13 + |25, 610, v (0_s0)) |12) exp(M (s — 1))ds
0
tp(w) o 5 o 9 . rtp(w)
< /O (190 1)II3 + 109 (09— ) [3) exp (— M) ds + C /0 exp(M(s — ))ds

_ [to(w) s
+C [T [exp (e~ ) (I2(0r—)3 + 1 0r—w)l}) drds
0 0

< ([ (0-ew)13 + [[v3 (0—¢w)|I3) exp (—Mt) tp(w) + C
rtp(w)

+Ctp(w) /0 exp (M(7 = 1)) (llz2(0-—)[13 + |21 (0-—ew)}) dr. (3.42)

where we have replaced w by 6_;w after integrating and used that ¢t > tp(w).
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Now, replacing w by 6_,w in (3.39), noting that § > M and assuming
that ¢ > tp(w), we compute

Vo3 (t, 0w, 0)]13
C t
< 71 + 02/ [0z (s, 60—, 0)13 + l[v1 (s, 0—ew, v} (0—ew)) I3 + [lz1(0s—2w) |3
0
+IV01 (5,010, 09 (0_1)|3 + | V21 (0s—1w)|3] exp (s — 1) M) ds

tp(w)
<G+ 02/ [lv3(s,0—¢w, 0)[13 + [lv1 (s, 0—sw, v] (0—sw))[|3] exp ((s — t) M) ds
0

rt
+ Cz/ [lv3 (s, 0—tw, 0) 13 + [[v1 (s, 0w, v] (0—1w)) 3] exp ((s — t) M) ds

tp(w)
t
+ Czexp(=Mt)(|[v? (0—ew) |13 + [[v3 (0—sw)[I3) + 04/ exp(M(s —t))
0

X (122 (05—t + 121 Bs—t) 12 + 21 (Bamew) I3 + V21 (Bs—e)[3)ds
< C1 + Ca (o (O—ew)I13 + 103 (0—e)[3) exp (~ M) t ()

tp(w)
+ C5tp(w)/o exp (M (1 =) (lz2(0r—ew)|13 + [|21(6r—ew)|[5) dr

t
+Cg/t p(w)exp ((s —t)M)ds

p(w)

+ Cs exp(—Mt)(J|vf (0-ew)lI3 + [[v5(0—ew)13)
0
+ C4/ exp(Ms)(llz2(0sw)13 + 21 (0sw) 1} + |21 (Bsw) 13 + |V 21 (Bsw) |3 )ds
< C1+ Ca(tp(W)) ([0 (0—1w)lI3 + ([0 (0-ew)[I3) exp (~M?) + Csp(w)

0
+ Cy(tp(w)) L exp(Ms)

% (lz2(0s@)13 + llz1 (Bsw)IF + [121(0sw)3 + V21 (Bsw) 13)ds

where we have used (3.41) in the second inequality and (3.42) in the third
inequality. Furthermore, we made use of the absorption property in the third
inequality. Finally, since ||z2(0sw)l|3, |z1(8sw)|[, |21 (Bsw)][3, [[V 21 (0sw) |13 (see
Lemma 3.17 and Remark 3.18) and |[v{(6_,w)||3, |[v9(6_:w)||3 (by assumption)
are tempered random variables, we can combine the right hand side into one
tempered random variable ps(w) and this concludes the proof. O

Theorem 3.26. Let Assumptions 2.1 and 2.2 hold. The random dynamical sys-
tem defined in (3.11) has a unique T -random attractor A.

Proof. By the previous lemmas there exist a compact absorbing set given by
(3.28) in T for the RDS ¢. Thus Theorem 3.11 guarantees the existence of a
unique 7 -random attractor. O



35 Page 34 of 37 C. Kuehn et al. NoDEA

4. Applications

4.1. FitzHugh—Nagumo system
Let us consider the famous stochastic FitzHugh—Nagumo system, i.e.,

duy = (ulAul —p(x)ul — ’LL1(U1 — 1)(U1 — 011) — UQ) dt + B;dW7q,

dus = (asus — aguz) dt + BodWa, (4.1)

with D = [0,1] and a; € R for j € {1,2,3} are fixed parameters. We always
assume that the noise terms satisfy Assumptions 2.2 and p € C2. Such systems
have been considered under various assumptions by numerous authors, for in-
stance see [4,31] and the references specified therein. Our general assumptions
are satisfied in this example as follows. Identifying the terms with the terms
given in (2.1)—(2.2) we have

h(z,ur) = p(x)ur +ug(ug — 1) (ur — 1),  flx,ur,us) = ug,

o(x)uy = aguy, g(r,u1) = —azus.
We have o(x) = a3 and |f (2, u1,us2)| = |uz| , i.e., (2.7) and (2.6) are fulfilled.
Furthermore, |0y, g(x,u1)| = |az| and |0, 9(z,u1)] = 0 for i = 1,...,n, hence

(2.8) is satisfied. Finally, as a polynomial with odd degree and negative coeffi-
cient for the highest degree, h fulfils (2.5). Thus the analysis above guarantees
the existence of global mild solutions and the existence of a random pullback
attractor for the stochastic FitzHugh—Nagumo system.

4.2. The driven cubic-quintic Allen—-Cahn model

The cubic-quintic Allen—Cahn (or real Ginzburg-Landau) equation is given by
Ou = Au~+ pru+u® —ud, u=u(z,t), (4.2)

where (x,t) € D x [0,T), p1 € R, is a fixed parameter and we will take D as
a bounded open domain with regular boundary. The cubic-quintic polynomial
non-linearity frequently occurs in the modelling of Euler buckling [30], as a
re-stabilization mechanism in paradigmatic models for fluid dynamics [21],
in normal form theory and travelling wave dynamics [13,16], as well as a test
problem for deterministic [17] and stochastic numerical continuation [18]. If we
want to allow for time-dependent slowly-varying forcing on u and sufficiently
regular additive noise, then it is actually very natural to extend the model (4.2)
to

du; = (AU1 + prup + ulf — u? — UQ) dt + By dW7q,

dug = e(paug — gauq) dt + By dWo, (43)

where po, g2, 0 < £ < 1 are parameters. One easily checks again that (4.3)
fits our general framework as h(z,u;) = —piu; — u3 + uj satisfies the crucial
dissipation assumption (2.5).
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