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Abstract

We prove the converge of abstract dynamical systems to their associated quasistationary
approximations and apply these results to a moving boundary problem modeling the
growth of avascular tumors.

Moreover, we introduce the notion of maximal continued solutions of moving boundary
problems in the sense that we characterize what inhibits global in time existence of
solutions. Again, our test object is the tumor model.
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Zusammenfassung

Wir beweisen die Konvergenz abstrakter dynamischer Systeme gegen ihre assoziierten
quasistationidren Approximationen und geben eine Anwendung auf ein freies Randwert-
problem, welches das Wachstum avaskularer Tumoren beschreibt.

Dariiberhinaus erkldren wir den Begriff der maximal fortgesetzten Losung eines freien
Randwertproblems. Wir charakterisieren, welche Phianomene die globale Existenz von
Losungen verhindern und diskutieren diese am Beispiele des Tumor Modells.

Stichworte: Freies Randwertproblem, blow-up, quasistationire Approximation
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1 Preface

The theory of partial differential equations as the probably most important mathemat-
ically tool to describe various processes in nature, has already been developed to be
a very extensive and multifarious theory. Nevertheless, many problems are still very
hard to treat, in particular those problems, which involve an unknown domain as a part
of the differential equations. One of the simplest examples of these so called 'moving
boundary problems’ is the well understood mean curvature flow V = H: One looks
for a family of surfaces whose normal velocity equals their mean curvature. In suitable
coordinates this simple law turns out to be a complicated nonlinear parabolic equation,
and solutions will have a finite life span in general. In deed, under this law any convex
initial geometry shrinks into a round point in finite time as Gerhard Huiskens was able
to prove, see [Hu1984]. This also means finite time blow-up of the surfaces curvature.
Much less is known in the case of more complicated systems. Recently, an abstract
functional analytic view has been successfully applied to the famous Stefan problem, so
called Hele-Shaw flows, the averaged mean curvature flow and models of avascular tu-
mor growth, just to mention a few, c.f. [K2007], [EsSi97a|, [EsSi98]|, [MaSi00|, [Es2000].
This semigroup theory based method seems to be the right tool not only to prove exis-
tence and smoothness properties of local solutions, but also to understand equilbrium
states of these problems.

Nevertheless, many questions have not yet been answered. One major thing is the
nonexistence of a general well posedness statement analogous to the ordinary case of
fixed domains, stating, that a solution or some derivative must blow up, if it has a finite
life span only. In the case of a moving boundary problem, blow-up can obviously also
mean the development of a singularity in the moving boundary. In the second part of
this work we shall give a first approach to such a theorem, c.f. Theorem 4.2. It should
be mentioned, that, although we do only consider one special model, the method of the
proof does apply to all the problems numbered above.

Another problem is the precise relation between the so called full problems and their
‘quasistationary approximations’. In order to point out qualitative properties, it is still
necessary in many cases formally to drop out a disturbing time derivative of a function
describing the development of some involved physical quantity. In many cases, a physi-
cal justification of this procedure can be given by reasoning, that this quantity evolves
along a different time scale than the boundary manifold, and therefore is approximately
in a stationary state relative to the development of the boundary. In the first part of this
work we shall introduce a small parameter and prove convergence of the corresponding
solution to a solution of the quasistationary model, if this parameter tends to zero. This
result, although stated in a rather general setting, applies first of all to the special model
which we consider in this work. This special model will be explained in the introduction.
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2 Introduction

Throughout this work we will consider the following moving boundary problem:

—Ap = f(v) in Q)

edww—Av = —h(v) in Q)

(2.1) V. = —0,p on I'()
p = cH on T'(t)

vo= Y on I'(¢),

where we set I'(t) := 0€2(t). The system is completed by the initial conditions v(0,-) =
vo, ['(0) = T'g. System (2.1) is a model describing the growth of an avascular tumor:
Q(t) is the domain occupied by the tumor at time t. By p we denote the cell pressure
and v describes the concentration of a nutrient, for example glucose, diffusing through
the tumor. The normal velocity of the family {I'(¢)} and the mean curvature of the
surface I'(t) are denoted by V and H = H(t), respectively. The functions h and f are
known: the rate of consumption of the nutrient and of cell-proliferation.

The model (2.1) was introduced by Greenspan in [Gr1956] and [Gr1976]. The idea is
to study tumor growth from the point of view of fluid dynamics: The tumor cells are
considered as particles of an incompressible fluid, while the tumor itself is a moving
domain, whose velocity field is commensurate with the pressure gradient. Forces of
surface tension counteract the internal cell pressure.

Cell proliferation makes the cellular tissue grow, fed with some nutrient by diffusion.
Thus, the cell proliferation rate f can be interpreted as the source term in the balance
of mass equation. To illustrate this, let

vol(t) := /ﬂ(t) 1dx

measure the volume of the tumor. Then it is well known that d/dt vol(t) = fr(t) V do,
c.f. [EsSi97al. Thus, by the equations in (2.1) and the divergence theorem,

d/dt vol(t) = /Q , fo) a

meaning, that in dependence on the present concentration of the nutrient, f acts as a
source or as a sink. A typical choice would be f(v) = —puo(v — v), where pg, v are
positive constants, but may also be of logistic type, see [ByCh95], [ByCh96].

Next, let us comment on the positive constants ¢, €. At first, ¢ > 0 is the surface tension
coefficient related to cell to cell adhesive forces. In this work we are not interested in



the dependence of the system (2.1) on ¢ and thus normalize it to be 1. This is different
in the case of €, which determines the time scale where the evolution of the nutrient
takes place. As already mentioned in the preface, a huge part of this work is devoted
to prove the convergence of the solution (v, ps,I'c) of (2.1) to a solution of the model
obtained by setting € = 0, as € tends to 0.

Finally, let us discuss some results which are already available. First of all, in the
situation of a constant consumption rate h(v) = Av, A > 0, (2.1) has already been
studied in [Es2000], where the existence of smooth local solutions has been proved. A
radially symmetric setting for a quasi stationary analogue of (2.1) has been investigated
in [MatAO08]. In fact, it is shown there, that in case the tumor is a disc and there is a
critical rate of cell death, then the tumor domain will vanish. The corollary 4.3 of this
work may be viewed as a first approximation of a generalization of this result.

This work is organized as follows: Section 3 is devoted to the study of the problems
dependence on the parameter €. In Section 3.1 we shall define an abstract Banach space
setting which allows the treatment of a quite general formulation of a dynamical system
in Section 3.2. These results are applied to system (2.1) in Section 3.3.

In Section 4 we develop the notion of maximal continued solutions. The results we
obtain are stated in Section 4.1. Section 4.2 will be used to define much of our notation
and to discuss some helpful differential geometric material. Section 4.3 will deal with a
proof of our main theorem.

Finally, Section 5 is needed to fill some gaps.



3 Singular limits in nonlinear dynamical systems

3.1 The abstract setting and linear equations

Let Xy := {2 € C; |arg(z)| < ¥+ w/2} U{0}. Troughout this section we shall assume

d
e I, Ey are Banach spaces, E1 — FEj;
e J is a perfect subinterval of RT containing 0, 0 < p < 1;

e There are M,n > 0 as well as ¥ € (0,7/2) such that
A C C?(J, H(EL, Ey)), [Allce(s.(81,E0) <5
(3.1) Yo C p(—A(s))

IA) £(y,m0) + X+ AN+ AS) H o(m0.;) < M,
where (s,A\,4) € J x ¥y x Aand j =0,1.

Here, H(E1, Ey) denotes the set of all bounded linear operators A € L(FE1, Ey), such
that — A, considered as a closed operator in Ejy generates a strongly continuous analytic
semigroup of operators on Ej, i.e. in £(Fy), which we shall denote by e *4. The symbol
p(A) denotes the resolvent set of A, and, given metric spaces X, Y, CP(X,Y) is the set
of p - Holder continuous functions. (3.1) has the well-known implication

(3.2) 1M|zl|g, < [|A(s)2]5, < M|z 5,

(s,z,A) € J x E1 x A.

It is also well known, that (3.1) guarantees the existence of a parabolic fundamental
solution Uy(t, s) possessing E; as a regularity subspace for any A € A. A detailed
construction can be found in [LaQPP]. Moreover, estimates are proven, whose impor-
tance is revealed in the study of quasilinear problems. In the sequel we shall use these
techniques to derive estimates of the fundamental solutions belonging to a family of the
form 1. A, a >0, A € A In deed, Lemma III 2.2.1 in [LaQPP], (3.1), (3.2) and the
fact that semigroup and generator commute, lead to the following statement:

Lemma 3.1 There exist C = C(k,M), 0 = o(9, M) > 0 such that



(3.3) A e A 2,y + HI[EA()] e A | gy ) < C e,
keN, (t,5,A) eR*Vx I x A, j=0,1.

Let X,Y, Z be Banach spaces and J} := {(t,s) € J x J; s <t}. If f:JX — L(Y,Z)
and g : JA — L(X,Y) are suitable functions, let

t
(Fro)ts) = [ ftn)grs) dr
denote their convolution. First just formally we define for (¢,s) € JX

D) au(t,s) = e (t=9)A6)
i) ka(t,s) = —[A(t) — A(s)]e(t=9)4()
i) wa(t,s) = > (Ki=1.j kalt,s))
iv) ea(t,s) = A(t)e” (=940 — A(s)e=(t=5)Als)

A € A, and notice, that the equality
UA(ta S) = aA(t7 S) + (CZA * ’LUA)(t, S)
holds true for A € A. Let ¢ >0, A € A and A, := %A. The fact
—t(Ac)(s) _ o= £A(5)

is behind the following lemma:

Lemma 3.2 There exist § = 6(M,9,p) >0, eg = eo(M,n,9,p) > 0, such that

l(oa 5 wa)ts)llomy < O (1= s)p-emo0le
5.4 l(@n *wa)(tem,my < €L i

l(aa *wa)(t:)lemopy < Cre-(t—spt e btole

laa cwa)(t)lem) < Co(t=s) et

hold true for (t,s) € Ji, A€ A and



e ¢ <gg and a constant C = C(M,n,p) > 0 in the case J = [0, 00)

e ¢ > 0 and a constant C = C(M,n,p,T) > 0, monotone increasing in T > 0 in
the case J =[0,T].

In order to prove Lemma 3.2 we shall use the following techniquality:

Lemma 3.3 There are C = C(9¥) >0 and b= b(p,o) > 0 such that

HeAg(tas)”E(Eo) <C-(t— s)pZ_l . e—b(t—s)/57
(t,s) € JX.

The two lemmata will be proved at the very end of the thesis. At the moment, we
need some more notation: If X, Y are sets, Y is the set of all mappings of X into
Y. P(X) denotes the set of all subsets of X. Given metric spaces (X,dx), (Y, dy), let
Cue(X,Y) C P(YX) be the set of all uniformly equicontinuous families of maps from
X to Y, and let C2,(X,Y) C P(YX), a > 0, be the set of all equi-Holder continuous
families of maps from X to Y, that is the set of families {v, : X — Y’; b € B} satisfying

iug dy(’l)b(l'),’l)b(y)) <c- dx(l',y)a, T,y € X.
€

Finally, let Ey, 6 € [0,1], be admissible interpolation spaces between E; and Ey. The
open ball in the space Fy with radius R is denoted by Bé%. The next theorem generalizes
a result of S. G. Krein (see Theorem 4.4.5 in |Pazy]|):

Theorem 3.4 (The Linear Case) Let 0 < 0 < T, J := [0,T], J5s := [0,T], o €
(0,1). Assume (B:)eso C A to be a net in A and (F.)eso C (Eo)” such that for some
R>0 and € (0,1)

i) {F.} € Cue(Js,BY) NP(C(J,BE))

or

i) {F.} € Cuc(Js5, B) NP(C(J,BY)).

Further, there may exist a pair (B,F) € (Lis(E1, Eo))’M% x (Eg)"MO ) such that
e—0

(B, Fo)(t) — (B, F)(t) holds true in L(E1, Ey) X Ey, uniformly on Js. If u. is the
mild solution of



e/ (t) + Bo(t)u(t) = Fo(t),  u(0) = ug € Eqy, ted,

e—0

then u.(t) — B(t)"'F(t) uniformly on Js with respect to

- the topology on E, in the case i) for all a € ]0,1),

- the topology on Ey in the case ii).
Notice that in the case 1) the mild solution is a classical one.
PRrROOF:  For simplicity let Uz := Uip , ac := a1p_and so on. Then

u(t) = Ud(t,00uo+ L [JU(t, 8)F(s) ds
U:(t,0)uo + 1 fg[ag(t, ) + (az * we)(t, 8)].Fe(s) ds.

Interpolation gives U.(t,0)ug =00 in C([a,T],Eg), 0 <a <T,0< 3 < 1. From
Lemma 3.2 we conclude

< O fi(t—s)Pt e 00/ | F(s)|| g, ds
< CR-&f- fooo Pl e 0% dy

=00.

12 Jo (ae * we)(t, 5)Fx(s) ds| i,

In order to get along with the remaining term we set

%fot ac(t,s)F.(s) ds = %fg ac(t, 8)[F-(s) — F-(t)] ds + %fot ac(t, s)F.(t) ds
=: Is,l(t) —+ 1572(75)

and treat I.; at first. Assume

F. € Cyue(Js,BE): Then, by interpolation of the morphism a.(t, s) : (Eo, Eo) — (Eo, F1)
we get

g ce% - fot(t - 8)_a : e_a(t_s)/E ||F€(t) - FE(S)HEO ds
% cev . fg T . emo/E ||F5(t) - Fe(t - $)”Eo dx
g.g . Orsxfa.efam/s HFE(t)—FE(t—x)HEO dx
+2CR - froo ™% e % dx

oy e | Fe(t) = Fe(t — ey)llm, dy

+2CR - froo ™% e 9% dux,

He1 ()|

IN I IA

IN
Q

9



r > 0. If b > 0 is given, we choose r > 0 big enough, such that the second integral
is smaller than b/2. Then, by our knowledge about F., we can choose € > 0 small
enough that the first integral is smaller than b/2, too. Thus I () Y0 in C(Js, Eq),
0<a<l1. Assume

F. e Cue(Jg,IB%ﬁ): In this case we find

e (D) 2, Jo e Ly [ Fe() = Fels)5, ds

1
e
G gln. f(f(t — sl emo=/E || B () — Fe(s)|g, ds

€

INIA

and continue as before. Let us consider I, 2(t) to be an element of Ey auf. Setting

L0 =2 [ aloR b
we have I2,(t) € By as well as
1%t = L-(B(t)7' [fy “[B:(t) — Be(s)lac(t, s) Fe(t) ds]
F(Be(t) ™ [fy £ Be(s)ac(t, s)Fu(t) ds]
=t (Be(t) 7" 2+ (Be(t) 7 Ty
We calculate
) = — fy Tec(t,s)Fu(t) ds+ [y “ 1B(t)e”(tm9/E B (¢ s)FL(t) ds

= - Otfa ec(t, s)F-(t) ds + [e_a(%Bs)(t)Fg(t) — e_t(%BE)(t)FE(t)],

Sending a — 0, from the estimates

CR- fot(t — g)P* L emelt=9)/e g
CR &’ -fooo 2Pl e 4y

I fo ec(t: ) F=(t) ds|l i,

IN N

as well as

1L [3[B:(t) — Be(s)ac(t, s) F-(t) ds| g, CR . (Yt —s)Pt e elt=9)/e gs

<
< CR-e- fooo Pl e (g

e—0

we conclude that u.(t) = B(t) ' F(t). In the last step we have also used the continuity
(in fact analyticity) of the inversion map.

10



We close this section by proving a simple inequality of Gronwall-type:
Lemma 3.5 Let J be a bounded perfect subinterval of RZ° containing 0, and let a,u €
Loo(J,R) satisfy
¢
u(t) < a(t) + C / (t— 1) u(r) dr,
0

C>0,teJ, ae(0,1). Then

[ull Loy < - llallom),
¢ =c(Cya,sup(J)).
Proor:  Let k(t,s) := C - (t —s)™* By Lemma II 3.2.1 in [LaQPP]|, w(t,s) :=
> 51 ki k(t, s) is well defined. Let b:=a+kxwu—u. Then b >0 and w > 0, since
k > 0. From Theorem II 3.2.2 in [LaQPP]| we know that v = (a —b) + w x (a — b).

Moreover, Theorem IT 3.2.1 in [LaQPP] implies, that w is integrable. Thus, u < a+wx*a
and the assertion follows. ]

3.2 Quasilinear systems

From now on we focus on a system of the form

5u+A((p))u = ggu,pg

p+Bpp = Gu,p

(3.5) oo —
p(0) = po

Our assumptions are as follows:
d d
o Ly, Fh, Fy, I are Banach spaces and and the embeddings F; — Ey, Fy — Fj are
compact;
e 0<y<B<ac<l,Ysisopenin Fg;
e given ¢ € (8,1], Y5 := Y3 N Fj carries the topology of Fj;

o Ac C' (Y3, H(EN, Ey)), B € C' (Y, H(F, Fy));

11



e F€C'"(Esx Y, E,), GeCl(Egx Yg, Fy);

e (ug,po) € Eq X Y.

Here, Ejy, Fy are interpolation spaces of exponent 6 € (0,1) with respect to any admis-
sible interpolation functor. We want to call a set M C H(FE1, Ey) regularly bounded, if
there exist M >0, ¥ € (0,7/2), w € R, such that

w+ Xy C p(—=0)
(3.6) '
lw + Clle(en o) + L+ A NA+w + OV My, my) <M

holds true, whenever (\,C,j) € ¥y x M x {0,1}. Clearly, finite unions of regularly
bounded sets are regularly bounded. It is known, that any C' € H(FE1, Ey) possesses a
regularly bounded neighborhood (c.f Corollary I 1.4.3 in [LaQPP]).

Let p € C¥([0,T),Y3), T >0, v € (0,1). Then

E,7(t,u) == F(p(t),u) € C*'~([0,T] x Eg, E,).

Thus (cf. [Ama88]), the equation

(3.7) { 6u+A1(Lp(2)1; z SSVT(LL’ u)

possesses a unique maximal continued solution u. 7(p) € C([0,¢)), E,)NC*([0,t7), Ey).
Fixing this notation, we can proceed as follows:

Given a regularly bounded neighborhood U of B(po) in H(F1, Fp), we choose a closed,
convex and bounded neighborhood X of pg in Yg such that B[X] C U and set

Wxwyr = {r € C(0,T], X)| [|r(t) —r(s)llmy <[t —s["},
which is not the empty set, because it contains the constant function ¢ +— pg. We have

Lemma 3.6 The set W§ ¢ is a closed, bounded and conver subset of C([0,T7,Yp).

12



PrROOF: W)”((U) o 18 bounded, since X is bounded. It is convex, since X is convex
and

1670+ (1 =0)-r1)(s) = (b-ro+ (1 =b) - r1)(t)l|m; < [0+ (L= D)t — 5"

To see that it is closed, let (rp) C Wy ;) 1 converge to some r € C([0,7], X). Then,
given 0 > 0, there exists n € N such that

l7(#) = r(s)llms < 20r = rallcqom.x) + Ira(t) — ra(s)llms <6+ |t —s]”

and the assertion follows by sending § to 0. ]
We now make the cruical assumption:

e Given p € Wy ;) 1, there is a C = C(X), such that

(3.8) [ue,r(p) (D)l 2o < C, 0<t<tf(p),

where C'(X) < C(X), provided X C X.

Finally, we use the abbreviations B, := B, (po, a) as well as Weanr == Wi, The
symbol -’ means compact embedding.

Theorem 3.7 There is a positive time t* independent of €, such that, given & >
0, system (3.5) possesses a unique classical solution (ue,pe) € C(]0,t*],Eq X Yo) N
C([0,t*], Ey x Fyp).

Moreover, . ue[[0,t*]] X pc[[0,t*]] is a bounded subset of E, x Y. If, given 0 <
§ < t*, there is a number u > 0, such that u. € Clc([0,t*], Eo), then there is a pair
(u,p) € C((0,t*], E1) x C([0,t*], Ya) with the following properties:

- (ue, pe)(t) — (u, p)(t) in Eq XYy, locally uniformly on (0,t*], after possibly passing
to a subnet;

- p(0) = po;

- (u, p) satisfies (3.5) in the case € = 0 pointwise on t € (0,t*].

13



PrROOF:  Let regularly bounded neighborhoods U of B(pg) in H(F1, Fy) and W of
A(po) in H(E1, Ep), 1o € (0,0 — 3) as well as a > 0 be chosen such that B[B,] C U,
A[B,] € W. Moreover, we may assume A, B to be Lipschitz continuous on B,. We set

Wor = W;"(OU) P

(3.8) implies the global existense of the function u.r(p), p € Wy, i.e. on [0,T].
Moreover, the set

Moo= U wer()0.7)
e>0
re Wa,T

is bounded in E, and thus relatively compact in Eg. Thus, we can choose a > 0 in a

way, that I, G are Lipschitz continuous on M, X B,.
Next we prove that, given € > 0, the mapping

p— uE,T(p) : Wa,T - C([OvT]vEOé)

is Lipschitz continuous. In deed, from the Variation of Constants (VoC) formula we
know that

t
ue,7(p)(t) = Ugp). (t,0)uo + 1/8/0 Ua(p). (t;8)Fpr(s,u(s)) ds.
Thus, Lemma IT 5.1.4 in [LaQPP] tells us

[[ue,r(p) — ue,r(0)](t)| £,
<C-: [HA(P)e - A<U)6HLOO(O,T,E(E1,E0)) Alluoll £,

 Jy (= 5V P (s,ue2(p)) (5) |, dis}
S5 1) e (), o) | P (5, 1027(0))(5) = Pt (s, e 2(0)) (3) s, s

for a suitable w € R and F,, ;. 7(s,v) := Fyr(s,v) + wv. Thus,

e (p) — wer (@) )lle. < C-[llp = olleor vy
+ Jit = ) [uer (p) — uer(0))(s)l| 5, dsl,

14



where C = C(e,T,~, ) is independent of p,o € W, 7. Lemma 3.5 finally gives

e (p) = e (@) t)lla < C - llp = ollogorvy)-

In general, of course, C will tend to infinity as € tends to 0. Nevertheless, denoting by
0. 1(p) the unique solution of the equation

or+ B(p)o = G(ue,r(p), p),  a(0) = po,

the VoC formula, interpolation and Lemma II 5.1.4 in [LaQPP] imply the Lipschitz
continuity of the mapping

D, : Wa,T - C([()?T]v Yﬁ)v p = O-E,T(p)v

c.f. Theorem II 5.2.1 in [LaQPP]. Again, the corresponding Lipschitz constants will
depend on € > 0 in general. But, following Theorem II 5.3.1 in [LaQPP]|, thanks to
(3.8) and 0 < rg < a — 3, we find that

(3.9) U ®-Wa,r] € War 0 C([0,7], Pa),
e>0

where P, denotes a bounded subset of Y, containing pg, provided a,T > 0 are small
enough. Since W, is a convex, closed and bounded subset of C([0,T7],Y3) by Lemma
3.6, and since any of the mappings ®. is compact due to (3.9), F} —<— Fy (thus also
F, —<— Fj3) and Simons compactness theorem (vgl. [Si88]), there exists a family of
fixed points p. inside W, 7. Thus, if ¢ > 0 is given, the pair (u., p;) is a solution of
(3.5), where u. := u. 7(ps). The uniqueness and regularity results from Theorem 12.1
in [Ama93| complete the proof of the theorems first statement.

Let us now fix two sufficiently small numbers a,T and denote them by A,t*. By
construction, it is clear, that the set {p.| € > 0} is relatively compact in C([0,¢*],Y3).
It follows from p. € W, T,

e(ue)t + A(pe)ue = F(ue, pe)

and (3.8), that ||us(t)||g, < C(A),t € [0,t*], e > 0. Given 0 < § < t*, let J5 :=
[6,t*] and J := [0,t*]. Assume that u. € Cle(Js, Ey). Then the set {u.] ¢ > 0} is
relatively compact in C'(Js, Eg). Therefore we find a subnet (u, per)e/>0, again denoted
by (Uaap£)€>07 satisfying

15



(ue, pe) = (u, p) € C(Js, Eg) x C(J, Yp)

in C(Js, Eg) xC(J,Yp). Let (ug,, pe,. e, >0 be a sequence in (ue, ps)e>o such that e — 0.
Denote this sequence again by (u., p:). It is not difficult to see, that the set

(3.10) AlplJ)) x Blpl U ([ Alp=[J]] x Blp:[J]]
e>0

is a compact subset of H(E1, Ey) x H(F1, Fp). Thus, we find w € R, such that the
operators w + A(pe), w + B(p:) as well as the limits w + A(p), w + B(p) satisfy the
assumptions of Theorem 3.4. Moreover, F(ue, pe) F (u,p) in E, uniformly on Jjs.
Remember that the set J,. ue[J] is bounded in E,. Thus {uc| e > 0} € Cffg/a(Jg, Eg):

e (t) = ue(s) |y < llus(t) — ue(s)| 57 - lus(t) — ue(s)l|h® < C - |t — s/

t,s € Js. By construction, the set {pc|s;; € > 0} is equi - 9 - Hélder continuous with
respect to the topology of Y3. Thus,

F(uc, pe) € Cpntrorblel (g5, By,
and Theorem 3.4 implies

e«—0 e—0

u(t) ©= ue(t) = (w + Ap(t)) " (F(u(t), p(t)) +w - u(t)),

where the right arrow represents convergence in C(Js, F1). Therefore, the left arrow
has to represent convergence in C'(Js, E1), too. Thus, u € C(Js, E1), and so (0 has been
arbitrary) u € C((0,t*], E1). We are left to show that the pair (u, p) solves the second
equation, but this is an easy consequence from the VoC-formula and the continuous

dependence of the evolution operator on the family of generating operators (cf. Lemma
5.1.4 in [LaQPP]).

Remember that, thanks to (3.8), u.[[0,t*]] is a bounded subset of E,, uniformly in
e > 0. Thus, u[(0,t*]] is bounded in E,, too, and we find a convergent sequence u(hy),
hi — 0 with respect to the topology in Eg. Denoting its limit by z := u(0) € Eg,
continuity implies that
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u(0) = (w + A(p(0))) ™' (F(u(0), p(0)) +w - u(0)).

Thus 2 € Eq as well as A(pg)x = F(x, po). Unfortunately, we cannot guarantee uniform
continuity of w. In applications, the uniqueness and continuous dependence of the
solution of the problem Ay = F(y) on the data A and F may help us to identify
x = u(0) as a real continuation.

The following observation will be usefull in applications:

Corollary 3.8 Let p € W"(U)T be given, T > 0, v € (0,1). We assume, there exists

a

d
a Banach space V such that Fy — V and an interpolation functor F of exponent
w € (0,1), such that

- there is a 0o € [0, &) such that F(Es,,V) — Eg for some ' > (3,

- there is a Banach space Z, Eg C Z C V, such that ' can be continued to a
function F : Z x Y3 — V. Moreover, given y € Yg, there may exist a neighborhood
U C Y3 of y, such that F(-, z) is bounded on bounded subsets of Z uniformly with
respect to z € U,

- Ac le(Yﬁ,H<E50, V))

Then, if (3.8) is replaced by

lue,r(p) ()2 < C, 0<t<tl(p), C=Cla),

the statement of Theorem 3.7 still holds true. In fact, in order to establish the conwver-
gence result, it suffices to possess the a priori information

ue € CH.(J5,V), 5 € (0,t7), we (0,1).

Notice that Z is not needed to be an interpolation space.

PROOF:  Again, let regularly bounded neighborhoods U of B(pg) and W of A(po)
(and also the corresponding constants M,w), ro € (0, — 3) as well as a > 0 be chosen
small enough, that B[B,] C U, A[B,] C W and

U Fo(uer), )0, 7] +w - uer(r)[0,T)]
e>0
r e Wa,T
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is bounded in V. It follows

luer(r)(B)lle, < C(a)+1/€f0 HUerA(r))E(t s)l!c<VfE5 vy - Cla) ds
< Cla)+C eh— 1f (tfs)(p Dp He —o(t—=s)/e (g
< Cla)+ <> (14 fo pH e dp o [§T DR 70T da]
< C(a).

From E; —<— Ej (thus also Eg —< Eg3) we conclude, that F o (u. 7(r), r) is actually
bounded in E,, uniformly with respect to r € W, 7. Thus we find even boundedness
of uc 7(r) in E, as before. We can proceed as in the proof of the last theorem. The
second statements proof is straight forward. ]

Finally, let us consider an important special case:

Corollary 3.9 Under the assumptions of Corollary 3.8 we assume the nonlinearity F'
to possess the the following structure:

F(u,p) = e - H(u,p) + J(u, p),

where

- J(,2) V= V is bounded on bounded sets, locally uniformly with respect to
A Yg,’

-H:ZxYg—V, and, given z € Yg there is a neighborhood Y of z in Yz such
that

[H (v, y)llv < C-(|lvllz + 1),
where C' > 0 can be chosen independent of y € Y, but may depend on ||v||y;

- (H|E5><Y57 J’EﬁXYB) € Cl_(E/B X Yﬁ7 [E’Y]2)
Assuming

[ue,r(p)(D)llv < C, 0<t<ti(p), C=C(a)

all the statements of Corollary 3.8 remain valid in the sense, that the corresponding
limit is a solution of the system
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Alp)u = J(u,p)
(3.11) p+Blp)p = G(u,p)
p(0) = po.

PrOOF:  The assumptions imply

lue,r(p) ()l 2z < Cla) + C(a) - elluer(P) | Loc(0,,2);
which offers an estimate of ||uc 7(p)(t)||z, provided € < €g. We proceed as before. m

Remark 3.10 Statements, similar to those of Theorem 3.7, Corollary 3.8 and 3.9 could
be achieved in another way avoiding the usage of the estimates of Lemma 3.2: One could
replace the arguments from the proofs of Corollary 3.8, 3.9 by a 'real’ scaling argument.
Of course, to establish the converge results, stronger a priori estimates, containing at
least the information

sup ||1la||Loo(Ja,V) < o0
0<e<eg

are necessary in this case. Also, the linear case would not be covered by this approach.
Moreover, analyzing the above proofs, one recognizes that it is in fact enough to possess
the a priori information

{us} € Cue(Js, V).

From this point of view, our results seem to be nearly optimal.

3.3 Application to the tumor model

In this Section we want to identify system (2.1):

-Ap = f(v) in  Q(¢)
edw—ALv = —h(v) in Q)
V. = —0,p on I(t)

p = cH on I'(¢)

v o= Y on I'(t)

as a special case of Corollary 3.9. Local existence for the case € = 1, h(v) = \v, A > 0,
has already been shown in [ES2000]. We make some general assumptions which we keep
fixed afterwards:
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en>2qg>n+1;
o f€C®R), he C®R), € C*°R"R), c=1.

Throughout this section we use the same symbol 2" to denote the scalar products in all
R!, where [ € N.

Let us introduce some function spaces. Given ¢ € (1,00) and s > 0, H; denotes the
Bessel potential space, built over L,. Remember that this space coincides with the
Sobolev space W' provided s is a natural number. Moreover, if p > 1 and s € R, B,
is the Besov space as introduced in [Triel|, [Trie2]. Observe that B5 . = BUC?, if
s > 0 is not a natural number. Letting s = k + s’, where k € N and s’ € (0,1), BUS®
stands for the space of all continously differentiable functions up to the order k, having
s’- Holder continuous derivatives of order k. As usual, function spaces, built over a
manifold, are defined by means of a sufficiently smooth atlas.

We want to make a short discussion about the initial state of system (2.1): Given a
domain D with smooth boundary ¥ and a tubular neighborhood N of ¥ with radius
a, i.e. dist(ON,X) = a, let Ad(X) := {p € C*(2); lpllcrs) < a/4}, Ty := 0,[%] and
Q, :=0,[D], p € Ad. Here 0, denotes the Hanzawa diffeomorphism:

y yé&N,

where ¢ € D(R) satisfies ||_q ) = 1, supp(p) C (—3a,3a) and p is the outward unit
normal field of ¥. P = Py and A = Ay are the metric projection map and the signed
distance function with respect to . Especially, 0,(y) =y + p(y) - u(y), if y € .

We assume a to be small enough, that P and A are smooth function in N and mention,
that the surface I', is the zero-levelset of the function

0,(y) = { P(y) +p(P(y) - [AMy) +¢(AW))] - u(Ply),  yeN

0p: N =R, x — A(x) — p(P(x)),

p € Ad. Finally, we set Np := N N D. Let Qg be a domain in R™ of class B;lq_l/q. We
assume that there is a smooth hypersurface ¥ and a function pg € ng_ Y 1(¥) N Ad such
that 890 = FO = FPO'

At the moment, this is only an assumption. In Section 4.2 we will discuss in detail
how restrictive it is. Also the notions from differential geometry which we use here are
explained there in more detail.

Finally, the pressure p at time ¢t = 0 is uniquely determined by the solution of the
elliptic problem

—Ap = f(vw) in Qo
p = HI‘O on Fo.
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Let us now consider time dependent functions p : J C RZ? — Ad and define

Qp,g = U({t} X Qu(1))-

teJ

We give a first notion of a solution of system (2.1). Let W2,(Q0) := {u € W2(Q0); ulr, =

0}.

Definition 3.11 Let (vg — v) € W;O(QO). A triple (ve,pe, L) is called a classical
solution of system (2.1), if there is an interval J. = [0,1;) and a function p. €
Cl(J.,C(2)) N C(J, Ad), such that

- Fg(t) = Fpg(t)? te Je,

-V, € Cm(st,J’e)’

- e(t, ), pe(t, ) € W2(Q 1)), t € Je and

- (ve,pe, I'e) satisfy the equations in (2.1) pointwise on  |J,c; ({t} % Qpa(t)).

Given o € Ad, let 6%, 6 denote the pull-back and push-forward operators induced by
05, ie. 05 f = foby 079 = go0,' If suitable functions b, p are time dependent,
ie. b =0t ), p=p(tz), we define [05b](t,r) := [9:(1&) b(t,-)](x), analogue for 6.
It is already known, that, using the Hanzawa diffeomorphism, system (2.1) can be
transformed to the system

( Al(p)r = f(w) in JxD
edw+ A(p)w = eR(w,r,p) —h(w) in JxD
op+ B(p)r = 0 on JxX
(3.12) r = Hp) on JXxX
w = x(p) on JxX
w(0,:) = wp in D
p(0,:) = po on X,

involving the transformed quantities wo := 67 vo, w := 0jv, r := 07p. Here: A(p)u :=
—05(A(00w)), Blp)u := —85(V(02w)) - Vip,). H(p) i= 65 Hyp,) and x(p) = 650, c.f.
[Es2000]. We mention that A(p) is just the Laplace-Beltrami operator with respect to
the Riemannian metric induced by 6,. The term R arises from the transformation of
the time derivative v; and is determined by
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R(w,r,0)(y) = ro(B(o)r, Bu(o)w)(y), yeD

for r,w € CY(D), o € Ad and

(3.13) ro(h, k) (y) ::{ ﬁ(A(y))-h(P(y)).k(y), i zggli .

B(o)u(y) = 0, V(070)(y) - (uo P)(y),  y€N.

Further, letting S and T be the solution operators of the elliptic problems

(3.14) {A(p): - (J)f ;1; lz?’
(3.15) {A(p): - 2 ;r; lz?,

the function r(w,p) = S(p)f(w) + T(p)H(p) is the unique solution of the elliptic
problem

o (40r = fr w2

The precise regularity properties of the operators S and T can be found in Lemma 3.1,
[Es2000] and in (2.9) and Lemma 2.3 in [EsSi97al. Using (3.16) we get

edw~+ A(p)w = eR(w,r(w,p),p) —h(w) in JxD

w = x(p) on JxX

(3.17) Op+ B(p)T(p)H(p) = B(p)S(p)f(w) on Jx%
w(0,-) = wp in D
0,) = po n .

Letting u := w — x(p) we have
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edu+ Alp)u = eR(uy, r(uy, p), p) — huy) )
—A(p)x(p) —Q(u,p) in JxD
(3.18) u = 0 on J X X
o+ B(p)T(p)H(p) = B(p)S(p)f(uy) on J XX

u(0,-) = wo— x(po) in D

p(0,-) = po in %,

where we used the notation u, := u,(p) := u+ x(p). Here @ results from the dif-
ferentiation of the transformed boundary-data x(p) with respect to time and is given
by

Q(w,0)(y) := [p o Al - [B(o)r(wy(e), o) o Pl - [(05VY) - (uo P)(y),  ye€Np,

Q(v,0)(y) =0,y € D\ Np. Considering (3.18) as the system

edu+ Alp)u = eR(uy, r(uy, p), p) — huy)

—A(p)x(p) —Q(u, p) in JxD

(3.19) Op+ B(p)T(p)H(p) = B(p)S(p)f(uy) on JxX
u(0,-) = wo— x(po) in D
P(O,'> = PO in X

over a suitable function space with zero-boundary-condition, we arrive at

edwu+ Alp)u = F(u,p) in J < D

(3.20) O+ B(p)T(p)P(p)p = G(u,p) on Jx¥
w(0,-) = wo—x(po) in D
p(0,5) = po in %,

if we make use of the decomposition H(p) = P(p)p + K (p) which has been introduced
in [EsSi97a|, Lemma 3.1, and set

Eu, p) = eR(uy,r(uy,p),p) — h(uy) — Alp)x(p) — eQ(u, p)

F
Gu,p) = =BT (p)K(p) = S(p)f(uy)]-

We define
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4—1
Definition 3.12 Let py € Byq *(X) N Ad und wo € W2 (D). A pair (uc, pe) is called a
classical solution of system (3.20), if there is a nontrivial interval J. such that

1

_1 _1 . _1
pe € C(Je, Byg (8)NAd)NC(Jz, Byy *(£))NC®(Je, Byy " *(£)) for any k € N
- uz € C(J-, HX(D)) N CY(J., Ly(D)) N C*(Je, HZ*(D)) for any k € N

- ue(t)|n =0 fort € J. und

- (ug, pe) satisfy the equations of (3.20) pointwise on J.

It is obvious how to obtain a classical solution of (2.1) from a classical solution of (3.20).
In order to apply Corollary 3.9, we make the additional assumptions

o vozoawzl
o h(0)=0, I > 0.

Notice that these assumptions are biologically reasonable: the nutrient concentration
u cannot be negative. Moreover, if there is no nutrient, there cannot be consumption,
and the more nutrient is present, the more will actually be consumed. Moreover, it is
convenient to assume the nutrient concentration outside the tumor tissue to be constant.
The assumptions can be dropped at the end of this Section.

Let us proceed by choosing appropriate numbers 0 < v < < a < 1, s > 0 (cf.
[ES2000], section 4) and define

o By :=H_§*(D), By := H2*(D)
o Fii= By PR, By = By (D)
° Yg = Fg N Ad.

Here Ey, Fy are, say, complex interpolation spaces of exponent 6 € (0,1). The setting

is made to obtain Eq x Fo = Hj (D) x Bf;]_l/q(Z), see |[Es2000], Lemma 4.1 and the
considerations after the proof of Lemma 4.2 for more information. Moreover, Theorem
5.5.3, 1 and 2 in [RuSi| imply

h e COO(EB, E,y)7

where h denotes now the Nemytskij Operator induced by the function h.
Using the Lemmata 4.4 -4.6 in [Es2000], we find, that the mappings A, BT P, F, G satisfy
the assumptions from the beginning of the last Section:
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(A, BTP) € C™ (Y3, H(F1, Fo) x H(F1, Fp)),  (F,G) € C®(Ys x Eg, B, x F,).
Further, letting
e Z:=BUCY(D),V :=L,D),V := BUC(D),

one easily verifies that

o By Lzl vdy
o AcC®(Yy H(Eq,V))

e [E,,V], — Eg for #/ > (3, the complex interpolation functor [-,-], and p close
enough to 1.

Let p € Wiy  be given, and let u. := ue(p) € C([0,tF), Ey) N CH([0,t1),V) be the

unique solution of the first equation in (3.20) with respect to that function p. Letting

e J:=1[0,5],0< S <tf(p), and
e P[J x D] be the parabolic boundary of the set J x D,

we get

Lemma 3.13
sup |ue(t)|c(py < max{maxuwy, 1} =: M.
o<t<td

PrROOF:  Let u:=ue, w:= u+ 1, for simplicity. Then w is a solution of the first two
equations in (3.17). Considering w as a function on J x D and writing again w instead
of w|yxp, we find w > 0:

It suffices to show, that w cannot be negative in all points (g, x¢) € J x D\P[J x D]. In
deed, we have Fg < BUC?(X). Since E = HZ (D) — BUC'7 (D), the function z
R(u(t),r(u(t), p(t)), p(t))(z) — h(u(t))(x) belongs to the space BUCT(D) (cf. the end
of this Section). The regularity of the coefficients of A(p) and parabolic theory imply,
that w possesses a continuous second z - differential in all points (¢,z) € (0,5] x D. If
now minw = w(tp, o) for some (to, o) € J x D\ P[J x D], it follows that

wi(to,z0) <0,  R(w(to), r(w(to), p(to)), p(to))(xo) = 0.
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The assumption w(tg, zp) < 0 then implies that —h(w(tg,zo)) > 0,i.e. A(p(to))w(to,zo) >
0. But this contradicts the ellipticity of A(p(tp)), since it is an operator without zero
order terms, i.e.

Alp(to)) = Y aij(to, 2)0:0; + a;(to, x)0;.

t,j=1

Analogously we see, that w must achieve its maximal value on P[J x D]. Since 0 <
S <t was arbitrary, we find all in all:

0 < w < max{max wy, 1} = max{maxvg, 1},

giving the assertion.

In order to verify the remaining assumptions of Corollary 3.9 we need to have a closer
look onto the nonlinearities R and @ in (3.20). First observe, that @ = 0, since v is
constant. Remember the definition of the mapping

ro(h, k)(y) = { ng(y)) AP k), ve 5? .

It is clear that this mapping, considered as a subset of (C(X) x C(Np)) x C(D), is
bilinear and bounded. Moreover, remember

R(u,r, p)(y) = ro(B(p)r, Bu(p)u)(y)-

It is not difficult to verify, that the action of the operators B(c) and B, (o) for o € Y3
is determined by

B(o)u(s) = bs(s) - Vo(s), seX

and

respectively, where,
o — (by, By) € C®(Y, CT(,R™) x CT(D, L(R™))).
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Thus, we find a constant C' = C(o) with the property

C-[Vollor,
C- HVU||C(D)>

[1B(o)vllc s

<
|Bu(o)vllow,) <

v € C1(D), locally uniformly with respect to o € Y, by continuity. Standard elliptic
theory implies, that
[ (vx=1,0) o1 (py < Clo [ f (vy=1)llo0),

locally uniformly with respect to o € Y, (cf. Theorem 8.33 in [GilTru]). Therefore

|R(x=1,7(0z1,0),0) ) < Clos M) - (el oy + 1),

locally uniformly with respect to o € Yj3. Finally, we observe A(o)x(0) = A(o)1 =0,
and we find the mapping

J(-,0) :==v — h(v) : C(D) — C(D),

o € Yg, obviously to be bounded on bounded sets, locally uniformly with respect to
o € Yg. Summarizing, we have shown:

4—1
Theorem 3.14 Let py € Byg *(X)NAd and wo € W2(D). Then, given e > 0 there is a
unique classical solution of system (8.20) on some nontrivial interval [0,t*] independent
of e > 0.

Therefore:

Theorem 3.15 Let Qg be of class ng_l/q and vg — 1 € W;O(QO), Then, given € > 0,
system (2.1) possesses a unique classical solution (ve, pe,I'c) on some nontrivial interval
[0,t*] independent of € > 0. Moreover, v. > 0.

Finally, we want to prove convergence of the solutions. Assume (uc, p<) to solve (3.20).
It suffices to derive an Lo ([a,T] x D)-bound for (u.), if [a,T] C (0,t*] is given.

First of all, due to the abstract theory (c.f. Theorem 3.7, Corollary 3.8, 3.9), we know
that the set

(3.21) U pel0. 80 x pel[0,87]] x ue[0, ] x etee[[0, 7] x eite[a, ¢*]]

€o>e>0
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is a bounded subset, of ¢**7(X) x ¢ () x HZ (D) x Lq(D) x BUC(D) for some small
positive 7. We can bootstrap to find uniform bounds in an arbitrary strong topology,
provided, we are away from 0. Letting w. := u. 4+ 1 and v. := w. 0 9;81 (i.e. v solves
the original model (2.1)), we have

(3.22)  ze(t,x) = (ve)i(t, @) = (we)e(2, H;EI(t)(x)) + R(ws,Ts(wg,pg),pg)(t,ﬂgel(t)(x)),

(cf. the proof of Lemma 2.1 in [Es2000]), where r. = r(w., pe) is defined by (3.16).
Since z. obviously solves
gie — Aze + W (ve) - 2. =0 in Q. 0.4);
since h' > ag > 0, the parabolic maximum principle (c.f Theorem 2.10, 2.11 in [Lieb96])
implies
sup |ze| < sup |z,
pe[8.T] PlQp. 15,1

6 > 0. But we|(g)xx = 1, s0
sup |(we)t] (0,4 xx = 0.

Thus, it suffices to estimate . near ¢ = a, where a > 0 is as small as we want it to be.
Given b > 0, we may assume |[po||c2(xy < b (c.f. Theorem 4.6). Since h' > ag > 0 and
A(0) = —A, we therefore have

—ag/2€ () p(=[Alp() + I (ue (D)),
e0>e>0, te[J]

where J := [0,%9] D [0, a] is sufficiently small. Here A(p(t)) is considered as a closed
operator in Lq(D). Moreover, thanks to (3.21), we can find suitable corresponding
resolvent estimates. Setting R(u, p) := R(uy=1,7(uy=1, p), p), Ue solves

e(te)e + [A(pe) + W (ue + 1)]u. = 6DR(u67 pe) (e, pe)
—DA(p:)(pe)ue

and the abstract theory (analogously to the proofs of corollary 3.8, 3.9) yields that at
least
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[ite(a + M)l Bucpy < C1 - |lie(a)llL,(p) cem (a0t M/E 4 0y < Cyfe-emEM/E 4 Oy,
a>0,tg>h>0.

Thus, we have shown:

Theorem 3.16 Given € > 0, let (uc,pe)(uo, po) be the unigue classical solution of
(3.20) from Theorem 3.14. Then, givend € (0,t*], {uc} € CL([6,t*], V) C Cue([5,*], V).

Notice that our abstract theory only guarantees Hg X ng_ Ya convergence of the

(ue, pe). But of course, thanks to our considerations behind (3.21), we can bootstrap to
find all in all:

Theorem 3.17 Given € > 0, let (ve,pe,Ic) be the unique classical solution of (2.1)
from Theorem 3.15. Let J := [0,t*]. There exists p € C(J, B;Lq_l/q(Z)) NCYJ,C®(%))
such that (v,p,T',) solve (2.1) with ¢ = 0, where

o (v(t),p(t)) € BUCOO(Qp(t)), t>0;

e v(0) and p(0) are determined by the unique solution of the elliptic problem

{—A(p,v) = (f(),—=h(v)) in Qo
(p,v) = (Hr,y,1) on Ty.

o Letting (we-,72), as at the beginning of this section, we have

(We, e, pe)(t) — (Vo b,,p0b,, p)(t) m BUC™ (D) x BUC™(D) x C*(%),

uniformly on compact subsets of (0,t*].
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4 The blow-up mechanism of moving boundary problems

4.1 The main result

Let us first supplement our general assumptions from the beginning of Section 3.3 by
e fo>1-1/q.

We refine the notion of a classical local solution of system (2.1):

Definition 4.1 Let Qg be a domain in R of class ¢>T% and ug — 1 € W;O(Qo). A
classical solution of problem (2.1) is a triple (v(t,z),p(t, z),'(t)) defined on a nontrivial
interval J :=[0,S) such that

i) Usej({t} X T(2)) is a smooth submanifold of R"
i) {T(t), t € J} is of class (mb)(3)
i1) v is smooth on J,c j({t} x (1))
w) v(t,-),p(t,-) € W2(QUL)) fort € J and
v) (v,p,T) satisfy the equations (3.1) pointwise on J,c ;({t} x Q(2)).
The class (mb)(k7°‘) is a convenient tool to measure the spatial regularity of a family of
hypersurfaces in R™*!. The precise definition of this class is provided in Section 4.2.

Clearly, a classical solution is maximally continued, if there is no proper extension of it.
In this case, tT denotes the maximal time of existence.

Theorem 4.2 Let Qg be a domain in R™ of class ¢37% and vy — ) € W;O(QQ), Then
there exists a unique mazimal continued classical solution of problem (2.1). If tT < oo,
then either

o lv(®)llsuctouy + Pl Buc ) — o0 ast — t*
or
o A(T(t)) — 0 ast — t+.
The quantity A(I") measures the maximal possible size of spheres which intersect with

I" only at one point, see Section 4.2. Therefore, the second condition contains the
situation where different regions of the tumor grow together, mathematically speaking
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the occurrence of self-intersection. This has been the case in numerical experiments,
see [CrLoNi]. The condition can also describe shrinking to a point or the development
of singularities in I'(¢):

Corollary 4.3 Let n = 2 and ¢ > 0. Assume vg = ¢, ¥ = ¢, h(c) = 0 and f(c) =
—ag < 0. Let (v,p,I") be the unique classical solution of system (2.1) corresponding to
some initial surface I'g. Then

AT®) ™+ IVellewa) — o

ast — tt.

4.2 Notations and helpful material

In the following by a C*+ [cF+9] -domain 2 we mean a bounded connected open subset
of R™ such that its boundary I' := 92 is a compact embedded hypersurface of regularity
Ckta [F+a)  If U € R™ is an open set, ¢**(U) denotes the little Holder space, that
is the closure of BUC*°(U) in the usual Hélder norm. If M is a sufficiently smooth

manifold, the spaces c¥T%(M) are defined by means of a (sufficiently) smooth atlas for
M.

If Q is a domain, we define a tubular neighborhood of I' to be an open set N which is
the diffeomorphic image of the map

X :T'x(=0,0) = R", (x,a) — z+a-v(x),

where v(z) is the outer unit normal vector at x € I" and § > 0 is sufficiently small. We
decompose the inverse of X into X ! = (Pry; Arp), where Py is the metric projection
of a point = onto I' and Ayry is the signed distance function with respect to I'. Clearly,
if im(X) is a tubular neighborhood of T', so is im(X|py(—a,q)), if @ < d. The set of all
tubular neighborhoods of a surface I" is denoted by 7N (T).

We say that Q C R™ satisfies an interior sphere condition (ISC) if for any =z € T’
there is a ball B, C  such that I'N B, = {}. Tt satisfies an exterior sphere condition
(ESC), if the complement has ISC. For a suitable domain Q and = € I, let R;(z) [Re ()]
be the supremum over all radii of possible interior [exterior| spheres at  and define

Ai(T) = ;reﬁl; R;i(z), A () = ;Ielfl; R.(z)

as well as
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A(T) := min{4;(T), Ac(T)}.
Finally, if N € TN(T), r(N) := dist(ON,T') is the radius of N.

Definition 4.4 We say that a family {T'y, o € A} of submanifolds of R™ has uniformly
bounded C*-geometry, if there exists numbers m € N, K, L > 0 such that

e for cach a € A there is a C*-atlas (U, ¢,) for To where 1 <1 < m;

o if o, € dif (V3 WL) (ice. UL = (0l,) WA NTa), then ol lloryy +11(06) ™" =
ﬂfflnck(wé) < K for (I,a) € {1,....,m} x A and some z', € V!,

e for each o € A there is a partition of the unity {r'}, 1 <1 < m, subordinated to
the above covering, such that ||7t, o (gofl)_lHCk(Wé) < L for (I,a) € {1,...,m} x A.

Lemma 4.5 Let u > 0 be given and let {Qy, o € A} be a family of C?-domains in R™.
Assume T'y, to be the boundary of Qs and suppose

o ianmin(Ai(Fa),Ae(Fa)) > L.
ac

Then for each o € A we find N, € TN (L) such that ianr(Na) > L.
ac

Moreover, if N € TN (Ty,) satisfies r(N) < a < u, the quantity

sup ||A
rﬁc%v | [m]”cZ(rB)

is estimated from above in terms of the numbers a and p. Finally, if supyep area(I'y) <
0o, then {T'y} has uniformly bounded C?-geometry. Here area(T') := [ 1.

Proor:  The first statement can be easily seen by a careful reading of chapter 14.6
in [GilTru]. For the second one we notice

sup [[Ar,)llery) < 7(N) < a.
F,@CN

Let £'(24), ..., k" 1(z4) be the principal curvatures of the surface 'y, at 2, € T'. Inside
N we have

V(Ar)(2) = v(za),
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where 2, := Pr)(z), as well as

_Hl(zoc) _Hn_l(za)

1 — kM (za) A, () 71— 677 (20)Ap, (2)

D*(Aqr,))(x) = diag] ;0]

with respect to a principal coordinate system centered at z,, since |k?| < 1/u. Thus,
to prove the second statement, it suffices to construct a suitable C?-atlas for each of
the surfaces I',. We fix o € A. Because translation (since sup,ca dist(Iy,0) < 0o0) and
rotation will not influence our estimates we may work nearby 0 € R", which we assume
to be an element of T',.

Let T',, be locally the graph of some C?-function g satisfying g(0) = 0, Vg(0) = 0. For
x € T'y fix a principal coordinate system of unit length {vi(z),...,vn—1(z)} centered at
x. Then

D?g(x)

(. T VeGP

~vi(a) = &' (2)(I + Vg(2)(Vg(2))") - vi(2),

provided, the evaluations of g and its partial derivatives at x are well defined. Keep in
mind that || < 1/u. Let V be the largest open set where g can be defined. It is not
difficult to see, that |Vg(z)| — oo as x — 9V. Let

W = {U € U(0) nV; [Vgllow) < 1} NB(O, 1),

Here, U(0) denotes the neighbourhood filter of 0 € R*~!. TLet y € OW be given. Then,
then, if |y| < 1, it follows from (4.1) and the mean-value theorem, that |y| > u/(2v/2).
Moreover, [|gllczgyy < max{1,(2v2)/u}. Since this estimate is independent of o € A,
we get the second assertion by constructing a suitable family 7!, of partitions of the
unity, subordinated to the sets g[WW]. This is possible because of the lower bound for
the size of W. To prove the last statement, we fix an open real interval J containing 0
and define local coordinates by

gp_l W x J—R", (,y) — (2,y + g(x)).

Clearly, o(z,y) = (z,y—g()), (z,y) € p L {WxJ] C R™. Moreover, if sup,cp area(ly) <
00, we can cover each surface I'y, by, say, m € N charts constructed as above, because,
if not, there would be a sequence (a;,) C A such that

Qoap (n)

1= / ﬂ—lan Z aan (n> : C7
LD

an =1
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where @, (n) > n and C' = C(min{1, 4/(2v/2)). This completes the proof.

Let k € N and o € (0,1). Given any manifold M of class C¥, let BY(M) be the open
ball in C*(M) with radius ¢ > 0. The next theorem ensures that any hypersurface M of
class ¢*T% with k > 2 can always be represented as a graph of a ¢*T*-function in normal
direction of an analytic surface. The proof is based on a level set approximation of M
and the implicit function theorem. Because the idea of the proof is due to Matthias
Bergner and not to the author of this thesis, a precise proof is omitted here. It will be
given in an article containing the natural generalization of the techniques which we use
here, see [SEM]| for its probable title.

Theorem 4.6 Let Q be a C*® [F+] _domain in R", k > 2, and let € > 0 be given.
Then there exists

e a domain D whose boundary X is an analytic embedded hypersurface
e a tubular neighborhood N of ¥ containing 0f)
e a function p € C*(X) [p € FHo (D))

such that the map

0,: % — 09, z—x+p(z)- v(z)

is a CFTo [ch+e ] _diffeomorphism. After having fized a norm on C*(X) one can choose
p € BL(Y).

In view of Theorem 3.16 it should be remarked, that it is in fact possible to assume

p € B3(X), provided, k > 3. However, we are now ready to introduce the classes
(M B)Fe):

Definition 4.7 Let J be a real interval. The family {T'(t), t € J} is of class (M B)*®),
if, given to € J \ supJ, there is a smooth manifold ¥ = X(to), a positive number
d = d(to), and a function

p € C([to, to + 8), C*F(£)) N C" (fto, to + 6), C(%))

such that T'(to +h) = 0, [2] for h € [0,6). It is of class (mb)*) if this holds true for

the little Holder spaces ¢+,

The abbreviation '"MB’ should remind on ’moving boundary’.
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4.3 Localizations in time

Let the data of the problem be given and fix a smooth manifold 3, a tubular neigh-
borhood N of ¥ containing I'y, and a function py € *¥% (%) such that 6, is a ¢3*+5-
diffeomorphism from ¥ onto I'yg. If a := r(N), by Theorem 4.6 we may assume that
pollc1(s) < a/5. Notice that, thanks to Theorem 4.6, the existence of pg is no longer an
assumption (as in section 3.3) but a fact. Unfortunately, it seems to be harder to prove
Theorem 4.6 in the regularity scale of Besov spaces. Therefore, we decide to choose
our initial domain to be a bit more regular than needed in order to apply the abstract
theory.

We remember from section 3.3 that inside IV the diffeomorphisms 6,y transform prob-
lem (2.1) into (3.20). We shall define now a slightly modified setting:

We choose b := max{2||po||c1+s0 (s, @/5} and let

U:=Ho(D) x {p € By VUZ); llpllar+so(sy < b5 llpllers) < a/5},

abbreviated by U := H;O(D) xA. Then U is an open subset of D := H;O(D) ngq_l/q(Z)
and it contains (ug, po). Now, as in section 3.3, one shows the existence of a unique
solution of (3.20), that means a pair of functions (u, p) defined on a nontrivial interval
J :=[0,T) such that

_1 _1 ) E_1
p e C(J, By ' (£) NA) N CLJ, Bay *(£)) N C®(J, Bya " #()) for all k € N
u € C(J,H2(D)) N CY(J, Ly(D)) N C=(J, HX*(D)) for all k € N

u(t)|s =0 for t € J and

- (u, p) satisfy the equations in (3.20) pointwise in J.

Moreover, modifying Lemma 4.6 in [Es2000] in an obvious way and using the generation
properties of the operator B(-)T'(-)P(-) in the Holder space setting which are stated for
example in [EsSi97a], one gets the maximal regularity of the distance function p at 0
by standard arguments based on interpolation and the variation-of-constants formula:
p € C(J,c35(X)). Further, following the abstract theory, T' can be chosen maximal
in the sense that

(4.2) (), pt)lp =00 or  (ult), p(t) =% o,

provided, T' < oo, c.f. [Ama93|, Section 12. Notice, that the transformation of problem
(2.1) was made in such a way, that, if (u,p) is a solution to (3.20) in the sense stated
above and r = r(u, p) is given by (3.16), then

35



(v(t), p(), () := (ult) + x(p(t)) 0 0,5, 7(t) 0 1), Opi [Z])
solves (2.1). Let us introduce the notion of time-local solutions:

Definition 4.8 A solution (u, p) of (3.20) corresponding to the initial value (ug, po) is
said to be a time-local solution of (2.1).

Lemma 4.9 Let (u, p) be a time-local solution of (3.20) and assume T < oco. If (u,r) €
Loo(J,BUCY(D) x BUCY(D)), then (u,p) extends to a continuous function on J :=
[0, T] with values in H2(D) x 377 (). Moreover, p(T) € A.

Proor: By definition, p takes its values in the set .[A. Thus, p is bounded in ¢!+ (%).
Therefore, the set {p(t); t € [0,T)} is relatively compact in ¢'+t#' () for 0 < #' < fo.
Notice, that the mappings P(-), K(-) and o — 6, can be defined on the closure of A in
the norm of ¢'*t#'(X). Therefore

—1
21611; Hep(é)”m(ﬁRn) + Hep(5)|’01(§p(5),R") < 0.

Direct calculations (see [Kn2007]) show, that from this and from our assumption on
r we get a bound for B(p)r in the norm of C(X), so that the velocity p; is bounded
in the same norm, cf. the third equation in (3.12). Also, from P(p)p = r — K(p)
and well-known generation properties of the operator P(p), we are allowed to conclude
plloge2tn(s)) < oo for some p > 0. Thus, interpolating C'(X) against (X)) and
using the mean value theorem, we find, that p € BUC®(J,>T# (X)), where > p/ > 0
and € is a suitable positive number. Thus, our assumption with respect to u implies,
that G(u, p) is bounded in ¢* (¥). Since the mapping B(-)T(-)P(-) can be defined on
the closure of A in the norm of ¢2T# (), the second equation in (3.20) and the gener-
ation properties of B(p)T'(p)P(p) provide a (two times) variation of constants formula
based bootstrapping procedure ending up at a bound for p in the norm of ¢3+0 (2).
Turning to the function u, we find, that F(u, p) is bounded in L,(D). Since A(:) can
be defined on the closure of A in the norm of ¢*t#' (%), a (two-times) variation of con-
stants formula based bootstrapping procedure leads to a bound for u in the HQQ(D)—
norm, so we also get a bound for the time derivative u; in the norm of Ly(D). There-
fore u € BUC? (J, H7) for s < 2 and suitable ¢’ > 0.

By a bootstrapping argument we conclude, that in fact (u, p) € BUC" (%) ([v,T), H(f(D) X

c*(%)) is true for any positive v < T, k € N and an interpolation exponent €’ > 0 de-
pending on k. Thus, p(T') € A by (4.2). [ ]
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Remark 4.10 The a priori estimates for p which we used in the proof of the last lemma
depend highly on the geometry of ¥. As we will see later, we don’t need them to be
uniform with respect to that manifold in any sense. What we need to be uniform, is
just the property of P(o), B(o)T(0)P(0), o € A, to generate an analytic semigroup.
We will comment on this in more detail at the very end of this chapter, when we will
have defined the necessary notation, cf. Remark 4.11.

In order to proof our main result, we need to remember the following important rela-
tion between the original problem and its transformed version: If (u, p) is a time-local
solution of (2.1), then the surface I'(t) = 0,;)[X] is the zero-levelset of the function

oty : N =R,z Agy(w) — p(t)(Pg(2)).

From this we conclude easily V(¢,z) = % (see again [Es2000]). We are
P P

now prepared for the

PrOOF  [of Theorem 4.2]:

Let the initial data of the problem be given and fix a suitable reference manifold > as
described in this section. The existence result for time-local solutions ensures, that we
find a solution of problem (2.1) either on [0, 00) or on some finite interval [0,7"). Then
the maximal interval of existence is

[0,¢7): U {[0,T), ) has a solution on [0,7)},
7>0

where the property of being a solution is to be understood in the sense of Definition
4.1. Let us first take care of uniqueness: Since any solution of problem (2.1) is of
class (mb) (3.50) the uniqueness of time-local solutions implies, that on some nontrivial
interval [0, 7) there can only be one solution. Let us assume, that there are two different
maximal solutions, say (v1,p1,1'1), (ve,p2,'2). Then continuity implies, that

D = {t; (v1,p1,T1)(t) # (ve,p2,T2)(¢)}

is an open subset of [0,¢7). Thus ¢, := inf D € D. But we can use (vi,p1,1)(ts) =
(va, p2,'2)(tx) as initial value for a unique time-local solution, existing on, say, [ts,t. +
7'). Thus, we can extend (v1,p1,'1) to a unique classical solution on [0,t. + 7). But
[ts,t« + ') N D # (), which is a contradiction.

Now, let N(t) be a tubular neighborhood of I'(¢) and suppose that there are constants
C, g9 > 0 such that
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i) lv@®lBucr) + Ip®l Buciuey) < C
i) A(T(t)) > eo.

Let us assume ¢+ to be finite. First of all we observe (c.f. [EsSi97a|, Section 1)

& area(T(D)] = | /F R /F VO HOIS 10 Carealr ),

i.e supyejo+) area(l'(t)) < oo, since t+ < oo. Therefore, invoking Lemma 4.5 and (4.4)
below, the family {T'(t)} has uniformly bounded C?-geometry. We fix a smooth atlas
for each surface I'(t) and a corresponding partition of the unity as they have been
constructed in the proof of Lemma 4.5. In particular, we choose appropriate numbers
m, K, L according to Lemma 4.5. Keep in mind that the norms of the function spaces
built over the I'(¢) are fixed from now on. If now t* € [0,¢") is given, then for some
d* = 0*(t*) > 0 the solution has a time-local representation (u*, p*) in the form (3.20)
on some intervall J(t*) := [t*,t* + 0%), where uf = v(t*) — 2, pj = 0, since I'(t*) is
smooth. By ii) we may assume that r(N(t*)) = 9. For technical reason (cf. Lemma
4.5) we choose r(N(t*)) = ag, where 0 < ag < g9. Then (u*, p*) is arranged to take
values in the set

U(t) == Hyo(t") x {p € Byg VU (E)); [Ipllerariey < ao/5},

but our assumptions imply even stronger a priori bounds: Later on we will see, that for
some number &

(4.3) sup sup \V(@p*(h))(x)\ < éE.
t*€[0,t1) zeN(t*),heJ(t*)

From this, V = —p, and i) we conclude

(4.4) sup sup |p;| < oo,

te[0,t+) J(t%)

meaning, that [[p*(-)||c(r+),c@+))) will vanish as t* — tT. We will see at the very end
of the proof, that also the quantity

(4.5) 10"l e e),01+80 (=)
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will vanish as t* — tt.

On the other hand, if t* € [0,¢1) is given, as in the proof of Lemma 4.9 the definition
of the mapping o +— 6, immediately implies

20 1000 los @) + 19l @irayen) < 0

This estimate may depend on t*. Nevertheless, (7*,u*) € Loo(J(t*), BUCY(Q(t*)) x
BUCY(Q(t"))), and we can arrange the time-local solution (u*,p*) to exist until it
reaches the boundary of U(t*), thanks to Lemma 4.9, contradicting (4.5).

We are left to prove (4.3), (4.5):

Fix t* € (0,t%) and let x € N(t*). Let {(Wi,¢1"), ... (Wi, oL )} be those charts of
['(t*) that contain Py (), that is

P[F(t*)] () € ﬂ Wi NT(t").
=1

If {m;; 1 < j < m} is the corresponding subordinated partition of the unity, and if
supp(m) C WiNT'(t*) for 1 <1 < m,, the assertion follows from the decomposition

p(t)o Prusy = (g m)p*(t)og ! ° @10 P
= D25(mp* () 0w ol o Pyl

due to the bounded geometry of {I'(t)}, Lemma 4.5 and [|p*[|c(r@+),ct )y < ao/5.
An estimate for D Py in termes of the principal curvatures of T'(t*) (dominated by
1/ep) can be obtained by inverting equation (14.97) in chapter 14.6 in [GilTru].

In order to prove (4.5), let us economize our notation and drop t*, [ out of it, provided,

it is not imperative. Let Y := @[[' N o~ [W]] € R""! and write again ¢! instead of

oy o~ l(z) = (z,9(z)) C T,T x N,T for some p € I, a careful inspection of the
proof of Lemma 4.5 shows, that, given §y > 0, we may assume

o [[Vgllewy < do;
e Y =B(0, R) for some R = R(dp) > 0;
o U, o H(1,t")[Ye] =T ("), where Yz :=B(0,R—¢),0 < e < R;

e 7 is subordinated to to ¢ ![Y].

Then, in order to prove (4.5), it suffices to show, that for some constant K
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() o o7 (0. lwarsy K. 1€ {Liam), he J(),

where K depends on the global constants K, L, ag and § is big enough such that W; —
't where v > .

Let G(z,2) :=g(z) — 2,2 €Y,z €R, |2| < R. Then T Np~[Y] = G71[{0}]. Choose
do > 0 in such a way, that the matrix

ai;(€) = i — (GG /(L +[¢I?),  ¢eR™

is positive definite for || < dg (0;; being the Kronecker symbol). Then, the operator A
defined by

H(,g@) = div( 240

= 1/|VG|- Zf]_:ll aij(Vg(x))0;059(x)
= Ag(x),

is uniformly elliptic in Y. Moreover, max; ; [a;;(Vg(z))[|c1(y) < ¢, ¢ = ¢(K), and
VAg = A(Vyg) + B,
where B = B(D?g) is also uniformly bounded in terms of K. From the fourth equation

in (2.1) and our assumption on p we know, that V[H o (z,g(x))] = [AVg + B](z) is a
priori bounded in terms of K and C. Thus, elliptic theory implies, that

HakgHW?(YE) SC) C:C(K,n,c,€,(j), 1 Skﬁn—l

q

Now, let v = v(t*) be the outward unit normal vector field of T' = T'(t*), let v :=

voo t p:=p*(h)opt Let ji be the outward unit normal vector field of the surface

0p[L']. Then [|7)][y2(y,) is estimated from above in terms of ¢ = ¢(K,n,C,¢,q). Since
q

llp*(h)|| i+80 < @, interpolation yields, that

1" (h) o ™ ()l o 7y

will vanish as t* reaches ¢+, thanks to (4.4). Observe

0=0;1=0;(0-0) =20;0- ¥

and thus
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(0™ 4 p0)) - 0 = 9.

Therefore, since the left factor in the last equation is tangential to 6,[I'], we may assume
U - [i to be close to 1. As in the proof of Lemma 4.5 it can be seen, that the coordinate
representation of the second fundamental form of the surface 6,[I']:

[LI(0,[T))i; = (9,050~ " + 0,0;p10 + 0:p0; 0 + 0;phis + pOi0;0) - fu

is estimated in terms of ¢y and K. The desired estimate of 0;0;p follows immediately.

|
Remark 4.11 We use the same notation as at the end of the last proof and let p :=
p*(h). Moreover, D(p) denotes the localized version of the operator D, D € {P, BT P},
i.e. (D(p)f)oe™' =D(p)(foe ), where f denotes a sufficiently regular function on

['(¢). From [EsSi97a] we know that the operator P(p) is elliptic in x € Y, if p is a
priori bounded in C'(Y) and the matrix [w;x(z)] ™! with

wik(@) = 05971 Ok ™" + p(R)(00 - O™ + Ot - Djp™") + p(R)*(0;0 - D)) ()

is positive definite, c¢f. the proof of Lemma 3.2 in [EsSi97al. Thus, the generation
property of P(p) depends on a smallness assumption for p which can be made uniformly
with respect to a uniformly bounded C2-geometry of the family {I'(¢)}. Basically, three
facts guarantee the generation property of B(p)T(p)P(p) for p € ¢**¢(T):
i) ellipticity of P(p);

ii) ellipticity of A(p);

iii) positivity of b(p) - v,
where b(p) defines the action of B(p) by B(p)w = b(p)-Vw. Notice that the requirements
ii) and iii) are automatically fullfilled, if 6, is a diffeomorphism - they do not need a
further smallness assumption for p.
We want to discuss the sufficiency of i)-iii) in some detail: First of all, given k € (0, ag],
the atlas for I' := I'(¢*) induces an atlas for the set

N, := X[T x [—,0]]

via the local charts
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¢z, r) = YHx) +r-D(x), z €Y, re[-k0].

Here X denotes the map (y,7) — y + r - v(y). This is to be done in order to control
the coefficients of A(p) near I', where A(p) is the localized version of A(p) via ¢~1, i.e.
A(p)(go3) = (Alp)g) o &

Let us assume 0 := 0F""' € Y, without loss of generality. Let (aji,pjk,bj) be the
coefficients of A(p), P(p), B(p) and set (a?k,p?k,b?) = (agk(O,OR),p?k(O),bg(O)). If Tog
denotes the unique solution of the elliptic problem

(1—sz:1a9kaj0k)u = 0 in R»!xR>0
uw = g on R

and if By and Py are the constant coefficient operators defined by freezing the coefficients
of Band P at 0 € Y, we can build the nicely behaving operator ByTy(1 — Fp). In fact,
this operator is a Fourier multiplier, and the properties of its symbol guarantees a
suitable generation property, cf. Lemma 5.1, Lemma 5.2 in [EsSi97a]. The proof of this
fact precisely needs the following set of information:

o ellipticity of Pp;
e ellipticity of Ag;

e positivity of b0.

To achieve now the generation property of B(p)T'(p)P(p), Escher and Simonett apply
a pertubation argument: Observe that this operator 'can be defined on C?’, roughly
speaking. Letting p take its values in ¢>*¢, the difference

(B(0)T(0)P(0)h) o ot — ByToPy((wh) o o~ 1),

h € ¢3*¢(T"), can be controlled by the size of Y and the value of k, cf. the estimates
(5.6), (5.7) in [EsSi97al. More precisely, one makes a subtile partition of the above
difference analogous to that one in step b) in the proof of Lemma 5.1 in [EsSi97b].
After that one estimates the difference of the freezed and variable coefficients. Here,
the treatment of the difference between T'(p) and Tj makes essential use of an obvious
generalization to the higher dimensional case of formula a) in Lemma 6.6 in [EsSi95].
The arguments from the proof of Lemma 6.7 in the same paper, used to estimate the
difference aj, — ag-)k, can be carried over by using continuity aspects of multiplication
(even in the little Holder spaces of negative real exponent) stated in Theorem 2.8.2 in
[Triel|. We emphasize, that shrinking the chart domain and thus changing also the
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corresponding partition of the unity leads to equivalent norms built over the special
surface we are working on. These things cannot be done uniformly for our hole family
{I'(t)}, but they do require only the function p to belong to a certain regularity class
built over the special surface and not any further smallness assumption.

Thats why we don’t have to worry about i) - iii) when choosing the number ag in the
proof of the preceeding theorem.

ProOOF  |of Corollary 4.3|: First observe that u = ¢. We have

d/dt vol(t) = fr(t) V(t) dz
= = oy po(t2) do(a)
= fQ Ap t,x) dz
= Jow ) dz
= —ag vol( )

Thus, if tT = oo, then vol(Q(t)) — 0 as t — oo, thus A(T'(¢)) — 0: In deed, if not,
there would be a ball B C Q(t) for all t € [0,¢T) and vol(2(¢)) > vol(B). Let us assume
tT < oo, but A(T'(t)) > ap and [|[Vp(t)lore)) < C.

Since

|d/dt area(t)] = ’fl‘(t t) dx|

= fF(t t x)py(t, ) do(z)]
< area( (t))-C-1/ay,

and tT < oo, it follows ( since n = 2)

D :=sup diam(€2(t)) < suparea(I'(t)) < oc.
t t

Thus |p(t,z)| < Ci(ag,ao, D) (cf. Theorem 3.7 in [GilTru]). Moreover, observe that
9;p(t) is harmonic in Q(t) for ¢ = 1, ..., n, meaning that

sup ‘Vp(t>$)| < 027 T e Q(t)a
t

Cy = Co(C, D) (cf. again Theorem 3.7 in [GilTru]), contradicting Theorem 4.2. This
completes the proof.
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5 Proofs

The thesis will be closed by giving the missing proofs. It must be emphasized that
the following is just a variation of the construction of parabolic fundamental solutions
which can be found in [LaQPP]. We shall use the notation from chapter 3 (which is also
taken from [LaQPP]).

PrROOF  [of Lemma 3.2|:
We use the notations from (3.1), set a. := aa_, ke := ka_, etc. First we conclude from
(3.1), (3.2)

k=(t, 8)|l (o) < - C - (t—s)P7t. et/
as well as

n-C
g

1= (t, )| 2B, 20) < (t—s) eI,

where C' = C(M), 0 = o(¥, M). Using induction, it is easy to see that

e—a(t—s)/s ' [C . (t _ S)p]n
t—s T(n-p)

=1kt 8) | 2(zo) <
where I' denotes the Eulerian Gamma function. Here, C' = C'(M,n). Because of

n

[e%s} xi S C(ﬂ) . eQQCl/ﬁ7
2 )

x>0,0< (<1, it follows

(5.1)
o0 n e—o’(t—s /e .
lwe(t, 8)l| (ko) = | 2onz1 *j:1/€a(t, ey < tfs) LC-Clp)- (t—s)P- 2[C(t—s)7]1 /0
= C-Clp)-(t—s)r L. eCr=0/o)(i=s),
This leads to
|we(t, $)llo(m) < C-Clp) - (t— )Pt e (t=s),

e<0/3.-C'/r C=C(M,n), and in the case J = [0,T]
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| we (t, S)H£(Eo) <C. (t — S)pq . e*o(th)/s’

where C = C(M,n) - 2C1°T Denoting C' again by C, we find that C = C(M,n, p,T)
is monotone increasing in 7'. Because of

We = ke + ke xwe = ke + we * ke

(cf. chapter 4.3 in [LaQPP]) we find

lwe(t )l ez my < S (t = 5)" o—olt=s)/e
- [y llwe(t, Tl o) - I1ke(T8) | (o) dT

< ¢ (t _ S)p e—o(t=s)/e

+C - ft —o(t=m)/(3e) . (¢ — 7)p—L. %(T — 5)P e (T=9)/(39) gr
< c (t _ S)p e—o(t—s)/e

+% e (t=5)/Be) L (t — g)P . fst(t — )P Ldr
< g (t —s)P - e—o(t—s)/e

+g .e—o(t=s)/(3e) . (t—s)P-(t—s)°
< % (t—s)P - emot=s)/e

+g e o(t—s)/(3e) . (t—s)P- ep(t—s)
< g (t—s)P- e—o(t=s)/e

+g . e—o(t—s)/(12¢) (t _ S)
< g (t—s)P- e~ o(t=s)/(12:)

e<o/(4-p),C=C(M,n,p). In the case J = [0,T] we have

lwe(t, 8) £y gy < — - (= 8)° - e 7U/E,

©1Q

C = C(M,n,p, T) monotone increasing in 7'. From this we see

C . ft e—o’(t—T)/a . (7- — S)p_l . 6_0—(7—_5)/(3"6) dT

llac * we(t, S)HE(EO) < s
< Ceeot=8)/(e) L (f — )P

as well as

ste—o (t—7) /e . (1=8)" e—a(T—s)/(lZs) dr

lac * we(t, s)|| o (e, E0) c
o o(t—s)/(12-€) . (t _ S)P-l-l'

m\QQ

<
<
The estimates for the case J = [0,7] can be obtained in an obvious way.
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Let us now estimate ||a: * we|| (g, p,)- We have

e tA(ac w.) = e 1AU. — 1 Aa,

—0U. — e 1 Aa,

—01a: — et Aa. — 01 (a: * w;)
= k. — 01(ac *x w;)

and therefore A(a; x w.) = k. — €01 (ae * we), meaning, that

lac * wellz(p;,p) < € C(M) - kel (B, m0) + € - C(M) - (|01 (ae * we) |l 2, ) -

Observe (cf. (4.3.26), (4.3.30) in chapter I1.4 of [LaQPP])

i (ae xw.) = e-e ET Ay (¢ 5)
+e - fst ec(t, T)we(T, s) dr
+ fst At)e= = A (¢, 5) — we (T, 5)] dr.
= Ji+Jo+ Js.

It is clear how to estimate J; and Jy. In order to estimate J3 we make use of the
decomposition (cf. (4.3.8), (4.3.22) in chapter 11.4 in [LaQPP])

wa(t’ S) - wE(Tv 3) = ka(t, S) — ka(T, S)
+ [T k= (t,w) — ke (7, w)]we (w, s) dw

—i—f: ke(t, w)we (w, s) dw.
= I+ 1D+

where s < 7 < t. Note that

ko(t,s) — ko(T,8) = e HA(T) — A(t)]ac(t, s) — e HA(T) — A(s)][ac(t, s) — ac(T, 5)],

where s < 7 < t. We have

le™ [A(T) = A@)ac(t: 5)ll ooy m) < - C(M) -7 - [(t = )71 (E = 7)) - e 7U7/e,

j = 0,1. Moreover, since ac(t,s) — a.(7,s) = — 1 f: A(s) e~ (W=9)71A6) gy Lemma

3.1 gives us
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Haf(t’ 8) - 0/5(7_, S)HL‘,(E]',El) S C(M) ’ Elij ’ f:(w - S)j72 6_0'5*1(“)_8) dw

I
Q
—~
=
o

L

d,
—
~

|
\]
S~—
\]

|
V2]
S—

.
e

Thus,

(5:2) e A(T) = A(s)]lac (t, 8) —ac (7, 8)]ll £y im0y < 1-C(M)-e77-[(t=7)(T—5)"">*7].
On the other hand, clearly,

(5.3)

e AW) = A@)lact,8) = ac(r. Mg my < 1-CM) - [(r = 5)° )
[(e/ (¢ = )17 o0
H(e/ (7 =) e )
(

< (1 — ) lH g gmoe (rs),

Therefore, by the multiplication (5.2)° - (5.3)177, we arrive at

e [A(T) = A(s)] [0 (¢, ) —ac(T, )]l oy, < 0-C (M) -[(t=7)P (r—s) " ]-e7 7= (=0),

and thus

(5:4) [[ke(t,8) = k(7. 8) | o(,.2) < 0 C(M) e - [(t =) (7 — )1 1] eI s,
where s < 7 < t. Since, obviously,

(5.5)
[ke(t, 8) = ke(T, 8) || (B0 N C(M)-[(t—s)P~ 4 (r— )Pt e (T79)
2

. ',7 . C(M) . (T — S)P_l . 6_0-671(7—_5)7

IA A

by taking the product (5.4)/2 . (5.5)1/2, we also get

ke (t, 8) = ke(r,8) ez < - C(M) - [(8 = 7)P/* (7 = 5)?/271] - g7 Omp/DH0m),
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s < 7 < t. In the sequel we shall make frequently use of the following simple facts: If
t>71>s>0and a>a>0, then

e—oa(t—s) < e—aa(f—s)’ e—aab < e—o&b b> 0.

)

Moreover, we denote the number 0/12 again by o. We calculate

)

11|l oqmy) < ¢ [(t = 1) (r — 5)P/271] . e Ump/DeH(T=9)

where ¢ = ¢(M,n),

T = )P (r — W)l emo =0/ ) (g — g)pleoe T @)
(t — 7)P/2em0(1=p/2) el (r—s) . fsT(T —w)P21 L (w = 5)P L dw

St — 7')'0/2(7' — 5)3p/271 . gmo(1=p/2)=7H(T=5) L B(p/2, p)

(t— T2 (r — s)PI2L L epT=9) o (=p/2e (T=5) | B(p/2, p),

112l ()

IN I IAIA
S 0 0 0

where ¢ = ¢(M,n,p) (¢ = ¢(M,n,p,T) in the case J = [0,7]) and B denotes the
Eularian Beta function. Finally,

sllcmy < e it —w)™Hw=s)r7t e (79 dw
< c-(t—s)Pt e (t=s) f:(t —w)P 1 dw
< o [(t—T)P(r — sy e -
< o [(t—T7)P (1 — s)P/271] . ep/2ims) e (t=s),

=c(M,n,p) (c=c(M,n,p,T) in the case J = [0,T]). Summing up, we find

we(t, 5) = we(r, )| (o) < ¢ [(t=7)P (T = 5)P/27] gm0 ),

where ¢ = ¢(M,n, p) and e < g9 = 9(M,n, p,9) in the case J = [0,00), ¢ = ¢(M,n, p, T
monotone increasing in 7 > 0 and all ¢ > 0 in the case J = [0,7T], respectively.
Moreover,

N —o(1—p)eH(r—s
1Tl o(m ) S c et (t—T1)P - e ompe (7=s),

C- E_l f;— t — 7' P/2 7- — )p/2_1 —o(l—p/2)s_1(7—w) . (w — S)pe_ge_l(w_s) dw

¢l (t —7)P/2e=o(=p/2)e “Hr—s) 'fsT(T — W) (W — 5)P dw
coeh(t— 1) (1 — 5)%/2 . e=o(1=p/2)e™ (7—)

2] 2 (&, Eo)

A IA
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and

Bl ogm < c-e b [t —w)pHw—s) e 79 du
< coe! (t—s)p 6_08 T [N — W) dw
< 1 [(t—7)P(t —s)P]-e ¢ Yr— 8)

c=c(M,n,p) (c=c(M,n,p,T) in the case J = [0,T]). Since

|we(t,s) = we(T, )| 2(1,m0) < Mllz(er,mo) + 2l 2By + 113l 281, E0)s

putting everything together and using the symbol a(p) to denote a ’generic constant’,
we arrive at

1sllomy < cre- [i(t—7)p/27h e emoae D) (7 — g)p/271 L emoalp)e T (T=9) gr
< c-e- e*fm(p)s NG s)'fst[(t—’]') (r—s8)P/ 1t dr
= coe(t—s)P7tB(p/2,p/2) - eI,
sl omm < ¢ [ffeoe ) (¢ — el gm0 1mp)(r=s) g7

+ft —oe™ (t T) . ( T)p/Q—l(T _ S)3p/2 . e—as’la(p)(T—s) dr
+fsf —oe~H(t-T) . (t —7)P~ Lt — 5)P - e—oc ta(p)(1—s) dr]

c- [efo'a(p)gil(tfs) . (t — 8)9

+(t — S)p . efaa(p)s_l(tfs) . fst(t — T)p/271(7_ — 8>p/2 dT
+(t—s)P- e—oalp)e™! (t—s) 'fst(t —7)PL dr]

< c-[(t—s)r- e—o&(p)e”(t—s)],

IN

where ¢ = ¢(M,n, p) and € < g9 = 9(M, 1, p,9) in the case J = [0,00), ¢ = ¢(M,n, p,T')
monotone increasing in 7' > 0 and all € > 0 in the case J = [0, T, respectively.

Proor  |of Lemma 3.3|:
We shall use again the notation from (3.1) and denote by C' a generic constant. First
of all, given € > 0 and ¢ € (0,7/2), we find that € - ¥y = Xy and because of

1 1
A+ A (L) =+ EA(t) = o (e + A(t))
also
IOA+ Ac(t) N o(po,py) <M -e- (1+elA[Y !
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where j € {0,1}, A € Xy, t € J. This implies

A+ A(8)” = (A + A(s))” IIc (o)
t

)
< O+ Ac(8) Mz o) J\A (t) = Ac()l (e, o) - 1O+ Ac(8) "l (B0, 1)
< M?.e-m-(t—s)P- T

From

[ Ac(tye(E 90 — A (5)em (=)
= Nk S A+ () = 0+ Acls) ) A

as well as 1?;\“)\' < 1and [eXt=9)] < € - ®NE=9) X\ € T, it follows (theorem 4.1.1 in

[LaQPP]) that

leellz(my < € M? - (t —5)*~".

Here, I' C Xy \ {0} runs from ooe " 7+7/2) to 00e"+7/2) On the other hand, we clearly
have (cf. Lemma 3.1)

leclloimy < C - (t—s5)" - e ot=9)/z,

All in all
lee(t, )|l 2y < lle=(t, )1, - o=t ) g ih)
< C(t—s)" P (t—s)P L e (o) (t=s)/e
= C-(t— S)p2—1 Ceb(t=s)/z,
b=o-(1-p).
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