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Abstract

The purpose of this thesis is to prove an existence and uniqueness theorem
for a degenerate oblique derivative problem associated with a second order
uniformly strongly elliptic differential operator with coefficients of limited reg-
ularity in the framework of Sobolev spaces.

Specifically, on a compact manifold D we study the resolvent to the boundary
value problem

Au=f inD
Lu = p1(x') % (x') + (¥ )u(x’) = ¢ on dD

for a uniformly strongly elliptic second order operator A with C* coefficients
and C" functions 1, po with ug, g 2 0, p1(x’) + u2(x’) >0, © > 4.

Important tools are the calculus of pseudodifferential operators with non-
smooth coefficients and the resolvent construction for the Dirichlet and Neu-
mann problems in the case of non-smooth coefficients. The solvability of the
degenerate boundary value problem requires the invertibility of the hypoellip-
tic operator T = p1A + pp on the boundary. Here A is the Dirichlet-to-Neumann
operator. In order to establish the invertibility, we show that for i > 0 the
operators T — fi form a Fredholm family of index zero and that T is injective.

In the first part the mapping properties and compositions of operator-valued
pseudodifferential operators with Holder continuous coefficients and transmis-
sion condition for C} symbols are treated, and the parametrix of hypoelliptic
operators is analyzed. In the second part, we generalize the resolvent construc-
tion for the Dirichlet problem in the non-smooth situation to all 7 > 0. In the
third part, it is proven that the above boundary value problem for second order
differential operators with C* coefficients is solvable for T > 4.

Keywords:

Degenerate boundary value problem; pseudodifferential operators with Holder
continuous coefficients; transmission condition for C symbols; hypoellipticity.
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Zusammenfassung

Ziel dieser Arbeitist der Beweis eines Existenz- und Eindeutigkeitssatzes fiir ein
entartes Randwertproblem mit schréger Ableitung zu einem gleichmaéfig ellip-
tischen Differentialoperator zweiter Ordnung mit Koeffizienten eingeschrankter
Regularitdt mittels Sobolevraummethoden.

Konkret betrachen wir eine kompakte Mannigfaltigkeit D die Resolvente
des Randwertproblems

Au=f inD
Lu = p(x') 3 (x') + po(x)u(x’) = ¢ auf D

fiir einen gleichmafig elliptischen Operator A zweiter Ordnung mit Koeffizien-

ten in C* und C*-Funktionen pq, o mit p1q, yp > 0, p1(x’) + po(x’) > Ound 7 > 4.

Wichtige Hilfsmittel sind der Kalkiil fiir Pseudodifferentialoperatoren mit
nicht-glatten Koeffizienten und die Konstruktion der Resolvente fiir das Dirichlet-
und das Neumannproblem im Fall nicht-glatter Koeffizienten. Die Losbarkeit
des entarteten Randwertproblems mit schréger Ableitung erfordert die In-
vertierbarkeit des hypoelliptischen Operators T(A) = A + yp auf dem Rand.
Dabei ist A der Dirichlet-Neumann Operator. Zum Nachweis der Invertier-
barkeit wird gezeigt, dass fiir i > 0 die T(A) — [i eine Fredholmfamilie vom
Index Null bilden und dass T(A) injektiv ist.

Im ersten Teil werden Abbildungseigenschaften und Verkniipfungen von
operatorwertigen Pseudodifferentialoperatoren mit holderstetigen Koeffizien-
ten und Transmissionsbedingung fiir C*-Symbole behandelt und die Parametrix
hypoelliptischer Operatoren analysiert. Im zweiten Teil verallgemeinern wir
die Konstruktion der Resolvente fiir das Dirichletproblem mit nicht glatten
Koeffizienten von beliebiger Regularitdt v > 0. Im dritten Teil wird gezeigt,
dass das obige entartete Randwertproblem fiir Differentialoperatoren zweiter
Ordnung mit C*-Koeffizienten lgsbar ist, falls T > 4.

Schliisselworte:

Entartete Randwertaufgabe, Pseudodifferentialoperatoren mit holderstetigen
Koeffizienten, Transmissionsbedingung fiir C*-Symbole, Hypoelliptizitat
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Chapter 1

Introduction

In this thesis we shall prove a unique solvability theorem for a degenerate
oblique derivative problem with real coefficients. The background is some
work of Taira [18], [19], [20], [21] and Kannai [13].

Let D = D U dD be an n-dimensional, compact C* manifold with boundary.
Let

n

A(x,D) = Z a1 ()00, + Z bi(x)ds, + c(x)
i=1

i,j=1
be a second-order elliptic differential operator with real coefficients. For fixed
T > 4 we assume the following conditions:

A.1) al € C*(D) (Definition 2.1.1), 4/ = /' and there exists a constant 4y > 0
such that

n

Z al(x)&&; > aglé? ,x €D, & € R™

ij=1

A2) b e C'(D).

A3) ce C*(D)and c <0 on D.

We consider the following boundary value problem: Given functions f and
@ defined in D and dD respectively, find a function u in D such that

A-MNu=f inD 11
Lu= yl(x’)g—Z(x’) + o (xXu(x’) =¢ ondD. (L.1)

Here:
1) A is a complex number in the sector

{/\ =1, —e+m<n<m-— e} (1.2)

for some 0 < € < 7.
2) u1 € C*(dD) and ;3 = 0 on dD.



3) 2 € C*(dD) and uy > 0 on dD.
4) a% is the normal derivative.

Our fundamental hypothesis is the following :
pa(x’) + pa(x’) >0, X' €dD. (1.3)

Degenerate boundary conditions of this form arise from stochastic diffusion
processes where particles are either reflected or absorbed at the boundary. It
is well known that an efficient way of studying boundary value problems is
to transform them into problems involving pseudodifferential operators on the
boundary. This method was used by Hormander [10] to study hypoellipic
boundary problems.

Problem was considered by Taira [20] in the case of smooth coefficients
and domains. We generalize certain key results from his studies to the non-
smooth case. _

We consider (A — A,L) as an unbounded operator in H*(D) x H**3/2(dD)

(Sobolev spaces) with domain H;*? = {u € H*2;Lu € H**3 } It is easy to see that
(A —=A,L)is closed and densely defined.

We obtain Theorem [4.0.4}

Under the above assumptions on A and L, the mapping
(A-A,L): Hi**(D) — H*(D) x H**3/*(9D)
is a topological isomorphism for all
0<s<T1-3,

for all A in (I.2), |A| sufficiently large.
The structure of the present thesis is as follows:

Studies of pseudodifferential operators whose symbols p(x, &) satisfy a Holder
and Zymund conditions in x have been found to be very useful in PDE. A num-
ber of their properties and applications have been investigated by Marschall
[14], [15] and Taylor [22], and in other places. In Chapter 2 we introduce
two types of function spaces. First, Holder space C*(R") for 7 € R.y. Second,
Zygmund space C}(R") for T € R. We discuss the elementary properties of op-

erators with symbols in C*ST'; and C{ ST, for 0 < 6 < 1. Also the decomposition

of a symbol p € C{S; into a sum of two terms is established. One, pi(x, &),
has better smoothness properties, of use in further results on operator calculus.
The other, pb (x, &), has no better smoothness, but does have a lower order (by a
degree depending on the smoothness of p(x, &)).

We consider the composition of pseudodifferential operators with non-

smooth coefficients. We will show under certain restrictions, thatif p; € C;" S;"gl
and p; € CZZS'l"gz, forany0 <0 <1, 0 ¢N,

1
P1(x Da)pa(x, Di) = ), —Op(@ipi(x, E)DLpa(x, €)) + R(x, D),
lal<[e]



where R is of order m; + my — (1 — 62)0 in the sense of mapping properties in
Sobolev space (Theorem 2.1.18). In [1, Theorem 3.6], Abels proved a similar
theorem in the context of non-smooth symbols of the class CfS’l’fo, and in [15)
Theorem 3], Marschall stated a similar theorem without proof.

Then we recall the transmission condition for non-smooth pseudodifferen-
tial operators by Abels [1]. Abels investigated the effect of the transmission con-
dition for non-smooth truncated pseudodifferential operators r*p(x, Dy)(u ® 0)
(Lemma . In [10, Theorem 2.1.4], Hérmander studied boundary values on
a surface of the potential of a multiple layer with respect to a pseudodifferential
operator with smooth coefficients. In fact, he showed the following;:

Let Q be a pseudodifferential operator in D C R" such that every term in the
asymptotic expansion of the symbol }' q;(x, £) is a rational function of £. Then
for every u € C’(dD) the boundary values

Q"u = lim D' Qu® &™),
X, —+0

where 8" = D"§(x,), are given by pseudodifferential operators Q" with sym-
bols

g, &)=Y o | (Du+ &G, 0,0)E0de, (1.4)
7 T

Here Iz is a contour in C, which has the poles of ¢/ in the upper half plane in
its interior.

Next we combine the results of Hormander and Abels to show Hormander’s
formula for non-smooth symbols with transmission property (Theorem [2.4.2).
These explicit expressions are then used to compute the terms in the symbol
expansion of certain pseudodifferential operators on the boundary. Further,
we introduce a parameter-dependent hypoellipticity condition for non-smooth
symbols and construct a parametrix for a pseudodifferential operator with
symbol in C} S"fé for 0< 6 < 1. In the smooth case, a similar parametrix was
constructed by Bilyi, Schrohe, Seiler [5] to discuss the He-calculus of hypoel-
liptic operators. A basic theorem says:

Let p € C{S'; be hypoelliptic in the sense of Definition andlet0 <6 <

0" < 1. Consider the following sector:
Se)={A=re"e<n<2m—e

for some 0 < € < . Then foreach 6 ¢ N, 6 < tand 0 < 6 < 7 —[0], there
exist right and left parametrices 4'(x, &, )\),ql(x, &N € CZ_W]S?,&, such that the
operators

R (x, Dy, A) = (p(x, Dy) — A)q'(x, Dy, A) — I : HS"™=00=) R — H5(R™),
for

—(t-[6D)A-0) < s<t-1[06],
-1-0)t-[0]-0) < s+m<1-[0],
-1-8)(t-[6]-0) < s

3



and
RI(x, Dy, A) = q'(x, Dy, M)(p(x, Dx) = A) = I : H" 009 (R") — H¥(R™),

for

—(t-[ODA-0) < s<t-[0],
~(1-8)(t-0) < s<r1,

are bounded. The norms of R’ (x, Dy, A) and R!(x, Dy, A) are O({A)™1) in S(e).

The resolvent of the Dirichlet problem (Ay_ A) with C*-coefficients for
0

0 < 7 <1 has been constructed by Abels, Grubb and Wood in [2, Theorem
4.1]. In Chapter 3 we use their ideas to show a similar results for the Dirich-

let problem and the Neumann problem (Ay_l A) with C*-coefficients forall T > 0.

Using the results of Chapter 3 we reduce in Chapter 4 the proof of the
unique solvability of to the invertibility of the first order pseudodifferential
operator

TA) = mAX) + 2

on the boundary dD, where A(A) is a Dirichlet-to-Neumann type operator and
D(T(A)) = {y € H**2(@D); T(A)y € H***(9D)}

(Lemma [4.0.5). We explain here in three steps the proof of the invertibility of
T(A).

Step 1. We show that T(A) is a Fredholm operator if and only if Op(t; + to)
is a fredholm operator.
We apply Hormander’s formula (Theorem to compute the first two
terms in the symbol expansion of the Calderén projector and the Dirichlet-
to-Neumann operator in the non-smooth situation (Lemma and [£.2.7).
Then we determine the first two terms in the asymptotic expansion of T(A) - we
denote them by t; and fo- with the help of the first two terms in the asymptotic
expansion of the Dirichlet-to-Neumann operator A(A). Since we can write

compact operator

T(/\) = Op(i’l + i’()) + Op(t_l +to4+--- ), (15)

we focus just on t; + tg. Then

ind T(A) = ind Op(t1 + to).

Step 2. We prove that ind Op(t1 + to) = 0.
First we show that t; +f; is hypoelliptic in the sense of Definition[2.5.1} Then we
use the basic theorem on hypoellipticity to construct a parameter-dependent
parametrix Op(bo) € CT_ls(lJ L forty +tg—fi € CT_lsio for some fixed A in the

sector (1.2), where i lies in {|fi| < c} or outside a suitable sector around the

4



positive real axis. As a result, Op(t; + to — fi) is invertible for large |fi| and hence
is a Fredholm operator with index zero for all fi. By T(A) is a Fredholm
operator with zero index for all A in the Sector (I.2). Since T(A) is a Fredholm
operator, we obtain the following a priori estimate

103 oy < C AT oy + W0 o) ¥ DTG (16)

Step 3. We prove that T(A) is injective.
We introduce a linear operator Ay : D(A;) € H**2(D) — H*(D) with

D(Ay) = {u € H***(D); Lu = 0}
and prove the following fundamental a priori estimate for Ay — A

el e+ (P 2Nl < (AL = AJualyee + rYIIAL - /\)Mllfz),
with a constant C” (1)) > 0, |A| sufficiently large, and for
0<s<t-3.

This shows that A; is injective (Theorem [4.3.1)). In the proof of this theorem
we make use of Agmon’s method [3]]. This is a technique of treating a spectral
parameter A as a second order differential operator of an extra variable and
relating the old problem to a new one with additional variable. Then we show
that the a priori estimate for the operator T(A) is equivalent to the a priori
estimate

[[eell sy < C,(H(AL = M|y + ||u||H5(D)) , u € D(AL).
Finally, since
N((A-A,L)) = {ueH* (A=A, Lu =0} = N(AL- 1),
we conclude that N/ (T(A)) = 0. Therefore, T(A) is injective and invertible.

Chapter 5 contains details on the resolvent construction for the Dirichlet
problem and details on the calculation of the second term in the asymptotic

expansion of the symbol C7  in the Calderén projector.






Chapter 2

Preliminaries

2.1 Pseudodifferential Operators with Non-Smooth
Coefficients and Poisson Operators

In this section we recall the definitions and properties of function spaces that
will be used throughout this thesis and the mapping properties of non-smooth
pseudodifferential operators. We apply the technique outlined by Abels in [1],
extending the composition of non-smooth pseudodifferential operators from
the case 6 = 0toall 0 < 6 < 1, which will be the basis for the further discussion.

In the sequel let X, Xy and X; be Banach spaces.

Definition 2.1.1. For t € (0, o0), the Holder space C*(R", X) is the set of all functions
f:R" — X such that

I f llerxy= ) IOLf liwqeny + ), sup

lal<[] lal=[7] *#¥
Cf. [1, p.1471]. We write C*(R") for C*(R", C).

We will use a partition of unity

193 () — e fWlllx
| x =y [l

1= Z @n, @nsupported on (&) ~ 2"
h=0
such that @;(&) = @1(217"&) for h > 2. To get this you can start with non-
negative @o(&), equal to 1 for |£] < 1, O for |£] > 2, set Py(E) = (po(Z‘hé), and set
on(&) = Pn(&) — pp-1(&) for h > 1. We will call this a Littlewood-Paley partition
of unity.

Proposition 2.1.2. Forany & € R", a, y € Z!} and some positive constant C,,,:

Z(Ph(é) = 1 (2.1)
h=0
Zqo;,(D)u = u, with convergence in S'(R"); (2.2)
h=0
& pu(E)l < Cap2 ', h=0,1,.... (2.3)



Proof. Cf. [22, Chapter 13, Section 9] or [6, Proposition 2.4]. O

Definition 2.1.3. Let T € R. We define the Zygmund space CL(R") to consist of all u
such that
llulles = sup 2" llpn(Dullis < co.
h
Cf. 22, p.38].
Remark 2.1.4.

C'=Ci, ifteRs\Zs
C'cCi, iftrels
Cf. [22, p.38].

Lemma 2.1.5. Ift > 1and f,g € C7, then f o g € C* and

I o glles < C(IfllcegliEs + 11Nl gl + 1 flles)- (24)
Proof. Inmore general form, this estimate can be found in [11), Theorem A.8]. O

Definition 2.1.6. a) The space ng sR"XR™) of symbols of order m, for0 <6 < p < 1

and 6 < 1 is defined as the set of all functions p(x, &) € C*(R" x R") such that for
all o € Ng and p € NG, there is a constant C, g such that

IDEIp(x, E) < Co (&Pl

Here (&) = (1 +|&P)2. Cf. [9, Chapter 7, Section 7.1].

b) Let 0 <6 <1, t>0and m € R. The space C{S]'(R" X R"; X) is the set of all
functions p : R" XR" — X that are smooth with respect to & and are CT with respect
to x satisfying the estimates

IDEP(., )o@y < Cag(E@Y" B IDIp(, E)lcrmex < Caf &)
forall a € Njj and || < [7]. Cf. [1, Definition 3.1].

c) Let0<6<1,72>0andmeR. The space CTS’lné(R" x R"; X) is the set of all
functions p : R" XR" — X that are smooth with respect to & and are C* with respect
to x satisfying the estimates

IA

Cop(E)" B 0 <ipl <7
Ca<£>m7\a|+6’c

||D§P(~, é)“CV‘\(R”;X)
ID2p(., &)llcr iz

IA

for all a € Nj.
Definition 2.1.7. For s € R, we denote by H*(R") the Sobolev space

H(R") = {u € S'(R");(&)°0(E) € LAR™)).
It is a Hilbert space with the following scalar product and norm

(1,0, = (2r0)"" f e,

8



lfulls = IKEAE2.-

Clearly
F : HS(R") - LA(R?,(&)*dé)

is an isometry, where ¥ is the Fourier transformation.

We define the pseudodifferential operator p(x, Dy) = Op(p) associated to a

symbol p € CZS’&(R” xR"; L(Xo,X1)),0<6 <1, by

Pl Du(x) = Op(pu) = [ &¥5p(x, DiEIE , u € SR ),
RVI
where d¢& = (2m)™"d&. Write x = (', x,), & = (&', &) For fixed x/, & define
Opn(p)u(x) = feix”‘f"p(x’,xn,é’, EDN(EDAE, , u e S(R™; Xo).
R

Remark 2.1.8. a) Let p; € CTST;51 and p, € CTST,(Z52 formy,my € R,0< 61,0, <1

and T > 0. Then from the well-known inequality for Holder norms of products,
lhuolle: < Clllullesllellzs + lull~llolle:) , u,0 € CF, (2.5)

we have
T QM+
p1ip2 eC Sl,b ,

where 6 = max {61, 0,}. We can easily extend the inequality (2.5) to the case of n
functions, i.e. ifu; € C* for 1 <i < n, then

n
aritz.ctglles <Y lofles (T il )
= i#]
In more general form, this estimate can be found in [14, p.944].

b) Let p; € CfSTél and p, € CZSTEZ for my,my € Rand 0 < 61,0, < 1. Then from

the inequality
luolic: < C(llulle: ol + llullesllolic: ) , u,0 € CT, (2.6)
[4, Proposition 2.1.1], we have
pip2 € C; ST,z;mz,
where 6 = max {61, 02}. We can easily extend the inequality to the case of n

functions, i.e. ifu; € C} for 1 <i < n, then

n
etz les < ) lglles (T il ).
j=1 i#j

Lemma 2.1.9. a) Let © € R.g. Then (D) := (1 — A)% : CT — CT! (A=Laplace
operator) is an isomorphism.



b) Let © € Ryg. Then there exist constants Ci,Cy > 0 such that Ci||fllcr <

IKD) flleer < Callflle: for all f € CL.

¢) Let © € Ryg. Then there exists a constant C > 0 such that

D) flleer < C(Iflless + Y, 195 fllee)

=1

forall f € Cr.
Proof. a) Cf. [24, Chapter 13, Section 8].
b) Since (D) is an isomorphism.
<)

Dy = (1-a)t =22
1-A
1 I, x,
T Vics oA U TV
\/% for j = 1,..,n has zero order. Then we have
b)
e = DMl = DY =~y f v m —, fler
* Vi-A Vi-A :

IA

C(I1fllert + 1195, fllcs + oo + 119, f

C(llfllers + Z 195, Flles)-
=1

ler-t)

O

Lemma 2.1.10. If f € C*(R")(CL(R")) and there exists ¢ > 0 such that f > ¢ > 0,

then +[f € C*(R")(CZ(R™)).

Proof. For 1 € Zs this is obvious.
Let0 < 7 <1and f € C". Then there exists C > 0 such that

If(x) = f(pI < Clx = yI".

If(x) = f(y)l Clx —yI*
|V - | = < .
T = NI = s o~ 2ve

NCER/e

Ix — yI* T 240
Next we show that ( \/7)_1 eCforO<t<l1.

Therefore

-1 -1 1
(Vi) - (Vfw) | = |W(

10

VW

V@ - D) —| <

Clx -yl
2



Therefore

(V@) - (VFw) |

lx =yl

<C
<32

Now let T = 1+ 0, and assume that it has been shown that /f € C’ and
-1

(\/7) € C° whenever f € C" and f > ¢ > 0. If we set f(x) = %;C e CT,

¢ =feC"inLemma then from (2.4) we have

I(vF)"

Therefore (\/7)_1 € C*. From (2.5)

o+ 2110 VF
=1

o SC(CIAIE +cNfller + ) < C.

IV7

e = IVF

Co

<+ (VA Mlls, fle + [(VF) N2 Fllce)
=+ (VP s fls + [(VF) e Fllcs)
< C”

O

Remark 2.1.11. The symbol smoothing technique has been introduced by Taylor for
scalar symbols. It extends to the vector-valued setting since it is based on elementary
estimates: If p € CIST(S(R" x R"; X), for 6 € [0,1), then for every y € (,1) there is a
decomposition

P, &) = ph(x, &) +p'(x, §) 27)
with

pte S (R XR";X), p' e CI8)" U (R X R"; X).

The symbol decomposition (2.7) is constructed as follows. Use the Littlewood-Paley
partition of unity ¢y, , and set

P E) = ) T px, (),
h=0

where ], is a smoothing operator on functions of x, namely
Jef(x) = (D) f(x),
with Y € CT(R"), Y(&) =1 for |&] <1 (e.g., Y = o), and we take
ey = 271079, (2.8)

We define p'(x, &) to be p(x, &) — p*(x, &), yielding @.7). Cf. [22, p. 51, 52]. To analyze
this terms, we use the following lemma.

Lemma 2.1.12. Let f € C*, 7 > 0. Then we have

11



a)

ID{Jefle < Clfllon < Clifllee for Bl < T (2.9)
Dl < Ce®ifllc:  for Bl > . (2.10)

b)
ID{Jeflle: < Cp e Plfllc. (2.11)

c)
If = Jeflices < Ce'llflle: fort > 0. (2.12)

d)
If = Jefll= < Ce€7llfllc:. (2.13)

Proof. a) For || <t

IDETe fllie = NTeD fllz

IN

le”” f DX = Pyl
D [ e dDldy < Clllen < Clfle

For |p| > t: Cf. [22, Chapter 1, Section 1.3, Lemma 1.3.C].

b) Cf. [22] Chapter 13, Section 9, Lemma 9.8].

c) Cf. [22] Chapter 13, Section 9, Lemma 9.8].

d) Cf. [22] Chapter 13, Section 9, Lemma 9.8].

O
Lemma 2.1.13. Letp € C; 5’1”/6, T > 0. Then in the decomposition ,
&) esy, (2.14)
such that
dpt e SR xR X) for|pl <1, (2.15)
dpt e STV R xR X) for ] > 7, (2.16)
and
P, &) € czs;’f;(’/“”? 2.17)

Proof. For |B| < 1: We first recall that ¢; is supported in {2h‘1 <|El < 2h+1}.

Hence

0o

T—|Bl am+0IB|
C VS
e ——

Diphe, &)= ) (;)Ieh(aip(xr D)o = (Dlpte, ) € 57

h=0
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For |B| > T

’
h=0 o’<a a

IDSEPFC e = ”ZZ(a)]ehDif'ﬁfP(-f5>D2’_“’(Ph”v"

E
S

< Csupe, "IDY p(, Olic:IDE prl
h

2.8)
—
< Csup 2’!(7/—5)(\/3\—7)<5>m—\al+61 on {|5| - zh}
h
< C<5>m—\al+61+()/—6)(|ﬁ|—f).

Therefore pf(x, &) € S1" . Details on pb(x, &) € CZS;";O/_(S)T can be found in Cf. [1}
Definition A.1] and Cf. [23] Chapter 1, Section 3, Proposition 3.2].
O

Theorem 2.1.14. a) Ifp € S;’f sR" X R"), then p(x, Dy) extends to a bounded linear
operator
p(x, Dy) : H"™(R") — H*(R")

forall s e R.

b) Let1>0,0<0<1 Ifpe CZS’&(R” x R™), then p(x, Dy) extends to a bounded
linear operator
p(x,Dy) : H™(R") — H*(R")

forevery —t(1 —96) <s < 7.
Proof. a) Cf. [24, Chapter 7, Proposition 5.5].

b) Cf. [22, Chapter 13, Proposition 9.10].
O

Corollary 2.1.15. For every T > 0 and —t < s < 7 there exists a positive constant C
such that

luvllss < Cllullgllolic-, (2.18)
is true for any u € H*(R") and v € C*(R").
Proof. Cf. [6, Corollary 4.5]. ]

Theorem 2.1.16. Let p € SY§ orp € CIS and q € S, my,my € R, 1> 0and

0 < 61,02 < 1. We denote by pliq the symbol of p(x, Dy)q(x, Dy). It has the asymptotic
expansion

1 104 144
plg ~ ) —Dipdy.

n
aeNg

Proof. Cf. [9, Chapter 7, Section 7.3, Theorem 7.13]. m]
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Definition 2.1.17. Let p € czls’fgl and q € CPSTg2 such that my,my; € R, 0 <
81,00 < Land 11,712 > 0. We define plijo)q for 6 € (0, t2) as follows:

1 103 1ed
phiorq := 2 ~Depdq
lal<[6]

Cf. [1, p. 1473].

Theorem 2.1.18. Let 75,71 > 0, my,my € R,0 < 61,8, < 1,0 € (0,72), 522 46, >
01 and T :=min{ty, 2 — [O]}). If p1 € C“Sm1 (R” X R") and p; € CfZSTfSZ(R” x R™),
then for every s € R such that —t(1 — 61) < s <17, —(1=0)(12—0) <s+m; <1y,
and —(1 = 67)(12 — [0]) < s

R(x, Dy) := p1(x, Dy)pa(x, Dy) — prllgipa(x, Dy) : H¥™M+m=(1-020(RMy 5 [5(R™)

is a bounded operator.

Proof. Let y := % + 0. By Remark 2.1.11]and Lemma [2.1.13{ we have the

following decompositions for p; and py:
P, &) = pi(e, &) + 1 (x, )
with p € CI 7070yt e 1 and
xpl(x &) e s’f;fém(R" xR if || < 74

pl(x & e ST;‘*’(V o1)(lal=71)+0171 (Rn x Rn) if lo| > 74,

pa(x, &) = ph(x, &) + pi(x, &)
with p§ € CR2812 707 = g2 (70 bl € 6 and
Xph(x, &) € s’;j;”m(R” x R" if |a| < 15
xpz(x £ e Sﬁuy—éz)(lm—mwm _ S;"; (1=02)0-da(lal=T2)471al i o« Y if || > 1.

Then
1) )

p1(x, Dpa(x, D) = pi(x, Dpi(x, Dy) + pr(x, D)pl(x, Dy) -

We will estimate (I) and (II) separately.

(D) Aspy € CI'S§, and ph e CIZST;_(l_éZ)G we conclude from Theorem [2.1.14
that

p1(x, Dy) : HS"™(R") - HY(R") for — 11(1 — 61) < s < 71 and

py(x, Dy) : {Ermarm=1=0)0(Riy — Ftm(R™) for — (1 - 8)(12 = 0) <s+my < Tp

14



are bounded operators. Therefore
p1(x, Dy)p5(x, Dy) : HPmrm=(1=0)0(Ry 5 H5(R™) (2.19)
isabounded operator since —(1-0,)(72—0) < s+m; < T;and —71(1-61) <s < 711.

(1) pi(x, Dx)ph(x, Dx) = pi(x, D)pi(x, D) + pi(x, Dy)ph(x, Dy). By definition
r, pﬁ are smooth in & and pg is smooth in x. By Theorem [2.1.16/and Definition
P ﬂpg and pgﬂpg are the symbols of p?(x, Dx)pg (x, D) and pj(x, Dx)pg(x, D,)

respectively, with

1 124 1ed
Phivh ~ ) D A, ©),

n
aeNj

1 104 144
Pt ~ ) —Diphx, i, o).

aeNj
For |a| > 6, the fact that

Dapb c CT15m1—(V—b1)T1—|0¢|
é 1 * 7

Ly

my+02|ay
ot S lal < T2
axpz € G~ (1-62)0~bs(lal=T2) ol ’

1y la| > 2
Dgpﬁ c ST;—lall
implies that
CZl 51111;+m2—(1—bz)|a|—()/—6>1)11 0 <la| <o
cch Sm1+mz—(1—5z)9—()/—51)’51
% 1/7/
Diphoph € e (2.20)
CPST;*'mz—( —062)0—(y—01)7T1-02(lal=T2)—lal(1-y) la| > 7o, la] > 6

cch S;ﬂﬁmzf(lféz)ﬂf(yfél)nflal(lf)')

Sm1+m2—(1—62)la|
Ly
my+my—(1-07)0
CSy,

D‘gppﬁpg © ~(1-62)0-62(lal~72)~lal(1~ 22D
sy (1=02)0=0a(lal=r2)~1al1=0) 1) s 1) o) > 6

a1+ —(1-0,)0—lal(1-y)
cS,; y

0<la <1

Therefore

(1)

1
Plﬂpﬁ = Z - Dipa(x, é)ﬁipg(x, &) +RA(x, &) + RV (x, &). (2.22)

lol<[6]

15



Here we have used the estimates (2.20) and (2.21) for |a| > 6 and the fact that
—(1—=y)lal < 0. By Theorem[2.1.16|and Definition[2.1.17

1 1+ — 1—62 0
Ri(x, €) = plith — phtoh ~ Y| EDgpﬁ&gpg e sym=-t)

laf>[6]

1 oo
R(x, &) = pih — pitiows ~ Y, ~iDephogph e Cosy e (R
lal>[0] ~

By Theorem [2.1.14]
RE(x, Dy) : HHM+m=(1=000 Rty _y F5(R™)
is bounded for all s € R and
RO (x, Dy) : H¥mMAma= (=000 (1Y 5 H3(R™)
for all —71(1 — 61) < s < 71 is a bounded operator. Hence
RA(x, Dy) + RO (x, Dy) : HH+m-A-000(R) — H(R™)
is bounded if —11(1 — 61) < s < 17.

(III) Now we want to replace pﬂz by p, in (III). Clearly

Dipi(x, £)3ph(x, &) = Dipi(x, £)dpa(x, &)
Iv) (V)

— DIP(x, )ph(x, €) - Dipy(x, )ph(x, £) (2.23)
We will estimate (2.23) and insert it in (2.22).

av) Dgpﬁaﬁpg € Cfr‘“'ST;+m27(1762)67|al(17y), hence, since |a|(1 - y) >0

Op(Dapgang) . Hs+m1+mz—(1—éz)9—|a\(1—y)(Rn) c Hs+m1+m2—(1—b2)9(Rn) - HS(Rn)’

is a bounded operator for —(t, — [0])(1 — 62) <s <12 —[6] .
(V) Since |a|(1—-y) =0

o b, b T oM1+my—(1-62)0—lal(1-y)=(y-61)T1 T g1 +my—(1-62)0
D plﬁxpz € C*Sl,y c C*Sl,y ,

and
Op(Dipragp) : H™ (70 (R") — HY(R”),

for all —7(1 — 61) < s < 7 is a bounded operator. Therefore, by combining all
terms, we conclude that

p1(x, D)pa(x, Dy) — prfjorp2(x, Dy) : HEPMHm=(-000(R) 5 FS(R™),
is bounded for —t(1 —01) <s <1, —(1 = 62)(12 — 0) < s+ m; < 7 and —(1 —

02)(12 = [0]) <. O
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Remark 2.1.19. In [15, Theorem 3], Marschall stated a similar theorem without
proof. This provides a proof for this result.

We denote by S(R,) the space of all restrictions of functions in S(R) to R..

Definition 2.1.20. The space CZST{)(RN x R 1 S(EQ), me R, n, N € N, consists
of all functions f(x,&’,y,), which are smooth in (&', y,) € R" x Ry, are in CT(RY)

with respect to x, and satisfy

sup [ly49) D% F(., &, iz

Yn
xRN

’ "' ’ / A
1235, D% £ & llcxuns, .y < Cagr &y lsor (2.25)

forall o e NJ™%, 1, ' € No. Cf. [2, Definition A.3].

() < Copp (&Y 2=l (2.24)

Definition 2.1.21. Let k = k(x,&’, y,) € CISI"7H(R" % R"!,S(R,)), m € R. Then
we define the Poisson operator of order d by

k(x, Do) = Fgl [k, & yn)Frmea(E)], a € S®™™).
k is called a Poisson symbol-kernel of order m. Cf. |2, Definition A.4]
Theorem 2.1.22. Let k(x, &', y,) € IS (R X R, S(R,)), m € R. Then k(x, Dy)
extends to a bounded operator
k(x', Dy) : HS" 3 (R"1) — H(R")
forevery —t(1 -0) <s <.

Proof. Cf. [2, Theorem A.5]. O

2.2 Transmission Condition for a Non-Smooth Sym-
bol

In this section we consider a transmission condition for non-smooth pseudod-
ifferential operators. In order to understand the transmission condition we

need a characterization of the spaces F[e*S(R.)], where ¢* are the extension by
zero operator. In order to characterize these spaces we have to introduce the
following Fréchet spaces H*, H; and H,.

We recall that S (ﬁi) is the space of all restrictions of functions in the Schwartz

space S(R) to R. and that both are nuclear Fréchet spaces. We denote by H*
and H the following spaces:

H+

{T(fu) RS S(@J,)},
{T(e‘u) ‘ue S(K_)},

Hy
where ¢* are the operators of extension-by-zero operators from R, to R:
- | f@®) t<o0
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[e+f1(t)={{;(t) 0

We denote by H, the space of all polynomials of degree < d — 1 and let
Hs=Hy®H,=H*®H, ®H, = Fle*S[R.)] ® Fle”S(R_)] & H..

Hj; (d € Ny) consists of smooth functions / : R — C which admit an asymptotic
expansion h(f) ~ st + 541171 + ... such that

d
AR = Y st < Cn(@ + )N (2.26)
j=d-N

for all k,l and N € N, as |t| = oo. The operators hy = Fe'r*F ! and h_ =
F e r~F ! are continuous projections on H* and H;, respectively. Moreover

ho : Hy ZH()EBH‘;—>H0
is the projection onto the first summand. Cf. [16} Definition 2.1].

Definition 2.2.1. Let m € Z. A symbol p € C{ST'(R" X R") is said to satisfy the
transmission condition, if there are sy ,(x,&’), smooth in & and in C} w.r.t. x, such
that for any a € Nj and | € Ny

m—|a|
|EbDepC, &) = Y stal €L

k=—1

|sn < Craad&Y™ G, (227)

when |E,| > (&) The functions sy, have to be zero after a finite number of differentia-
tions in &’. Hence, they are polynomial in & of degree m — k — || with coefficients in
CIH(R™). Cf. [1} Definition 5.2].

Lemma 2.2.2. Let m € Zand p € C{ST' (R" X R") satisfy the transmission condition.

Then r*p(x, Dy)(6 ® a) = k(x,Dy)a for all a € S(R"™), where k € CiST (R X

R"1, S(R,)) is a Poisson symbol-kernel of order m + 1. Here 0 is the delta distribution
with respect to x;,.

Proof. Cf. [1, Lemma 5.4]. O

Remark 2.2.3. An important tool in the calculus are "order-reducing operators”.
There are two types, one acting over the domain and one acting over the boundary:

AT,RQ = Op(r™(&))+ : H'(RY) —» H*™(R")

Ay = Op/((€) : FFR™™) — H/(R™™), Vs € R,

m € Zand t € R. Here A", and A}, have inverses A7, and Aj'. Cf. [8, Chapter
2, Section 2.5].

Definition 2.2.4. Let m € Rand r € Ny.

18



1. Ift € CIST (R X R, S(Ry)), s; € CIS TOJ(R" Ix R, j=0,..,r—1, then

the associated trace operator of order d and class r is defined as

r—1

Y si(, DeYy;f + to@, DS,

j=0

W D0f = T [0, € A win),

Hx', Dy) f

where to € CZS7' (R" X R"; S(R,)) and y;f = 9} fl,-o.

+21,0
0,...,r =1, then the associated singular Green operator of order d and class r is

defined as

2. If g € CISTFHR" % R"—l,s@i)), ki € CTSI N R x R, S(R,)) for j =

r—1
g0, DIf = Y kit De)y;f + gox D,
j=0

g0 D)f = Tl fo wgo(x,é',yn)f(é’,yn)dyn]-

where go € CISTH(R" X R”‘%S(ﬁi)) and y;f is as above.

The operators t(x, Dy) and g(x, Dy) are said to be class of —r for r € Nift(x, &), g(x, &) €
H,_y. Cf. [1, Definition 4.4 and Remark 5.1].

Example 2.2.5. Let y; be a trace opemtor For m € Z by Grubb, [8, Theorem 2.8.1]
we have y Op(r"(&))+ of order j+m + 1 and class j + m + 1.

2.3 Differential Operator with C; Coefficients

Let us now introduce the notions of ellipticity and uniform strong ellipticity.
Since we will study in Section 3.1 the resolvent construction for the Dirich-
let problem with C* coefficients and uniform strong ellipticity condition, we
show that the principal symbol of a differential operator with uniform strong
ellipticity condition is contained in a sector. We also introduce the parametrix
construction of

H(RY)
ﬂ:(m;G) HY(R") — X
Hs—%(Rn—l)

where P, is a truncated pseudodifferential operator, G is a singular Green op-
erator and T is a trace operator in the case of non-smooth coefficients.

Definition 2.3.1. A linear partial differential operator of order m on a bounded domain
D in R" is an expression of the form :

A(x,D) = Zaa(x)D“ i z Aoy (¥)DS - - DY (2.28)
k=0

la|l<m a1 +ag++a, =k
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where the complex matrix-valued coefficients a,(x) are defined on D and m € N. The
principal symbol of A will be denoted by o™ (A)(x, &) and

" (A)x, &) = ), A ()",

la|l=m

which is a homogeneous polynomial of degree m with respect to &. We call A elliptic, if
for every x € D and every non-zero & € R"

(A E) = Y aa()E

la|l=m

is invertible. The operator A is said to be uniform strong ellipticity if there exists a
constant ¢ > 0 such that for every x € D and £ € R"

Re a®"(A)(x, &) > c | £ ™. (2.29)

The order 2m (even) in (2.29) is necessary, since by homogeneity for odd order 2m + 1,
we have Re ™1 (A)(x, —&) = —Re d?1(A)(x, &), so the principal symbol takes on
both positive and negative values.

Remark 2.3.2. Inequality (2.29) implies that
Re d?(A)(x,&) > 0
for each x € D and & # 0, i.e. ellipticity.

Theorem 2.3.3. If the partial differential operator (2.28)) has bounded coefficients and
satisfies a uniform strong ellipticity condition, then the spectrum of principal symbol
of A is contained in a sector

) i
{z =z; +izp;z #0,|argz| < > —e}

forsome 0 <e < 7.
Proof. Since A satisfies a uniform strong ellipticity condition we have
clEP"<Red™(A)x, &) < ClEP™.

Forall v € C", set z = z1 + izp = {(0?"(A)(x, &)v, v)cn, then

(a*"(A)(x, £)v, V) = Im(a*"(A)(x, €)v, V)er + Re(a®" (A)(x, €)v, v)er.

Since
| Im<02m (A)('xl CS)U, U)C"| < |<02m (A)(xr (E)U, U>C” |
< &P, v)en < ¢ Re(o™(A)(X, E)v, V),
we conclude that
@ _ | Im(sz(A)(x/ é)vr U)(C”| < C//
4 Re<02m (A)(x/ é)vr U)(C"
Therefore | arg z| = Iarctan(i—i)l < arctan(c”’), since z; is positive. O
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Theorem 2.3.4. a) Let

_(P++G
n=("7°)

where P, is a truncated pseudodifferential operator of order zero to R} satisfying
the transmission condition at x, = 0, G is a zero-order singular Green operatot,
such that P, + G is of class r € Z, and T is a trace operator of order % and class r,
all with C;-smoothness in x. Then A maps continuously

H*(RY)
A= (P+]T G) . H(R") - X
H5—3 (Rn—l)
when
i) lsl <1,

i) |s— %I <t,
iii) s>r— %(class restriction).

b) Let Abeas in (a), and classical and uniformly elliptic. Then there exists an operator
B,
H*(RY)
B =(R" K): x — H*(R")
Hs—3 (Rn—l)
with R° of order 0 and class r (being the sum of a pseudodifferential operator and a

singular Green operator), K® a Poisson operator of order 1, with C % smoothness
in x, satisfies that B is continuous forallsasin (a), and R = ABC I is continuous

HO(RY) H(RY)
R - X - X
Hs5=0-3 (Rnfl) H5—3 (Rn—l)

when

i) —t+0<s<t-[0]
i) s—1>-1+0
i) s—0>r— %(class restriction)

iv) 0<O <.

Proof. Cf. [1, Theorem. A.8] and [1, Theorem 1.1, 1.2 and 6.4]. m|

2.4 The Behavior of Pseudodifferential Operators
with Non-Smooth Symbol at the Boundary

Let Q be a pseudodifferential operator. Hormander showed in [11] that the
maps

CYR"™M>5u— lim DLQu® &)
x,—0*
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are given by pseudodifferential operators. Here 6/ = D)5, 6 denoting the Dirac
measure.

Abels illustrated in [1] the effect of the transmission condition for non-smooth
truncated pseudodifferential operators r*p(x, Dy)(u®0). Therefore we will show
Hoérmander’s formula for non-smooth symbols with the transmission property.

Lemma 2.4.1. Let u € HY R, 8/ = DLé, 0 denoting the Dirac measure. Then
u® 6 € H(R") whenever t + j < —%andt+j+ % <s.

Proof.

luedllf = flﬁ(cf')l2 f(é')%(én)zjdéndcf'
t+j<—1
— X
< Cf|ﬁ(g/)|2<él>2t+2]+ldg/
t+j+i<s
—
< Cllulls
O

Theorem 2.4.2. Let Q be a pseudodifferential operator of order m € Z such that
its symbol q € C{S'(R" X R") has the transmission property. Then, for every u €

Cy(R"1), the boundary values
Qu=yr"Qued), i<t leNy,
are given by pseudodifferential operators Q' with symbols
A, &) = Tm rFL Dy, + E0)/q )
Proof. From Lemma[2.2.2]
rq(x, D) ®0) = r'F L, (1*q(x, &) € CISTy(R" X R"; S(R.))  (2.30)

for every u € C(R"™!). Now we apply the differential operator D% (I < ) and
we obtain

DL *q(x, Dx)(u ® 6) = (210) ™" f e E )t f e ((Dy, + En)'q(x, £))AEdE,

here the integral in &, has to be interpreted as an oscillatory integral. Hence
lim D\, r*q(x, D) ) = (2m)'”" f A, £

where

0w, &) = @ tim [ OO, + £ gG e,

lim 75 L H LDy, + £0)'q(x, E)]

C;tflsrlrfarl(Rnfl , Rnfl )/

m

by (2.30). It follows that the operator lim,, o+ Diﬂ r*Q(u ® 0) is a pseudodiffer-
ential operator. O
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Corollary 2.4.3. If in the Theorem each term q; in the asymptotic expansion
q ~ X.qjisarational function of &, then the symbols can be computed as in Hormander

j
[10, Theorem 2.1.4] and equation (L.4) with I'er. Here I'ss is a contour in C, which
has the poles of q/ in the upper half plane in its interior.

2.5 Parametrices to Certain Hypoelliptic Operators

We start with the introduction of a notion of parameter-dependent hypoellip-
ticity condition for non-smooth symbols. We will then construct a parametrix
for pseudodifferential operators with symbols in C{S{; for 0 < 6 < 1. For
the Hormander classes SZ’, s» this condition has been introduced by Hérmander
in [12, Theorem 4.2]. We follow here the approach developed by O. Bilyj, E.
Schrohe and J. Seiler in [5]. In [15], Marschall has constructed the parametrix
for elliptic operators with coefficients in C{SY';.

Definition 2.5.1. Letp € CfS’lnbfor somem > 0,7 € (0,00),and 0 < 6 < 1. Consider
the following sector:

Se) ={A=reme<n<2m—e (2.31)

for some 0 < € < m. We say that p(x, &) is hypoelliptic, if there exist constants C,c > 0
such that for x, & € R", |&| = C, the resolvent set of p(x, &) contains

S(e) U{IA] < ¢}
and for A € S(e) U{|A| < ¢}, @ € Ngand |B| < [7],

1EDEp(x, &) (p(x, &) = A1 < cq (&) (2.32)
| (p(x, &) = )1 EDIp(x, )] < cap(&) MV (2.33)
102D2p(, &) (P, &) = A Ml S Cap(E) B D
= Cap(&)TAHT (2.34)
1, &) = A) DI, Ol < Cap(E) A D
= Cap(&)TAHT (2.35)

forsome0 <6 <0 <1

Clearly, for |&] = C, p(x,¢) is invertible and the spectrum of p(x, &) is a
subset of {A € C\ S(e);|Al < '|p(x, &)}, for any ¢’ > 1. Additionally, since
(p-A)7"1=-A"11-pp-2A)") and 0 is not in the spectrum of p(x, &), then
outside the neighborhood of A =0,

I(p(x, &) = )7 = AL = plx, E)(p(x, &) = D)7 < (D, (2.36)
IipC, E)=A)lex = AT I=pC, )P, E)=A) ler < AT (1+1IpC, E)p(, E)=A)Ic:)
<A1+ co(®7) < Ay HE®, 1€l = C.

Now we want to construct a parameter-dependent parametrix to p — A.
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Remark 2.5.2. Letp € CEST,(S. If |&] < C, then |p(x, &)l < co. We can conclude for
[A] > cg and |&] < C:

Ip(x, O < co <A
This shows that p(x, &) — A is invertible for |A| > ¢o and |&] < C.

Definition 2.5.3. Let go(x,&,A) = qf)(x, &N = qp(x, & A) = (p(x, &) — A7 for
|E] = Cand A € S(e), or |E] < Cand |A| > cg. Define for j=1,2,...,[0], 0 ¢ N, 0 <t

a) (Right parametrix)

j
1
g0, E0) = ~q0( &, 1) ), ) —Diplx, R, £, D).

i=1 |aj=i

b) (Left parametrix)

j
al
i=1

1
qi'(xr 5/ A) = - Z ng;_i(x/ 5/ A)&?p(xr 5) LIO(XI ér /\) .

la=
Note that for an arbitrary derivative d = dy; or d = d;;, we have

a(p(xr 6) - /\)_1 = _(P(x/ ‘S) - A)_lgp(x/ 5)(}7(3@ é) - A)_l'

Theorem 2.5.4. Let p € C{SY, satisfy the assumption of Definition (2.5.1) for some

O suchthat0 <6 <0 <1
a) Then A — (A)qé(/\), A (A)q;(/\) are continuous and bounded from {A €
S@); 1Al > co to CS[C 7V for j=0,1,..,[01,0 ¢ N,0 < 7.

b) Let q'(x,&,A) = g)q;(x, EA)and ¢'(x, &, M) = j[é]) q?(x, &, A). Then g, ' are right
and left parametrices for p such that
R'(x, Dx, A) = (p(x, Dy) — A)g(x, Dy, A) — [ : H"00-(R") — H(R™),
for

—(t—-[0DhA-06) < s<t-16],
—-1-0)t—-[0]1-60) < s+m<t—[0],
-(1-)(t—-[0]-0) < s

0 < O6<1-[0]

R!(x, Dy, A) = q'(x, Dy, A)(p(x, Dx) = A) = I : HS" 000 (R") — H¥(R™),

for

—(r-[6D)A-¢&) < s<t-[6],
-1-0)(t-6) < s<m,
0 < O<1-10]

are bounded. The norms of R'(x, Dy, A) and R (x, Dy, A) are O((A)~!) in S(e).
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Proof. a) For |ai|+|az|+ ... +|aul = lal+, 1Bl + B2l + ... + 1Bl = 1Bl + j < [7], ] € N
and o, € N/, Dgafq; is a linear combination of terms

qo(x, & D3P p(x, E)qo(x, &, A)...DE p(x, E)o(x, &, A).

To simplify the following statement write D‘g“&fop(x, &) = 1. Then from

Remark[2.1.8and (2.32)-(2.36))

D2, & Ml = lqo(x, & MDA plx, E)o(x, &, A)...DEFp(x, E)o(x, & Ml -

IN

1
Y IDE 3 plx, )30, & Ml e (T IDF 5 p(x, E)gox, & Al

j=0 1#]

IA

¢}, (AT (EY IO R D

Therefore (A)q; is continuous and bounded. Similarly we can verify a) for
N

b) We define the remainders R; and Ré for j = 0,1,...,[0] by using Theorem
2118 as follows:

(P(x/ Dx) - /\)qg(x/ DX/ A) -1

1
Y —Op(Dep(x, )33 35(x, £, 1))

1<lal<[o]
+ Ry (x, Dy, A)
(p(x, Ds) = Vg5, Dx, 1) = = )" Op(DEplx, a3 (x, &, A)
la|=1
1
+ ) —OP(DEp(x, )93 (x, €, 1)
1<|a|<[0]-1
+ R (x, Dy, A)

]
1
=) Y~ OpDEp( g5, E, M)

i=1 |al=i
1
+ ) —Op(DEp(x, £)34i(x, £, )
1<|al<[0]-]
+73;(x, D,, 7A)

(p(x, D) = A)q/(x, D, A)

such that R;(x, Dy, A) : Hs+m+/@'=D)-00-0) Ry 5 Hs(R™), for

—(t-)1-0) < s<t—]j
-1-8)(t—-j-0) < s+m<T—]
-1-0')t-j—-0) < s,
0 < O<t—j
are bounded operators and
A </\>||R;||_C(H5+m+j(b’—l)—0(l—b’)le) (2.37)
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is bounded.

q0(x, Dy, A)(p(x, Dy) = A) = 1
1<|al<[6]

+RY(x, Dy, A)
q,(x, Dx, D) (p(x, Dy) — A)

lal=1

Z a_Op(D “g0(x, &, A)p(x, £))

=Y Op(D2gh(x, &, )2 p(x, &)

1
- Z aOP(D‘éq’l(x, & N)d%p(x, &)

1<|al<[0]-1
+ Rll (x/ Dx, /\)

705, D, M(p(x, D) = ) = —Z Y~ Op(Dig, (5, &, )p(e )

i=1 |a|=i

+ Z ;Op(Déq](x é, /\)a (.X, é))

1<|a|<[0]-j
+ R’lj(xl D,’C/ A)/

such that R;(x, Dy, A) : H5+m+j(6’—1)—6(175’)(Rn) — H(R"), for

—(t=)A=-¢) < s<1-—]
—-1-06)(t—-0) < s<r,
0 < O<t—j

are bounded operators and
!
A <A>||Rj||£(H5+m+j(5’—l)—O(l—ﬁ’)rHs)

is bounded. Therefore

(- Mty = 1+ ), —D“pxé)au%(x £A),

1<lal<[O

(P - A)ﬁ[@]—lq; = _Dép(xr g)ax%(x/ 5/ ) +
1
v, DI % EA),

1<lal<[0]-1

r—Mo—2 g, = —Dgp(x &)y (x, &, M)
- Z —D“p(x &) qy(x, &, A)

|| = 2@

1
+ Z —D“P(x &5 (x, &, A),

1<a=101-2 &

(01 ()
Since 4'(v,&,A) = ¥ 4i(x, &, A) and ¢'(x, &, A) = ¥ 4(x, &, A), then:
=0 =0
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[0]
Rp-Aq) = Z;, RI(x, D, 1)
]:
[0]
= (p(x,Dx) — A)g"(x, Dy, A) = (Z(p = MHie1-jq7)(x, Dx, A)
j=0
= (p(x,Dy) — A)q'(x, Dy, A) = I : HS- 0000 (R — F5(R"),
for
—(t-[0)(1-08) < s<T-[0]
—1-)T-[0]-6) < s+m<1-16],
-1-0)(t-[0]-0) < s
0 < O6<1-[0]
is bounded and
/\ g </\>||Rr||£(Hs+m—H(l—b’)/Hs) (2.39)
is continuous.
[0]
I/ 1 _ /
Rg,p-1) = Z(;R].(x,Dx,)\)
]=
[0]
= @Dy, Dp(x, D) = A) = (Y dfior-i(p — D)(x, Dx, A)
j=0
= ¢(x,Dy, A)(p(x, Dy) — A) — I : HS ™= 00=(R™) — H5(R™),
for

—(t-[0D1-9) < s<t-[0],
-1-90)(t—-0) < s<m,
0 < O<1-10]

is bounded and
A IR pipgsrm-oa- 1) (2.40)

is continuous.
O

Corollary 2.5.5. Let m — 0(1 — &’) < 0. From [2.39) and 2.40) (AYR" and (A)R' are
bounded. If |A| — oo, then R" and R! tend to zero and we conclude with a Neumann
series argument for large |A| > R, 1 + R(A) and 1 + R'(A) are invertible.

27



28



Chapter 3

The Resolvent Construction
for the Dirichlet Problem in
the Case of Non-Smooth
Coefficients

3.1 Dirichlet Resolvent in R

In [2] the resolvent (A}, — A)™" and the Poisson operator KJ for the Dirich-
let problem in the non-smooth situation are constructed for 0 < 7 < 1 on
non-smooth domains. In this section we generalize this result to all 7 > 0 on
compact manifold.

Let

n

A(x,D) = Z a1 ()05, 0, + Z b (x)ds, + c(x) (3.1)
i=1

ij=1

be a second-order uniformly strongly elliptic differential operator with real
coefficients. Fix T > 0. We assume:

1) a'l € C*(R") and there exists a constant ¢y > 0 such that
+

n

Y aI0EE; 2 coléP,x e RE E R (32)
i,j=1

(2) b' € C*(RY)

(3) ce C*(R") and ¢ < 0 on R”.

Definition 3.1.1. Let s > —%. The Dirichlet realization of A in H*(R}) is the

unbounded operator A} with domain D(A))) = {u € H2(R"); you = 0}.

Yo
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Theorem 3 1.2. Let A and 7 be as above. Then For A € p(A?O) , —T+ % <s <
Tand s > —3, the operator

H(RY)
(A - A) CHP@®D) - X ;
Yo Hs+% (Rn—l)

has an inverse

He(RY)
M) KL): xS HRD),

(RP(A)  KP(L)) = ((A, 3
H5+32 (R”_l)

Y0

On the rays A = re with n € (3 —€,% +¢€) for 0 < € < £ (Outside the range of the
principal symbol), the inverse exists for |)\| sufficiently large The operators RP(A) and

KP(A) have the structure in and satisfy estimates (5.10), (6.11) and (5.12) .

Proof. Step 1. For A = 0 we write AP = (;t)

H*(RY)
AP (R — X ,
Hs+%(Rn—1)

is continuous for all -t < s < 7 and s > —3. If we use the order-reducing

operators of Remark 2 reduce the orders to zero, then we have by an

application of Theorem

_ Hs(RY)
I 0 _ AN - "
ﬂ?=(o Az)ﬂDA—ﬁl&+=(A2yo/\'ﬂ§§ ):H(R+)—> X
0 0 - R H 2 (Rn—l)

AAT% is of order zero and AzyoA 2, is of order  and class —1. AP is contin-

uous for all -7 < s < 7 withs > -2 (We do not need the restriction |s — | <7
here, since y is smooth and it does not have any coefficient in C".)
By Theorem AP has a parametrix B?’D of order zero and class -1,

HE(RY)
Hs—% (Rn—l)
Here R(l)’D is of order zero, and K(l)’D is a Poisson operator of order 3, having
symbol-kernel in CTSIé(R” x R", S(R,)). Since K¥” has coefficients in CT,

we have an extra restriction |s — %I < 7 on s. Therefore B(l)’D is continuous for
—7+ 3 <s<rtands > —3. The remainder RY = AP B?’D — I satisfies

AA 2 H*™ G(R ) HS(R )
RD = § ( ROP KOID) 1= X - X
7/0/\ 1 ! s—0—1 mn—1 s—1 mon—1
H-0-i@®1)  Eh(Rel)
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when0<6<’c,—7+%+6<s<7—[6)]ands>—%+6.

We obtain
APBIP =T+ RP or ((I) fg)ﬂDAfRﬁ?fD =1+RP.
Therefore
AP, BYP (é [83) =1+R", with R'"” = (2;) = (é A%Z)R? (é /?%)
Step 2. Set

8= ALHO() V) (AR R A KA (R D).

It is a parametrix of AP, and
APBY =1+ RP.

H*(RY)
By : X — H2(RY),
J2E (]R"_l)

is continuous when

1 3
—T+§<s<rands>—§. (3.3)
ooy HOED HE(RY)
R’D = ( /1D) : X - X
R’; Hs+%—9(Rn—l) Hs+%(Rn—1)l

is continuous when
1
0<9<T,—T+§+9<S<T—[9]ands>—;+9. (34)

The inequality implies that the principal symbol of A takes its values in
R_. Now we replace Aby A—Ap for alarge [Ao| and the parameter (&) = (1+ |£|2)%

by (&) = (1 + |Aol + Iélz)% in the order reducing operators. We first prove the
theorem for some large Ay and then extend itto all A € p(A)?0 )
The parametrix and remainder map as follows:

H(RY)
BP(Ao) = (ROD(/\O) Kg(AO)) : X — H™(RY), (3.5)
H5+3 (Rn—l)
HO(RY) H*(RY)
RP(Ao) : X - X (3.6)

Hs+%—6(Rn—1) H5+3 (]R"_l)

for s and 6 as in and (3.4).
In order to get the exact inverses, we apply the technique developed by Abels,

Grubb and Wood in [2], which can also be invoked here. Details are given in
the appendix. O
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From Theorem we easily obtain the structure of the resolvent for com-
pact manifolds with boundary. We state it for the sake of completeness.

Let D be a smooth compact manifold with boundary. We have the operator

A as in (3.1). Consider the situation, where R” and R"! are replaced by D and
dD.

Theorem 3.1.3. For A € p(A)E,)O) , =T+ % <s<TtTands > —%, the operator

H(D)

(A B /\) : H**2(D) — X ;
Yo H+3(9D)
has an inverse
H(D)
(RD(/\) KD(/\)) = ((AyDO - 1) KQO) : X — H*2(D).
H**3(9D)

On the rays A = re with n € (3 — €, 32 +¢) for 0 < € < £ (Outside the range of the
principal symbol), the inverse exists for |A| sufficiently large. The operators RP(A) and
KP(A) have the structure in and satisfy estimates (5.10), (5.11), (5.12).

Proof. We cover the manifold with finitely many charts. We may assume that
they are chosen in such a way that either the chart does not intersect the bound-
ary (“interior charts”) or else is of the form X;x[0, 1) where X; C dD ("boundary
chart”). In each of these, construct a parameter-dependent parametrix to the
local representation of (A — A, ) (in interior charts use a parameter-dependent
parametrix to A — A only). With the help of partition of unity these can be
patched to global parametrix. The estimate follows from the estimates for the
local parametrices. o

3.2 Neumann Resolvent in R"

In this section we construct the Neumann resolvent for operators with C*
coefficients.

Definition 3.2.1. Let s > —1. The Neumann realization of A in H*(RY) is the
unbounded operator A} with domain D(A))) = {u € HSP2(R1); yqu = 0}.

Theorem 3.2.2. Let A be as satisfying conditions (1), (2) and (3). Then for
A€ p(AY), =T+ 5 <s < Tands > =3, the operator

He(RY)
(A - A) : H(R") — X
¢! H5+3 (Rn—l)
has an inverse
H*(RY)
(RV@A) K¥) = (AN - KL): x> HRY),

Hs+% (Rnfl )
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On the rays A = re with n € (3 —€,32 +¢) for 0 < € < I (Outside the range of the
principal symbol), the inverse exists for |A| sufficiently large The opemtors RN(A) and
KN(A) have the structure in (3.19) and satisfy estimates (3.20)

Proof. Step 1. For A = 0 we write AN = (;1)

H*(RY)
AN (R — X ,
st 3 (R”_l)

is continuous for all -7 < s < 7 and s > —%. If we use the order-reducing

operators of Remark to reduce the orders to zero, then we have by an
application of Theorem

- HS(R™)
I AA2 +
AN = ( )ﬂN =( Ry ) H(R") — X
oo A R\ A AL H*= 1 (R")

ANTL %, is of order zero and Ajy1ATS &, is of order 1 and class 0. Then AY
is continuous for all -7 < s < 7 with s > —3. By Theorem [2.3.4 AY has a
parametrix B?’N of order zero and class 0,

H*(RY)
BON (RON K(l),N) . X — HS(R )
Hs—% (Rn—l)
Here R(l)'N is of order zero, and Kg’N is a Poisson operator of order %, having
_1 R
symbol-kernel in C*S, J(R" X R"™1,S(R,)). Since K?’N has coefficients in C7,

we have an extra restriction |s — 1| < t on s. Therefore BON is continuous for

-7 + <s < tands > —5. The remainder RN ﬂlBON — I satisfies
e HO(R?) Hi(R))
RY =( L Ry )(RON KOrN) _I= X - X
A ]/oA 1 1 _p—1 _ _1 —
0 - R Hs 0 2(R” 1) Hs Z(R” 1)

when0<0<t1,-1+3i+0<s<t-[0]lands>—-1+0.
We obtain

0N _
ANBN =1+ RY or (0 Al

)&Z(NA BN =T+ RY
Therefore
ANN BON(O /81)—1+R’N with RN = (;SZ) (é AO )R1 (o /(\)2)
Step 2. Set

B) = A2 BON(O /81) (AT RN AZLKYYAG) = (RY KY).
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It is a parametrix of A, and

AVBN = [+ RN,
H(RY)
B X — H*2(R"),
Hs+%(Rn—1)
is continuous when
—T+1<s<’[ands>—1 (3.7)
5 5 .
Ry HTORD HA(RY)
R’N = ( ,1) : X - X
R Hs+%—9(Rn—l) H5+3 (R”_l),
is continuous when
1 1
0<6<T,—T+§+9<s<r—[9]ands>—§+9. (3.8)

The inequality implies that the principal symbol of A takes its values in
R_. Now wereplace Aby A— A foralarge |Ag| and the parameter (&) = (1+ IEIZ)%

by (&) = (1 + |Aol + |£|2)% in the order reducing operators. We first prove the
theorem for some large Ay and then extend itto all A € p(Ag)]l).
The parametrix and remainder map as follows:

H(RY)

BY(ho) = (Rf(A0) KY(Ao)): X~ HRY), (3.9)
Hs+§(Rn_1)

HO(R?) H(R?)
RN(Ag) : X - X (3.10)
Hs+%—6 (Rn—l) Hs+% (Rn—l)
forsand 0 as in and (3.8).

Consider A¢ = r%¢", n € (—n, 1) on a ray outside R_. We introduce an extra
variable t € S! (S! is the unit circle), and replace r by D; = —id;, now consider
A=A-€"D?> onR" x S

Since a(x,&) —Ag £ 0, A is elliptic on R* x St and AN = (;4) has a parametrix
1

@S] and the remainder RN = AN @é\[ —Iasin (39), (3:10) with R”, R""! replaced
by R" x S!, R"! x S!. For functions w of the form w(x, t) = u(x)e™!, u € S(R™)
and rg € 2ntZ, we have

av = (A—erdyw) _ ((A-Aow
B y1iw S\ onw )
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2, 2\8n
vl sty = (X + 1€+ 75) 2 A(E) N, = [fullpsro-
+

When s’ < s, then

R

(L + 6P + )T ),

(o) N + 1P + 1) FAUEL, = (roY” ol exst)-

[0l (R xS!)

IA

Since the remainder RY acts like RN (1), we find that

IR (Ao) 1, ua| < cll{ur, ull

H5"0 (RK)XHH%’VO (]R”_l) —= 311)

s—0,1 s+1-0, -
Hs 0’)0(R]1)><H9+2 HVO(RVI 1) (

ciroy” ur, ua)ll

IN

H5"0 (]RK)XHH % "0 (Rn-1)

for s as in (3.8). Now we want to extend it to arbitrary A as follows: Write
A =12 = (rg + 1')%e" with v € [0,27). Since

A+ ER + 72 = 1+ [ER + (r + 7'))?, (3.12)
A-A :A—Ao-l-(/\o—A),

Ao = Al = Ir3 = 72| = [2ror + 12| < (o), (3.13)
||3€](A0){u1,u2}||Hs+2/v(R+) < Cs||{”1/Uz}||H5/,(R+)XH,~+%,(R",1)/ (3.14)
IBY (Ao)ur, uadllgrare,y = N +I1EF+ Irolz)%fiéV (Ao){ur, u2dllr,
> (o)l + I + |70|)%B€I(AO){U1/UZ}||L2
> (ro)lI(L + [EP + Irol) 2 BY (Ao)ur, ua)llr,
= (rolIBY (Ao)fur, ua e w, ), (3.15)

we have

RN() = AVNBY (1g) — T = AY(A)BY(Ao) — 1 + (AO N A)B@’(Ao). (3.16)

Therefore
(3.12)
RN (A, un}l 1 =~ IRN (), uo}l 1
L2l a3 ey 25l o e+ b0 ey
(3.16)
N
< IR (/\0){M1,Mz}||H5/,.O(R¢)XHS+%,rO(R,,_l)
+Ag — Al IBY (Ao)fur, 2l @,
B10),315).81%
— =
< dll{ur, un}||

; 3
HY0 (RY)xH™ 270 (R1-1)

If we define B)'(1) = BY (Ao), then @B.T1) holds for general A.
Fix s. Consider A = r?%¢"l with ry > ry for large r1, where for each s, ci(ro)? <
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. Then ||RN Dy, gy < Tand T+ RN(A) has the inverse I + R"N(A) =

1
2
I+ Y (-RN(A))* (converging in the operator norm for operators on H*"(R') x
k=1
He*27(R"1)). Therefore by definition of B) (1),
ANNBY ()T +R™N(A) =L

This gives the right inverse

B = BYW)+ BYMHR™N(A)
= (R KYW)+ (R KYWD)R™NA) = (RN KN(4)),
and
IBY DR S, Mlrerryy < G, Myt -om oy
< Y ONE M sy
Since N N
sy = (4 REW @) (10)
RN(A) solves
A-MNu=f,yrpu=0, (3.17)
and KN(A) solves
A=-Du=0, yiu=ep. (3.18)

For such large A, RN(A) coincides with the resolvent (A} — A)~! of A). The
operator KN() is the Poisson operator, which solves (3.18). Since A € p(A]yV1 ), it
is denoted by Kﬁl. For each A = r2e", 1y <,

(AN =) H(RY) - H2(RY) , K2 HH R - H(RY)

for s satisfying (3.7).

From above
RN(A) = RY(A) + RN (HR™ (), KN(A) = K}, = Ky'(A) + K MR'™N() (3.19)
where

N N
| Ry (M)l gsrny,mvarmnyy 1Ko (A) I L@ @)
(3.20)

are O(1),

N N
Il RY (RN (A) | gs-or@ny msarny 5 |l KY (DR () |l L0 @y @)

(3.21)
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are O(1), and

I RS DR ™M) gy ITKAR™NA) |

are O((A1)"%) .

LH 3R H2 ()
(3.22)

For A on the rays A = r%¢' as in the statement of the theorem and s as in (3.7)
and (3:8). In view of [8, A.26] we have

IRN (A) 11| g

1

IR

1
(¢ *2URN (Ayuua | + IRN Ay |2..)

CAYFHIRN M If + CHRN (At Iy

< Yl = Co(AY 2 + )
< CUMH e (3.23)
K sl = (KN Aol + KN iy
= COFKYWuall3 + CIKN (D)ol ..
< ltall oy, = G 2 hely + Nl ). (3.24)
Note that [[RN(A)| zazgrey) is O(A)™") on the ray. i

From the result of Theorem [3.2.2] we easily obtain the structure of the re-
solvent for compact manifolds with boundary. We state it for the sake of

completeness.

Let D be a smooth compact manifold with boundary. We have the operator
A asin (3.1). Consider the situation, where R” and R""! are replaced by D and

aD.

Theorem 3.2.3. Let A be as satisfying conditions (1), (2) and (3). Then for
Aep(AN), —t+ 1 <s<tands > -3, the operator

71

H#(D)
(A - A) : Hs+2(5) N X ;
! H*%(9D)
has an inverse
H*(D) _
(RN KN) = (A -NHT" KL): x> HPD).
H*2(9D)

On the rays A = re with n € (3 —€,32 +€) for 0 < € < I (Outside the range of the
principal symbol), the inverse exists for |A| sufficiently large. The operators RN(A) and
KN(A) have the structure in (3.19) and satisfy estimates (3.20)-(3-24) .

Proof. We can show it as in the proof of Theorem ]
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Chapter 4

Regularity of a Degenerate
Boundary Value Problem

In this section we consider the degenerate boundary value problem for second
order uniformly strongly elliptic differential operators with non-smooth coeffi-
cients which includes as particular cases the Dirichlet and Neumann problems.
In the case of smooth coefficients, it has been proved by Taira in [18] in the
framework of Sobolev spaces and in [20] in the framework of Holder spaces.
We generalize this result to the case of non-smooth coefficients for 7 > 4 in the
framework of Sobolev spaces.

A key to finding a unique solution for the degenerate boundary value prob-
lem is first the idea that we can reduce the study of this problem to that of a
pseudodifferential operator T(1) on the boundary. Next we fix A and show that
the symbol of T(A) - we can actually focus on t; + to, the first two terms in the
asymptotic expansion - satisfies the hypoellipticity assumption of Definition

(25.1). We find a parametrix Op(by({1)) to T(A) — i with by(f1) € CT_lS(l),%. In

particular, this yields an a priori estimate for T(j1), (4.3I). Then we consider the
realization Ay of A with boundary condition L and prove a priori estimates for
A; — A (Theorem , using the a priori estimates for T(A). For |A| sufficiently
large, they imply that Ay — A is injective. Since

N((A-A,L)) = {ueH** (A=A, Lu =0} = N(AL- A),
we conclude that T(A) is injective and hence invertible.

Let D = DUJD be an n-dimensional, compact C* manifold with boundary.
Let

n

A(x,D) = Z a1 ()05, 0, + Z bi(x)ds, + c(x)
i=1

ij=1

be a second-order elliptic differential operator with real coefficients. Fix 7 > 4.
We assume
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A.1) d € C*(D), a'/ = a/" and there exists a constant ay > 0 such that

n

Y a0 > e, x € D, € RY (4.1)

i,j=1
A2) b e C°(D)

A3) ceC(D)andc <0onDbutc #0inD.

We consider the following boundary value problem: Given functions f and
¢ defined in D and dD, respectively, find a function u in D such that

{(A—A)uzf in D

Lu= y1(x’)§—Z(x’) + o (xu(x’) =@ ondD (4.2)

Here:
1) A is a complex number in the sector

{A:rzei”,—n+e<n<n—e} 4.3)

for some 0 < € < 7.

2) u1 € C*(dD) and p; = 0 on dD

3) p2 € C*(dD) and uy > 0 on dD

4)n = (my,--- ,ny,) is the unit exterior normal to dD
5) % the normal derivative.

Our fundamental hypothesis is the following :
p(x’) + u2(x’) >0, x’ €D . 4.4)

We consider (A — A, L) as an unbounded operator in H**?> with domain
H*? = {u eH*%Lue Hs+%}. Our main result here is:

Theorem 4.0.4. Under the above assumptions on A and L, the mapping

A=A
L

) : H;**(D) — H*(D) x H***/*(9D) (4.5)
is a topological isomorphism for all
0<s<t-3

forall A in &.3), |A| sufficiently large.

It is easy to see that (A — A, L) is closed: Let u, € H;** with u, — u in H**?,
(A-MNu, - vin H° and Lu, — g in Hs*2. Since Lu, — Lu in H5+%, then
Lu=ge¢ H*?andu e H;*2. Further the operator (A — A, L) is densely defined,
since the domain HSL+2(5) contains C*(D) and so it is dense in H**2(D).

The proof will be proven in the remainder of this section.

40



We reduce the analysis of (4.5) to the analysis of pseudodifferential op-
erator on the boundary. According to the Sections 3.1 and 3.2, there exist

(RD(A) KD()\)) and (RN(/\) KN()\)) such that

A=A

A-A
V1

v )(RD(A) KD(/\))=I, (

)(RN(/\) KN()) =1

forall Ain (£.3). LetL = (y1% + U2)lgp- Then

H3(D) H5(D)

A—A) RN D _( I 0 )
(A) KPQ)) = N D : X - X (4.6)
( L) )=l ey D(T(A)  H+(oD)

with the operator T(1) = LKP(A) considered as an unbounded operator in
H**3(9D) with domain D(T(A)) = {y € H**3(9D); T(\)y € H**3(dD)}. The idea
to use RN(A) in is that, since it solves (3.17), then

LRN(A) = ur(x")y1RN(A) + a(x’)yoRN(A) = pa(x')yoRN (M)

is an operator in H**1(dD). The operator on the right hand side has an
inverse if and only if T(A) = LKP(A) is invertible; in that case the inverse is
given by

I 0
—(LKP(A)HLRY () (LKP(@A)~H)

Note that T(A) = LKP(A) = pol + u1 A(A) with A(A) = y1KP(A) the Dirichlet-
to-Neumann operator. Thus one can reduce the study of problem to that
pseudodifferential operator T(A) on the boundary. More precisely, we have the
following:

Lemma4.0.5. The boundary problem is invertible if and only if is invertible
and is invertible if and only if the operator T(A) : D(T(A)) € H**3(dD) —
H+3(dD) is invertible.

In order to study the operator T(1) we need some notation. In a neighbor-
hood of boundary we can write the operator A = A(x, D) in the form

A(r, D)= A = Y ADE = A()D2 + Ai(x, Dy)Dy, + Ao(x, Dy) = A, (47)
k<2

X = (x/rxn)

where

.. n_l .
Ao(x,Dy) =A==}, al(x)Dy,Dy; +1i ) b'(x)Dy, + c(x) — A
ij<n i=1
n-1
Al(x,Dy) = = ¥, a"(x)Dy, +ib"(x)
i=1
Az(x) = —apy,
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are differential operators of order 2, 1 and zero respectively, and their symbols
are

o0 =N == T a5+ T VS + ) - A

i,j<n
n-1
o(Ay) = - ;1 a™(x)&; + ib"(x)
0(A2) = ~un.

We denote by a;(x,&") and ag(x, &’) the principal symbols of A;(x, Dy) and
Ag(x, Dy), respectively. We can conclude the following from (4.1)):

b.1) Ax(x) <0
The principal symbol of A has two roots with respect to &, and has the following

decomposition:

n

ﬂz—ﬁ=—Zﬂszi5]‘—A

AZ(x)éi + ﬂl(x, é’)én + ao(xr 5/) -A

ij=1
= AZ(X)(Kl(x/ ‘S’r A) - én)(KZ(xl 5,/ /\) - 571) (48)
where:
Loy mE) (@A), &) = A) —ai(x, &)7):
A= o 24(0)
= q(x, &) +ipi(x, &, A1) in C_ 4.9)
, o m(x &) (A X)(ao(x, &) = A) —ai(x, &)
e = o 22,00
= qx, &) —ipi(x, &, A)in C, (4.10)

since A, € C*(D), a1(x,&’) € C*S! (D x R"™!) and ao(x, &') € C*S? (D x R"™™), it
follows that: . ' '
1) q1(x, &) € C'S] (D x R"1)

2) 4A;(x)(ao(x, &) = A) — ar(x, &)* € C°S3 (D x R"™),
Hence x1(x, &', A) and x2(x, &, A) by Lemma 2.1.10|are in CTS%,O(B x R,

4.1 The Calderén Projector

Next we write

(A—)L

-1
" ) = (RP(A) KP(M) =(Qu+Gr KP(A),) (4.11)

where Q, is an inverse of A — A and G, is a singular Green operator of order —2
and class 0. The operators

RP(\) : H¥(D) —» H**4(D), K°(A) : H**2(9D) — H*(9D)
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are bounded for every s satisfying
- +—1<s< ands>——3
T > T >

The operator A satisfies the following Green’s formula for u,v € C (D):

(Au,v)p — (u, A"v)p = (Apu, pv)sp,

n-1 .
iA1(x', Dy) +iDpAp(x’) — i ) Dia™(x)  iAx(x')
i=1 :

iAy(x) 0

The adjoint of the two sided trace operator

A =

— yo . S+2 s+% S+% _1
p_()/1 =)/oDn)'H (D) » H**2(dD) X H**2(dD) , s > 5

is the operator

o = vi=Diy): HH@D) x HoH@D) » H(D), 5 > 5

here y5p = @(x’) ® 0(x;) is a distribution supported in dD. Define the nullspace

N(A - A) = {u e H**(D); (A - A)u =0 onD}.
The operator

Ry = Qup™2 : H*3(9D) x H*2(9D) — H**3(D)
maps into N(A — A) since

(A-MKrip = (A= N)Qup"Ap = p A
is supported in dD. Hence
Ry, = —rtQupA : H"3(9D) x H**3(9D) — H**A(D)

acts as a left inverse of p. Cf. [8] p. 42]
The operator C, = pK,. is a pseudodifferential projection in H**3(dD) x
H?*3(9D), the Calderén projector.

Now we study the symbols of Q,, which is the inverse of A — A. Write
0(Q1) ~ X rojand 0(A - A) ~ Y ar . Then

o(A = Dfo(Qu) =1,
# is the Leibniz product. We have
(a2—-Mrop=1 (4.12)
and

1
ro | =—t_ Z EDgﬂz—lﬂ?r—Z— i
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with the sum taken for j < [, j+|a|+k =land ! =1,2,.. < 7. Here we will
confine ourselves to I = 0,1 and compute only the first two components of the
symbol of Q). They are

1

r—Z(x/ é/ /\) ay — A

(e
€eC'STh

n
) Z Dg]ﬂzaxjr_z —Tr_a7p € CT_lsi(S).
=1

r-s(x, &, A)

Then _ _
r_2(x, Dx, A) : H"*(D) — H*(D)

is continuous if -7 < s < T and
r_3(x, Dy, A) : H*3(D) — H*(D)
is continuous if -7 +1 <s <t — 1. Set
Q1 = Op(r—2 +r-3) + Ru(A) = Qr + Ri(A).

If we insert the precise form of a, — A i.e. (4.8) in r_, and r_3, we have

1
RSN = e - e - &) (19
= 0y Aa(X)Dg (k1 — &) 9y, A2(X)Dg, (12 = &)
= sA) = - le (Ag(x)(Kl = &n)? (12 — &) ’ A%(x)(Kl = &n)ra — En)?

D (11 = En)dx, (k1 = En)  De;(ka — En)dy; (k1 — En)
A1 — EnP (2 — &) Aa(0) (k1 — £z — En
D1 = £ (k2 =&0) D (o2 = £4)0x (k2 5,,))
Ar(X)(r1 = En)? (k2 — En)? - Aa(x)(K1 — En) (K2 — En)?
) n, &)
AS() (11 = En)2 (12 = En)?
Composition of y; with the operator KP(A) in ie. A(A) =91KP(A)is a
first order pseudodifferential operator. It is called often Dirichlet-to-Neumann
operator and maps H**3(dD) to H*1 (D).

(4.14)

Now we want to construct the first two terms in the asymptotic expansion
of the symbol of A(A) from the symbols of the Calderén projector. Let f = (2)
in H**3(dD) x H**2 (D), then
i el
Aoo Ao (/1 (4.15)
(CX&O Chul \f2
Y0 < o\ [iA1(, Dy)  iAx(x')) (fr
()/1) Q/\ (Vo )/1) ( iAz(x') 0 f2

YoQaypiA1(x’, Dy) fi + iyoQa+VoA2(X) f2 + yoQayiiA2(x") fi
y10175iA1(X, D) fi + iy1Q0,+75A2(X") f2 + 71Qa Y iA2(x") f1

C/\,+ f
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Hence

Ci oo = Y0QVpiA1(¥, Do) + yoQuy;idda(x')

Chor = 170Q17pA2(x)
Ci 1o = V1QpiAIE, Do) +11Quy; i (x)
Ch 1y = 1QuypA2x).

We insert Q, instead of Q, to construct the first two terms in the asymptotic
expansion of the symbols of

Choo = 70Q270iA(x’, D) + 70Qay1iA2(x')
T = 0QuypAs(x)

110 = 71Q27iA1(xX, Dy) + y1Q2)1iA2(x")
Ch i = 11QaypA2(x")

/01

from Theorem [2.4.2]and the Residue Theorem as follows:

Clooft = Y0QpiA1 (', D) fi + 70Quy3iA2(x) f
= yo(r-a(x, Dy, A) + r_3(x, Dy, A))(iA1(x", D) i ® 6(x1))
+y0(r—2(x, Dy, A) + r_3(x, Dy, A))D;,(iA2(x") f1 ® 6(xn))
Yor-2(x, Dx, A)(iA1(x’, D) f @ 6(x)) + yor-3(x, Dy, A)(iA1 (v, D) fi ® 6(x)
+ y0r2(x, Dx, M)(iA2(x") f1 ® D},0(xn)) + yor-3(x, Dx, A)(iA2(x") f1 ® D}, 6(x,))
@n)™ feix'é’ lim (f eixninr_z(x',xn, &E, A)S(én)dén)(iAl(x/,Dx’)fl)/\(é,)dé,
Te

x,—+0

+(27T)7n feix/g/ lim (f eixnénr_:‘y(x’,ané/,én;A)S(én)dén)(iAl(x’lDx,)fl)/\(él)dé/

Xp—+ T
&

+ (27‘()_” feix’g' lim (f eix,,gnr_z(x/, X0, & &, /\)(D;’lé)/\(én))dén)(lAz(x/)fl)/\(é/)dé;

x—=+0 % Jr,

+(2”)_nf et hmo(f et 53, X, &, E, NDO) (E)AE,)iA2(x') i) ()’
=0t Jry
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@mn)™ f e f ra(x',0,&, &y, NAE,(IAL(X, D) 1) (E)dE
T,
+ Qn)" f e f Fa() 0, &, En, NAERIAL (K, D) fi)NEE
T
+2r)" f oY f Fa(,0, &, Eny M)andin(iAr( ) f) (&)dE
I

+Qn) f e f Fa(X) 0, &, Eny A)endn(iAa(e') ) (ENAE"
T

()" f Y (1) 2 (X, &, AY(iA (Y, Do) o) (E)E
+ 2r) " f 6 (1) o (&, i1 (¢ D) N (ENE
+ @r)" f 6 (1Yol €, ) iAz() ) NENE

# @ [0, € AR N
(r1)-1(x", Dy, A)iA1 (X', Dy) fi + (r3)0(x", D, A)iA2(xX") f1

+ (7’2)_2()(/, Dx/, /\)iAl(x’, Dx/ )f1 + (7’4)_1()(/, Dx/, /\)iAz(x,)fl
(co0)o(x’, Dy, A) f1 + (co0)-1(x", Dy, A) i

where
(D,0)" (&) = (7%, D0) = (Dye™1, 6) = (£ue™%, 6)
= &udxn) = &,
(-1 = @7 : ra(x,0,&, &y, A&y,
’
(3o = o7 fr ro(x,0,&, &, A)endEn,
() = @n)! r’ r-3(x’,0,&, &, A)dEy,
.
()1 = @7 fr ra(x,0,&, &n, \)EndEy,
and

(co0)o(x’, Dy, A) = (r1)-1(x", Dy, A)iA1(x’, D) + (r3)0(x’, Dy, A)iA2(x"),
(Coo)_l(x/, Dxr, A) = (1”2)_2(x,, Dxr, /\)lAl (X,, Dxr) + (7’4)_1(36/, Dx/, /\)ZAz(x/)

If we insert (4.13) and (4.14) instead of r_»(x’,0,&’, &, A) and r_3(x’, 0, &7, &, A),
we can compute the first two terms in the asymptotic expansion of the symbols
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of C*

Yoo 1-€ (con)o and (coo)-1:

1
~N_ Y2 (x// Or é,/ énr A)dén

(r)a(, &, A) .
o

1 1
2n f A (k1 (7, &7, A) = En) (2, &, A) = &)

_ AW A
- f T

(hz(x (E A ‘En)
k(' &, A) =
—iA(Y)
K1 (x// CE,/ /\) - KQ(X,, 5,’ A)

déu

= Ay (x')Resg, -y,

1
(r3)0(x// é,/ /\) = 2_ r—z(x// 0/ (S,/ énr A)éndfgn
T Jry
En

i),
27 Ty Az(x,)(Kl(X/, é,/ /\) - 51’1)(1{2(3(// é,/ /\) - 57[)

_1 ‘,Sn
_ A® f 8 -5 dg,,

dcy

21 x1(x, &, A) —
é!l
A (KZ(XI/‘S',/\)_(Sn)
= AN (x)Res¢, oy, — il
2 ( ) En=K1 Kl(x,/ E’,A) _

~iA ()1 (0, &L N)
K1 (x// 5,/ A) - Kz(xll E’/ /\)

1
(7’2)—2(95’/ g’/ A) Z jr\ 7’_3(x’, O/ 51/ En/ A)dén

n-1
~i'Y 9, Ay(x')Dy x
= ? 5 0x,Ax(x)

1
T (k1 — k)2 [ Al(x') A2(x’)

n-1
i Z ax.Az(Xl)Dé.Kz Z Dg 1<1¢9x K1
j=1 ] ] ax"Az(x ) j J

AX(x') A2(x') A(x) K=K

i Z Dg}Kz&lel
(G x)(x) 2 j=1

A(X) x1-%2 Az(x’) K1 — K1

i DrK&xK
@Gur)) 2 Z e

Ar(x) ®1—x2 Ay (x") K1 — K2
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n-1
Z ngkzaijz

(Oy,12)(x") 2 j=1 1 (@nk)) 1
A(X) K1 - K2 A(X) K1 —K2 A (X)) 11— K2
;X&) 2 ] _ b
Aw) ki—tal (1 —ip)?

where b (x', &, A) € CTS(l’,O.

1
% ré, 7’73(.3(,, 0/ é,/ ‘Sn/ /\)gndén

(re)-1(x’, &, M)

n—1
=1}, dx;A2(x")Dg 11

K1 + K2 [ j=1 2 dv, Ao(¥') 12
(k1 — K2)2 Al(x') K1tk ANX) K1t

n-1
i), dv,A2(X)Dg 2
= ! K1 + Iy, A2(x) 11

Al(x') Kitre  AXx) K1t

n-1
i Z DcK1&V K1
P 2k (Ox,x)(X) 212

Ar(x") K3 — K3 Ar(x') d -1

+

n-1
i Z Dt.K2& K1
AR S S CON

Az (x’) K1 — K2 A(X') K1 —K2
n-1
i Z D5.1<13x K2
N = 1 (O, 2)(x') 1
Ax(x') K1 — K2 Ay(x') K1 —x2
n—1
Z ngKza K2
AT k@) e, E) 1]
A(x) k-3 A() -1l AXx) K2 -x3
_ (11 + K2)b2
(k1 — Kk2)? ’

where by(x', &', A) € CTS?,O' Hence

a((co0)o(x", Dy, A)) + 0((co0)-1(x", Dy, A))
= 0((r)-1(x’, Dy, A)iA1 (X', Dy)) + 6((r3)o(x’, Dy, A)iA2(x))
+0((r2)-2(x", Dy, A)iA1(x, D)) + 0((r4)-1(x’, Dy, A)iAr(x))
= (rn)a@, &, Mhia(x', &) + (r3)o(x, &, MthiAa(x")
+(r2)-2(x, &, Moiar (x', &) + (r) 1 (', &', A)BoiA2(x")
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n-1
= (n)a, &, Nia (¥, &) + Z De,(r1)-1(x', &, )y ian(x', &) + Ry

j=1
n-1 _

+ i(T3)0(x/, (S/, A)Az(xl) + IZ Dgl(rg)()(xl, (S/, A)ax/.Az(x’) + Rz
j=1

+i(r) (X, &, Nar(x, &) + Rs

+i(r4)- 1(x’ 5' /\)Az(x’) + 734

1(x Jaz (x
= Dy
K1 — K2 Z ‘“]

)a a1, &) + Ry

n—-1

- ibm (', &) -
D dy A _—
K1—K2 Z‘ 5] ) Aa(x) + Ra + (1 — k2P +Rs3
i(k1 + K2)b2As(X) LR
> 4/
(k1 —x2)
where from Theorem 2.1.18

Ry : H%(dD) — H(9D)
isbounded for 61 € (1,2), (t—-1) <s<t—1land —(t-61) <s-1<T7,
Ry, : H"2%(9D) — H*(ID)
is bounded for 6; € (1,2), -(t —1) <s<t—1and —(t — 6,) <s < T.
Rs : H™'%(9D) - H*(@D)
is bounded for 63 € (0,1), -t <s<7and —(t— 03) <s—-2 < 7, and
R, : H7'%@D) — H(@D)

isbounded for 6, € (0,1), -t <s<7and —(1—04) <s—-1< 1.
Consequently we have

, B AN (7, &) v ok m,E )
oUeoolole’, D, 1)) = -r2 K-k K- Kz(Az(x K1 +1)
= 2 9,
K1 — K2
(o)1 (¥, D)) = A )ZD; o LG

+ AN )ZDW( )9 42(x)

. ibia (X ,5 ) N i(K1 + K2)b2 Az (X')

eC s L
(k1 — x2)? (k1 — %2)? 10
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%fz = 70QuyoiA2(x") f2
= )/0(7’72(7(/ DX/ A) + 7’73(7(’ DX/ A))(1A2(x/)f2 ® 6(x‘rl))
= yor-a(x, Dy, A)(iA2(x") f2 ® 0(xn)) + Yor—3(x, Dx, A)(iA2(xX") f2 ® 6(x))

= @)y, f e fr ) (2, & Eny MB()AE, (A2 () 1) (E)E
e @)y [ ([, €, DBME s ) €
= en [ im ([ 0, 0, A )€
e @ [0 tim ([ e, €, AV )2
e f g fr 0,8, 8 SR
vy [ e fr Al € MM 0 (€
=0 [ W, 0., 6 DA€

+(2m)' " f eV ()2 (¥, 0, &', &, M)A (') 1) ()dE’

= 1_1(x', Dy, A)iA2(x") f) + r-2(x’, Dy, A)(iA2(x') f2)
= (co1)-1(x", Dx, A) fo + (co1)-2(x", Dy, A) fo

where
-1 ’ ’ _iAgl(x,)
(r)-1 = (@2n) ﬁrz(X,O,é,én,A)d5n=m, (4.16)
” b
(2 = ot [ 0,8, 6,006 = @17
re (k1 — K2)
and

(con)-1 = (r1)-1(x', Dy, M) (iA2(x")),
(C01)_2 (7’2)_2 (x’, Dx/, /\)(lAz (x')).

If we insert (4.16) and (4.17), we can compute the first two terms in the asymp-
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totic expansion of the symbols of C} Lo’ ,1.e. (co1)-1 and (co1)-2:

U((C01)—1(x// Dx’/ A)) + G((Col)—Z(x,/ Dx'/ A))
0((r1)-1(x’, Dy, A)(iA2(x"))) + 0((r2)-2(x", Dy, A)(iA2(x")))
= (rl)—l (', &, MHhiAy(x')) + (r2)2(x', &, A)oiAx(x)

« ’1( )
= Z Dy, ()9 Aa() + Ry

K1 — K2
. blAz(X ) =
——= 4R
(ki — K2
1 = 1
— 1/t ’
= T A )Z; D ()9 Ax(x)
lblAz(X )
20 LR+ R
(1 = 12)? 1
We conclude that
’ 1 Tg-1
O((C()1)_1(x ,Dxr,/\)) = eC SlO (4.18)
K1 — K2
n—1
o((cn)-2(¢, Dy, 1) = A3(x) ), De( )2 M)
T 2 = e — !
i1 Ax(x
+ (1;_—21({2))2 e CTIS2. (4.19)

and from Theorem

R H7'%D) — H(D)

is bounded for 65 € (1,2), -(t —1) <s<7—1and —(t — 05) < s < 1, and

Ry, : H279%(9D) — H*(ID)

is bounded for 65 € (0,1), -1 <s < 7and —(T — O¢) <s < 7.
Summing up, we have shown:

Lemma 4.1.1. In the 2 X 2-matrix of pseudodifferential operator C7 in {4.15), the first
two terms in the asymptotic expansion of the symbols C} 00 and CJr Lo ATe computed

from the two roots of the principal symbol of differential operator A — A in @.7) and
they have the following form:
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0 -1¢-1
CTSLO Ct SLU
—

U(CA 00) = (coo)o + (co0)-1
n-1 1
= —ka(k1 — k) L+ AS 1(x)ZD5/ ) )
j=1
n-1 .
_ a1 (x', &) i(x1 + K2)ba Ar(x)
+ A7) Y D, O A e +
2 )]Z; (g O Aa) + S S
e C'sY,
S TGaT
a(Cy Cho) = (Co)-1+(co)-2
L Ay (')

- (Kl_Kz)uAl(x)ZDg,( prg AL GRS Ty

-1 ¢—
e C 51/0.

4.2 The Dirichlet-to-Neumann Operator and the
Operator T(1)

This leads to the construction of the Dirichlet-to-Neumann operator
A(A) = VlKD()\) : (4.20)
Let ¢ = {po, p1} € p(N(A - 1)) satisfy

P1 = AM)gpo. (4.21)
Then Cip = ¢, ie.
L e I
CX 10 <l 1/ \#1 1
Then an insertion of {.21) in #.22) gives
Choy+ Clo AN =1
or
C 01A(/\) =I- CX 00"

Since C} is elhptlc we can construct a rough parametrix Py; = Op((po1)1) +

Op((po1)o)- By (#.18) and {@.19) we have

1
= =K —ky € C'S!
(Porh (o) 1~ K2 10
n-1
(por)o = —(poh Z D¢, (co1)-19x;(po1)1 = (po1)1(co1)-2(por)1 € CT*lS(f,O
=1
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Clearly
(po1)1(x’, Dy, A) : H**'(9D) — H*(dD)

when —7 < s < 7, and
(Po1)o(x’, Dy, A) : H*(dD) — H*(dD)
when —7 + 1 < s < 7 — 1 are continuous. Therefore from Theorem

Reo,(x', D) = P (x', Dy)C; (X', D) = I : H(9D) — H*(ID)

for6;€(1,2),—-1+2<s<1-2,-1+1+60;<s+1<1t-1,and
Ro,(x', Dy) = CL, (', Dy)Po1 (¥, Dy) — I : H™(ID) — H*(9D)

for07€ (1,2),-t+2<s<t1-2,-1+1+607 <s—1< 1—1arebounded. Hence
the fact that

Poi(I=C} ) = Poi(Cj ), A(A) = (I +Re,)A(A)

implies that

A(/\) = P01(I - CX,OO) - 7‘297(/\)/\(A)r

and since A(A) has order one and Ry, has negative order less than —1, Ry, A(1)
has negative order. Therefore we get

AQA) = Pou(I-Cy ) - Ro,(M)A(A)
order<—1 )
= Op((pon)s + (po)o)Op((1 = (coo)o = (coo)-1) + R ) = R, (MA()
= (po)1th(1 = (co0)o)(x’, Dy, A) + 75{1 — (po1)180(qo0)-1(x", Dy, A) + 7532
— (Por)otho(1 = (c00)0)(x', D, A) + R — (por)offo(Co0)-1(x", D, A) + Ry
order<0
+ Op((po1)1 + (Po1)0)R’ —Re,(A)A(N)
n-1 ~
= (por)1(1 = (coo)o) + Z D, (po1)10x,(1 = (coo)o) + R
p=
= (po1)1(co0)-1 + 75{2 + (po1)o(1 = (coo)o) + 75{3
order<0
= (po1)o(coo)-1 + 75Q4 + Op((po1)1 + (Po1)o)R’ —7?97()\)/\()\)
= A —Ag+ @
where from Theorem 2.1.18

R, . H*9(9D) — H(@D)

isbounded for O3 € (1,2), (- 1) <s<t7—-1land —(t—0g) <s+ 1<,
R, : H"%(9D)— H@D)

53



is bounded for 69 € (0,1), (t—-1) <s<7—-1land (t—-1-69) <s+1<7-1.

Ry : H"99AD) - HID)

is bounded for 619 € (0,1), —(t—1) <s <t —1and —(t — O19) < s < 7, and

Ry . H9(9D) - H(ID)

isboundec[for@n €©0,1),-(t-1)<s<t—-land —(t-1-617) <s—-1<1-1.
Therefore R has order less than zero.
Summing up, we have shown:

Lemma 4.2.1. Let A(A) be as in (4.20) the Dirichlet-to-Neumann operator. The first
two terms in the asymptotic expansion of A(A) are computed from first two terms in
the asymptotic expansion of the symbols C/J{,oo and Cx/m of the Calderdn projector C;
and they have the following form:

A= (o)1= (con)o) = (k1 = K2)(1 + F22) = 11 € CTS}
n—1
Ay = '21 De¢;(po1)19x,(1 = (co0)o) — (Po1)1(co0)-1 — (po1)o(1 — (coo)o) ~ (4.23)
=
€ CTfls;{O.

We next study the operator T(A).

T(A) : D(T(\)) € H*2(9D) — H**%(dD)
Y +— LKP(A)(¥),

with D(T(A)) = {¢ € H**3(9D); T(A)y € H**#(dD)}. Then
T(1) = 1 (¢)AQ) + p2(x') (424)

is a pseudodifferential operator of first order on the boundary dD, and its
symbol t(x’, &', A) has an asymptotic expansion
tx', &N =t E A+, ELA) +
= [ (), EA) + ()] + il (x)Ae(x’, €, 1))
+ terms of negative order.
Fix A. We will see that there exists C > 0,¢ > 0 such that tl(x’,é’,i) +
to(x’, &, ) + fi is invertible for {|fi| < ¢} or [i outside a suitable sector contained

around the positive real axis for |£'| > C. Moreover, (t + tp) is hypoelliptic in
the sense of Definition (2.5.1).

1) First we show that |f;(x’, &, A) + to(x’, &, A)| > C’ for large &’ (C’ is a positive
constant):

(', &, )+ to(x', &', )|

|i,u1(x,)(A1(x// (EI/ ;\) + /\O(x// (S// Z)) + HZ(x/)|

> |Re(im @)@, &, ) + Ao, &, 1)) + 2]
—_—— . .

= “-ll(x,)(pl (x,/ é’/ A) + Re(iA(X,, E,r A)) + (u2(x,)|

> Cour1(X)E'] + ua(x) for |E'] > C. (4.25)
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(4.25) is true, since [p1(x’, &)+ Re(idg(x/, &) > Cplé’l, for |€'] = C. Then
forC5 > C,

lh(x', &, A) + to(x', &, D) = Curn (XE'] + p2(x') = C' (pa (x)IE'] + 1) (4.26)
2) We show that for all @ € Ny and || < [7] -1

D2, (', &, 2) + to(x!, &, )| o
' — R < C(1 4+ |& a3, (4.27)
|, &, A) + to(x, &, )

For @ = B = 0 this is clear. According to Leibniz product, Dg,&i, (t1 +tp) is a
linear combination of terms of the form

I DI Ay + O uDEIE A + iz, 1Bal + B2l = 1B,

& X

and D%,372 A1 = O((&)11), D&, g = O((E) ™). Let || = 1.

D (h(, &, 1) + 1o, &, A < liuDe il + lignDe Ao
Clur + 117" < C' (&1 + A+ 1)~
C'lHx, &, A) — L + 1)~

If we assume that 7 > 4, then, since i is a nonnegative C* function on dD,
wehave for [y|=1<[1] -1

IANIN A

92110 < V20| O ) (428)
[20, Lemma 4.3].
Let |5| = 1. Then

|0 (1 (', &, 2) + to(x’, &, D))
|i&x’ ()M, &L A)) +ide (i () (Ao, &, A)) + &x'!JZ(x,)’
Ci1ldw ] €] + Calpa| + C3

10wl 1€+ Il + 1]

C[ Vi G) 102 s €] + i ()1 +1]

C/ I LI 1 G @IET+ DF + (u@)IET+ 1)

[ mllf ol i, €, 3) -l + It €, 3) - gl
Clt, &, ) - g€ 21, &, 2) — il ™2 + 1)
CI, &, R) = flL + 1€

For 2 < |B| < [1] — 1 assertion is trivial. Therefore

IA Il I/\}@ IN I/\>@ INIA I

D3 (1 (x', &7, R) + to(x’, &7, D))
lth(x’, &, ) + to(x!, &, M)

<CA+|E)E ey, Il < [1] - 1.
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1Bl

+T

3) Finally we show that (D¢, ot + b))t + to) Y|y < (&)THIE ' for
T €Zspand T > 4.
(D% (11 + o)) (1 + t0) |
< C Z DL (D% (11 + to))(tr + to) ™)),
yl<T-Ipl
- C Z D25 Pty + 1))@ (b1 + t0) 7Y,
|)/|<T 1Bl
= C Y (D27t + 1)t + )@ (1 + b))t + 1)
) I)/Iiilﬁl .
Pr+..+pn=p
At + 1)@t + )+ 1))
< C 2 102,257 Pt + to)) (k1 + t0) 7|, |02 1 + b))t + £0)) 7Y
|7|<T 1Bl
51"' +5n ﬁ
@+t + )7
< Cqgy e

Now we have
5 . -1
(1) |t1(x’,5’,/\)+t0(x’,5/’A)+[,~l| < C,

@) |DLDE (e, &, A+, &, )| < Clt (!, &, D)+o(, &, A +AIAHE )T,

1Bl 7= \ﬁ\

3) (D2t +10)) (b1 +to+ )|y < CHENRIEHT, 1€ Zag and 724,

Ct-pl
We construct a parametrix to t;(x’, &, A) + to(x, &', A) + i € C*'S]

bO(x,/ 5// /\/ ﬁ) (tl(x// é,l A) + to(x// 5// /\) + Fl)71

(i (X )(A1 + Ag) + pa(x) + 1) € CHSQ{%.

From Theorem [2.5.4 i+t +f€ CT_lS% o 18 hypoelliptic for 6" = % Then by is
the right and left parametrices such that:

(t1 + to + [1)thbo (t1 + to + f)bo + D (1 + to + {1)dwbyo

1
+ Z ED?,Z’)Q&?, (tl +ty + Fl)
laj=2 "
CcT35

1
C77257§ 1,
1,7

[N

1
L+ Dyt +to + Wavbo+ ) —DEbodi(h +to + ).
|a|=2

56



boﬂz(tl +ty + Fl) bo(tl +ty + [:l) + Dg/boax/ (i’l +ty + Fl)

1 -
+ Z‘ aD“,bg&ﬁ,(tl +ty + [J)
la]=2
3

- Cc3s 2
ce2s, L3

Nl NI

s 1 -
1+ Dgbody (t1 + to + i)+ Z aDg,boaf:,(tl +to+ fi).
la|=2

Therefore

Op(tl + 1ty + ﬂ)Op(bo) -1

Op(Dgf(lj + 1ty + ﬂ)&x»bo
1 ~\ Ja v
+ ) =D+ o+ [ + Ry

la|=2
Op(ngoo'Px, (tl + 1ty + [l)
1
+ Z aDg,boajj,(tl + 1ty + 1) + R

la|=2

Op(bo)Op(t1 + 1ty + ‘I:'l) -1

R . = F (D) — H*(@D),

is bounded for 61, € (2,3), (1 —2) <s < T—Zand—%(’c—l—elz) <s+l<t-1,
and

R - H*1702(9D) — H*(dD),
is bounded for 615 € (2, 3), —%(’l’ —2)<s<t—-2and —(t—-1-6p)<s<t-1.
Op(De(t1 + to + ﬂ)ax/bo + Z %Dg/(tl +to + ‘Ij)af:,bo) : HS_%(BD) — H3(dD),
laj=2 "
and

1 1
Op(Dé'b()&x,(tl +to+ 1) + Z aD?,bo()ﬁ, (t + tg + [ﬁ)) : H2(dD) — H*(dD),
la]=2

are bounded if —%(T —3) <s < 17— 3. Therefore Op(t; + ty + fi) is a Fredholm
operator for {|fi| < c} or fi outside a suitable sector contained around the positive
real axis for |&’| > C with ind Op(t + to + [i) = 0 from Corollary and since
we can write

Fredholm operator compact operator

TA)+ fi=Op(ty +to+ 1) +Op(t_g +to+--+)
T(A) + fi is also Fredholm operator with
ind T(A) + fi = ind Op(t; + to + fi).

Hence T(A) is a Fredholm operator with zero index.
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For ¢ € D(T(A))

10pLo) T(AM)Y I < CITAYI g (4.29)

43 (D) 3 9Dy’

and if we set
R = Op(bo)Op(ty +to— i) =1 = Op(Dgbody (t + to — fi)
1 _
+ ), —DEbd (h + fo — ) + Ry

la|=2
H%(9D) — H*(dD)

is bounded if —3(7 - 3) <5 < 7 — 3, then

I+ Rz oy 2 W3 ) — R, (4.30)
From (4.29) and {#.30) we conclude the following a priori estimate,

1903 oy < TNl oy + 1603 (4.31)

4.3 A Priori Estimates

In this section we study the operator A;, and prove an a priori estimate for
the operator Ay, — A which will play a fundamental role in showing that T(A) is
injective.

We associate with the problem a linear operator Ay in H*(D) acting like
A on the domain
D(Ay) = {u € H**(D); Lu = 0}.

We remark that the operator A; is closed. Let v; be an arbitrary sequence in
D(Ap) such thatv; — vin H**?(D) and Avj — ¢in H¥(D). Since Av; > Av =g €
H*(D) and lim Lv; — Lv = 0 € H**2(dD), then v € D(Ay).

With the help of next theorem, we show that A; is injective.

Theorem 4.3.1. Assume that condition is satisfied. Then for every n € (-m, 1),
there exists a constant R(1) > 0 depending on n such that if A = r*¢", r > 0 and
[A] = 72 > R(n), we have for all u € H***(D) satisfying Lu = 0 on dD (i.e. u € D(AL))

1l + Y2 ully, < C"(T])(II(AL = Dl + (rYIAL — /\)ulliz),
with a constant C”(n) > 0, and for
0<s<t-3.

Proof. We introduce an auxiliary variable ¢ in the unit circle S = R/2nZ, and
replace the parameter A by the second-order differential operator —e""D? for
—m < 1 < 1. We consider instead of the problem

AL -MNu=f inD
Lu = Ul(x’)g_Z(x/) + o (xu(x’) =0 ondD
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the following boundary problem

{ I(n)ii = (A +e"D?)ii = f inDxS$S

- . 4.32
Lit = 11 (¢) () + 2 )i apxs = 0 on IDx S (432

We reduce the study of problem (4.32) to that of a pseudodifferential operator on
the boundary. According to the Sections 3.1 and 3.2, there exist (RD (m KP (r]))

and (RN (m KN (r])) such that

(H(n) = (AL + €"D?)

o )(Rf’(n) KP(n) =1,

V1
Then we consider instead of (4.6), the following operator

(H(n) S ei"D?)) (R¥m) KN@p) =1.

H*(D x S) H(D x5)
() N
() €)= (it ) DEw) | HHEDXS)

with

T(n) = LKP(n) : D(T(1))) € H™*3(dD x S) — H***(dD X S)
i +— LKP(n)(@),

and D(T(n)) = [ € H*3(dD x 8); T(n)ip € H**3(ID x S)}. We can extend the
estimate ondD x Sie.

113 pxsy < NTOP 3 o) T 3 sy (4.33)

Now we want to show that for all ## € H***(D x S) satisfying Lii = 0 on dD X S
the following estimate follows from (4.33)

8llir2(pxs) < C' (Il xs) + Tlloxs) )- (4.34)

Every element ii(x, t) = u(x)e™ € H**2(D x S) satisfying Lil = 0 on dD X S can be
written in the following form:

fi(x, t) = 9(x, t) + W(x, t)

where 5 € H**2(D X S) is the solution of

for all -7 + % <s<rtands > —% from Section 3.2, then
191 2 pxs) < CNTI() |1 (Dxs) (4.35)
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since @ = il — ¥ € N([1(n))). The distribution @ can be written as @ = KP(1)){,
) = yo® € H**1(9D x S). Applying to the yow then

V0@l g opsy = 1TVl s 6 + V0@ )
S Mg gy + 0Ty )
<L oy *+ I8 ey * 170t o
+ H)/Oi}”H"’%(anS)
&35
—
< COMIXI()dllsxs) + Nillasoxsy + 10llasxs),  (4.36)
and with (4.36)

1@1|gs+2(Dxcs) IKP ()Y 0@lls2pxs) < “"D”H“%(DxS)

CDITI)ll oxs) + Ml oxs) + 10llps2pxs).  (4.37)
Then from [@35) and (37) , we have

[l gs2oxsy < W0llEs2Dxs) + 1@lps+2pxs)

< C (Tl xs) + Il oxs)),

IA

or
(e l2pxs) < C'(77)(||H(T])u(x)€irt||H5(st)+||M(x)€irt||H-‘(st))- (4.38)

We can estimate each term of inequality by [8, A.26] as follows:

. 1
()™ sy = (Il + P llle ) (4.39)

(AL + e"DDu(x)e™ |lpxs) (4.40)

(AL + Myl ) + (WAL + €Ml )

ITT(u(x)e™ [lpxs)

NI

1R

. 1
)™ 2oy = (Il + ) 2Nl ) (4.41)
If we carry equalities (4.39),(&.40) and (@.41) into inequality (4.38), then we have
2
||u||H~,+2(D) + <r>S+ ”u”LZ(D) (442)

< C(IAL = ™l ) + Y IAL = Pyl ) + iy + P il ) )-

To eliminate the term C’(n)||ul|5(py on the right hand side of (#42), we need the
following inequalities [19, Chapter 8, Section 8.4, (17), (18)]:

i) For every € > 0, there exists C¢ > 0 such that

2
< €lloll

2
ol 2 )

H>+1 + CGHZ]l”%,Z(D) 7 vl € Hs+2(5)- (443)
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if) There exists a constant C; > 0 independent of C’(n) > 0 such that fors > 0

Cllall?, = < Ci(lloall, 5 + C ) M oallEsy) - 02 € H(D).  (4.44)

*(D) — H**1(D)
Applying inequalities (4.43) and (4.44) to the function u and taking € = ZC}—CZ,
we have
C (n)C2||u”H<(D ||u”Hs+2(D) + C’(n)s+1cl,||u||L2(D)r (445)

with a constant C” > 0. Therefore, carrying (4.45) into inequality (4.42), we
have

2 2 2
Py + 21

< C (AL = eyl ) + AL = e Yulit

1 2 ’ c”
+ 2_Q||u||H5+2(D) +C (n) ”u”LZ(D) + (r)5||u||L2 D))

then with another constant C3 > 0,

flull? 2 + (2 ull?,
Hs+2(D) L

D)
< C (AL = Pl o, + PFIAL = el ) + C )l )

If r is so large that
r > 2C(1)Cs,

then we can eliminate the last term C’(n)s(r>5||u|| on the right hand side and

L2(D)
we have

2y + <Y il
< 20" (NC3(IAL = eyl oy + (AL = Pl ). (4.46)

If we take C”(1) = 2C'(1)Cs, A = r?¢"" and R(1) = 4C"*(n)C3, then the proof is
complete. o

4.4 Proof of Theorem

In this section we prove Theorem
Proof. We remark that
N((A-A,L)) = {ueH** (A=A, Lu =0} = N(AL - M),

From (4.46) A; — A is injective, therefore (A — A, L) is injective. Now we show
that if (A — A, L) is injective, then T(A) is injective.
Let ) € H**% and T(A)y = 0. We set K°(A)y = u. Then

A=A [((A=-MHKP)y) (0
L =0 kegyw T o)
Hence u € N((A - A, L)) and ¢ = 0. This shows that N(T(/\)) = 0. Since

ind T(A) = 0, we conclude that T(A) is also injective. Hence T(A) is invertible
and the proof of Theorem [£.0.4]is complete. i
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Chapter 5

Appendix

5.1 Details on the Resolvent Construction for the

Dirichlet Problem
Proof. Consider Ag = 1%, n € (-7, 1) on a ray outside R_. We introduce an
extra variable t € S! (S' is the unit circle), and replace r by Dy = —id;, now
consider

AP = A -e"D? on R x S'.

iD
Since a(x, &) — Ag # 0, AP is elliptic on R* x S! and AP = (1: ) has a parametrix
0

BL and the remainder R? = APBY — I as in 35), with R”, R"! replaced
by R x S!, R*! x S'. PFor functions w of the form w(x, t) = u(x)e’™, u € S(R")
and ry € 2nZ, we have

a0 - ((A - ei”ré)w) _ ((A - /\o)w) ’
Yow Yow

el sty = L+ 1ER + 72) 20, = llullgero.
When s’ < s, then
(L + &P + 72) T a(E)IIL,

(oY (L + IEP + r3)2(E) I, = <r0>5/_s||w”H5(R’1><Sl)-

R

||w||Hs’(R1xsl)

IN

Since the remainder RP acts like RP(Ao), we find that

D
IR A)tt1, 12l i ooy < IO 82 ot oy 5D

IA

-0
c(ro) e, 28] oy e 30 o)
!

for s as in (3.4). Now we want to extend it to arbitrary A as follows: Write
A =12 = (rg + 1')%e" with v € [0,27). Since

A+ [EP +12)2 = 1+ [EP + (o +1)?)2, (5.2)

A—/\ZA—/\0+(/\0—)\),
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[Ag — Al = Iré — 72 = 2ror" + % < (1), (5.3)

1B (Ao) (w1, uaMllgar e,y < csll{u, M2}||H5,,(R+)XH5+%,,A(Rn,l), (5.4)
185 (Ao)ur, uadllpsarr,y = N1 +I1EP + |7”0|2)%80D(/\0){u11u2}”L2
> (ro)lI(L + 1€ + Irol) F B (Ao)ur, uallr,
> (ro)ll(1 + 1€ + Irol) 2 BY (Ao)us, uo}l1,
= (rolIBF (Ao){ur, w2l r, ), (5.5)

we have

RP(A) = AP(N)BL (Ao) — I = AP(A0)BE (Ao) — I + (AOO_ A)zaOD(AO). (5.6)

Therefore
G.2)
D — D
IR ()\){u1,uz}IIHS/,_(RDXHH%,(RH) = IR (/\){u1,M2}||H5,,0(RDXHH%JO(RH)
.6)
’ D
< “R (AO){ul’uz}I|H~‘r’0(R1)><HS+%'y0(R”_1)
+Ao = Al 1BY (Ao) {1, w2l .
ED.63.69
— =
< ds|{ur, ua}ll

Hero (R1)xHS 370 (Rn-1)

If we define BJ'(1) = BY (A0), then holds for general A.
Fix s. Consider A = r2¢m with ry > r; for large r1, where for each s, c;<ro)‘6 <

1. Then HRD(A)”H“XHH%" < 1 and I + RP(A) has the inverse [ + R"P(1) =

I+ Y (=RP(A)) (converging in the operator norm for operators on H*"(R}) X
k1
H*37(R"1)). Therefore by definition of BP(A),
APN)BPANI+R"P (1)) = L.

This gives the right inverse

BN = B+ BIMHRP(A)
= (ROD(/\) Kg(A))+(ROD(A) KD())R"P(A) = (RP(A) KD(/\)),
and
B DR PN, Mlrariary < Gl @, d-or o
<

-0
YIS &Ml gy 3 gy

Since

APMV)BP () =

(A-M)RP(A) (A- A)KD(/\)) 3 (1 o)
0 I)

YoRP(A) YoKP(A) )]~
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RP(A) solves

A-MNu=f,yu=0, (5.7)
and KP(A) solves

(A=MNu=0, you=og. (5.8)

For such large A, RP(A) coincides with the resolvent (AD — A)~! of AD. The

Yo'
operator KP(1) is the Poisson operator, which solves (5.8). Since A € p(A%), it
is denoted by K)’,‘O. For each A = r2e, 1y <,

(AD - V)7L HRY) - HA(RY), KD B (R - HA(RY)

for s satisfying (3.3).

From above
RP(A) = RP(A) + RPAR"P(A), KP(A) = K}, = K§(A) + KP(HR™P(N), (5.9
where

D D
| Ry M)l zsrmny,meermnyy I K (M1l L @) H2r (RY) are O(1)

D D D D
I Ry MR Ngror@nperery o KGRV e300 g proanqany

D D D D
IRy MR Mooy WKG R i3y pvaranyy

for A on the rays A = r%" as in the statement of the theorem and s as in (3.3)
and (3.4). In view of [8, A.26] we have

IR

(O™ 2IRPQm  + IRP (L y.0)
IR (sl + CURC (At 2.
sl = Co(AY Tl + foa )’

CL(AY 2 [l (5.11)
P iallpen = (OHIKPQn IR + IKP o]y )

CAYTHIKP (sl + CIKP (D)o ...

IRP(A)uiy||pgesas

IR

IA

IN

IR

IA

il e,

3 1
= G allg + N2l ). (5.12)
Note that [|[RP(A)| zz2(rry is OA) ™) on the ray. m|
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5.2 Details on the Calculation of the Second Term in
the Asymptotic Expansion of the Symbol C7 ;; in
the Calderén Projector
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