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Devwudfw

Lq wklv zrun/ zh lqwurgxfh d vprrwkhg lq xhqfh ixqfwlrq wkdw frqvwlwxwh d
wkhruhwlfdo wrro iru vwxg|lqj wkh rxwolhuv urexvwqhvv surshuwlhv ri d odujh fodvv
ri qrqsdudphwulf hvwlpdwruv1 Zlwk wklv wrro/ zh �uvw vkrz wkh qrqurexvwqhvv
ri wkh Qdgdud|d0Zdwvrq hvwlpdwru ri uhjuhvvlrq1 Wkhq zh vkrz wkdw wkh
P/ wkh O dqg wkh U0hvwlpdwruv ri wkh uhjuhvvlrq dfklhyh urexvwqhvv +zkhq
hvwlpdwhg e| nhuqho,1 Rxu uhvxowv duh looxvwudwhg shuiruplqj Prqwh0Fduor
vlpxodwlrq1

Nh|zrugv urexvwqhvv/ lq xhqfh ixqfwlrq/ P0hvwlpdwru/ O0hvwlpdwru/ U0

hvwlpdwru/ qrqsdudphwulf/ uhjuhvvlrq/ Yrq0plvhv vwdwlvwlfdo ixqfwlrqdo/

jhqhudol}hg Ghowd wkhruhp1

MHO Fodvvl�fdwlrq F46/ F47/ F48

�
Dfnqrzohgjhphqwv= Wkh dxwkru uhfhlyhg �qdqfldo vxssruw iurp Juhtdp/ Xqlyhuvlwì gh od

Pìglwhuudqìh/ Pduvhlooh dqg iurp wkh Ghxwvfkh Iruvfkxqjvjhphlqvfkdiw yld Vrqghuiruvfkxqjv0
ehuhlfk 6:6 �Txdqwl�ndwlrq xqg Vlpxodwlrq Ùnrqrplvfkhu Sur}hvvh� dw Kxperogw0Xqlyhuvlwçw }x
Ehuolq1
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4 Lqwurgxfwlrq

Wkh urexvwqhvv surshuwlhv ri sdudphwulf hvwlpdwruv kdyh uhfhlyhg pxfk dwwhqwlrq
vlqfh wkh vhplqdo zrun ri Kxehu +vhh d45o , dqg Kdpsho +vhh d;o,1 Wkh sureohp ri
urexvwqhvv ri qrqsdudphwulf hvwlpdwruv pd| vhhp/ dw �uvw ylhz/ ohvv lpsruwdqw vlqfh
qrqsdudphwulf hvwlpdwruv duh riwhq frqvlghuhg dv d zd| ri urexvwli|lqj sdudphwulf
hvwlpdwruv1 Wklv wkrxjkw lv mxvwl�hg zkhq wkh urexvwqhvv xqghu vwxg| frqfhuqv gh0
sduwxuhv iurp wkh sdudphwulf qxoo prgho vlqfh/ zlwk qrqsdudphwulf whfkqltxhv/ ohvv
vwulqjhqw dvvxpswlrqv duh pdgh rq wkh xqghuo|lqj gdwd jhqhudwlqj surfhvv1 Qhy0
huwkhohvv/ zkhq urexvwqhvv wr rxwolhuv lv frqfhuqhg/ wkh ehkdylru ri qrqsdudphwulf
hvwlpdwruv lv dovr zruwk vwxg|lqj1

Wkh frqfhsw ri rxwolhu kdv riwhq ehhq xvhg udwkhu lqirupdoo| +iru d jhqhudo glv0
fxvvlrq vhh Oxfdv d46o,1 Qhyhuwkhohvv/ vrph dwwhpswv ri gh�qlwlrq kdyh ehhq jlyhq lq
wkh sdvw = iru lqvwdqfh/ Eduqhww dqg Ohzlv + vhhd6o , gh�qh dq rxwolhu dv dq revhuyd0
wlrq +ru vxevhw ri revhuydwlrqv, zklfk dsshduv wr eh lqfrqvlvwhqw zlwk wkh uhpdlqghu
gdwd vhw> dv xqghuolqhg e| Oxfdv + vhh d46o ,/ wklv lv qrw zkdw zh frxog fdoo d suhflvh
gh�qlwlrq1 D txdqwlwdwlyh gh�qlwlrq kdv ehhq jlyhq e| Gdylv dqg Jdwkhu + vhhd:o
,= li 8 lv wkh qxoo glvwulexwlrq/ iru lqvwdqfh/ wkh vwdqgdug xqlyduldwh glvwulexwlrq
zlwk phdq > dqg yduldqfh j

�
c dq revhuydwlrq % lv vdlg wr eh dq k E5 of( �d� rxwolhu li

m% � >m : j5 ������� � zkhuh 5 ������� � lv wkh ��k*2 txdqwloh ri wkh qxoo glvwulexwlrq 8� Wklv
gh�qlwlrq lv lqwhuhvwlqj vlqfh lw vwdwhv wkdw rxwolhuv qhhg qrw eh jhqhudwhg rxw ri wkh
qxoo gdwd jhqhudwlqj surfhvv1 Lq wklv vhqvh/ rxwolhuv pd| dovr d�hfw qrqsdudphwulf
hvwlpdwruv1

Lq wkh sdudphwulf �hog/ wkh ixqfwlrqdo dssurdfk ri Yrq0Plvhv + vhh d4;o , kdv
ehhq h{whqvlyho| xvhg iru dvvhvvlqj wkh urexvwqhvv surshuwlhv ri hvwlpdwruv wkurxjk
wkh frqfhsw ri lq xhqfh ixqfwlrq + vhh kdpsho d;o,1 Lq frpsdulvrq/ wkh olwhudwxuh
rq wkh olqnv ehwzhhq wkh urexvwqhvv surshuwlhv ri qrqsdudphwulf hvwlpdwruv dqg
ixqfwlrqdo dqdo|vlv lv pxfk pruh uhvwulfwhg dqg rqo| d ihz uhihuhqfhv/ olplwhg wr
wkh vshfldo fdvh ri qrqsdudphwulf uhjuhvvlrq duh dydlodeoh +vhh iru lqvwdqfh Erhqwh
dqg Iudlpdq d7o,1 Wklv lv/ lq rxu vhqvh/ gxh wr wkh odfn ri ixqfwlrqdo iudphzrun iru
wkhlu dqdo|vlv1 Lqghhg/ iru d orqj wlph/ Yrq0Plvhv vwdwlvwlfdo ixqfwlrqdov kdyh irxqg
qr dssolfdwlrqv lq wkh �hog ri qrqsdudphwulf hvwlpdwruv vr wkdw/ lq sduwlfxodu/ wkh
frqfhsw ri lq xhqfh ixqfwlrq kdv frpsohwho| ehhq rffxowhg1

Uhfhqwo|/ Dòw Vdkdold +vhh ^4`, kdv vkrzq krz d odujh fdwhjru| ri qrqsdudphw0
ulf nhuqho hvwlpdwruv fdq eh frqvlghuhg lq d ixqfwlrqdo iudphzrun1 Klv ixqfwlrqdo
dssurdfk kdv ehhq xvhg lq ydulrxv �hogv vxfk dv iru lqvwdqfh jdph wkhru| +vhh Sur0
wrsrshvfx d48o� ru qrlv| gl�huhqwldo htxdwlrqv + vhh Ydqkhpv d4:o, exw lw kdvq*w ehhq
xvhg |hw dv d wrro iru vwxg|lqj wkh urexvwqhvv surshuwlhv ri qrqsdudphwulf hvwlpdwruv1
Rxu sxusrvh lv wzrirog1 Iluvw/ zh dlp dw �oolqj wklv jds e| gh�qlqj dq dqdorjrxv ri
Kdpsho*v lq xhqfh ixqfwlrq iru qrqsdudphwulf hvwlpdwruv = wkh vprrwkhg lq xhqfh
ixqfwlrq1 Qh{w/ zh zdqw wr looxvwudwh wkh xvhixoqhvv ri wklv vprrwkhg lq xhqfh ixqf0
wlrq> iru wklv/ zh zloo vwxg| wkh P/ wkh O dqg wkh U hvwlpdwruv + vhh Kxehu d45o , ri
wkh qrqsdudphwulf uhjuhvvlrq lq d ixqfwlrqdo iudphzrun dqg zh zloo fdofxodwh wkhlu



vprrwkhg lq xhqfh ixqfwlrq1 Wklv vwxg| zloo frqvwlwxwh d wkhruhwlfdo edvlv zklfk
zloo frq�up wkh frqfoxvlrqv ri wkh hpslulfdo zrun wkdw kdv douhdg| ehhq ohg rq wkh
vxemhfw +vhh Kçugoh d43o iru d vxuyh|,1

Rxu zrun lv rujdql}hg dv iroorzv = lq vhfwlrq 5/ zh vhw wkh ixqfwlrqdo wrrov
lqwurgxfhg e| Dòw0Vdkdold dqg zh vkrz krz wkh vprrwkhg lq xhqfh ixqfwlrq fdq
eh gh�qhg lq wklv iudphzrun1 Lq vhfwlrq 6/ zh vkrz krz wklv iudphzrun fdq eh
xvhixo lq wkh sduwlfxodu fdvh ri dq hvwlpdwru lpsolflwo| gh�qhg e| dq htxdwlrq1 Lq
vhfwlrq 7/ zh vwxg| wkh Qdgdud|d0Zdwvrq hvwlpdwru ri wkh uhjuhvvlrq dqg zh vkrz lwv
qrqurexvwqhvv lq wkh vhqvh ri wkh vprrwkhg lq xhqfh ixqfwlrq1 Lq vhfwlrq 8/ zh vwxg|
wkh P/ O dqg U hvwlpdwruv ri wkh uhjuhvvlrq dqg zh jlyh frqglwlrqv hqvxulqj wkhlu
urexvwqhvv lq wkh vhqvh ri wkh vprrwkhg lq xhqfh ixqfwlrq1 Lq vhfwlrq 9/ zh glvfxvv
wkh gl�huhqfhv ehwzhhq wkh hvwlpdwruv zh dqdo|}h lq wklv zrun dq wkrvh wkdw kdyh
douhdg| ehhq sursrvhg lq wkh olwhudwxuh1 Ilqdoo|/ zh jlyh d Prqwh0Fduor vlpxodwlrq
looxvwudwlqj wkh shuirupdqfhv ri wkh P/ O dqg U hvwlpdwruv ri wkh uhjuhvvlrq lq wkh
suhvhqfh ri rxwolhuv lq wkh vdpsoh1 Surriv duh jlyhq lq dsshqgl{1

5 Ixqfwlrqdo dqdo|vlv ri qrqsdudphwulf hvwlpd0

wruv

514 Dòw0Vdkdold Jhqhudol}hg Ghowd Wkhruhp

Iluvw ri doo/ zh*uh jrlqj wr gh�qh wkh frqfhsw ri vwurqj Iuhfkhw gl�huhqwldelolw| lq d
jhqhudo vhwwlqj wkdw zh zloo uhvwulfw odwhu1

Gh�qlwlrq 4 ohw E. � c n�n � � dqg E. � c n�n � � eh Edqdfk vsdfhv dqg ohw A eh dq ds0

solfdwlrq iurp . � wr . � � Wkh ixqfwlrqdo A zloo eh vwurqjo| Iuhfkhw gl�huhqwldeoh dw

wkh srlqw 8 5 . � zlwk uhvshfw wr wkh qrup n�n � li wkhuh h{lvwv d olqhdu frqwlqxrxv

rshudwru ( 	 A G . � $ . � vxfk wkdw

A E8 n M� ' A E8 � n ( 	 A�M n �
�

nMn
�
�
�

iru doo M lq d qhljkerukrrg ri }hur1

� Rqh ri wkh dsshdolqj ihdwxuhv ri wkh vwurqj Iuhfkhw gl�huhqwldelolw| lv wkh
ydolglw| ri wkh fkdlq uxoh1

� Li . � lv wkh surgxfw ri wzr +ru pruh vsdfhv,/ rqh fdq gh�qh lq dq dqdorjrxv
zd| wkh frqfhsw ri sduwldo vwurqj Iuhfkhw ghulydwlyh1 Wkh h{lvwhqfh ri wkh
vwurqj Iuhfkhw ghulydwlyh lpsolhv wkh h{lvwhqfh ri wkh sduwldo vwurqj Iuhfkhw
ghulydwlyhv wrr1

Lq wklv zrun zh zloo eh ghqrwh e| � 
 c wkh vsdfh ri r wlphv frqwlqxrxvo| gl�hu0
hqwldeoh ixqfwlrqv rq - � / zkrvh ghulydwlyhv ri doo rughu duh frpsdfwo| vxssruwhg rq

6



- � 1 Zh zloo uhvwulfw rxuvhoyhv wr wkh sduwlfxodu fdvh zkhuh . � lv d forvhg vxevsdfh
ri � 
 +wkdw zh zloo suhflvh iru hdfk vwxg|, dqg . � ' -� Pruh suhflvho|/ zh zloo
eh lqwhuhvwhg lq hvwlpdwlqj wkh txdqwlw| A

�

8 � �

zkhuh 8 � 5 . � lv wkh fxpxodwlyh
glvwulexwlrq ri d _�glphqvlrqdo udqgrp yhfwru ~ dqg A G . � $ - lv d uhdo ydoxhg
ixqfwlrqdo1 Rxu jrdo lq wklv vhfwlrq zloo eh wr jlyh vx!flhqw frqglwlrqv iru A

�

8 � �

wr eh frqvlvwhqwo| hvwlpdwhg e| A
�

	8 �

�

zkhuh 	8 �
 E�� '
�

?



[

��� �
g �

�� � ~ �
�

�

lv wkh

nhuqho � hvwlpdwru ri 8�
Zh qrz qhhg wr gh�qh d qrup rq wkh vsdfh � 
 zklfk zloo lqgxfh d qrup rq

. � � � 
 =
Gh�qlwlrq 5 iru dq| ixqfwlrq M 5 � 
 c wkh 6 ��� E6 � r� rughu xqlirup Vrerohy

qrup lv fodvvlfdo| gh�qhg e|

nMn ������� ��� ' r�R  "!�#$! � r�R % &'% � # r�R (*),+.- �

�Y
� & �

ME��
�

�

zkhuh { ' E{ � c ����c { � � 5 � � zlwk m{m ' { � n ��� n { � dqg Y
� & �

ME�� '
Y
% &'%

ME��

Y� � �����Y� �
�

Zh duh qrz jrlqj wr suhflvh ixuwkhu zklfk ixqfwlrqdov zloo eh frqvlghuhg lq wklv
zrun =

Gh�qlwlrq 6 Ohw � 5 - � ghqrwh dq lqwhjudwlrq yduldeoh dqg � � �0/1� d _E,� glphqvlrqdo
vxeyhfwru ri �� Ohw 5 � �0/1� ghqrwh d �{hg srlqw lq - � �1/0� cdqg ohw {

/ 5 � � �1/0� ghqrwh dq
lqglfh vhw1 Zh vxssrvh wkdw k / E8 �E�� kdv frqwlqxrxv sduwldo ghulydwlyhv xs wr rughu
�

�{
/ �
�/ doo ehorqjlqj wr u

�
c iru doo � � _E,� � _� Wkh ixqfwlrqdo A zloo eh vdlg wr dgplw

wkh uhsuhvhqwdwlrq E-� li lw*v vwurqjo| Iuhfkhw gl�huhqwldeoh dw wkh srlqw 8 � iru wkh

qrup n�n ���1�2� ��� dqg li ( 	43 A�M fdq eh zulwwhq xqghu wkh irup

( 	 x�M '

]

d� 	 E�� n � 	 E��o _ME��

zkhuh � 	53 E�� '

�
[

/ � �
k / E8 �E��Y

� &76 �
B 8:9 6<; E�

�1/1�
� dqg � 	43 E�� lv d fdgodj = ixqfwlrq

� E-� lpsolflwo| vxssrvhv wkh ixqfwlrq M wr eh dq hohphqw ri �m & 6 m vlqfh

]

k / E8 �E��Y
� & 6 �

B 8 9 6<; E�
�0/0�

�_ME�� '

]

Y
� & 6 �

Ek / E8 ���� E5
�0/1�

c �
� � /1�

�_�
� � /1�

�

>
N ? lv dq lqwhjudwhg nhuqho lh d fxpxodwlyh glvwulexwlrq ixqfwlrq1 Zh zloo suhflvh odwhu frqglwlrqv

rq wkh nhuqho lq rughu wr hqvxuh wkh frqvlvwhqf| ri wkh hvwlpdwruv frqvlghuhg1@
uljkw frqwlqxrxv zlwk ohiw kdqg olplwv1
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� Wkh dlp ri wklv fkdudfwhul}dwlrq lv wr doorz iru wkh lghqwl�fdwlrq ri whupv ri
gl�huhqw rughu zkhq soxjjlqj M ' 8 
 � 8� Lqwxlwlyho| vshdnlqj/ _E,� lqglfdwhv
wkh glphqvlrq ri wkh udqgrp yhfwru zklfk ghqvlw| lv wr eh hvwlpdwhg +l1h1 wkh
vr fdoohg fxuvh ri glphqvlrqdolw|, dqg

�

�{
/ �
� lqglfdwhv wkh rughu ri wklv ghqvlw|*v

ghulydwlyh1

Ehiruh hqxqfldwlqj Dòw0Vdkdold*v Jhqhudol}hg Ghowd Wkhruhp +vhh d4o,/ zh kdyh
wr vwdwh d ihz dvvxpswlrqv =

E��� = Zh vxssrvh i~ � c �����c ~ 
 j wr eh d vdpsoh ri vwulfwo| vwdwlrqdu| dqg q
pl{lqj uhdol}dwlrqv ri wkh udqgrp yhfwru ~�

E�2�Et� = Zh vxssrvh g wr eh dq hyhq nhuqho A ri rughu o rq - � zklfk sduwldo
ghulydwlyhv h{lvw xs wr rughu r n _ dqg duh vtxduh vxppdeoh rq - � �

E���Eic 4� = zh vxssrvh wkh edqgzlgwk � wr vdwlvi| wkh iroorzlqj frqglwlrqv iru
ydoxhv ri 6 dqg e zklfk zloo eh vshfl�hg odwhu = iru ? $ 4c zh kdyh � $ f lq vxfk
d zd| wkdw ?

BC � D $ f hw ?
BC � � � $ 4� E

Wkhruhp 4 Dòw0Vdkdold*v Jhqhudol}hg Ghowd Wkhruhp =

Zh vxssrvh wkh ixqfwlrqdo A wr eh vwurqjo| Iuhfkhw gl�huhqwldeoh dw wkh srlqw

8 � iru wkh qrup n�n ���F��� �'� lq vxfk d zd| wkdw ( 	 3 A�M dgplwv wkh uhsuhvhqwdwlrq

E-eR�� Wkhq/ xqghu wkh dvvxpswlrqv E��� dqg E�2�Er� =
E�� li � 	43 E�� ' fc xqghu wkh dvvxpswlrq E���Eoc 6� zh kdyh

s
?

�

A
�

	8 �

�

� A E8
8
�
�

', �Efc T G E8 � ��

zkhuh

T G E8 � � ' �@oE� 	43 E~ � �� n 2

�
[

H � �
SJ� E� 	43 E~ � �c � 	 E~ ��I H ��

E��� li � 	53 E�� 9' fc ohw y J ' 6@%
�

_E,� n 2
�

�{
/ �
� c , ' �����u

�

dqg ohw u J ghqrwh
wkh vxevhw ri i�����uj gh�qhg e| u J '

�

, 5 i�����uj q_E,� n 2
�

�{
/ �
� ' y J � � Ilqdoo|

ohw _ J ' 6@%
�

_E,� n 2
�

�{
/ �
� c , 5 u J � wkhq/ xqghu wkh dvvxpswlrq ��Eo n

_ J
2

c 6� zh

kdyh =

s
?�

��KML�NPO�Q �

A
�

	8
RS

�

� A
�

8
R

�

�

', �Efc T T E8 R
��

dqg

T T E8 R
� '

[

UFVXW L

]

k

Y
Y[Z

g
\ U N
E�

\ U N
�
l
Q

_�
\ U N ]

k U E8 R
�E5

\ U N
c �

\P] U N
�s

R
E5

\ U N
c �

\�] U N
�_�

\�] U N

^
Lq rughu wr vlpsoli| wkh qrwdwlrqv/ N zloo dozd|v eh wkh surgxfw ri g xqlyduldwh nhuqhov dqg wkh

yduldeohv zloo eh vxssrvhg wr eh vfdohg vr wkdw wkh edqgzlwk fkrvhq lv wkh vdph lq hdfk gluhfwlrq1_
Wkhvh frqglwlrqv fdq rqo| eh vdwlv�hg li h A 5p
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zkhuh s ghqrwhv wkh ghqvlw| ri wkh udqgrp yhfwru ~ dqg g
\ U N
E�

\ U N
� '

]

gE�
\ U N

c �
\�] U N

�_�
\�] U N

�

� wkh dvvxpswlrq ��Eo n
_ `
2

c 6� hqvxuhv/ dprqj rwkhuv wklqjv/ wkdw wkh dv|ps0

wrwlf eldv lv htxdo wr }hur1 Lw lpsolflwo| ghwhuplqhv wkh rughu ri wkh nhuqho wr

eh xvhg vlqfh lw lpsolhv o : 6 � _ `
2

�

515 Vprrwkhg lq xhqfh ixqfwlrq

Lq wklv vhfwlrq/ zh vxssrvh vdwlv�hg wkh dvvxpswlrqv ri wkh jhqhudol}hg ghowd wkhruhp
vr wkdw zh duh hqvxuhg ri wkh frqyhujhqfh ri A E 	8

RS � wr A E8
R
� dqg ri wkh vwurqj

Iuhfkhw gl�huhqwldelolw| ri wkh ixqfwlrqdo A 1
Zh duh qrz jrlqj wr gh�qh wkh vprrwkhg lq xhqfh ixqfwlrq e| dqdorj| zlwk

Kdpsho*v lq xhqfh ixqfwlrq + vhh dHo ,1 Xvlqj wkh h{sdqvlrq

A E 	8
RS � ' A E8

R
� n ( a4b A�E 	8

RS � 8
R
� n �c

�

�

�

�

	8
RS � 8

R �

�

�

Q
W \1dfe g N

�

dqg wkh h{suhvvlrq ri

	8 S E�� � 8
R
'

�

?

S
[

h�i4j
�

g k
�� � ~ h

�

�

� 8
R �

zlwk wkh olqhdulw| ri wkh Iuhfkhw gl�huhqwldo/ zh rewdlq

A E 	8
RS � ' A E8

R
� n

�

?

S
[

h�i7j ( a4b A�

�

g k
�� � ~ h

�

�

� 8
R �

n �c
�

�

�

�

	8
RS � 8

R �

�

�

Q
W \1dfe g N

�

Wklv h{suhvvlrq whoov xv wkdw wkh dv|pswrwlf huuru lq hvwlpdwlqj A E8
R
� e| A E 	8

RS � fdq
eh vsolw lqwr wkh vxp ri wkh frqwulexwlrq ri hdfk revhuydwlrq~ h = ( a b A�

�

g k
�� � ~ h

�

�

� 8
R �

�

Wkh �uvw lghd zrxog wkhq eh wr gh�qh wkh dv|pswrwlf lq xhqfh ri wkh revhuydwlrq

~ h dv ( a5b A�

�

g k
�� � ~ h

�

�

� 8
R �

� Wklv dssurdfk zrxogq*w eh vdwlvidfwru| vlqfh

( a4b A�

�

g k
�� � ~ h

�

�

� 8
R �

frqwdlqv whupv ri gl�huhqw rughu/ vrph ri zklfk duh

dv|pswrwlfdoo| qhjoljleoh dqg grq*w ghvhuyh wr hqwhu wkh h{suhvvlrq ri wkh lq xhqfh
ixqfwlrq1 Rqfh djdlq/ wkh uhsuhvhqwdwlrq E-� zloo doorz xv wr vhsdudwh wkhvh whupv
dqg wr gh�qh wkh vprrwkhg lq xhqfh ixqfwlrq xvlqj rqo| wkh dv|pswrwlf ohdglqj
whupv1

Gh�qlwlrq 7 E�� li � a b E�� ' f wkhq zh gh�qh wkh vprrwkhg lq xhqfh ixqfwlrq e|
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E��� li � a b E�� 9' f wkhq zh gh�qh wkh vprrwkhg lq xhqfh ixqfwlrq e|
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Dq hvwlpdwru zloo wkhq eh urexvw lq wkh vhqvh ri wkh vprrwkhg lq xhqfh ixqfwlrq
li 7U8 E5 h � lv erxqghg iru n5 h n $ 4 +dqg � �{hg,1

6 Lghqwl�fdwlrq sureohpv

Ohw*v qrz vhh krz wkh suhylrxv ixqfwlrqdo wkhru| fdq eh dssolhg lq wkh sduwlfxodu fdvh
ri d sdudphwhu w

o
5 - lpsolflwo| gh�qhg e| dq htxdwlrq ri wkh irup lE8

R
c w

o
� '

f1 Wkh txhvwlrq wkdw qdwxudoo| dulvhv lv wr nqrz xqghu zklfk frqglwlrqv rq wkh
ixqfwlrqdo l wkh htxdwlrq lE 	8

RS c w
o
� ' f/ zlwk 	8

RS gh�qhg dv lq vhfwlrq 514/ dgplwv

d vroxwlrq 	w
o
S 1 Wklv iudphzrun zloo eh xvhixo iru wkh dqdo|vlv ri urexvwl�hg qrq0

sdudphwulf uhjuhvvlrq1

Wkhruhp 5

Ohw l G , j � - $ - eh d ixqfwlrqdo vxssrvhg wr eh vwurqjo| Iuhfkhw gl�huhq0

wldeoh dw wkh srlqw E8
R

c w
o
� zlwk uhvshfw wr wkh qrup 6@%

q

nMn W \Fd�e p N c mwm
r

c ^ � r�

Zh ixuwkhu vxssrvh wkdw
Yl

Yw
E8

R
c w

o
� : f dqg wkdw

Yl

Yw
lv frqwlqxrxv dw wkh srlqw

E8
R

c w
o
�� Li lE8

l
c w

o
� ' f dqg li 	8

RS lv d frqvlvwhqw hvwlpdwru ri 8
R
iru wkh qrup

nMn W \Fd�e p N c wkhq =
E�� Wkhuh h{lvwv d ixqfwlrqdo A gh�qhg rq dq rshq vxevhw � � . j / frqwlqxrxv

dw wkh srlqw E8
R
� iru wkh qrup nMn W \1d2e p N dqg vxfk dv wkh htxdwlrq lE 	8

RS c w� ' f

dv|pswrwlfdoo| dgplwv +zlwk suredelolw| rqh, d orfdoo| xqltxh vroxwlrq vdwlvi|lqj 	w
o
S '

A E 	8
RS ��
E��� A lv vwurqjo| Iuhfkhw gl�huhqwldeoh dw wkh srlqw 8

R
iru wkh qrup nMn W \Fd�e p N

zlwk gl�huhqwldo jlyhq e|
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R
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o
� duh wkh vwurqj sduwldo Iuhfkhw gl�huhqwldo ri l

zlwk uhvshfw wr 8 dqg w1
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7 Qrq urexvwqhvv ri wkh Qdgdud|dZdwvrq uhjuhv0

vlrq hvwlpdwru

Zh duh qrz jrlqj wr dsso| wkh suhylrxv frqfhswv wr wkh sduwlfxodu fdvh ri uhjuhvvlrq
hvwlpdwlrq1 Wkh _�glphqvlrqdo udqgrp yhfwru ~ lv qrz vxssrvhg wr eh sduwlwlrqhg
xqghu wkh irup ~ ' Efc t � zkhuh t lv wkh rqh glphqvlrqdo vwrfkdvwlf uhvsrqvh wr
wkh _ � � glphqvlrqdo vhw ri vwrfkdvwlf uhjuhvvruv f�

Zh �uvw qhhg wr vwdwh d ixuwkhu dvvxpswlrq wkdw zloo doorz xv wr vkrz wkh Iuhfkhw
gl�huhqwldelolw| ri wkh ixqfwlrqdov zh zloo frqvlghu1

E�e� = Zh vxssrvh wkh ghqvlw| ri wkh yhfwru ~ wr dgplw d vwulfwo| srvlwlyh orzhu
erxqg rq lwv vxssruw1

Ohw*v frqvlghu wkh sureohp ri hvwlpdwlqj 6E%� ' .Et*f ' %� xvlqj wkh zhoo0
nqrzq Qdgdud|d0Zdwvrq hvwlpdwru + vhh Qdgdud|d d47o ru Zdwvrq d4<o,1 Rxu dlp lv
wr fdofxodwh lwv vprrwkhg lq xhqfh ixqfwlrq dqg wr vkrz lwv qrq0urexvwqhvv lq wklv
vhqvh1

Zh fdq vhh 6E%� '
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+
sE%c +�

sE%�
_+ q dv d ixqfwlrqdo ri 8c zh zloo ghqrwh lw e|

A E8 �� Wkh Qdgdud|d0Zdwvrq hvwlpdwru ri wkh uhjuhvvlrq lv wkhq gh�qhg e| =
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Wklv hvwlpdwru ehlqj d zhljkwhg phdq ri wkh uhvsrqvh t h c lwv qrqurexvwqhvv
kdv ehhq vwxglhg e| dqdorj| zlwk uhvxowv rq wkh hvwlpdwlrq ri d qrq frqglwlrqdo
h{shfwdwlrq1 Wkh vprrwkhg lq xhqfh ixqfwlrq zh*uh jrlqj wr fdofxodwh zloo surylgh
xv zlwk d gluhfw fulwhulrq wr txdqwli| wklv qrqurexvwqhvv dqg wr wdnh lqwr dffrxqw
wkh h�hfw ri vprrwklqj1 Ixuwkhupruh/ lw zloo doorz xv wr uhglvfryhu pdq| surshuwlhv
ri wkh Qdgdud|d0Zdwvrq hvwlpdwru1

Wkhruhp 6 Zh vxssrvh 8
R
wr eh dq hohphqw ri . j ' � s dqg zh vxssrvh vdwlv�hg

wkh dvvxpswlrqv E���c E�2�E_�/ E���Eo n
_ � �

2
c _� dqg E�e� wkhq =

E�� wkh ixqfwlrqdo A lv vwurqjo| Iuhfkhw gl�huhqwldeoh dw wkh srlqw 8
R
iru wkh qrup

n�n W \1d2e s N dqg lwv gl�huhqwldo lv jlyhq e|
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Zlwk d voljkw dexvh ri qrwdwlrqv/ zh zloo ghqrwh e| i+{> |, wkh mrlqw ghqvlw| ri wkh udqgrp

yhfwru +[> \ , dqg e| i+{, wkh mrlqw ghqvlw| ri wkh udqgrp yhfwru [=
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Fruroodu| 7 Xqghu wkh dvvxpswlrqv ri wkhruhp 6/ wkh vprrwkhg lq xhqfh ixqfwlrq
ri wkh Qdgdud|d0Zdwvrq uhjuhvvlrq hvwlpdwru dw wkh srlqw f ' % lv jlyhq e| =

7U8 E% h c + h � '
gE

% � % h
�

�

� s ] j sE%� d+ h � 6E%�o

� 7U8 E% h c + h � lv xqerxqghg iru m+ h m $ 41 Dq rxwolhu t h fdq kdyh dq xqolplwhg
lq xhqfh rq wkh hvwlpdwru 	6E%�� Zh uhfryhu zlwk wkhruhwlfdo irxqgdwlrqv zkdw
lqwxlwlrq vxjjhvwhg wr xv1

� 7U8 E% h c + h � lv erxqghg iru m% h m $ 4� Wklv phdqv wkdw dq rxwolhu f h kdv d
olplwhg lq xhqfh rq wkh hvwlpdwru 	6E%�1 Wklv surshuw| lv lqwxlwlyho| frkhuhqw
vlqfh wkh zhljkw jlyhq wr f h ghfuhdvhv zlwk lwv glvwdqfh wr %�

� wkh pruh f h lv glvwdqw iurp %c wkh zhdnhu wkh lq xhqfh ri t h lv1
� wkh pruh wkh ghqvlw| sE%� lv lpsruwdqw/ wkh zhdnhu wkh lq xhqfh ri t h lv1
Lqwxlwlyho|/ wklv phdqv wkdw wkh revhuydwlrq t h lv  rrghg lq wkh revhuydwlrqv
urxqg wkh srlqw %�

8 Urexvwl�fdwlrq ri wkh Qdgdud|d0Zdwvrq hvwl0

pdwru

Lq wklv vhfwlrq/ zh zloo ghqrwh e| 8 { E�� wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh
udqgrp yduldeoh t frqglwlrqdo rq wkh hyhqw if ' %j � Zh zloo vxssrvh 8 { wr eh
v|pphwulf urxqg 6E%� vr wkdw wkh urexvw frqglwlrqdo orfdwlrq hvwlpdwruv zh zloo
sursrvh zloo eh htxdo wr wkh frqglwlrqdo h{shfwdwlrq ri t�

<



814 P0urexvwl�hg qrqsdudphwulf uhjuhvvlrq

Zh duh qrz jrlqj wr vwxg| wkh P0hvwlpdwru ri uhjuhvvlrq +vhh dprqj rwkhuv Kçugoh
d<o ru Erhqwh dqg Iudlpdq d7o ,1 Zh duh lqwhuhvwhg lq wkh urexvwqhvv surshuwlhv dq
wkh hvwlpdwlrq ri wkh ixqfwlrqdo A | lpsolflwo| gh�qhg e| wkh uhodwlrq =
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�
� sE%c +�

sE%�
_+ ' f

Zh zloo pdnh wkh iroorzlqj dvvxpswlrq rq wkh vfruh ixqfwlrq =

E��� = [ lv wzlfh frqwlqxrxvo| gl�huhqwldeoh rq- wkdw vdwlv�hv

]

Y[

Y|
E+ � 6E%�� _8 { E+� :
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E�2� = [ lv dq rgg ixqfwlrq11

E��� = [ lv erxqghg rq -�

Uhpdun = wkhvh dvvxpswlrqv duh vwurqjhu wkdq wkrvh wkdw duh xvxdoo| uhtxluhg
iru wkh vwxg| ri wkh P hvwlpdwru ri wkh uhjuhvvlrq1 Lw kdv wr eh qrwhg wkdw rxu dlp lv
qrw wr ohdg d vwxg| xqghu plqlpdo frqglwlrqv exw wr ghyhors d ixqfwlrqdo iudphzrun
vxlwdeoh iru wkh urexvwqhvv surshuwlhv ri wkh P0hvwlpdwru wr eh dqdo|}hg1

Dvvxpswlrq E�2�c wrjhwkhu zlwk wkh v|pphwu| ru 8 { lqvxuhv wkdw 6E%� lv d
vroxwlrq wr
]

[E+ � A | E8 ��
sE%c +�

sE%�
_+ ' f� Wrjhwkhu zlwk dvvxpswlrq E���c lw hqvxuhv wkdw

6E%� lv orfdoo| wkh xqltxh vroxwlrq wr wkdw htxdwlrq/ dqg lw zloo doorz xv wr hvwdeolvk
wkh Iuhfkhw gl�huhqwldelolw| ri wkh ixqfwlrqdo A | � Dvvxpswlrq E��� zloo hqvxuhv wkh
urexvwqhvv ri wkh P0hvwlpdwru zlwk uhvshfw wr wkh vprrwkhg lq xhqfh ixqfwlrq1 Iru
pruh ghwdlov rq wkh uroh ri hdfk ri wkhvh dvvxpswlrqv/ vhh wkh surri ri wkhruhp 8 lq
dsshqgl{1

Wkhruhp 8 Zh vxssrvh 8 wr eh dq hohphqw ri . j ' � s dqg zh vxssrvh vdwlv�hg
wkh dvvxpswlrqv E���c E�2�E_�/ E���Eo n

_ � �

2
c _� dqg E�e� wkhq =

E�� wkh ixqfwlrqdo A | lv Iuhfkhw gl�huhqwldeoh dw wkh srlqw 8
R
iru wkh qrup

n�n W \1d2e s N dqg lwv gl�huhqwldo lv jlyhq e| =
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Fruroodu| 9 Wkh vprrwkhg lq xhqfh ixqfwlrq ri wkh P 0urexvwl�hg hvwlpdwru ri wkh
uhjuhvvlrq lv jlyhq e|

7U8 E% h c + h � '
�

�
g

�

% � % h
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[E�� n + h � 6E%��g E�� _�
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[ � E+ � 6E%�� sE%c +�_+

� 7U8 E% h c + h � lv erxqghg iru m+ h m $ 4 + wklv vwhpv iurp dvvxpswlrq E���, vr
wkdw rxwolhuv lq wkh uhvsrqvh t fdq rqo| kdyh d olplwhg lq xhqfh rq A | E 	8 RS �1

� 7U8 E% h c + h � lv erxqghg iru m% h m $ 4 vr wkdw A | E 	8 RS � lv dovr urexvw +lq wkh
vhqvh ri wkh vprrwkhg lq xhqfh ixqfwlrq, wr wkh suhvhqfh ri rxwolhuv lq wkh
uhjuhvvruv1

815 O0urexvwl�hg qrqsdudphwulf uhjuhvvlrq

Zh duh qrz jrlqj wr frqvlghu wkh O hvwlpdwru ri wkh uhjuhvvlrq dv sursrvhg e| Erhqwh
dqg Iudlpdq +vhh d8o, vr wkdw zh duh lqwhuhvwhg lq wkh hvwlpdwlrq ri wkh frqglwlrqdo
O0hvwlpdwh
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] j
{ ER�_R

zkhuh a lv d vfruh ixqfwlrq gh�qhg rq df( �o �
Zh zloo pdnh wkh iroorzlqj dvvxpswlrqv rq wkh vfruh =

Eu�� = a W kdv frpsdfw vxssruw d@c Ko � of( �d �

Eu2� = a W lv wzlfh frqwlqxrxvo| gl�huhqwldeoh rq lwv vxssruw1

Wkh dvvxpswlrq Eu2� zloo hqvxuh wkh urexvwqhvv ri wkh O0hvwlpdwru dqg wkh dv0
vxpswlrq Eu�� zloo doorz xv wr hvwdeolvk wkh vwurqj Iuhfkhw gl�huhqwldelolw| ri wkh
ixqfwlrqdo A W �

Wkhruhp : Zh vxssrvh 8
R
wr eh dq hohphqw ri .�c wkh forvhg vxevsdfh ri wkh

ixqfwlrqv 8 5 � s vxfk dv Y s 8
Y5 j ����Y5 s

dgplwv d vwulfwo| orzhu erxqg rq lwv vxssruwv1
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E�e� wkhq =
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E�� wkh ixqfwlrqdo A � lv vwurqjo| Iuhfkhw gl�huhqwldeoh dw wkh srlqw 8
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Fruroodu| ; Wkh vprrwkhg lq xhqfh ixqfwlrq ri wkh frqglwlrqdo O0hvwlpdwh A W E 	8 S �
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� 7U8 E%�c + h � lv erxqghg iru m+ h m $ 4 +xqghu dvvxpswlrq Eu2�,� Dq rxwolhu lq
wkh revhuydwlrqv t h fdq rqo| kdyh d olplwhg lq xhqfh rq wkh hvwlpdwlrq ri wkh
frqglwlrqdo O0hvwlpdwh1

� 7U8 E%�c + h � lv erxqghg iru m% h m $ 4 zklfk phdqv wkdw rxwolhuv dprqj wkh
uhjuhvvruv kdyh d olplwhg lq xhqfh1

816 U0urexvwl�hg qrqsdudphwulf uhjuhvvlrq

Zh duh qrz jrlqj wr frqvlghu wkh frqglwlrqdo U0hvwlpdwru ri wkh uhjuhvvlrq dv sur0
srvhg e| Fkhqj dqg Fkhqj +vhh d9o� vr wkdw zh duh qrz lqwhuhvwhg lq wkh hvwlpdwlrq
dqg wkh urexvwqhvv surshuwlhv ri wkh ixqfwlrqdo A � E8 � lpsolflwo| gh�qhg e|
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zkhuh a � lv d vfruh ixqfwlrq gh�qhg rq df( �o �
Zh zloo pdnh wkh iroorzlqj dvvxpswlrqv rq wkh vfruh =

E-�� = a � lv wzlfh frqwlqxrxvo| gl�huhqwldeoh rq df( �o
� d
]
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E-2� = a � vl dq lqfuhdvlqj ixqfwlrq rq df( �o zlwk a � E|� ' �a � E� � |��

Wkh dvvxpswlrq E-�� zloo doorz xv wr hvwdeolvk wkh vwurqj Iuhfkhw gl�huhqwldelolw|
ri wkh ixqfwlrqdo A � � Wkh dvvxpswlrq E-2� hqvxuhv wkh lghqwl�fdwlrq ri A � E8 R

�1
Wrjhwkhu zlwk wkh v|pphwu| dvvxpswlrqv rq 8 { lw dovr hqvxuhv wkdw A � E8 R
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E�� wkh ixqfwlrqdo A � lv Iuhfkhw gl�huhqwldeoh iru wkh qrup n�n W \�d�e s � j N dqg lwv
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Fruroodu| 43 Xqghu wkh dvvxpswlrqv ri wkhruhp 8/ wkh vprrwkhg lq xhqfh ixqfwlrq
ri wkh frqglwlrqdo U0hvwlpdwh A � E 	8 RS � lv jlyhq e| =
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Q
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� 7U8 E% h c + h � lv erxqghg erwk iru % h $ 4 dqg iru + h $ 4 vr wkdw rxwolhuv dprqj
wkh uhjuhvvruv ru dprqj wkh uhjuhvvdqg fdq rqo| kdyh d olplwhg lq xhqfh rq
wkh hvwlpdwlrq ri 6E%��

Uhpdun 4 wkh erxqghgqhvv ri 7U8 E% h c + h � iru + h $ 4 vwhpv iurp wkh idfw wkdw wkh
vfruh lv vxssrvhg wr eh wzlfh frqwlqxrxvo| gl�huhqwldeoh rq df( �o c wklv dvvxpswlrqv
h{foxghv wkh qrupdo vfruh1

9 Frpsxwdwlrqdo frqfhswv

914 Vprrwklqj*v h�hfwv

Lq wklv zrun/ zh kdyh frqvlghuhg wkh P/ O dqg U hvwlpdwruv ri wkh uhjuhvvlrq dv
ixqfwlrqdov ri 8

R
c wkh mrlqw fxpxodwlyh glvwulexwlrq ixqfwlrq ri ~ ' Efc t �� Wkh hv0

wlpdwlrq surfhgxuh frqvlvwv ri soxjjlqj wkh vprrwkhg fxpxodwlyh glvwulexwlrq ixqf0
wlrq 	8

RS 1 Dqrwkhu dssurdfk/ vwxglhg e| ydulrxv dxwkruv +vhh iru lqvwdqfh Erhqwh dqg
Iudlpdq d7o,/ frqvlvwv ri vwxg|lqj wkhvh hvwlpdwruv dv ixqfwlrqdov ri 8 { c wkh fxpxod0
wlyh glvwulexwlrq ri tc frqglwlrqdo rq wkh hyhqw if ' %j � Wkh hvwlpdwlrq surfhgxuh
wkh| sursrvh lv edvhg rq wkh soxj0lq ri dq hpslulfdo hvwlpdwh ri 8 { =

8
S{ E+� '

S
[

h�i7j
g

� { ]M���� �

S
S

r�i4j g
� { ]M�7��

�
U � � ��� ~ �

Rxu hvwlpdwlrq surfhgxuh fdq eh olqnhg wr wklv hvwlpdwlrq surfhgxuh vlqfh lw fdq
dovr eh ylhzhg dv wkh soxj0lq ri d vprrwkhg hvwlpdwh ri 8 { =

	8
S{ E+� '

S
[

h�i7j
g

� { ]M���� �

S
S

r�i7j g
� { ]M� ��

�

� v*� ��
]

]�d
gE��_�

Wkhuh duh pdq| gl�huhqfhv ehwzhhq wkhvh hvwlpdwruv = rxuv lqwurgxfh dq dgglwlrqdo
vpdoo vdpsoh eldv zklfk lv gxh wr wkh h�hfw ri vprrwklqj rq t� Iurp dq dv|ps0
wrwlf srlqw ri ylhz/ wklv eldv lv pdgh qhjoljleoh e| wkh frqglwlrqv lpsrvhg wr wkh
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edqgzlgwk vr wkdw wkh dv|pswrwlf glvwulexwlrqv ri wkh P/ O dqg U hvwlpdwruv duh
lghqwlfdo/ qr pdwwhu rq wkh hvwlpdwh ri 8 { zklfk lv soxjjhg1

Pruh lpsruwdqw d gl�huhqfh ehwzhhq wkhvh hvwlpdwruv uholhv lq wkhlu uhjxodulw|
surshuwlhv = wkh hpslulfdo frqglwlrqdo glvwulexwlrq ixqfwlrq kdv d vwhs vwuxfwxuh
ixqfwlrq zkhuhdv wkh vprrwkhg frqglwlrqdo glvwulexwlrq ixqfwlrq lv dw ohdvw d frq0
wlqxrxv ixqfwlrq1 Wklv gl�huhqfh lv ri pdmru lpsruwdqfh rq d wkhruhwlfdo srlqw ri
ylhz vlqfh lw kdv doorzhg xv wr vroyh wkh lghqwl�fdwlrq sureohp xvlqj wkh lpsolflw
ixqfwlrq wkhruhp +vhh vhfwlrq 6, dqg wr gh�qh wkh P/ O dqg U hvwlpdwruv xqltxho|1
Wklv gl�huhqfh kdv dovr sudfwlfdo frqvhtxhqfhv vlqfh lw doorzv iru wkh xvh ri fodvvlfdo
qxphulfdo dojrulwkpv iru lqyhuvlrq +hvwlpdwlrq ri wkh frqglwlrqdo txdqwlohv iru wkh
O0hvwlpdwru, dqg vhdufk ri }hurv +iru wkh U hvwlpdwru,1

915 Prqwh0Fduor vlpxodwlrq

Lq rughu wr looxvwudwh wkh ehkdylru ri wkh urexvwl�hg hvwlpdwruv/ zh shuiruphg d
Prqwh0Fduor vlpxodwlrq1 Wkh gdwd jhqhudwlqj surfhvv zh kdyh fkrvhq lv wkh iroorzlqj
=

t ' 6Ef� n 0

zkhuh 6 lv wkh txdgudwlf ixqfwlrq 6E%� ' %
Q
c f lv xqlirupo| glvwulexwhg rq d��( �o

dqg 0 lv d pl{wxuh ri qrupdo odzv zlwk suredelolw| ghqvlw| ixqfwlrq

sE0� '
� � Ds
2Z

e%R

�

�0
Q
2

�

n
Ds
2Z&

e%R

�

� 0
Q

2&

�

D uhsuhvhqwv wkh ghjuhh ri frqwdplqdwlrq ri wkh vwdqgdug qrupdo odz1 Wklv ghjuhh
ri frqwdplqdwlrq kdv vxffhvvlyho| ehhq vhw htxdo wr DIc �fI dqg �DI� & uhsuhvhqwv
wkh yduldqfh ri wkh frqwdplqdwlqj odz dqg kdv ehhq vhw htxdo wr b�

Lq wkh fdvh D ' �fIc wklv prgho ri frqwdplqdwlrq lpsolhv wkdw/ lq d vdpsoh ri
�ff revhuydwlrqv/ �f duh h{shfwhg wr frph iurp wkh frqwdplqdwlqj odz1 Exw rq wkhvh
�f revhuydwlrqv/ rqo| wkrvh zkr zloo eh rxwvlgh wkh lqwhuydo d6E%� � 2�D(6E%� n 2�Do
zloo eh qrwlfhdeoh dv rxwolhuv +lq wkh lqwhuydo d�2�D( 2�Do/ wkh fgi ri wkh frqwdplqdw0
lqj lv doprvw frqirxqghg zlwk wkrvh ri wkh vwdqgdug qrupdo odz,1 Iru wkh frqwdp0
lqdwlqj odz �Efc b�c wkh suredelolw| ri �qglqj revhuydwlrqv rxwvlgh ri wkh lqwhuydo
d6E%� � 2�D(6E%� n 2�Do lv htxdo wr f�e vr wkdw zh fdq rqo| h{shfw e revhuydwlrqv ri
wkh frqwdplqdwlqj odz wr olh rxwvlgh wkh lqwhuydo d6E%� � 2�D(6E%� n 2�Do +iru pruh
ghwdlov vhh Kxehu d44o�� Wkh lghqwl�fdwlrq ri wkhvh revhuydwlrqv zrxog qhfhvvlwdwh
d suholplqdu| hvwlpdwlrq ri 6E%� dqg wklv hvwlpdwlrq zrxog vxuho| eh lpsuhflvh
gxh wr wkh rxwolhuv1 Ixuwkhupruh/ rq wkh e revhuydwlrqv o|lqj rxwvlgh wkh lqwhuydo
d6E%� � 2�D(6E%� n 2�Do c vrph ri wkhp pd| frph iurp wkh vwdqgdug qrupdo odz
dqg zrxog eh lqglvwlqjxlvkdeoh iurp wkrvh frplqj iurp wkh frqwdplqdwlqj odz1

Zlwk wklv gdwd jhqhudwlqj surfhvv/ wkh odz ri t frqglwlrqdo rq wkh uhjuhvvruv
f lv v|pphwulf vr wkdw zlwk wkh vfruhv zh kdyh fkrvhq +vhh ehorz,/ wkh frqglwlrqdo
h{shfwdwlrq lv htxdo wr erwk A | E8 R

�/ A W E8 R
� dqg A � E8 R

��
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Iru wkh P0urexvwl�hg hvwlpdwru/ zh fkrvh wkh vfruh ixqfwlrq

[Ee� '

;

?

=

e li mem � S j
�[Ee� li S j 	 mem � S Q

f li mem : S Q

zkhuh �[ lv d �iwk rughu sro|qrpldo fkrvhq lq vxfk d zd| wkdw [ lv wzlfh frqwlqxrxvo|
gl�huhqwldeoh dqg S j / S Q duh wulpplqj frqvwdqwv1 Iroorzlqj Oxfdv +vhh d��o�/ zh fkrvh
S j ' s

�
] j
Ef�bb� dqg S Q ' s

�
] j
Ef�bbb�� Li t h � 6E%� iroorzv d vwdqgdugl}hg qrupdo

odz/ vxfk d fkrlfh hqvxuhv wkdw wkh revhuydwlrqv iru zklfk mt h � 6E%�m : ��D duh
glvfdughg dqg wkh revhuydwlrqv iru zklfk ��D : mt h � 6E%�m : 2�H duh grzqzhljkwhg
li t h � 6E%� +iru pruh ghwdlov vhh Oxfdv d46o,1 A | E 	8 S � lv rewdlqhg dv

A | E 	8 lS � ' @o}rJ, �
+ S

[

h�i7j g

�

% � f h
�

�
]

[Et h n �� � w�gE��_� ' f

,

zkhuh g lv wkh Jdxvvldq nhuqho1

Iru wkh O0urexvwl�hg hvwlpdwru/ zh fkrvh wkh vfruh ixqfwlrq a W ER� ' �

� � 2k
U � �y� j ] �,� ER�

zklfk fruuhvsrqg wr wkh k frqglwlrqdo wulpphg h{shfwdwlrq1 Wkh wulpplqj sdudp0
hwhu zdv vhw htxdo wr DI� Zh wrrn

A W E 	8 RS � ' �

� � 2k

j ] �
]

�
E 	8

{S �
] j
ER�_R

zlwk 	8
{S gh�qhg lq vhfwlrq 914/ wkh Nhuqho g ehlqj wkh Jdxvvldq nhuqho1 Wkh lqwhjudo

zdv dssur{lpdwhg e| d Ulhpdqq vxp fdofxodwhg rq d julg ri Df srlqwv uhjxoduo|
vsdfhg rq wkh lqwhuydo dk( � � ko �

Iru wkh U0urexvwl�hg hvwlpdwru/ zh fkrvh wkh vfruh a � Ee� ' e �
j
Q zklfk fruuh0

vsrqgv wr wkh Krgjhv0Ohkpdqq hvwlpdwru1 A � E 	8 S � zdv rewdlqhg dv

A � E 	8 RS � ' @o}rJ, �
;

?

=

� d
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]�d
a �
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	8
{S E+� n � � 	8

{S E2w � +�
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_ 	8
{S E+� ' f
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zkhuh 	8
{S lv fdofxodwhg dv lq vhfwlrq 914 zlwk wkh nhuqho gE�� '

j
Q�� Q$� E���

Q
� i TE� �

z
Q �

zklfk lv d irxuwk rughu nhuqho dv uhtxluhg e| dvvxpswlrq �Eoc   Q � +vhh wkhruhp 8 zlwk
_ ' 2,1

Lq rughu wr frpsduh wkh shuirupdqfhv ri rxu hvwlpdwruv/ zh hvwlpdwhg wkh uhjuhv0
vlrq ixqfwlrq rq d julg i| j c �����| Q o j htxdoo| vsdfhg rq d�f�.( f�.o ¡ � Rxu fulwhulrq ri

¢
Zh uhvwulfwhg wkh julg wr ^�3=:> 3=:` lq rughu wr dyrlg wkh erxqgdu| h�hfwv1
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frpsdulvrq lv � '
�

2f

Q o
[

h�i7j E6E| h � � 	6E| h �� Q zkhuh 	6 zloo eh hlwkhu wkh Qdgdud|d zdw0

vrq hvwlpdwru ri wkh uhjuhvvlrq ru rqh ri wkh urexvwl�hg hvwlpdwruv ri wkh uhjuhvvlrq1
Rxu uhvxowv duh frqvljqhg lq wdeoh � ehorz =

ghjuhh ri frqwdplqdwlrq
hvwlpdwru DI �fI �DI

Qdgdud|d0zdwvrq ��2f ��2e ���S

P0urexvwl�hg f�De f�Df f��H

O0urexvwl�hg f�D. f�Db f�Se

U0urexvwl�hg f�ef f��S f�e.

Wdeoh � vkrzv xv wkh lpsuryhphqw dfklhyhg e| urexvwl�hg hvwlpdwruv vlqfh lq
hdfk frqwdplqdwlrq fdvh/ wkh fulwhulrq � iru wkh Qdgdud|d0Zdwvrq hvwlpdwru lv wzlfh
dv odujh dv wkh fulwhulrq � ri wkh urexvwl�hg hvwlpdwru1 Ri frxuvh/ zh zrxog rewdlq
gl�huhqw uhvxowv li zh zrxog fkrrvh gl�huhqw wxqlqj frqvwdqw iru wkh P0hvwlpdwru ru d
gl�huhqw wulpplqj sdudphwhu iru wkh O0hvwlpdwru exw/ wkh fkrlfhv zh kdyh pdgh duh
uhdvrqdeoh £ fkrlfhv zkhq rqh grhvq*w nqrz wkh dprxqw ri rxwolhuv lq wkh vdpsoh1
Wkh jrrg shuirupdqfhv ri wkh U0urexvwl�hg hvwlpdwru kdyh wr eh qrwlfhg/ vlqfh/
frqwudulo| wr wkh P dqg O hvwlpdwruv/ qr sdudphwhu kdv wr eh fkrvhq iru lwv xvh> lq
wklv vhqvh/ rqh fdq wklqn lw*v ohvv vxemhfwlyh dq hvwlpdwru1

: Frqfoxvlrq

Lq wklv zrun/ zh kdyh ghyhorshg wkh frqfhsw ri vprrwkhg lq xhqfh ixqfwlrq wkdw
doorzv xv wr txdqwli| wkh urexvwqhvv surshuwlhv ri d odujh fodvv ri qrqsdudphwulf
hvwlpdwruv1 Zlwk wklv frqfhsw/ zh kdyh vkrzq wkdw P/ O dqg U uhjuhvvlrq dfklhyhg
urexvwqhvv1 Vxfk urexvwqhvv surshuwlhv kdg douhdg| ehhq vwdwhg e| hpslulfdo phdqv
exw vr idu/ qr wrro zdv dydlodeoh iru d wkhruhwlfdo dqdo|vlv1

Ri frxuvh/ wkh �hog ri dssolfdwlrq ri wkh vprrwkhg lq xhqfh lv pxfk zlghu wkdq
wkrvh ri uhjuhvvlrq dqg vxfk urexvwqhvv vwxglhv frxog eh ohdg iru pdq| rwkhuv qrq0
sdudphwulf dqg vhpl0sdudphwulf hvwlpdwruv wkdw hqwhu lq wkh iudphzrun ri Yrq0Plvhv
vwdwlvwlfdo ixqfwlrqdov1 Wklv zloo eh grqh lq ixuwkhu zrun1

D surriv

Wkh surriv ri Dòw0Vdkdold*v jhqhudol}hg ghowd wkhruhp 4 dqg ri wkhruhp 6 fdq eh
irxqg lq Dòw0Vdkdold +vhh d4o,1

¤
e| uhdvrqdeoh/ zh phdq fkrlfhv zh zrxog uhfrpphqg zkhq rqh vxvshfwv wkh suhvhqfh ri rxwolhuv

lq wkh vdpsoh1

4:



D14 surri ri wkhruhp 5

Wkh srlqw E�, ri wklv wkhruhp lv h{dfwo| wkh lpsolflw ixqfwlrq wkhruhp vlqfh vwurqj
Iuhfkhw gl�huhqwldelolw| lpsolhv Iuhfkhw gl�huhqwldelolw| = wkhuh h{lvwv dq rshq vxevhw
� � . j dqg d frqwlqxrxv ixqfwlrqdo A vxfk dv/ iru doo 8 5 �/ wkh htxdwlrq lE8c w� '
f lv htxlydohqw wr w ' A E8 ��

	8
RS ehlqj vxssrvhg wr eh d frqvlvwhqw hvwlpdwru ri 8

R
iru wkh qrup n�n W \Fd�e p N

lw zloo dv|pswrwlfdoo| eh lq � vr wkdw lE 	8 S c w� ' f zloo dgplw wkh +orfdoo|, xqltxh

vroxwlrq 	w
¥
S ' A E 	8

RS ��
Wkh srlqw E��� lv d voljkw prgl�fdwlrq ri wkh surri ri wkh lpsolflw ixqfwlrq wkhruhp

xvlqj wkh frqfhsw ri vwurqj Iuhfkhw gl�huhqwldelolw|1 Wklv surri fdq eh irxqg iru
lqvwdqfh lq ]hlgohu +vhh d53o�

D15 Surri ri fruroodu| 7

Xqghu wkh dvvxpswlrqv ri wkhruhp 4/ wkh ixqfwlrqdo A lv Iuhfkhw gl�huhqwldeoh zlwk
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Suholplqdu| = zh duh �uvw jrlqj wr lqwurgxfh vrph qrwdwlrqv dqg hvwdeolvk vrph
uhvxowv wkdw zh zloo qhhg lq wkh iroorzlqj =

iru | 5 df( �o c ohw*v gh�qh

) { e ~ E|� ' sE%c +� n |�E%c +�

sE%� n |�E%�

Zh kdyh

) �{ e ~ E|� ' �E%c +�sE%� � sE%c +��E%�

EsE%� n |�E%��
Q

dqg

) � �{ e ~ E|� ' �2�E%�
�E%c +�sE%� � sE%c +��E%�

EsE%� n |�E%��  
Iroorzlqj Dòw0Vdkdold/ Elfnho dqg Vwrnhu +vhh d5o,/ zh duh jrlqj wr hvwdeolvk d ihz
pdmrudwlrqv wkdw zloo eh xvhixo wr xv1 Iurp dvvxpswlrq E�e�c wkhuh h{lvwv d frqvwdqw
S : f vxfk dv msE%�m : S� Iru M lq d qhljkerukrrg ri }hur iru wkh qrup n�n W \1d2e s N
zh fdq vxssrvh m�E%�m 	

S
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D16 Surri ri wkhruhp 8

Zlwk wkh qrwdwlrqv ri wkhruhp 4/ ohw*v gh�qh l | E8c w� '
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Qrwh wkdw vlqfh [ lv frqwlqxrxv +dvvxpswlrq E���,/
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Ohw*v dovr gh�qh wkh ixqfwlrq / |
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frpsdfwo| vxssruwhg dqg [ ehlqj wzlfh frqwlqxrxvo| gl�huhqwldeoh +dvvxpswlrq
E����c gl�huhqwldwlrq zlwk uhvshfw wr | xqghu wkh lqwhjudo rshudwru |lhogv =
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olqhdu dqg frqwlqxrxv1 Wklv hvwdeolvkhv wkh Iuhfkhw gl�huhqwldelolw| ri wkh ixqfwlrqdo
l | �

Wkh v|pphwu| ri 8 { c wrjhwkhu zlwk dvvxpswlrq E�2� lpso| wkdw wkh htxdwlrq
]
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E��� vr wkdw/ wrjhwkhu zlwk wkh Iuhfkhw gl�huhqwldelolw| ri wkh ixqfwlrqdo l | suh0
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Uhihuhqfhv

^4` Dòw0Vdkdold/ \ +4<<8, = �Wkh Ghowd Phwkrg iru Qrqolqhdu Nhuqho Ixqfwlrqdov�/
Xqlyhuvlw| ri Fklfdjr/ XVD1

^5` Dòw0Vdkdold/ \ ) Elfnho/ S1M1 ) Vwrfnhu/ W1P +5333, = �Jrrgqhvv ri �w whvwv iru
nhuqho uhjuhvvlrq zlwk dq dssolfdwlrq wr rswlrq lpsolhg yrodwlolwlhv� iruwkfrplqj
lq mrxuqdo ri hfrqrphwulfv1
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^6` Eduqhww/ Y1 ) W1 Ohzlv +4<:<, = �Rxwolhuv lq vwdwlvwlfdo gdwd�/ Zloh|/ Qhz \run1

^7` Erhqwh/ J1 ) U1 Iudlpdq +4<<4, = �D ixqfwlrqdo dssurdfk wr urexvw qrq0
sdudphwulf uhjuhvvlrq� lq Gluhfwlrqv lq Urexvwv Vwdwlvwlfv dqg Gldjqrvwlfv/ Z1
Vwdkho ) V1 Zhlvehuj +hgv,/ LPD vhulhv 66/ s 66079/ Vsulqjhu Yhuodj/ Qhz0\run1

^8` Erhqwh/ J1 ) U1 Iudlpdq +4<<7, = �Orfdo O0hvwlpdwruv iru qrqsdudphwulf uh0
juhvvlrq xqghu ghshqghqfh�/ Mrxuqdo ri qrqsdudphwulf vwdwlvwlfv/ yro 7/ s <40
4341

^9` Fkhqj/ N1I1 ) S1H1 Fkhqj +4<<3, = �Dv|pswrwlf qrupdolw| iru urexvw U0
hvwlpdwruv ri uhjuhvvlrq ixqfwlrq�/ Mrxuqdo ri vwdwlvwlfdo sodqqlqj dqg lqihuhqfh/
yro 57/ s 46:047<1

^:` Gdylv/ U1D1 ) X1 Jdwkhu +4<<6, = �Wkh lghqwl�fdwlrq ri pxowlsoh rxwolhuv�/
Mrxuqdo ri wkh dphulfdq vwdwlvwlfdo dvvrfldwlrq/ Yro ;;/ s :;50;341

^;` Kdpsho/ I1U1 +4<<7, = �Wkh lq xhqfh fxuyh dqg lwv uroh lq urexvw hvwlpdwlrq�/
Mrxuqdo ri wkh dphulfdq vwdwlvwlfdo dvvrfldwlrq/ Yro 95/ s 44:<044;1

^<` Kçugoh/ Z1 +4<;7, = �Urexvw uhjuhvvlrq ixqfwlrq hvwlpdwlrq�/Mrxuqdo ri pxowl0
yduldwh dqdo|vlv/ yro 47/ s 49<04;31

^43` Kçugoh/ Z +4<<3, = �Dssolhg qrqsdudphwulf uhjuhvvlrq�/ Fdpeulgjh Xqlyhuvlw|
suhvv1

^44` Kxehu/ F1 +4<;4, = �Yrlvlqdjhv g*xq prgëoh�/ lq �wkìrulh gh od urexvwhvvh hw
hvwlpdwlrq g*xq sdudpëwuh�/ Vrflìwì Pdwkìpdwltxh gh Iudqfh/ fro Dvwìulvtxh
Yro 76077/ s440541

^45` Kxehu/ S1M1 +4<;4, = �Urexvw vwdwlvwlfv�/ Zloh|/ Qhz0\run1

^46` Oxfdv/ D1 +4<<9, = �Rxwolhu urexvw xqlw urrw dqdo|vlv�/ Sk G Wkhvlv/ Urwwhugdp/
Wlqehujhq Lqvwlwxwh1

^47` Qdgdud|d/ H1D1 +4<97, = �Rq hvwlpdwlqj uhjuhvvlrq�/ Wkhru|1 Sure1 Dss1 Yro
43/ s 4;904<31

^48` Surwrsrshvfx/ F1 +4<<8, = �Hvwlpdwlrq irqfwlrqqhooh ghv prgëohv lvvxv gh od
wkìrulh ghv mhx{�/ Sk G Wkhvlv/ Juhpdt/ Wrxorxvh/ Iudqfh1

^49` Vfkzduw}/ O +4<99, = �Wkìrulh ghv glvwulexwlrqv�/ Khupdqq/ Sdulv1

^4:` Ydqkhpv/ D1 +5334, = �Hwxgh qrq0sdudpìwultxh g*ìtxdwlrqv gl�ìuhqwlhoohv
euxlwìhv = dssolfdwlrq ã od wkìrulh gx frqvrppdwhxu uhsuìvhqwdwli�/ Sk G Wkh0
vlv/ Juhpdt/ Wrxorxvh/ Iudqfh1
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^4;` Yrq Plvhv/ U1 +4<7:, = �Rq wkh dv|pswrwlf glvwulexwlrq ri gl�huhqwldeoh vwdwlv0
wlfdo ixqfwlrqv�/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ Yro 4;/ s 63<067;1

^4<` Zdwvrq/ J1V1 +4<97, = �Vprrwk uhjuhvvlrq dqdo|vlv�/ Vdqnk|d / vhulhv D/ yro
59/ s68<06:51

^53` ]hlgohu/ H1 +4<;9, = �Qrqolqhdu ixqfwlrqdo dqdo|vlv dqg lwv dssolfdwlrqv�/
Vsulqjhu Yhuodj/ Qhz \run1
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