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Abstract

In communication theory, discrete-time end-to-end channel models play a fundamental role
in developing advanced transmission and equalization schemes. Most notable, the discrete-
time linear, dispersive channel with additive white Gaussian noise (AWGN) is often used to
model point-to-point transmission scenarios. In the last decades, numerous transmission meth-
ods for such linear channels have emerged and are now applied in many digital transmission
standards. With the advent of high-speed CMOS technology, those schemes have also been
adopted in applications for fiber-optical transmission with digital-coherent reception.

Many of the applied techniques (e.g., coded modulation, signal shaping, and equalization)
are still designed for linear channels whereas the fiber-optical channel is inherently nonlin-
ear. A channel model which obtains the (discrete-time) output symbol sequence from a given
(discrete-time) input symbol sequence by an explicit input/output relation is highly desirable
to make further advances in developing strategies optimized for fiber-optical transmission.

In the past two decades, considerable effort was spent developing channel models for fiber-
optical transmission with good trade-offs between computational complexity and numerical
accuracy. Most of the early work is, however, concerned with the phenomenology in the op-
tical domain alone, i.e., both the source and the effect of fiber nonlinearity is studied in the
continuous-time, optical domain not considering the transmitter and/or receiver front-ends.
Here, one promising strategy is, e.g., based on the so-called perturbative approach where non-
linear effects are considered as small perturbations to the optical signal. By now, the optical
community is faced with a vast number of models based on the perturbation premise, each
model with its own assumptions, simplifications, and objectives. The connection between al-
ready existing models using complementary views (e.g., one in time-, the other in frequency-
domain) is often unclear. A detailed and rigorous derivation for some prominent models is still
pending. E.g., the transition from the original continuous-time to the more relevant discrete-
time end-to-end model lacks a comprehensive, system-theoretic analysis.

Hence, in this dissertation, nonlinear fiber propagation is assessed from a systems-theoretic
point of view with applications for communication systems. Based on the theory of nonlin-
ear systems, the present work aims to connect the dots between various, existing channel
models, unifying and comparing the different approaches. To that end, the perturbation ap-
proach in continuous-time is revisited with a special emphasis on the dual representations of
nonlinear systems in time and frequency. From that, a discrete-time end-to-end fiber-optical
channel model is derived which includes the transmit-side pulse shaping, the receive-side
matched filtering, and 7-spaced sampling. As before, two complementary representations of
the now time-discretized end-to-end model are present—one in (discrete) time domain, the
other in 1/7T-periodic continuous-frequency domain. The time-domain formulation coincides
with the well-known pulse-collision picture. The novel frequency-domain picture incorporates
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the sampling operation via an aliased and hence 1/T-periodic formulation of the nonlinear
system. This gives rise to an alternative perspective on the end-to-end input/output relation
between the spectrum of the discrete-time transmit symbol sequence and the spectrum of
the receive symbol sequence. Both views can be extended from a regular, i.e., solely additive
model, to a combined regular-logarithmic model to take the multiplicative nature of certain
distortions into consideration. A novel algorithmic implementation of the discrete and pe-
riodic frequency-domain model is presented. The derived end-to-end model requires only a
single computational step and shows good agreement in the mean-squared error sense com-
pared to the oversampled and inherently sequential split-step Fourier method.
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1. Introduction and Outline

Modeling nonlinear fiber propagation spans over a variety of disciplines, ranging from ap-
plied math, over physics, to nonlinear system theory, and (optical) communication theory. As
a result, large portions of the existing theory on this topic is scattered over numerous, often
disconnected publications. There are only a few attempts that try to string together the dif-
ferent views into a single, cohesive picture. Instead, the connection between already existing
models is often left unclear.

One of the main objectives of this thesis is to establish a unifying picture of the numerous
models for fiber-optical transmission. What made this task particularly difficult is the lack of a
common notation in use—people dealing with fiber nonlinearities have a strong background in
physics, and their notation is often different to the notation used in the field of communication
theory. Additionally, within the community that is concerned with modeling nonlinear fiber
transmission, the notation may also vary significantly over different groups and over time,
considering that the field is more than 30 years old. We decided to adopt the notation com-
monly practiced at my alma mater. This made it necessary to (re-) write large sections of the
basic theory on fiber-optic transmission using the notational framework from [Hub92, Fis02].
We tried to keep the number of relevant equations at a minimum, while making this thesis as
self-contained and complete as possible.

After reading this text, the reader will have a good understanding on perturbative models
for nonlinear fiber transmission. The reader will establish a notion of the description for such
nonlinear systems in both time and frequency domain, and apply this to both intra-channel
and inter-channel effects. A particular focus is put on modeling the end-to-end relation be-
tween discrete-time transmit and receiver symbols. For some exemplary system scenarios,
different implementations of the derived models will be compared to the split-step Fourier
method. Despite the many assumptions and simplifications to arrive at the (relatively) simple
models, the obtained results are remarkably accurate. The greater benefit of this work lies
in the potential application in a variety of related fields such as model learning, performance
monitoring, or nonlinear compensation.



2 1. Introduction and Outline

1.1 State of the Art

In this section, we aim to give an overview on existing channel models for fiber-optical trans-
mission systems. The diagram in Figure 1.1 gives a pictorial representation of the different
classes of channel models and how they are related. Each block represents a certain model
class; it contains a reference to a selected publication from the literature that represents that
class. In anticipation of the following chapters, a set of central equations is already given
which the reader may revisit when studying the respective sections'. We separate between
the analytical approach, aka. ansatz, to a model class (top pane) and its numerical realization,
i.e., the algorithmic implementation of the former (bottom pane).

Analytical Channel Model Within the top pane, we have the following situation: the ana-
lytic approach is either formulated in continuous or in discrete time, depending on the do-
main of the communication signal. Due to physical properties of the communication signal,
the continuous-time domain is evidently relevant in the optical domain (e.g., considering the
waveform of the electro-magnetic field of light), but also in the analog/electrical domain (e.g.,
considering the electric voltage/current at the analog transmitter and receiver components).
In contrast, the discrete-time approach is present when a symbol sequence is transmitted with

def
arate of Ry =

1/T (where T is the duration of the modulation interval) and received over
an (optical) communication channel. We then speak of a T-spaced discrete-time, end-to-end
channel model. Discrete-time channel models play a fundamental role in the field of informa-
tion theory, e.g., Shannon’s noisy-channel coding theorem [Sha48] only applies to discrete-
time channels.

The above continuous-time and discrete-time approaches differ in a fundamental aspect, as
detailed in the following. Since all communication signals are bandlimited when transmitted
over a linear channel, analog communication signals can be processed in discrete-time domain
without loss of information when obeying the Nyquist-Shannon sampling theorem. Since
the bandwidth of a single communication signal is typically larger than the symbol rate R,
the sampling frequency has to be larger than 1/T, so-called oversampling. A continuous-
time, linear channel and its oversampled, discrete-time surrogate become equivalent from an
information-theoretic point of view when obeying the sampling theorem. However, in any
digital receiver for T-spaced pulse-amplitude modulation, 7-spaced sampling and further 7-
spaced discrete-time signal processing are performed. Thus, for communication signals the
sampling theorem is in general not fulfilled. In fact, aliasing of frequency components is an
essential part in recovering the data. Hence, all discrete-time end-to-end channel models have
to incorporate this sampling step in order to fully capture the effects.

When a communication signal is transmitted over a nonlinear channel the situation de-
pends on the class of nonlinear system representing that channel. Some of the above con-
siderations from linear channels can be generalized to the class of nonlinear systems which
are time-invariant and have no (temporal) feedback (aka. non-recursive or open-loop systems).
Those systems, if stable, can be mathematically expressed by a Volterra series [Sch80], reviewed

"We will also already make some (limited) use of the notational framework which will only be formally
introduced in the course of this work.



1.1. State of the Art

"SUOIIUIJAP J|qeLIBA 10} | ' 10 7'¢ 24nS14 “F'9 ‘93¢ "uoljejuaws|dwi d1wyo3|e J1ay) pue sjapouw [suueyd [ed13do-19q1y JO UOIJeDIJISSE|D PUB MBIAISAQ :L'| dinSi4

~

/= N [ |
(-t tol=m (Myv + [My) (e - gt + ¢hHdxe = [11] &
I 7 = || (=l + 7 =)x1)(ghdxe = [1 2] 0
3 4 .
Mt emysny) ZC T oo & (l)ov + [A)v) (2 - 3]st + [4]¢Ddxe = [4]f _ S =
= | ([4 z]ny + [3 ‘z]N1n) (@) dxo = [y ‘2z]n az1s-days aandepe yim poyew I >
1T°G 998 M | 1o1mo, doyg-11dg ornournuAg Mw 5
= [AAPEE NN FASEN = | S BEx
(PPuuey) uelssnes) ‘Teaury) b (213014 UOISI[[0)-28[N{) m _ (SO1I3G BIII[OA PaLfIpopy 931910SI() m.. 5 m.
IPPON NO WL -212551 POYIRIN d'TY PUH-03-puy w1 [-2124951(] .w_ POy 4 pug-o1-puyg [eondQ pasuvyug a&um ors1adstp orgawuds mJ 0y m..
e _ 'z oz1s-days Teheds anndopp o 2 2.
- — — — — — — f 2 [ 2 8 6
= 19 —
{1=m 10} =0 3 My + MV = (p/mue@) X 5 11X 59 _ [12]Av + [ z]N11 = [ 2] (r/xer*z)n 5 100 m mp ,m
Tl 4 2 £ 2 3 =g e
- 2 g ‘ ﬂ h < 2
2 H| N N X N m.. [4]ov + [4]o = AE&SM (1A 2 [y 2]y + [ 2]NITIn = [y ‘2]n Amrmo\»mNCﬁ%Hv [ 2]m m m m
g C S9E
o
TT'S 99§ /D.M ¢'T'S 998 | 9'¢’¢ "9 £ o
(;Puuey) ueIssneo) Teaury) 8 (S9119G BIIDI[OA 91910SI(]) | (SOLI9G BLII[OA 91910S1(]) (pody 1910 daig-11ds) & =
[PPON NO pajduns fm POYIDIN I PUF-03-puy a1 -219.4951( | POYIRIN J¥ pug-o1-puq [eondQ pajdwvg uonjenby aoyeuey pajduwng
5 \ }
o (pofrad 1od sordures 7,/07 = py) | (porrad 1ad sopdures SL/OL = SIN)
\_ VAN Surdures paoeds- 1, | Surrdures (-1940) paseds-S7,
T N [
y]ov|| yd x La /o
Lellln :mm /% (1oPVV + (1e@)V = (mP) A
A hmﬁ = AE3_®V e wondymsse w (uoneredas-ToN “10X “10S) doys resuruou pue|resury [eyuanbas
[3)u + Ex? = [y]f D [4]ov + [4]o = [4]f Surdures|fexodway ‘Surdures jpupds| pue -Terodwa)
TTG 998 1'G 998

([ouurey) ueISSNeo) TRIUIT)

[9POIN NID a1 -2124081(]

A

0 = d ym adeys-asnd Dy

Surrdures paoeds- J,

{ N @svl }a » on
oA TN = (M)
Hu+ @) =)

I'T'G 99§
([Puuey)) ULISSNERL) ‘TRIUIT)

o

dumsse

AR

ue|-uRISSNRL)

POYIRIN J¥ PUF-03-pUT w1 [-2724951(

(S9119G BII9)[OA WL -912I0SI(])

Surdures paoeds-;, A
“Surray-payojewr

‘Burdeys-asind

(MSV + (10v — )15 " = ()
uondrdsap pueqaseq M
H TPuueyd-INM-12d

[9POIN (NID) 2STON-UeIssneDy

[Y-patIew

Js-asynd

\

(m2)av + (m ‘)N = (m‘z)

(2'2)ny + (22)NI'In = (22)n

@Wsv+{(®sIwam = D+ |

€¥ 98
(SOLI9G BIIAI[OA SWI]-SNONUIIUOD))
POYIIN d¥ pUd-03-puy puvqasvg

uoryeredas
-IO -IOX “I0S

2% 998 Ty 998
(SO119G BIID[OA WI]-SNONUIIUO)))
POYIRIN 4¥ pug-o3-puq jpoudo

ze

(mz)n—

12]1v40d-Areneds e

0] H
p1uanbas-Aqreneds
. . \n €
- (@ 2)m JI(3 =)l > (2 nvaM
QAISINDAI-UOU P

*€°¢ 098

03
QAISINOAT

(‘b7 TenuaIayIq ‘“resauruoN)
uorenby aoxyeuey

(Aouanbaiy orporrad- 7,/T)

(£ouanbaiy orporrade)

SUIT}-9}2I0STP
AN

[PPOIN [PUUERy)) [eonATeuy

QuWII}-snonurjuod

aoeds [opour o1}SeY20]S

9oeds [apowr O1ISTUTILIANIP



4 1. Introduction and Outline

in Section 2.1.3.2. In general, however, a continuous-time, nonlinear channel and its sampled
derivative are no longer equivalent from an information-theoretic perspective.

Algorithmic Implementation For the reasons described in the preceding paragraph, we will
draw a distinction between a continuous-time (nonlinear) channel and its discrete-time coun-
terpart. The sampled representation of a (general) nonlinear channel is often just an approx-
imation of the original model. Heuristic modifications can be implemented to improve the
match between the sampled representation and the original model. Therefore, in the bottom
pane of Figure 1.1, we collect common numerical realizations of the above analytical chan-
nel models. Here, discretization is typically performed not only in time domain but also in
the transform domain (i.e., frequency domain for most practical cases) to allow for efficient
algorithmic implementations.

Manakov Equation In fiber-optical transmission the nonlinear channel is described by two
coupled nonlinear Schrédinger equations—the so-termed Manakov equation [Men89], see Fig-
ure 1.1 (top pane, left). The Manakov equation is a nonlinear, partial differential equation
which is nonlinear in the (continuous-time) unknown function? u(z,t) € C?, the commu-
nication signal®. It represents the optical field envelope of the electromagnetic field in two
polarizations at position z and time ¢, see Section 3.1. The rate of change of the signal u(z, t)
in the spatial direction z is proportional to the nonlinear term ||u(z,t)|* w(z,t). From a sys-
tems perspective, this may be visualized as a closed-loop system (over the spatial domain), i.e.,
one with the nonlinear expression in the feedback path. In this case, the communication sig-
nal u(z, t) may no longer be strictly bandlimited in a Nyquist-Shannon sense. This is because
nonlinear transmission may generate nonlinear mixing products outside the communication
signal’s initial bandwidth, so-called spectral broadening [Agr06, Ch. 4]. Those mixing products
may again interact nonlinearly to broaden the spectrum even further in a recursive manner.
For that reason, a universal definition of bandwidth does not exist for the continuous-time,
nonlinear fiber channel [Agr17]. Yet, the Nyquist-Shannon sampling theorem can only be ap-
plied to strictly bandlimited signals. This poses one of the central problems in determining
the channel capacity of the fiber channel.

Sampled Manakov Equation When evaluating and implementing the Manakov equation,
e.g., for numerical simulations, high oversampling is required to account for the effect of spec-
tral broadening. However, compared to linear channels, the sampled, discrete-time surrogate
channel (i.e., the sampled Manakov equation) is in general not equivalent to the continuous-
time, nonlinear channel—independent of the oversampling ratio 7'/T; (where T} is the dura-
tion of the sampling period). Some of the information is lost, and, hence, the continuous- and
discrete-time model are no longer equivalent. A practical solution is to set the oversampling to
a value much larger than required for, e.g., linear channels, to keep the numerical error small
with respect to the continuous-time channel.

?In calculus, the unknown function w is called the dependent variable and the variables it depends of, i.e., space
z and time ¢, are called independent variables.

3For simplicity, we only consider the noiseless part of the communication signal and also neglect any wide-
band noise in the evolution equation.
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The de-facto standard method for simulating (i.e., approximating) continuous-time fiber-
optical transmission is the split-step Fourier method (SSFM) [SHZMO03], see Figure 1.1 (bottom
pane, left). The SSFM performs sampling of both the temporal domain ¢ at integer multiples
k of the sampling period T;, and the spatial domain 2 at integer multiples ¢ of the step-size
Z,. Additionally, the discretized optical field envelope w[i, k] = w(iZ, kT}) is processed se-
quentially in 2 when evaluating the spatial recurrence relation (i.e., difference equation) of the
sampled Manakov equation, iterating between a linear and a nonlinear step®. The linear step is
represented by a linear, discrete-time system which is responsible for signal scaling (to account
for gain/loss variations) and for signal dispersion (to account for the system memory induced
mainly by chromatic dispersion). The nonlinear step is represented by a memoryless discrete-
time system which causes a rotation of the signal phase proportional to ||, k]||*. The details
of SSFM are reviewed in Section 3.3.6. In addition to time-discretization, discretization in fre-
quency w = 27 f at integer multiples p of the spectral resolution 27 /Tj is performed, as it
enables the use of efficient filter operations in the linear step. Discretization in both domains
results in periodic sequences in both time and frequency domain. For instance, the fundamen-
tal period 7} of the time-periodic signal must be chosen sufficiently large to reduce the effect
of cyclic artifacts when the system has large memory, i.e., the number of simulated samples
within the fundamental period My = T,/7T; must be large compared to the (discrete-time)
channel memory. Vice-versa, the sampling frequency 1/7; is typically chosen (at least) three
times the Nyquist frequency of the optical communication signal. The reason for this choice
will become clear when considering the Volterra series to approximate the Manakov equation,
see below.

To improve the accuracy of the SSFM, a variation of the implementation is the symmetrized
SSFM with adaptive step-size [SHZMO03]. Here, the nonlinear step is sandwiched between two
linear steps, each accounting for half the differential system memory. Additionally, the spatial
domain is not sampled uniformly, but instead, the step-size Z;(z) is a function of the position
z and adapted according to the (in general non-uniform) power profile to reduce the relative
error or to reduce the required number of spatial steps without a decrease in accuracy.

Optical End-to-End RP Method = Starting again from the Manakov equation, an approximate
solution to the continuous-time optical end-to-end channel (top pane in Figure 1.1) can be
obtained following the perturbation theory [Zwi98,VSB02].

In short, perturbation theory performs a power series expansion of an unknown function
in the parameter € with small value ¢ < 1. The first term, i.e., the zero™-order solution, must be
a solvable system, while successive terms (i.e., the perturbative terms) in the series expansion
typically become smaller with increasing order. If the power series converges asymptotically
to the exact solution, the perturbation problem is called a regular perturbation (RP) problem.
Applied to the Manakov equation, the unknown function is again the optical field envelope
u(z,t), the small parameter € is a proportionality coefficient to the nonlinear term (later intro-
duced as the nonlinearity coefficient), and the zero'"-order solution is uyn (2, t) which solves

*The spatial, recursive recurrence relation is “unrolled” over z, and the linear and nonlinear step together
form the joint differential step between two discrete positions ¢ and ¢ 4 1.
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the corresponding end-to-end system comprising only linear effects. The main approximation
using the first-order RP method is that the optical field envelope u(z, ), subject to nonlinear
distortions, can be understood as the sum of the linearly propagating signal u,x(z,?) and an
additive perturbation signal Au(z, t) representing the nonlinear distortions accumulated from
the input of the transmission link up to position z.

The solution to the linear signal w.;y(z,t) is straightforward. The solution to the per-
turbation signal Awu(z,t) is more involved. Mathematically, it can also be described under
the equivalent framework of Volterra series—either in time domain [MCS00b] or in frequency
domain [PBP97]. In the first-order RP approximation, the only source of a nonlinear pertur-
bation is the linear signal u,;y(2,t). Second and higher-order solutions can be obtained in a
recursive manner by taking the first and higher-order solutions as source term. Due to the
increasing numerical complexity, typically, only the first-order solution is considered. Then,
the first-order solution, i.e., the perturbation signal Awu(z, t) itself, does not interact again in a
nonlinear fashion to generate second- or higher-order nonlinear distortions—no nonlinear re-
cursion is present. This is in contrast to the Manakov equation and the SSFM derived thereof.
While the Manakov equation is inherently recursive in z, sequential processing is adequate,
e.g., when implementing the SSFM. Instead, when considering a truncated RP solution, this
constraint is relaxed, and the sequential view turns into a parallel view over the spatial do-
main, where each local perturbation is generated independently of other local perturbations
(see, e.g., the parallel fiber model in [VSB02, Sec. IV] or Figure 4.2). Similar to the Manakov
equation, the optical end-to-end RP method does not impose any constraints on the transmit-
ter or receiver front-ends (including, e.g., pulse-shape or matched filter) by acting directly on
the optical field envelope.

The RP method in frequency domain can be naturally derived by expressing the Manakov
equation in frequency domain. It had its first appearance in the pioneering work of [PBP97]
under the framework of a Volterra series. In [VSB02], the equivalence between the frequency-
domain n'*"-order RP solution and the (truncated) frequency-domain (2n + 1)*-order Volterra
series, aka. Volterra series transfer function (VSTF), was shown. The equivalence is also true
for the time-domain solution of the RP method and the time-domain Volterra series. For that
reason, we will use the terms RP method and Volterra series synonymously in this text. In-
dependently of the work above mostly concerned with the approach in frequency domain,
the time-domain analysis was first introduced in a series of publications in the early 2000s
by A. Mecozzi et al. [MCS00a, MCS00b, MCS™01]. The method was applied to transmission
schemes that were practical at that time (e.g., dispersion-managed transmission, intensity-
modulation, direct-detection, and Gaussian pulse-shapes). The details of the theory and its
derivation were published more recently in [Mecl11].

The terminology used in the optical communications community today, see, e.g., [CGK"17],
still deceptively implies that models based on the RP method and on Volterra theory relate
to two different solutions. Therein, the RP method often refers to a time-domain approach,
and VSTF refers to a frequency-domain approach. The connection between the time- and
frequency-domain view was already pointed out in the literature, e.g., in [Wei06, BSO08] us-
ing the theory from dispersion-managed nonlinear Schrédinger equation (NLSE) [GT96,AB98,
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AHO02a, AHO02b] originally designed for soliton transmission.

Sampled RP Method In order to obtain numerical results from the derived RP methods, a
sampled representation of the continuous-time optical end-to-end RP solution (i.e., a discrete-
time Volterra series, see bottom pane in Figure 1.1) is required. In contrast to the Manakov
equation, see discussion above, the truncated, continuous-time RP model can be sampled with-
out loss of information. This is true under the assumption that the input signal is strictly
bandlimited and that the Volterra system has finite order and finite memory [BC85]. Then,
the Nyquist sampling theorem can be applied to the output of the Volterra system. For our
application, the spectral support of the system’s output depends on the spectral width of the
(bandlimited) linear communication signal w;x(z, ) (i.e., including all wavelength channels)
and on the order of the RP method. E.g., the first-order RP method is equivalent to a third-order
nonlinear system (i.e., mathematically expressed by a third-order Volterra operator) and hence
requires a sampling rate of (at least) three times the Nyquist frequency of u,\(2,t) [PBP97].
This is due to the fact that nonlinear mixing products originating from the linear signal spec-
trum must fall within three times the Nyquist region given a third-order nonlinear system.
Since the system is not recursive over z, no (out-of-band) higher-order mixing products are
generated.

In later years, the methodology of the above optical end-to-end models was applied in the
context of fiber nonlinearity compensation. Here, methods for fiber nonlinearity compensation
(NLC) in (discrete) frequency domain can be directly derived from the frequency-domain RP
formulation. Commonly, such a functional block is embedded into the receiver-side digital
signal processing (DSP) just after the analog-to-digital conversion and before matched filter-
ing [LLH"12,GP13,BCRC16], i.e., still in the oversampled domain of the receiver DSP. A similar
approach was also applied for fiber NLC using a time-domain variant of the RP method imple-
mented at the transmitter side as a pre-distortion algorithm [TDY"11] or at the receiver side
prior to linear equalization [GAMP15].

Already in the early 2000s, the authors of both [XBP02] and [VSB02] published an en-
hanced version of the RP method (aka. eRP or modified VSTF [XBP01, GRTP11], see bottom
pane in Figure 1.1) where the time-invariant (i.e., average) nonlinear phase rotation is explicitly
carried out as a unitary rotation, see also [SB15]. This modification greatly improved the accu-
racy of the numerical results using a frequency-domain, first-order RP solution. For the same
reason, the authors of [FDT'12, TZF'14] proposed a so-termed additive-multiplicative (A-M)
model where a subset of time-domain perturbations (also corresponding to the average non-
linear phase rotation) were implemented as a multiplicative distortion. In [FS05,SF12,SFP13], a
logarithmic perturbation (LP) model was derived which is exact in the limit of zero-dispersion
links. On the other hand in dispersion-uncompensated (DU) links (which is the default in
current optical networks), as pointed out in [SB13], the LP method yields a log-normal distri-
bution of the nonlinear distortion which is inconsistent with observations from simulations
and experiments.

Baseband End-to-End RP Method Going back to the original continuous-time, optical end-
to-end RP method in Figure 1.1 (top pane), we introduce an intermediate model—the baseband
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formulation of the former—in the derivation of the discrete-time end-to-end RP method. The
reason for this is as follows: the optical transmit signal at the input of the transmission sys-
tem is constituted by a number of wavelength channels with channel index v = 1,2,..., Ny,
by means of wavelength-division multiplexing (WDM), see Section 3.2. Using a baseband
formulation of the RP method, the end-to-end relation is now established between the per-
WDM-channel baseband transmit signals s, (¢) and the joint receive signal r(¢) before channel
selection and matched filtering. This allows to separate the received baseband perturbation
signal As(t) in the spectral support of a probe channel (i.e., a channel under test) into contri-
butions originating from self-channel interference (SCI), cross-channel interference (XCI), and
multi-channel interference (MCI). Here, SCI relates to the portion of the perturbation As(t)
which the probe channel inflicts on itself, whereas XCI and MClI relate to the portion of As(t)
that depends on the nonlinear interaction between the probe channel and one or more other
wavelength channels with channel separation Aw,,.

This baseband view and, in particular, the separation of the perturbation signal according
to its origin is also, in part, already considered in some of the published works associated to
the optical end-to-end RP method.

Discrete-Time End-to-End RP Method In the seminal paper by A. Mecozzi and R.-J. Essi-
ambre [ME12] the former work on continuous-time RP methods was extended by including
the transmit pulse-shape, the matched filter, and 7T"-spaced sampling after ideal coherent detec-
tion. This work constitutes the first true 7-spaced discrete-time end-to-end formulation using
a time-domain approach (see Figure 1.1, top pane). It provides a first-order approximation
of the per-modulation-interval equivalent end-to-end input/output relation assuming a multi
wavelength channel, i.e., a WDM, scenario. One central result is the integral formulation of
the (Volterra) kernel® in time domain. The complementing view in periodic frequency domain
which takes the aliasing of frequency components properly into account was unknown at the
time and is part of the present work [FFF20], see discussion in Section 1.2.

The transition to the discrete-time algorithmic implementation (see Figure 1.1, bottom
pane) is straightforward considering the time-domain view. Discretization in frequency do-
main requires proper processing using the overlap-save method to address cyclic effects in
time domain, also part of the present work.

Based on [ME12], R. Dar et al. [DFMS13, DFMS14, DFMS16, DFM*15] derived the so-called
pulse-collision picture of the nonlinear fiber-optical channel. Here, the properties of XCI were
properly associated with certain types of so-called pulse collisions in time domain. In particular,
the importance of separating additive and multiplicative distortions, similar to the enhanced
RP method or the A-M model, was discussed. A similar approach to the discrete frequency-
domain model is part of the present work [FFF20].

The work from [ME12] and the follow-up work on the pulse-collision picture spawned a
renewed interest in perturbation-based fiber NLC. In contrast to prior implementations (also
perturbation-based, but in frequency domain under the label of VSTF, see, e.g., [LLH"12]),

>The term kernel is conceptually used as an extension of an impulse response or transfer function to nonlinear
systems described by a Volterra series.
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the present approach allows carrying out compensation algorithms on the transmit or re-
ceive symbol sequence rather than on an oversampled representation thereof. For this rea-
son, the functional NLC block can now be placed at the transmitter side before pulse-shaping
or at the receiver side after matched-filtering in the 7T-spaced domain of the DSP. The de-
rived NLC methods are based on variants of the time-domain RP solution, see also [MCS00a]
and [TDY*11], and have been demonstrated by various groups in slightly different flavors,
cf. [GCKY13, ONO'14, GCK"14, ZRB*14]. All of them consider, however, only a subset of
time-domain kernel coefficients® due to an assumption sometimes termed temporal matching
constraint, see [ME12, Eq. (84)]. In [FEST18], we present an improved method taking into
account the full set of time-domain kernel coefficients.

Gaussian-Noise Model Another major class of channel models is known as Gaussian-noise
(GN) model [SKP93,PCC™11] which belongs to the space of stochastic models (see Figure 1.1 top
pane, right). GN-models are widely applied as network planning tools, e.g., for provisioning of
resources in a loaded network. For that, GN-models estimate the link-delivered signal quality
of a specific probe channel in a point-to-point transmission which is determined by the joint
impact of noise (e.g., from optical amplification) and nonlinear distortions. For simplicity, both
effects are combined into a single metric, e.g., combined into a received signal-to-interference
ratio including noise and distortions’. Estimation of the nonlinear distortion’s power (or vari-
ance) is thus at the core of all GN-models. The underlying theory is based on the first-order
RP solution of the continuous-time baseband end-to-end channel.

In terms of a fiber-optical channel model, the GN-model is essentially just a linear, memo-
ryless channel® with an additive random variable (RV) n(¢) and a probability density function
(PDF) associated to it. The random variable n() represents the combination of additive white
Gaussian noise (AWGN) and deterministic nonlinear distortions. For that purpose, the main
simplification of the GN-model is that nonlinear distortions have, similar to the AWGN as-
sumption, a Gaussian distribution and can be considered white. Then, the power spectral
density (PSD) @, (w) associated with n(t) is constant over all frequencies w with equal value
Ny per equivalent complex baseband (ECB) domain. The magnitude of N, is by assumption
proportional to the sum of the link-delivered noise power and the power of the perturbation
signal As(t). The objective of GN-models is hence to (efficiently) evaluate the expectation
E{||As(t)||* } of the perturbation signal.

Notably, the GN-model is derived on the basis of the continuous-time RP solution—not
taking T-spaced sampling into account. This is, however, achieved by what we refer to as
discrete-time GN-model which is part of the present work, see discussion in the following
Section 1.2.

Sampled GN-Model Similar as for the continuous-time RP methods, the underlying channel
model is formulated in continuous-time (and frequency), while the algorithmic implementa-

®This subset of kernel coefficients is often labeled by the variable C,n in the literature cited above.

"In the community, this metric is often termed nonlinear optical signal-to-noise ratio (OSNR) [PJ17, Sec. IT A]
to imply that nonlinear distortions are included in the ratio.

8Both the (noiseless) Manakov equation and the derived RP methods provide a deterministic relation between
the transmit and receive communication signal (aka. waveform channel model).
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tion is performed on a sampled representation thereof, see, e.g., [PBC*12].

The expectation E{ |As(t)||* } can be approximated by summing over the squared mag-
nitude of the sampled frequency-domain kernel H,[p] = SAMPLE, 7, { H,(w) }. The kernel
H,(w) is the third-order Volterra kernel which describes the nonlinear interaction between
the probe channel and the v*" wavelength channel in baseband description’. In practice, the
sample operation is more likely performed on the periodic kernel H,(e/“?) representing the
oversampled system, e.g., a two-fold oversampled system description (and the deduced inte-
gration bounds) is often considered to properly capture the signal pulse-shape. The triple
integration is either performed by straightforward numerical integration [PBC*12] or more
efficiently by Monte-Carlo integration [DFMS14]. The details on the sampled GN-model will
be discussed in Section 5.1.1.

A comprehensive book chapter which provides a good overview on the current state of
the art on both time-domain perturbative models and the related GN-models has recently been
published in [BDS*20].

1.2 The Present Work

The preceding section provided an overview on the current state of the art on fiber-optical
channel models summarized by the block diagram in Figure 1.1. The present work contributes
to the existing theory, specifically, to the classes of channel models which are highlighted by a
colored frame (—) in Figure 1.1. Beyond that, this work aims to connect the existing classes of
channel models in a unified and structured manner. In the following, we summarize the main
innovations.

Discrete-Time End-to-End RP Method The existing view on 7-spaced end-to-end channel
models for optical transmission systems is complemented by an equivalent frequency-domain
description of the first-order RP method. The frequency-domain system formulation is inher-
ently related to the discrete-time formulation from [ME12] by a discrete-time Fourier transform
(DTFT). Following basic system-theoretic principles, this frequency-domain system descrip-
tion is necessarily 1/7T-periodic due to the time discretization with symbol spacing 7T'. This is
fundamentally different from prior frequency-domain RP methods, e.g. [PBP97,VSB02], which
are based on the continuous-time end-to-end system description, see above.

The fundamental requirement on the complementary frequency-domain system descrip-
tion of a T"-spaced channel is as follows: frequency components that appear—due to aliasing—
at the sampled output of the continuous-time model when probed with a communication sig-
nal' must also be produced by the discrete-time Volterra system by an equivalent (frequency-
domain) kernel. This property was first exploited in [Fra96] for a discrete-time Volterra system
with oversampling. In the present case, the discrete-time (third-order) Volterra system is real-
ized by aliasing the frequency-domain kernel of the continuous-time system (which has spec-
tral support that spans over a three-dimensional frequency basis) into its Nyquist region (per

°For notational simplicity, we neglect MCI which is typically included in GN-models.
The continuous-time communication signal is also 1/T-periodic in frequency domain, but is weighted by
the shape of the transfer function of the transmit-pulse.
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dimension of the spectral support). In doing so, a frequency-domain RP solution is obtained
which relates the periodic spectrum of the transmit symbol sequence to the periodic spectrum
of the receive symbol sequence, i.e., after (linear) channel matched filtering and aliasing to fre-
quencies within the Nyquist interval. Remarkably, the frequency matching which is a result of
the general four-wave mixing (FWM) process in the continuous-time optical domain" is now
realized in the 1/7T-periodic frequency domain where the fourth frequency is modulo reduced
into the Nyquist interval, see Section 5.1.

Beyond the contribution to the basic theory, we present algorithmic implementations of
the discrete-time Volterra system in discrete frequency domain. Similar to the implementations
of the continuous-time model, see, e.g., the enhanced RP method, a subset of the perturbative
contributions can be considered as multiplicative (including both a common phase and po-
larization rotation) and may also be implemented as such in 1/7-periodic, discrete frequency
domain. This motivates the extension of the original regular perturbation model in frequency
domain to a combined regular-logarithmic, similar to the pulse-collision model in time domain.

We believe that both the existing time-domain end-to-end channel model according to
the pulse collision picture, and the novel 1/7T-periodic frequency-domain end-to-end model
have potential application in a variety of fields. Among those is the application as a forward
channel model for the optimization of detection schemes that operate on a per-symbol basis,
e.g., recovery of phase distortions or determination of symbol likelihood values. Similarly, in
a backward-propagation-sense, both models can find application in fiber nonlinearity compen-
sation which requires real-time processing using fixed-point arithmetic, i.e., implementation
and computational complexity is of particular interest. In both forward and reverse applica-
tions, the kernel coefficients can be pre-calculated or pre-trained, whereas for the latter case,
i.e., for fiber nonlinearity compensation, additionally adaptation of the kernel coefficients is
required. Those application-driven considerations will, however, not be covered within the
present work.

Discrete-Time GN-Model The discrete-time GN-model extends the conventional GN-model
by taking the 7T-spaced sampling of the continuous-time communication signal into account.
In this regard, the objective of the discrete-time GN-model is to evaluate the expectation
E{ ||Aa[k]||*}, ie., the amount of perturbative distortion to the transmit symbols. This quan-
tity has, in fact, much more relevance for the overall system performance compared to the
result of the conventional GN-model as it measures the amount of distortion that is present at
the symbol decision (or soft metric calculation) on the receive-side. Only for the special case
of a root-raised cosine (RRC) pulse-shape with zero roll-off, the discrete-time and the conven-
tional GN-model will produce the same result'. The discrete-time GN-model follows the same
conceptual idea as the conventional one but takes the aliased third-order Volterra kernel as a
basis for estimating the magnitude of the nonlinear distortion.

UFrequency matching (here, of third order) is generally a property of nonlinear systems described by a (third-
order) Volterra operator.

12 After matched filtering with respect to the transmit RRC shape with zero roll-off, no spectral support of the
communication signal is present outside the Nyquist interval, and, hence, no aliasing occurs.
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Chapter 5
Discrete-Time Perturbation Theory

Chapter 4
Continuous-Time Perturbation Theory

Chapter 2 Chapter 3
Communication Basics Optical Transmission

Figure 1.2: Structure of the dissertation.

The proposed discrete-time GN-model may supplement existing GN-models, where the
communication signal’s pulse-shape may not be neglected.

1.3 Qutline of the Dissertation

The structure of the thesis is outlined in Figure 1.2 in a bottom-up representation. The foun-
dational chapters cover the basic theory on communication systems and fiber-optical trans-
mission. Building upon that, first, the continuous-time perturbation theory for nonlinear fiber
propagation, and then, based thereon, the discrete-time perturbation theory of the respective
end-to-end communication system is derived.

Specifically, in Chapter 2, the notation is briefly introduced and the theory of linear and
nonlinear time-invariant systems is reviewed. For the latter, we study the theory of Volterra
series to model nonlinear systems with memory. In the second part of Chapter 2, the general
concepts in point-to-point communication systems are established, exemplified for transmis-
sion over a complex-valued 2 x 2 multiple-input/multiple-output (MIMO) channel as common
in coherent fiber optical transmission. For such a linear channel, the discrete-time 7-spaced
end-to-end model is reviewed, including both the time- and frequency-domain formulation.

In Chapter 3, the fundamentals of fiber-optic transmission are examined. We introduce the
equivalent complex baseband model for signals and systems in the optical domain. The base-
band model is used to express signal evolution on the basis of a nonlinear partial differential
equation (PDE)—the Manakov equation. First, only the linear part of the Manakov equation is
considered to assess the two most relevant linear transmission effects: chromatic dispersion
and attenuation (including gain from optical amplification). We assess the system impact of
chromatic dispersion in a WDM transmission scenario and how it determines the system mem-
ory of a single wavelength channel and the (temporal) interaction length between wavelength
channels. Then, the optical Kerr effect, the primary nonlinear transmission effect, is included
into the picture. We briefly recap how the Manakov equation is implemented for numerical
simulation using the split-step method.

Having established the theoretical foundation in first two Chapters, we proceed with the



1.3. Outline of the Dissertation 13

regular perturbation method for the continuous-time domain in Chapter 4. Starting from the
Manakov equation, the derivation of the optical end-to-end first-order RP solution is per-
formed. The relevant system parameters, i.e., memory and strength, of the nonlinear response
are identified which lead to design rules for potential applications. Further, we highlight the
relation between the time and frequency representation and point out the connection to other
well-known channel models. As an intermediate step to the discrete-time end-to-end relation,
we also introduce the (analog) baseband end-to-end model, which describes the nonlinear in-
teraction based on the baseband communication signals in WDM setting.

In Chapter 5, the theory of the RP method is translated to the discrete-time domain. The
theoretical considerations are complemented by numerical simulations which are in accor-
dance with results obtained by the SSFM. Here, the mean-squared error (MSE) between the
T'-spaced output sequences of the RP method and the SSFM is assessed to determine the match
between the models.

Chapter 6 presents some conclusions and an outlook.

A significant part of Chapter 4 and 5, which is at the center of this work, has been pub-
lished as a pre-print on arXiv [FFF20], and presented in part at workshops and conferences
on optical communication. Some of the numeric implementations of the derived models have
been applied in fiber-optic system experiments in the context of fiber-nonlinearity mitiga-
tion [FME 17, FES™18], which is not part of the present work.
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2. Foundations and Basic Concepts

This chapter briefly introduces the notation and basic concepts that will be used throughout
this work. The chapter is divided into two parts.

The first part starts by establishing the most fundamental conventions on the notation. It
is then followed by Section 2.1.1 with a brief revision of discrete- and continuous-time signals
including a comment on how signals are normalized in this work. The next Section 2.1.2
defines all the relevant integral transforms in a convenient, multi-dimensional fashion. This
will turn out to be useful in Section 2.1.3 which recaps the fundamentals of linear and nonlinear
time-invariant systems. Nonlinear, time-invariant systems can be represented by a sum of
multi-dimensional convolutions, known as Volterra series, in time or equivalently in frequency
domain. The Volterra kernels in both domains (i.e., a generalized form of impulse response
and transfer function for nonlinear systems) are interrelated by multi-dimensional integral
transforms. A third-order nonlinear systems, i.e., one with cubic nonlinearity is discussed
in more detail as it is closely connected to the nonlinear process present during fiber-optical
propagation. The theory is supplemented by two basic examples of a third-order Hammerstein
and Wiener system.

In the second part in Section 2.2, the general system model is introduced. The basic con-
cepts and nomenclature of point-to-point transmission are assessed. This is done on the back-
ground of fiber-optical transmission where a complex-valued 2 x 2 MIMO channel is present.
The whole cascade of transmitter, channel, and receiver is discussed using a simplified setting.
Here, only a noisy, non-dispersive channel is considered, while the next chapter addresses the
fundamentals of fiber-optic transmission in greater detail. Both the continuous- and discrete-
time end-to-end model for the case of a noisy, non-dispersive channel are established. A formal
definition of the signal-to-noise ratio is provided and the Shannon capacity is introduced.
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2.1 Notation and Basic Definitions

Non-bold italic letters, like x, are scalar variables, whereas non-bold Roman letters refer to
constants, e.g., the speed of light is denoted by

¢ = 299792458 m/s. (2.1)

Number Sets A number set or finite field is typeset in blackboard typeface, e.g., the set of real
numbers is R, and the set of non-negative real numbers is R>(. The set of complex numbers
C is an extension of R with elements defined as

z=x+jy € C, (2.2)
with the imaginary number j = /—1, and the Cartesian components z = Re{z} € R (aka. real

part, or inphase component), and y = Im{z} € R (aka. imaginary part, or quadrature compo-
nent). A complex number can also be expressed in Polar coordinates via its magnitude

r=|z

= \/ReQ{z} + Im*{z}, (2.3)

and its phase (or angle)
p = arg{z} = tan"'(y/2), (2.4)

to be combined in the Polar representation of complex numbers
z=re?. (2.5)

Complex conjugation reverses the sign of the imaginary part, or equivalently the sign of the
angle, and is denoted by

2* =Re{z} —jIm{z} =re’®. (2.6)

The set of integers Z is a subset of the real numbers
Z={-0,...,—2,—1,0,1,2,...,00 }, (2.7)

and the set of natural numbers is a subset of the integers obtained by taking all nonnegative
elements

N:ZZO:{0,1,2,...,OO}Z{O}HN>O. (28)

Elements from the binary Galois field [, and derived variables thereof are written in Frak-
tur font. E.g., the two elements of F; are { 0, 1 }, and a variable form that field is q € Fy, where
operations (defined on such variables) have algebraic properties associated with 5.

Other (non-special) sets are denoted with calligraphic letters, e.g., A will later denote the
set of data symbols, i.e., the symbol alphabet or signal constellation.
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Vectors and Matrices Bold letters, such as x, indicate vectors or matrices (capital letters are
reserved for variables in the transform domain, see next section). The difference between a
vector and a matrix should be clear from the context. If not stated otherwise, a (complex)
vector @ of dimension NV is a column vector and reads
I
N A T [k ok * 1H N
T=|. =[xy, 29,...,xn] =[], 25, ..., xy]" € CT, (2.9)

TN

where (-)T denotes transposition and ()" denotes Hermitian transposition.
Similarly, boldface letters can also represent matrices, e.g., a (complex) matrix of dimension

N x M reads

Ti1 Ti2 - T1M
Ta1 T22 To M
x=| | ; :[xn,m}E(CNXM, n=1,....N, m=1,...,M,

IN1 IN2 " INM

(2.10)

with entries z,, ,,,. The same notation applies to vectors and matrices of different fields.
We define the matrix exponential of square matrices & € CV* as a power series
def o= 1 k
exp(x) = e® = kz_:o o (2.11)

where ¥ = I € CV*V_ If the matrix « is diagonal with elements x,,,, on the main diagonal
and zeros otherwise, then the matrix exponential is obtained by exponentiating each element
on the main diagonal e*" for n = 1,..., N. As a result, for a diagonalizable matrix x, we
have

x =udu !, (2.12)

and d € CV*V is diagonal, then
e® = uelul. (2.13)

In optical communication, vectorial variables often appear, e.g., within the so-called Jones
or Stokes formalism, both formally introduced in Appendix A.l. To indicate variables from
Jones or Stokes space we introduce the following notation.

A Jones variable & € C? is a pair of complex numbers represented as a two-dimensional
vector, where each dimension relates to one of the two polarizations of light, denoted as x- and
y-polarization. To emphasis this association on occasion, we may subindex the components

T = X — Tx
i) Ty

A Stokes variable & € R? is a 3-tuple of real numbers represented as a three-dimensional

of & as follows
e C?. (2.14)

vector, where each dimension relates to one of the three polarization states, i.e., linearly-
polarized, 45°-polarized, and circularly-polarized light. We will use decorated bold letters
& to denote vectors in Stokes space.
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2.1.1 Discrete- and Continuous-Time Signals

A (complex-valued) function z(¢) € C which depends on the real-valued time variable ¢ € R,
given in seconds (s), is called continuous-time signal. The support of a (time-domain) function
is defined as the set of all elements ¢ € R for which x(t) is non-zero, i.e.,

supp(z) = {t € R | z(t) #0}. (2.15)

A (complex-valued) N-dimensional continuous-time signal z:(¢1, to, ..., ty) € Cisafunc-
tion of NV time variables t,, € R withn = 1,..., N. We will write

z(t) = x(ty,ta, ... ty), (2.16)
with ¢ = [t;,ts,...,tx]T € RY for short. The reader should be able to deduce the dimension-
ality of the vector from the context of the equation.

Additionally, a space-dependent signal z(z, t) depends on the location (or position) z € R
given in meter (m), usually relative to the position of the transmitter. In point-to-point optical
communications, the variable z describes the (one-dimensional) path along the fiber, measured
from the transmitter at z = 0 to the receiver at = = L € R, i.e., in practical cases it only
takes values in the interval z € [0, L].

A discrete-time sequence is obtained by sampling a continuous-time signal at intervals of,
e.g., the (temporal) spacing 7". We define the discrete-time signal

z[k] £ z(kT), (2.17)

with the discrete-time (index) variable k € Z. We use round parenthesis ( - ) to denote func-
tions defined over continuous variables and square brackets [ | to denote functions defined
over discrete variables. If the whole (finite- or infinite-length) sequence is treated, we will use
the angled bracket notation ( z[k] ), whereas x[k] is a single element of that sequence indexed
at position k.

The support of a sequence is defined as the set of all elements k& € Z for which z[k] is
non-zero, i.e.,

supp(z) ={kc Z | z[k] #0}. (2.18)

The energy of a continuous- and discrete-time signal are defined as [PS08]

B, /R (1) dt, B, S [afk]. (2.19)

keZ

Signal Normalization Continuous-time signals are associated with meaningful physical units,
e.g., the electrical field can be measured in units of volts per meter (V /m). In the mathematical
treatment of those physical signals, units are often considered inconvenient. Consequently,
a normalization is often performed to create dimensionless (in the sense of unitless) mathe-
matical quantities which have the same orientation as the original physical object (see, e.g.,
discussion in [Fis02, P. 11] or [Kamo03, P. 230]).
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In the context of optical transmission, the propagation of the real optical field is typically
modeled in complex Jones space over a quantity u(z,t) = [ux(2, ), uy(z,t)]" € C? called opti-
cal field envelope, see the disccusion in Section A.1. The optical field envelope is the equivalent
complex baseband (ECB) representation [Fis02] of the real optical signal, see Section 3.1. It has
the same orientation as the associated electrical field, where the two vector elements u,(z,t)
and u,(z,t) correspond to the two polarizations of the optical field.

In the literature, we encounter various conventions on how the optical field envelope is
normalized. A common strategy is to normalize u(z,t) such that u"(z,t)u(z,t) equals the
instantaneous (and local) power given in watts (W), cf. [Agr06, Eq. (2.3.28)].

In this work, instead, any continuous-time signal, like u(z,t), is generally treated as di-
mensionless quantity. This considerably simplifies the notation when we move between the
various signal domains, e.g., form discrete-time to continuous-time or from analog-electrical
to analog-optical domain (and vice-versa). To this end, u"(z, #)u(z,t) is normalized to be di-
mensionless. Consequently, the nonlinearity coefficient (z), see Section 3.3, commonly given
in W= m~! must also be normalized to have units of m~! to be consistent with our signal
definition. We will touch on this notational convention again in the relevant Sections where
the above mentioned quantities will be formally introduced.
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2.1.2 Integral Transforms

The Fourier transform and related integral transforms play a central role in the theory of
signals and systems.

It turns out that, in the context of fiber-optic transmission (and for nonlinear systems
in general), some relations between a transformation pair (e.g., time and frequency domain)
appear in higher dimensions. Accordingly, all integral transforms are introduced for signals
in N dimensions. In particular, the Fourier transform is introduced given a function x(t) € C
which may depend on the N-dimensional variable ¢ € R" over which the transformation is
performed. For the case N = 1, the following definitions will be equivalent to the commonly
known one-dimensional transformations. Then, all subindices, e.g., as in ¢;, are dropped for
better readability.

All (continuous-) frequency domain variables are expressed in terms of the angular fre-
quency w = 27f € R with each frequency variable f, € R, n = 1,..., N, measured in
Hertz (Hz).

2.1.2.1 The Fourier Transform

We use lower-case letters for time-domain signals such as z(t), and upper-case letters for
frequency-domain signals such as X (w). The upper-case notation in frequency domain may
collide with the notation often used in the context of information-theoretic elements, where an
upper-case letter will indicate a random variable (RV), and its realization is written in lower-
case letters. The reader should be able to follow the text and understand the respective termi-
nology from the present context of the text.

In the present work the so-called engineering notation of the Fourier transform with a
negative sign in the complex exponential in the forward, i.e., time-to-frequency direction is
used'.

The N-dimensional Fourier transform of a continuous-time signal x(t) = z(ty,t2,...,tN)
depending on the N-dimensional time vector t = [t1,ts,...,tx]" € RY is defined as [OW83,
Ch. 4]

X(w)= Flz(t)} « / 2(t) e it Ve (2.20)

! .

1 .
2(t) = F Y X(w)} = / X(w) et Ve, (2.21)
@ .
Here, X (w) is a function of (continuous-) angular frequencies w = [wy,ws,...,wy]T € RY.

This has an immediate effect on the solution of the electro-magnetic wave equation (cf. Helmholtz equation
in [Agr06, Eq. (2.1.18)]), and therefore also for the NLSE. In the optical community, there is no fixed convention
with respect to the sign notation, e.g., some texts are written with the physicists’ (e.g., [Agr06, Eq. (2.1.12)],
[Agr10, Eq. (2.2.8)] or [ME12]) and others with the engineering (e.g., [Kam13], [Engl15, Eq. (A.4)]) notation in
mind. Consequently, the derivations shown in the remaining chapters may differ marginally from some of the
original sources.
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In the exponential we made use of the dot product of vectors in RY given by
Wt = wit + waty 4+ - +wntn (2.22)

The integral is an N-fold integral over R" and the integration boundaries are at —oo and oo
in each dimension. Note, since z(t) is per-definition unitless, its Fourier-transform X (w) has
units seconds” (s"). For the differential, we use the shorthand notation

dVt € dtydt, . .. dty. (2.23)

We may also write the correspondence as z(t) oo X (w) for short, where the transforma-
tion applies to the whole function, not just a single value. We may also indicate a change of
variables by, e.g., X (w) = F,-{ x(7) }, if the transformation pair is defined w.r.t. to another
argument.

If instead the transformation is carried out over multiple vector components of the func-
tion x(t) = [z1(t),22(t),...,2.(t)]T € CL, then each vector component is transformed
independently with X (w) = [X;(w), Xao(w),..., Xr(w)]" € CL st. z;(t) o X;(w) with
l=1,...,L.

We define the Dirac delta function (aka. Dirac impulse) implicitly using its Fourier trans-

form
FI5(t)} = / S(t)e ™t dt = ¢ ¥0 =1 Vo, (2.24)
R
and the Heaviside step function (aka. unit step) via the Dirac impulse as
ar [* 1, t>0
a(t)—/ooé(T)dT—{m o (2.25)

2.1.2.2 The Discrete-Time Fourier Transform

The N-dimensional discrete-time Fourier transform (DTFT) of a discrete-time sequence ( z[k] )
with k = [k, ko, ..., ky]T € Z" is defined as [OW83, Ch. 5]

X(@T)y = Flalk]} =3 alkle T (2.26)
4 kezZN
o)
. . T\ . .
2[k] = F Y X (7)) = (ﬁ) /1r CX(T) kT N, (2.27)

where 7' is the (time-constant, temporal) spacing between two elements of the time-domain
sequence. In this thesis, the variable 7" will be equivalent with the duration of the symbol
interval of the modulated signal.

The notation > 4czn is short for 37°_ 377"
duration is 7, it directly follows that the spectrum of the associated discrete-time sequence is
periodic with 1/7. This is indicated by the notation X (e/“”) which takes the 1/7-periodic ex-
ponential as an argument. The set of frequencies within the fundamental period (aka. Nyquist

o Y p— oo Given that the sample

— 00

interval) of the spectrum is defined as

TE{weR| —wnyg < W < Wnyq b (2.28)
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with the Nyquist (angular) frequency wyyq = 27 fayq = 27/(27).

The periodic spectrum X (¢/*7) is sometimes also termed periodic continuation of the ape-
riodic spectrum X (w). The former one is obtained by aliasing all spectral components of the
latter into the Nyquist interval. We define the aliasing operator as

X (") = Auas,, { X(w) } = TN > X(w — 2wnyg m) (2.29)
meZN
’

¢
z[k] = Sampreo{ z(t) } = 2(kT), (2.30)

corresponding to a sampling operation in time domain with t = k7" and k € Z".

2.1.2.3 The Discrete Fourier Transform

The N-dimensional discrete Fourier transform (DFT) of a finite-length discrete-time sequence
(x[k]) (M samples per dimension) is defined as

X[p]= DFT{z[k]} £ 3 z[k]eitink (2.31)
° keMN
3
#lk] = DFT { X[u} = v > X[ |edfimk (2.32)
pneMN

where we use the reduced number set defined as
M={0,1,...,M -1} =7Z mod M. (2.33)

Both integer indices k and p are from the finite set MV, where M coincides with the length
of the sequence.

We may also write z[k]o~® X|u] for short where the correspondence always relates the
whole sequence of discrete-time and discrete-frequency domain elements.

2.1.2.4 The z-Transform and Laplace-Transform

The N-dimensional z-transform of a discrete-time sequence ( x[k]| ) is defined as

X(z)= Z{z[k]} = Y alklz;imzy™ . .2 = Y alk]zCR), (2.34)
kezZN kezN
where k € Z" is the N-dimensional integer time index and z = [z,z,,...,zy]" € CV is an

N-dimensional complex number. Here, we use the generalization of the vector dot product to
the vector dot exponential defined as

(k) & Zl—klz2—k2 N .Z;[kN. (2.35)

The z-Transform is related to the DTFT by evaluating the variable z at its unit circle (or unit
hypersphere in N dimensions), i.e., by evaluating z = e*7.
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For continuous-time variables, the N-dimensional Laplace transform is defined accord-
ingly as

Xy(s)= ZL{z(t)} = . z(t)e 5t dVt, (2.36)

with s £ o + jw € CV and real-valued components o € RN and w € RY. The Laplace-
transform is related to the Fourier transform by evaluating the variable s only at its imaginary
part (i.e., setting the real part o to zero).
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2.1.3 Linear- and Nonlinear Time-Invariant Systems

This section provides a short review of linear- and nonlinear time-invariant systems. We
discuss the most relevant system properties and give basic examples of nonlinear systems.

A continuous-time system translates a continuous-time input signal z(t) € C to an output
signal y(t) € C via the transformation y(¢) = S{ z(t) }. Here, S{ - } must be understood as
an operator acting on the whole input function, and returning the complete output function,
not just the function evaluated at a particular instant of time.

A time-invariant system is given if an arbitrary delay ¢, € R of the input signal translates
to the same delay at the output. Given the relation y(t) = S{ z(t) }, we find

y(t —to) = S{x(t —to)}, to€R. (2.37)

2.1.3.1 Linear Time-invariant Systems

The input/output relation of a stable, non-recursive (continuous-time) linear time-invariant
(LTI) system can be mathematical expressed by the convolution of the input signal z(¢) with
the (linear) impulse response of the system h(t) = S{ 8(t) } € C, where 5(t) denotes the Dirac
impulse. It is given by

y(t) = S{a)} =) «hn < [
i

Y(w) = S{X(w)} = X(w) Hw), (2.39)

z(T)h(t — 17)dT = /Rx(t — 7)h(7)dT (2.38)

and equivalently, in frequency domain by multiplying the Fourier-transform (aka. spectrum)
of the input signal X (w) = F{ z(t) } with the system transfer function H(w) = F{h(t)} € C
to obtain the Fourier-transform of the output signal Y (w).

An LTI system is bounded-input bounded-output (BIBO) stable, if for any bounded input
the system response is also bounded

|Z(1)] < Toax <00 = |Y(t)| < Ymax < 00, t ER. (2.40)

A necessary and sufficient condition for stable LTI systems with bounded input is

/R|h(t)| dt < oo, (2.41)

i.e., the impulse response must be a transient function.
For the output signal y(¢) to have the same units as the input signal z(¢), the continuous-
time impulse response /1(t) must have units s™!, and hence H (w) is unitless.
The same considerations also hold for discrete-time LTI systems, where we find the relation
ylk] = S{z[k] } = x[k] * h[k] = " a[k]h[k — k] = > a[k — &]h[x] (2.42)
o KEL K€L
®

V() =S{ X&)} = X () H(*") = X(z) H(z) (2.43)

z—eiwT ’
with the discrete-time transfer function (aka. system function) H(z) = Z{ h[k]}. Both, the
discrete-time impulse response h[k] and the transfer function H(z) are unitless.
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2.1.3.2 Nonlinear Time-invariant Systems

The input/output relation of a wide class of nonlinear time-invariant (NTI) systems can be
represented using a Volterra series expansion — a sum of multi-dimensional convolutions. The
Volterra series expansion can be considered as a Taylor series expansion for nonlinear systems
with memory, whereas the usual Taylor series only applies to systems with instantaneous (i.e.,
memoryless) input/output relations.

The infinite (i.e., non-truncated) Volterra series representing a continuous-time, nonlinear
system S{ - } without feedback (i.e., no recursion) is given by the relation [Sch80]

y(t) :S{x(t)}:h0+/R$(t_Tl)hl<71)d7'l (2.44)
+ [t = m)a(t = ) ha(m, ) dradrs (2.45)

+/3 Qf(t — Tl)ﬂf(t — TQ)Q?(t — 7'3) h3(7’1,7’2,7’3) dTldngTg (2.46)
R
+...

- h() + Z yn(t) ) (2'47)
n=1
where each summand y,,(t) corresponds to an n'®-order convolution comprising a product of
(time-delayed) input signals x(t) weighted by a so-termed Volterra kernel h,,(T)—a generalized
impulse response of order n. The summand y,,(t) = H,{z(t) } is called n*®-order Volterra
operator and its standard form is given by

Yn(t) = Ho{z(t) } = [ fn(T) ﬁ z(t — 1) d"r, (2.48)

where the kernel h,,(7) = h,(71,7,...,7,) € Cis a function R"” +— C depending on the
order n € N . We note, that the n'"-order Volterra kernel h,,(7) has units s™".

The Volterra operator is sometimes also given in its alternative representation as
Ho{z(t)} = /R ha(t — 1) [ 2(t;) d"t, (2.49)

with 7 =t —t,ie, 7; =t — t;,V . In particular, for n = 1 this recovers the two ways the
convolution is expressed in (2.38).

In many practical cases, the infinite-length series in (2.47) is truncated to only a subset of
summation terms. E.g., most relevant for nonlinear fiber communication are the Volterra terms
yi(t) and y3(t)—the linear part equivalent to an LTI system, and the third-order nonlinear part.

Symmetry A Volterra kernel is symmetric, if h,,(7) is invariant under any reordering of the
vector T, i.e., we have [Sch80, Eq. (5.2-4)]

ho(T) = hy(mi(T)), Vi, (2.50)

where the function 7;(+) performs thei € { 1,2,...,n!—1 } (non-trivial) permutations w.r.t. the
vector indices, e.g., for a symmetric second-order kernel we have hy (71, 72) = ho(72, 7).
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Causality A Volterra system is causal, if [Sch80, Eq. (5.5-2)]
ho(T) = hy(T1, T2, .., Tn) = 0, forany 7, <0, j=1,2,...,n. (2.51)

Stability  The series in (2.47) does not necessarily converge for all classes of nonlinear systems
and input signals z(t). If the series does converge for any given input z(t), we say that the
system is stable.

In most practical cases, we consider only a truncated Volterra series. Then, the question
of stability is shifted to the stability of the Volterra operators H,{ x(t) } under consideration.
Similar to LTI systems, a Volterra operator is BIBO stable, if for any bounded input the operator
response is also bounded

1Z(1)] < Ty <00 = [Yn(t)] < Ynomax < 00, t ER, Vn. (2.52)

A sufficient (but not necessary) condition for the stability of Volterra operators is the straight-
forward extension of (2.41) to [Sch80, Eq. (5.6-3)]

/ |hn(T)|d"T < 00, Vn. (2.53)

Note, that there are Volterra operators which are stable but not transient, i.e., do not satisfy
(2.53). The condition is also necessary for the Fourier transform of 4, (7) to exist, see below.

Volterra Series in Transform Domain Taking the Fourier transform of the system response
y(t) leads to the Volterra series representation in continuous-frequency domain, aka. Volterra
series transfer function (VSTF). It relates the Fourier-transform at the input X (w) to the
Fourier-transform at the output Y (w) of the nonlinear system via [Sch80, Ch. 6]

Y(w) = hod(w)+X(w) Hy(w) (2.54)
+217T /RX(wl)X(w —wi) Ho(wy,w — wy) dwy (2.55)
+(271r)2 /R2 X(w) X (we) X (w —wy — wsy) Hy(wy, we,w — wy — wa) dwydwy

(2.56)
+...

= hod(w) + i Y, (w), (2.57)
n=1

where, due to the linearity of the Fourier transform, each series term, i.e., each Volterra oper-
ator is related by a 1D Fourier transform y,,(¢) - Y,,(w). The general form of Y,,(w) is given
by [Sch80, Ch. 6]

1 n
Y, (w) £ 7/ H, X (w;) d* 1 2.58
(W) (2m)n 1 Jra (w) ]1;[1 (w;) w, (2.58)
with the frequency-domain Volterra kernel (i.e., a generalized transfer function of order n)
H,(w) = H,(w1,ws,...,w,) € C. Here, the last component of w (depending on the order n)
is defined as

wn Zw—wy — - —wyq, with w; =w, forn=1. (2.59)
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— |  H¥w)
() y®)(t)
—— HAW) H(w) —>e
(1)
—] O(w)
™ H&)I(uh) gl(O&)HS)I (wg) L(;)I(wl + ws + w3) fR? dwidwy f—>e

5 (wla w2, W3)

Figure 2.1: Block diagram of a basic third-order Volterra system with three (different) linear, dispersive systems at

the input with transfer function Hé'T)I (w),and ¢ = 1,2, 3, and a single linear, dispersive system at the output with

transfer function H%) (w). The equivalent block diagram at the bottom highlights the Volterra view in frequency

domain implementing a two-fold convolution of the input transform with the Volterra kernel HéB) (w).

In fiber-optical transmission, this relation with n = 3 will translate to the frequency matching
constraint for four-wave mixing, see Section 3.3.5.

The Volterra kernel in time and frequency domain are related by an n-dimensional Fourier
transform [Sch80, Eq. (6.1-4)]

Hn(w) = ]:w<—>7'{ hn(T) } : (2.60)

From a symmetric time-domain kernel, a symmetric frequency-domain kernel follows [Sch80,
P. 18]

ho(T) = h(mi(T)), Vi = Hy(w)= Hy(m(w)), Vi, (2.61)

withi € {1,2,...n!—1}. For areal-valued time-domain kernel, the frequency-domain kernel
is conjugate symmetric with

ho(t) eR = Hy(w)=H(-w). (2.62)

Basic Nonlinear Systems We consider a basic third-order Volterra system [Sch80, Fig. 6.4-1]
which is of interest to nonlinear fiber propagation. The block diagram is shown in Figure 2.1.
It consists of a nonlinear, memoryless system with cubic input/output relation, sandwiched
between four (potentially) different LTI systems characterized by hg%l(t) o—e H, E'T)I(w) withi =
1,2,3,4.
Following the third-order Volterra approach, see above, the output of the basic third-order
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- HAEP (W)
> > H&’f) (w) I—> HS«’ILD (w)
> H&’S) (w)
x(t) . * — >0
—>¢ . .
- Hin ()
- YW |—> i ()
- HNY (W)
Figure 2.2: Block diagram of M basic third-order Volterra systems in parallel.
system is given by a closed-form expression in both time and frequency domain
y®(t) = /3 x(t —m)x(t — 1)z (t — 73) th)(Tl, To, 73) dTydTod T3 (2.63)
R
1
Y® (W) = / X(w1) X (we) X (w — wy — ws) HéB)(wl, wo, w — wy — wo) dwidwsy
(27T)2 R? — —
w3 w3
(2.64)

with the (frequency-matching) constraint w = wy + wy + w3 from (2.59).
The time- and frequency-domain third-order kernel can be given explicitly by [Sch80,
Eq. (4.4-3), (6.4-2)]

h(B / hLTI h(2) (T - 0-) h£T)I(T - 0-) hg’ll‘)l( ) dG (2-65)
1 Frow
HP (w) = HO(w1) HE (ws) HE) (ws) HE (w1 + ws + ws) . (2.66)
N e’

Note, that the system function HL(pr() with argument (w; + wy + wj) is the one following the
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triple multiplier, i.e., at the output of the combined system, whereas the system functions at
the input have arguments involving either wy, ws, or ws alone.

One can also deduce, that both time- and frequency-domain kernel become symmetric, if
the input LTI systems are identical, i.e., we have

h ) =@t =12t = B (r) = b (m(r)), Vi. (2.67)

We now consider a third-order Volterra system consisting of M basic systems connected
in parallel. The block diagram of such a general third-order Volterra system is shown in Figure
2.2. The output y™*B)(¢) is simply the sum of the output of each basic system. Consequently,
the kernel of the parallel system is the sum of the M basic third-order kernels [Sch80, Eq. (4.4-
10)]

MXB Z / hLTI T — G) hr(fTr?z)(TQ - 0) hgpl’:%)( )hr(ELI 4)< ) do (2.68)
f Frow
Hy" ) Z H (wn) H (wa) HY (ws) HE (w1 + ws + ws) - (2.69)

w

This view will later become relevant when the so-termed parallel fiber model is considered.
In that case, the summation in (2.68)—(2.69) over a discrete number of parallel systems will
asymptotically turn into an integral over a continuous variable, i.e., infinitely many parallel
systems.

Examples of Third-order Volterra Systems In the following, we discuss two examples of a
basic third-order nonlinear system. To that end, we introduce two simple realizations of a
nonlinear system—the Hammerstein and the Wiener system, shown in Figure 2.3.

2(t) w(t) y"(t)
HLI_'_’ ) =

a(t) u(t) I W(t)
~— HLTI(W) _/_ ! °

Figure 2.3: Block diagram of a Hammerstein (top) and Wiener system (bottom). A Hammerstein system is
a nonlinear, memoryless mapping at the input, in series with a linear, dispersive system characterized by its
transfer function HLTI(w). The Wiener system is a reverse-concatenated Hammerstein system.

The Hammerstein system is a concatenation of a nonlinear, memoryless transfer charac-
teristic and a linear, dispersive system. The Wiener system reverses the concatenation so that
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the linear system is at the input and the nonlinear part at the system output. Both systems
can be combined, e.g., the Hammerstein-Wiener system consists of a linear, dispersive system
sandwiched between two nonlinear, memoryless systems.
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Example 2.1: A simple 3'4-order Hammerstein system

We consider the following pair of nonlinear differential equations [Boy85, Ch. 1]

d
Ut = —u(t) + 23 (1)

y ™ () = ult),

which relates the system input z(t) to the system output 3" (¢) of the third-order Hammerstein
system including an intermediate variable u(t). We assume a causal signal () with z(t) =0
fort <O0.

A block diagram of the system is shown in Figure 2.4. It consists of the cubic function

w(t) = 2%(t),
at the input and an LTI system at the output with transfer function

! 1
S R e P

HLTI(W) = HLTI,$(5)|

o—e

hor(t) = e(t)e™".

Here, H 1 (w) is a first-order low pass with a single pole at soo = —1.

o(t) w(t) 1 y(t)

— ()

Figure 2.4: Block diagram of the third-order Hammerstein system from Example 2.1. The top shows
the block diagram representation of the nonlinear mapping (-)* and the LTI system characterized
by its transfer function Hyr;(w). The bottom shows the equivalent representation using elementary
building blocks.

In time domain, we obtain the solution of the differential equations by using the method of
integrating factors for ¢ > 0 as

y(H)(t) = / e T3t —7)dr
0

- /}R e(r1)e(m2)e(rs)8(r1 — 12)8(r2 — 13) e T a(t — T)a(t — T)a(t — 73) d7,
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where the Heaviside step function ¢(t) and the Dirac impulse 5(¢) are used to bring the right-
hand side into a form similar to the third-order time-domain Volterra representation in (2.45).
Comparing the result with (2.45), we find the 3'4-order Volterra kernel as

WO () = B (11,12, 7) = e(m1)e(m2)e(m3)8(m1 — 12)8(72 — 13) €
= hyr(11) 8(11 — 72)8(72 — T3) ,

which has support only for 71 = 79, 79 = 73, and 71, 72, 73 > 0, and is hence causal.
Alternatively, the kernel can also be obtained using the general solution from (2.65) resulting in

W (r) = /]R W (r1 — 0) b (r — 0) W (3 — 0) b (0) do

_ /stm — 0)8(7s — 0)8(r3 — 0) £(0)e~C do

= hypi(71) 8(11 — 12)8(T2 — 73),

with bz (1) = hZi(t) = hih(t) = 5(t) and hiZh(t) = e(t) e,
We use the Fourier relation between time- and frequency-domain kernels from (2.60) to obtain
the 3"d-order Volterra kernel in frequency domain as

1

H H H
H?(’ )(w) - H§ )(wl’WQ’wg) = Fuord hé )(T)}: 1+ j(w +wa+ws)’

by taking a 3D-Fourier transform.
Similarly, the same result can also be obtained using the general solution in frequency domain
from (2.66) to arrive at

HY (w) = B (w1) BE (w2) B (ws) HE (w1 + ws + ws)
1
14 j(wr +we tws)’

. 1 2 3 4
with HIET)I(W) = HIET)I(W) = HIET)I(W) =1land HIET)I(W) = ﬁ
Next, we substitute w3 using the frequency constraint ws = w — w; — wy to arrive at
1

1+ jw

H
H;:E )(wl,w%w—wl—wz): ;

We can now give the final result of the frequency-domain input/output relation as

1
Yy (w) = a2 /R2 X(w1) X (w2) X (w — w1 —ws) Hng)(wl,wg,w — w1 — wy) dw
1 1

=—— | X(w)X(w2) X (w — wy — wy)d?
T+ 7w @) Juo (w1) X (w2) X (w — w1 — we) d*w

(X (w) * X(w) * X(w)) .

T 1ltw

Note, that the third-order Hammerstein kernel is symmetric, and since it does not depend on
w1 and wa, the kernel multiplication and the two-fold convolution are separable.
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Example 2.2: A simple 3'4-order Wiener system

For the Wiener system, we consider the following set of differential equations

d
—u(t) = —u(t) + 2(t)

y™M () = u(1).

where the order of the nonlinearity (-)3 and the LTI system with impulse response hpr(t) is
exchanged w.r.t. the Hammerstein system from our last example. Again, with a causal signal
x(t) and x(0) = 0, the solution is given by

yW () = </OOO e Tx(t—1) dT)3

= [ eeme(me ™ a(t = ra(t — m)alt - ) d'r

where the right-hand side is written in a form similar to (2.45). The Volterra kernel in time
domain directly follows as

W) (1) = e(r)e(m)e(rs)e™ M4 = B (7)) hu (72) hue (73) -
Alternatively, the kernel is derived using (2.65) to find
h" (r) = /R W (r1 — 0) B2 (r2 — 0) hE) (75 — 0) b (o) do
_ / e(r1 — 0)e M e(ry — a)e (P Ve(rs — o)~ (B9 §(q) do
R
= hLTI(Tl)hLTI(7'2)hLTI(7'3) 5

with h%(t) = h£2T)I(t) = hg)l(t) = ¢(t)e tand hﬁf‘f)l(t) = d(t). In contrast to the Hammerstein
system, the Wiener kernel has support for any 71, 72, 73 > 0, and is also causal.
A 3D-Fourier transform gives the 3'%-order Volterra kernel in continuous-frequency as

1
(1 +jw1) (1 -l-jWQ) (1 —|-jLU3) ’

W W
H" (@) = Fuvesr (15" (7) } =
or using again the general formula from (2.66) to find

HW (W) = B (w1) HE)(ws) HE)(ws) HE) (w1 + ws + ws)

(1 +jw1) (1 —|-jLL)2) (1 +jW3) ’

with B} (w) = H{zl(w) = Hi(w) = 5 and Hifj(w) = 1.

The frequency matching constraint w3 = w — w1 — wa is used again to rewrite the kernel

) ) 1 1 1
W1, Wo, W — W] — wo) = - - - )
Lz 1 2 I1+jwr 1+jwr 14 j(w—wi —wa)

a"
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We obtain the final frequency-domain input/output relation of the third-order Wiener system
with

1
(2m)?

- () (F50) (550)

=U(W)*U(w) *U(w),

Y(W)(w) / X(w1) X (w2) X (w — w1 —ws) Héw)(wl,wz,w —wy —wo) d’w

where we used that the frequency-domain kernel itself is symmetric and factorable, i.e., we have
Hy"(w) = Hy" (wr,wz,w3) = Hyni(w) Hi(w2) Hirr(ws)
and the same is also true for the time-domain kernel

h:(%W)(T) = hé\N) (7'17 T2, 7'3) = hLTI(Tl) hLTI(TZ) hLTI(TS) .
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2.2 The Linear System Model

In this work we consider point-to-point coherent optical transmission over two planes of po-
larization in a single-mode fiber. To this end, the analog transmit and receive signals, s(t)
and 7(t), are modeled in the two-dimensional (2D) complex plane C?, commonly known in
optics as the Jones space [Jon41], to account for the two states of polarization. A generic block
diagram of such a point-to-point communication system is shown in Figure 2.5.

The transmission system is fed with equiprobable source bits. The binary source generates
uniform i.i.d. information bits q[k] € Fy at each discrete-time index x € Z. The rate at which
the source generates information bits is called information rate and is defined as the inverse
temporal interval between two successive information bits; hence, the data (information bit)

rate is defined as Ry =

1/T,,. The transmitter translates the discrete-time source sequence into
a modulated continuous-time transmit signal s(t) € C?, later associated with the two polariza-
tions of the optical signal. After transmission over the channel, the receive signal r(t) € C?
is processed by the receiver to obtain the recovered bit sequence §[k| € Fy. Typically, the re-
ceiver employs techniques from signal equalization and error-correction coding (i.e., channel
coding) to recover the exact source bit sequence.

In the course of this work, we will establish a framework to determine the distortions orig-
inating from nonlinear interaction of the optical signal with itself (i.e., signal-signal nonlinear
interference (NLI)*) while propagating along the fiber (channel). However, signal equalization
as part of a state-of-the-art digital coherent receiver [Sav10] (e.g., polarization demultiplexing,
channel estimation and equalization, carrier- and phase recovery, etc.) as well as error cor-
rection coding (i.e., forward error correction (FEC)) will not be considered explicitly. Instead,
we assume ideal channel state information (CSI) such that polarization demultiplexing and
linear equalization can be incorporated into the end-to-end channel description as part of the
end-to-end system description.

In the remainder of this chapter we discuss the relevant building blocks of the transmitter
and receiver front-end necessary to establish a linear point-to-point communication system.
We will particularly highlight the transitions between the discrete-time and continuous-time
domain and discuss how aliasing of frequency components is typically modeled in discrete-
time end-to-end models for linear channels. Most of the consideration and the notational
framework for linear channels can also be found in the text book [Fis02, Ch. 2].

2.2.1 Transmitter Front-end

In the optical community, the term front-end is often associated with the electrical (and/or
optical) interface at the transmitter or receiver, e.g., the digital-to-analog converter (DAC)
and analog-to-digital converter (ADC) (possibly, plus additional optical components). In the
present work, the front-end characterizes the continuous-time (i.e., analog) part of the trans-

2The denomination distortion, disturbance, and interference will be used synonymously. In the literature, the
term nonlinear interference noise is also used since the source of the nonlinear interference is often another out-
of-band modulated signal, i.e., non-accessible and hence random to the channel of interest.
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qlk] ' s(t) r(t) ' q[x]
@ Transmitter Channel I-.-» Receiver I-.-»

source sequence | transmit signal receive signal | recovered sequence

Figure 2.5: Block diagram of a point-to-point communication system. The transmitter and receiver constitute
the interface between the discrete- and continuous-time domain.

mitter and receiver. In practice, the analog front-end (using our terminology) is typically real-
ized as a composition of the real physical interface and some oversampled digital processing to
obtain a desired target transfer characteristic. Accordingly, we prefer to conceptually incorpo-
rate some of the building blocks, often realized as part of the DSP chain (such as pulse-shaping
and/or matched filtering), as part of the continuous-time domain, since this significantly sim-
plifies the notation®. Similarly, we would consider, e.g., the low-pass characteristic of the DAC
or ADC as part of the transmission channel.

In Figure 2.6, a block diagram of an uncoded (i.e., without error correction coding) com-
munication system is shown. In coherent optical transmission, two (independent) planes of
polarization are present, each with inphase and quadrature component in the ECB. Then,
transmission over two polarizations (x and y) with (polarization-) diversity reception results in
a complex-valued 2 x 2 MIMO transmission which is typically used for multiplexing. Within
the modulated bandwidth of a single transmitter/receiver pair, we can consider the optical
end-to-end MIMO channel as frequency-flat if we neglect the effects of bandlimiting devices
(e.g., switching elements in a routed network). The topic of polarization demultiplexing and
equalization of, e.g., polarization-mode dispersion (PMD) (i.e., equalization of the dispersive
MIMO channel) is discussed in numerous research papers (c.f. [Sav10] for a comprehensive
overview). We will not give an exhaustive description of it, but will rather concentrate on ba-
sic concepts. Hence, for the intent of this work, aspects related to linear equalization and tim-
ing synchronization are already incorporated into the optical channel as suited linear transfer
characteristics. E.g., see the following chapter, the average group delay of the probe channel
will be canceled from the propagation equation using the concept of a retarded time frame in
the equivalent complex baseband. This is equivalent to a linear phase response, which can
also be applied as part of the receiver DSP.

For coherent optical transmission the natural choice of real signal dimensions D (i.e., the
dimensionality of the signal space) is four because each polarization offers two independent
degrees of freedom, cf. [Kam13, P. 831]. The evolution of the optical field is typically described
using a complex-valued baseband representation via a set of coupled differential equations—
the so-called Manakov equation, cf. Section 3.3. Therefore, we treat data symbols as a pair
of complex-valued symbols corresponding to the polarizations x and y. If channel coding
is present, the signal space depends on the coded-modulation strategy and is possible dif-

3When obeying the sampling theorem, both discrete- and continuous-time representations are equivalent
when considering linear systems.
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Transmitter Receiver
qx alk s(t) r(t) ylk q[x
I M —o[—]> T-Hr(w) 1 %A Channel N ELT - Hi(w) ) F(2) . M F-»L }
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Figure 2.6: Block diagram of an uncoded, complex-valued 2 x 2 MIMO communication system in the equivalent
complex baseband (ECB) representation. In the transmitter, binary source symbols q[k] € Fy are mapped (M)
to the data symbols a[k] taken from the signal constellation \A. Then, the data symbols are modulated via
the transmit pulse Hr(w) to the ECB transmit signal s(t) € C2. On the receive-side, the cascade is passed
in reverse order. The receive signal r(t) € C? is demodulated using the (matched filter) receiver frond-end
Hg(w) = ELT - H%(w) and sampled at ¢t = kT to obtain the discrete-time receive symbols y[k]. Residual inter-

symbol interference induced by the channel is equalized by the discrete-time part F'(z) € C?*2. The processed
receive symbols are de-mapped (i.e., inverse mapping) to recover an estimate of the source sequence q[«].

ferent from the one used to describe signal evolution. Throughout the thesis, we use four-
dimensional (4D) modulation formats (D = 4). Important digital modulation formats in the
2D signal space (D = 2) such as quadrature amplitude modulation (QAM) will be included as
special cases if we consider independent modulation in two polarizations, namely polarization-
division multiplex (PDM).

Bit-to-Symbol Mapping The binary source sequence ( ¢[K| ) is partitioned into binary tuples
of length R,,, such that

q[k] = [ql[k]> q2[k]7 <y 9Rm [k] ]T € {07 l}Rm ) (2-70)

where k € 7 is the discrete-time index of the data symbols a[k|. Here, Ry, is called the rate
of the modulation and will be equivalent to the number of bits per transmitted data symbol
(neglecting channel coding and assuming that the size of the symbol set is a power of two).
Each R,,-tuple is associated with one of the possible data symbols a = [a;, as]" = [ax,ay]" €
A C C?, ie., with one of the constellation points. In other words, the binary R,,-tuples are
mapped to the data symbols a € A by a bijective mapping rule M : q — a.

The size of the data symbol set is M = | A| = 2% and we can write the alphabet as set

A= {ay,...,ay} C C* (2.71)

The symbol set is zero mean if not stated otherwise, that is E{ a } L 0, and we deliberately
normalize, without loss of generality, the variance of the symbol set to unity

02 “E{la —E{a}|’} =E{|al*} =1, (2.72)

where expectation is denoted by E{ - } and the Euclidean vector norm is ||a|® = a,a’ + a,a;.
If we consider WDM, cf. Section 3.2, we denote the data symbols of interfering wavelength
channels* by b, [k] where the integer subscript v € {1,2,..., Ny, } is the wavelength channel

number, and Ny, is the number of wavelength channels.

*The term channel can refer to the physical (fiber) channel, i.e., the transmission medium, or in the con-
text of WDM transmission to a wavelength channel, i.e., the transmitter/receiver pair at different center wave-
lengths/frequencies.
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If signal shaping [Fis02] is not present and ( q[K] ) is i.i.d. uniform, all data symbols occur
with the same probability Pr{ a,, } = 1/M, ¥V m and (2.72) simplifies to

2= LS gt L1 (2.73)
=— ay|| =1, :
Oa M m=1
where the variance of the sequence ( a[k]) is equal to the variance of the constellation .A.

Example 2.3: PDM 16-ary QAM

Transmission of PDM 16-ary QAM with a 4D cardinality M = 256 is considered. The two
polarizations are transmitted independently, i.e., tuples of R, = log,(M) = 8 bits are mapped
into two 16-QAM sets using a binary-reflected Gray labeling (BRGL) rule for each set [SA15,
Fig. 2.14 (b)].

1 S 1 O
a1, d2, 93, 94] [a5, d6, q7, ds]
[ ] [ [ ] [ [ ] [ ] [ ] [ ]
0.51 [oo1o] [o110] [1110]  [1010] 0.51 [oo10] [or10] [1110] [1010]
T [ J [ J [ ] o T [ ] [ ] [ ] [ ]
~ % [oo11] = [o111] [1111] [1011] “~ % [oo11] [o111] [1111] [1011]
S) Sh
= ) ) ) ) = ) ) ) )
= [ooo1] [or01] [1101] [1r001] — [ooo1] [o1r01] [11r01] [1001]
—0.5 -0.5
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
[oooo]  [0o100] [1100] [1000] [0000] [0100] [1100] [1000]
-1 T T T T T T T -1 T - - - - - -
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Re{ax } — Re{a, } —

Figure 2.7: Two-dimensional projections of the data symbols a = [ay, a,]T € A with PDM 16-ary
QAM and Gray-labeling per polarization. The variance of the signal constellation o2 is normalized
to unity variance, no shaping assumed.

In Figure 2.7, the two-dimensional projections of the data symbols are shown. The symbols in
the x-polarizations are addressed by [q1, 42, q3, q4] 7, and the symbols in the y-polarization are
addressed independently by [qs, q6, q7, qs] T. Since no shaping is considered, we see that the
variance of the signal constellation is o2 = 1 (the circle in Figure 2.7 has radius 1/1/2).

Modulation The discrete-time data symbols a|k| are converted to the continuous-time trans-
mit signal s(¢) by means of pulse-shaping constituting the digital-to-analog (D/A) transition.
The (linear) properties of the real, physical converter may conceptually be included in the
pulse-shape. We can express the transmit signal s(t) = [s1(), s2(£)]7 = [s.(t), sy(t)]T € C?
as a function of the data symbols with [Fis02, (2.1.1)]

s(t) =T alklhr(t — kT), (2.74)
keZ

where s(t) is a superposition of a time-shifted (with symbol period T') basic pulses hr(t)
weighted by the data symbols.
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Since hr(t) has units s~! (cf. Section 2.1.3), the pre-factor T is required to preserve a di-
mensionless signal in the continuous-time domain (cf. [Fis02, P. 11] or [KamO08, P. 230]). For the
transmit (and respectively for the receive filter) we may also use the dimensionless entity—the
basic pulse shape, given as

gr(t) =T - ha(t) . (2.75)

In a WDM scenario, the transmitter of interest (i.e., the probe channel) transmits at the
symbol rate Ry = 1/T. To keep the derivations in the following chapters tractable, all other
wavelength channels transmit at the same symbol rate as the probe channel’.

The pulse energy Er is given by [Fis02, Eq. (2.2.22)]

oo 1 o)
Er = / T - ho(t)]?dt = 7/ 1T - Hy(w)|*dw . (2.76)
—00 ™ J—00

The pulse energy Er has the unit seconds due to the normalization, see above.
Using the symbol energy Es = o2 FEr, the average signal power P (later equivalent to the
optical signal power in two polarizations) calculates to [Fis02, Eq. (4.1.1)]

2

Pd_“T/ E{|[s(t)|*}dt = j‘jEngf. (2.77)
Here, we use the cyclo-stationary property of s(t) and average the expectation over a single
symbol period. Since, see above, the variance of the data symbols 02 is fixed to 1, the transmit
power P is directly adjusted via the pulse energy Er. The corresponding quantities related to
one of the other wavelength channels is indicated by the subscript v.

We assume that the transmit pulse has y/Nyquist property. In frequency domain, the trans-
mit pulse shape gr(t) o—® Gr(w) has Nyquist property if the squared magnitude of the periodic
continuation Y,,c; |Gr(w — 222)|* sums up to a constant for all w € R [Fis02, Eq. (2.2.4)].
This can be expressed in both frequency and time domain as

2 2
> T Hr(w — Lm =Y |Gr(w— 7T—m)|2 = 21 BT = const. (2.78)
meZ T meZ

PasVT) = gr(t) # g1 (Dl = B8, AEZ. (279)

In time domain, the \/Nyquist property of gr(t) translates to the (first) Nyquist criterion ap-
plied to the autocorrelation ¢ ,(AT") of the pulse gr(t). That is, the autocorrelation ¢y,(t),
evaluated at integer multiples A € Z of the symbol period T, equals the Dirac sequence 5[],
i.e., it is always zero unless A = 0.

The root-raised cosine (RRC) shape fulfills the properties in (2.78), (2.79) and can be ob-
tained from the raised cosine (RC) by Hype(w) = 1/ Hre(w) with [PS08, P. 608]

1, 0< |w| < 422
Hpo(w) =ce -3 3 (1 + cos (21(|w| 2Tp))> (1_p)7r <w< % , (2.80)
0, \w\ > (Lo

>The considerations in the following are not restricted to the assumption of equal symbol rates over all wave-
length channels; the derived results can generalized.
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Figure 2.8: Transmit pulse shape for the (normalized) RRC pulse shape in time and frequency domain with
roll-off factor p = {0,0.2,0.5, 1 }.

where 0 < p < 1 is the roll-off factor, which can be used to adjust the bandwidth of the probe
signal. The leading constant ¢, is a normalization constant that can be varied to adjust the
pulse energy Er (or later the optical launch power).

The signal bandwidth is defined as the width of the spectral support of the communication
signal, i.e., the transmission band

BE {w|Hr(w) £0}, (2.81)
which yields for RC and RRC pulse shapes
B = Ry(1+p). (2.82)

Accordingly, in the next chapter, the bandwidth B will be equivalent to the bandwidth of the
carrier-modulated signal at the beginning of the transmission link in the optical domain.

In Figure 2.8, the RRC pulse hppc(t) 0 Hyre(w) is shown for a number of different roll-
off factors. A small roll-off factor comes at the expense of stronger overshoots during the
symbol transition and thus a continuous-time signal with higher peak-to-average power ratio.
On the other hand, in the frequency domain, it is apparent that a small roll-off factor increases
the spectral efficiency (also bandwidth efficiency), defined as

r d:ef & unc&ded Rm blt/S
B 1+p Hz |’

where the (gross) data rate Ry is equal to Ry, Ry for transmission without error-correction

(2.83)

coding and signal shaping.

In Figure 2.9, we show the autocorrelation function ¢4, (¢) and the periodic continuation
corresponding to the RRC shape gr(t) = T - hgpc(t) with roll-off factor p = 0.2, cf. (2.78),
(2.79). This property will become relevant in the deviation of the discrete-time end-to-end

channel model in the subsequent chapters.

2.2.2 2 x 2 MIMO AWGN Channel

If only linear effects are considered during fiber-optic transmission, cf. Section 3.3.3, it is suf-
ficient to describe the channel via a complex-valued 2 x 2 transfer matrix [Kar14]. This sys-
tem description results in the so-called Jones calculus which allows to express any physical
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Figure 2.9: The autocorrelation function ¢y, (t) (left) and the squared magnitude |Gt (w)|? (right) of the basic
pulse with RRC shape and roll-off factor p = 0.2. The autocorrelation function meets the first Nyquist criterion
(cf. bullet markers), and vice-versa, the periodic continuation, i.e., the sum of all shifted (by 27 R;) squared mag-

nitudes |G (w)|? (fundamental spectrum in red and shifted ones in gray), adds up to a constant (dashed black
line).
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Figure 2.10: Block diagram of the complex-valued 2 x 2 inter-symbol interference transmission model and the
derived discrete-time end-to-end channel, adapted from [Fis02, Fig. 2.3].

transformation of the electromagnetic field. The more general system description using the
real-valued 4 x 4 signal space is a useful extension to the Jones calculus, e.g., for DSP, but is
in principle not required to model fiber-optic transmission. A short introduction to the Jones
formalism is given in the Appendix A.1.

In Figure 2.10, we show the block diagram of the complex-valued 2 x 2 linear, dispersive
channel with AWGN at the channel output. The two complex components of the transmit
signal s(t) are transmitted over the channel characterized by its complex-valued 2 x 2 channel
impulse response and transfer function, interrelated by a Fourier transform according to

e = D) hezio) < e 2
{
Holw) = |4 Homor] €€ 25

We neglect any effects of polarization dependent loss (PDL), and assume that the complex-
valued channel matrix is unitary within the transmission band of the signal, i.e., the channel
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transfer function must satisfy [Kar14]
HG'(w) = HY (W) < |det (He(w))|=1, VweB. (2.86)

We can understand the distortions introduced by the channel matrix as dispersive causing,
e.g., inter-symbol interference (ISI), and as complex-valued rotations in C?, later termed po-
larization rotations. One instance of a channel matrix is given by chromatic dispersion, ct. Sec-
tion 3.3.2, which effects both polarizations equally (hcx(t) = hcyy(t)) and induces no po-
larization cross-talk (hcyy(t) = hcyx(t) = 0), i.e., the channel matrix reduces to a scalar.
Both dispersion- and polarization-related effects are typically compensated using receiver-
side equalization methods, see [Sav10] for an overview.

The transmit signal is inflicted with stationary, complex-valued, Gaussian noise in each
of the two components n(t) = [ni(t),n2(t)]" at the channel output. We define the noise
correlation matrix ,,, (T) as

(7)) =E{n(t+ 1) n" ()} "EN Ny 5(r) I (2.87)

:

b, (W) = Froo{E{nt+7)n"t)}} AWEN NoT = const,, YV w, (2.88)

which is interrelated to the average power spectral density (PSD) of the noise @,,,,(w) via the
Fourier transform. We assume that the noise is independent of the transmit signal and white
within and between the two complex components. Using the AWGN assumption we find that
the noise PSD is constant in frequency. This results in a constant value Ny on the main diagonal
(i.e., same noise power in both polarizations) of the PSD matrix ®,,,(w) and a zero value for
the x/y cross-terms.

In analogy to the conventional complex-valued AWGN system model, we denote the noise
PSD per complex dimension by the constant N, and, conversely, the noise PSD per real di-
mension (i.e., per quadrature) is Ny /2. The total noise PSD in two components (i.e., four real
dimensions) is equal to the trace of ®,,,,(w) and equals 2Ny using the AWGN assumption.

The receive signal r(¢) can hence be written as

r(t) = ho(t) * s(t) + n(t) (2.89)

:

R(w) = Ho(w) S(w) + N(w). (2.90)

The objective of the receiver is then to detect the received signal and recover the transmitted
information sequence ( q ).

2.2.3 Receiver Front-end

For the moment, we will neglect the effects of signal dispersion and polarization rotation, in-
troduced by the channel matrix, and only consider the ISI-free AWGN channel. We assume
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that the transmit pulse-shape gr(t¢) has \/Nyquist property. Then, the receiver filter that max-
imizes the signal-to-noise ratio (SNR) after detection is the matched filter w.r.t. the transmit
pulse given as [Fis02]

T
hi' () & (1) (2.9)
T
T
HY'"(w) = £ Hi(w). (2.92)
T
The leading factor ELT is a scaling factor to re-normalize the received sequence after sam-

pling to the variance of the transmit sequence 2. Assuming an ISI-free channel, the trans-
mit/receive filter cascade has an overall Nyquist impulse response.

Using the matched-filter receiver front-end and taking the (unitary) channel matrix H (w)
into account, the linear end-to-end channel cascade is defined as

H(w) T He(w) He(w) Hy'™ (w) . (2.93)

We arrive at the discrete-time end-to-end transfer function between the transmit sequence
and receive sequence written as [Fis02, (2.1.7a)]

) 2
H(e*") = Auas,,, { H(w Z H(w-— %) (2.94)
mGZ
2mm 2mm MF) 2mm
—ZT HT<(U—) H¢ (w—) HY (w—) (2.95)
mEZ T T " T
2mm 2mm 2mm

T (o= ) e (- 2 (-2 g

T mez T T ! T

where H (7)) = H (z)|___.r is the periodic continuation of the end-to-end channel cascade.

In Figure 2.10, the block diagram of the discrete-time end-to-end equivalent is shown,
including the channel matrix H (z) and the discrete-time noise equivalent n[k]. The noise
PSD matrix of the discrete-time sequence (n[k] ) is [Fis02, (2.1.7b)]

2 2 2

&, (e*T) = - Z &, (w ~ m) ’HQ"F’ <w ~ 7;”) (2.97)

meZ

2 2
I S| HS™ ( 7;”) (2.98)
meZ
No

L | 2.99
oL, (299)

where we used that the noise PSD is white, i.e., @(w) = Npl, and that the receive filter
(matched to the transmit basic pulse) also fulfills the \/Nyquist property in (2.78).

Under the white noise assumption, the (dimensionless) noise variance of the discrete-time
Gaussian process in four dimensions then reads [Fis02, 2.2.6]

No

T - N,
o2 = o /Ttrace (@nn(eJ“T)) dw = trace (EOI> = ZE—T,

T

(2.100)
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where—by assumption—the variance per real dimension is o7, y = o7, /4.
We can now give a formal definition of the SNR in 4D with

def s 0'2
N —y (2.101)
O-TL

as the ratio between the signal energy in 4D and 2N, which translates to the ratio between
the 4D variance of the transmit and the noise sequence. For completeness, we also give the
definition of the SNR per real dimension as

2

. g
SNRy & —sd _ “ad 2.102

which is the relevant metric for real-valued transmission. Here, we used the corresponding
quantities per real dimension, i.e., symbol energy per real-dimension £ 4 and variance per
real-dimension.

The Shannon capacity (or Shannon limit) is the upper bound of the transmission rate over
the AWGN channel at which error-free communication is possible—achieved for Gaussian-
distributed input.

The Shannon capacity in bits per real dimension (b/1D) is given as [Sha48]

2

1 1 E; 1 (o
Clo/ip) = 3 log, (1 4+SNRy) = 5 log, (1 + N07/d2> =5 log, (1 + 02’d> . (2.103)
n,d

In analogy, we define the capacity over the complex-valued 2 x 2 AWGN channel (in bits per
four dimensions) as

g

Ej 2
Cbjap) = 2 -1ogy (1 +SNR) = 2 - log, (1 + 2N0> =2 -log, (1 + U;) : (2.104)

In Figure 2.11, the Shannon capacity per four dimensions is shown together with the constellation-
constrained capacity for PDM { 4, 16,64 }-ary QAM, i.e., the upper limit of achievable infor-
mation rate given the respective QAM format at the channel input.
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Figure 2.11: Shannon capacity (solid) and constellation-constrained capacities (dashed) of PDM { 4, 16, 64 }-ary
QAM over the complex-valued 2 x 2 AWGN channel. The capacity C'is given in bit per (4D) symbol and the SNR
in dB is expressed via the ratio of the (4D) symbol energy E5 over the (one-sided) noise power spectral density

Ny (left). The same quantities are also shown over the ratio between the energy per information bit Fr, and Ny
in dB for uncoded transmission.
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2. Foundations and Basic Concepts
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3. Principles of Fiber-Optic Transmission

This chapter concerns with the principal effects of fiber-optic transmission.

It first reviews the concept of the optical field envelope in Section 3.1. The optical field
envelope is the equivalent in optical communication to the complex baseband signal. The main
approximations and assumptions to arrive at the baseband signal and system description are
briefly reviewed.

In Section 3.2, we extend the signal model to frequency-multiplexed signals which is
historically termed wavelength-division multiplexing (WDM) in the optical communications
community.

In the last Section, the signal evolution equation, i.e., the Manakov equation and some
fundamental transmission effects are reviewed. This includes chromatic dispersion, signal at-
tenuation and (common) amplification schemes, and the nonlinear Kerr effect.

This chapter forms the basis for the topics dealing with the perturbation-based channel
models developed in the following two chapters.

3.1 The Optical Field Envelope

The two-dimensional complex vector u(z,t) = [ux(z,t), u,(z,t)]" € C? in Jones space [Jon41]
is associated with the transverse electric field component of a plane electro-magnetic wave
propagating in z-direction. The two components of the Jones vector u,(z,t) and u,(z,t) rep-
resent the x- and y-components, i.e., the two polarizations of the electric field. In practice, the
electric field is modeled as a continuous-time stochastic process, where u(z, t) is a particular
realization of that process with dependency on the time variable ¢ and spatial direction z.

Similar to radio-frequency transmission, the quantity u(z,t) € C? is in fact the equivalent
complex baseband (ECB) representation of the real-valued electric field. In the optics com-
munity, u(z,t) is denoted optical field envelope and its relation to the real optical field in the
passband domain is given by

Uo(2,1) = V2Re{u(z,t) e0t-i8Ew0)=1 c R2. (3.1)
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with the center frequency (of the signaling regime of interest) wy = 27 fy. The center fre-
quency wy typically coincides with the carrier frequency of the probe signal (i.e., the signal or
channel of interest) which is in the order of 184 THz to 237 THz in optical telecommunication.

Example 3.1: RRC baseband and passband pulse subject to chromatic dispersion

A preliminary example of the optical field uy o(2,t) € R and the optical field envelope uy(z,t) €
C in one polarization subject to chromatic dispersion is sketched in Figure 3.1.

1.5 e T
L 1 <ot
1 . 11 P2 <0f
T 0.5 : : T 0.5 : front of the pulse back of the pulse :
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Figure 3.1: Illustration of the optical field envelope (in one polarization) u,(z,t) and the real-valued
optical field uy (z,t) at the carrier frequency wy > 27 B (in the drawing, the oscillation of the carrier
frequency wy is heavily understated, and orders of magnitude higher in practice). The envelope of a
single RRC pulse with roll-off factor p = 0.2 is shown at z = 0 at the input of a transmission link
(left). After propagation (right), the initial pulse is dispersed, here shown at z = 4Lp where Lp is
the so-called dispersion length, see Section 3.3.2. Only second-order dispersion assumed, group delay
canceled by the retarded time-frame, and constant phase rotation is §(4Lp,wq) = 0.

The initial baseband pulse at z = 0 is real-valued and has an RRC shape with roll-off factor
p = 0.2. The baseband signal is modulated to the (high-frequency) optical passband signal at
carrier frequency wg > 27 B, with the signal bandwidth B. After transmission at z = 4Lp (a
formal definition of the so-called dispersion length Lp will be given in Section 3.3.2), the optical
pulse is dispersed, i.e., the pulse is temporally broadened w.r.t. its initial shape. In the anomalous
dispersion regime (i.e., at the typical telecommunication wavelength), high-frequency compo-
nents of an optical pulse travel faster (to the temporal front of the pulse) than low-frequency
components of the same pulse. This can be seen in Figure 3.1 (right) recognizing that the pass-
band signal (gray trace) has higher frequency components in the temporal front, and lower
frequency components in the temporal back.

The main difference to the classical ECB representation, cf., e.g., [PS08, Fis02], is the ad-
ditional term appearing in the complex exponential which depends on the so-termed (space-
and frequency-dependent) common propagation constant 3(z,w), where the term “common”
relates to the x- and y-component of the electric field. Just like wy/(27) measures the number
of oscillation of the electric field per unit time, 5(z,wp)/(27) measures the number of field
oscillations per unit length in z-direction. By only considering the optical field envelope, i.e.,
by using the (generalized) ECB representation, this (trivial) phase rotation at arbitrary (fixed)
position zj is removed.

The frequency-dependency of the propagation constant /3(z, w) is the source for the disper-
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sive nature of light—the predominant, linear distortion in optical communication. An in-depth
discussion on chromatic dispersion will be provided in Section 3.3.2.

In writing (3.1), we already made use of a number of common assumptions which go be-
yond the conventional ECB representation. The required transformations on the optical signal
and the corresponding systems to model optical field propagation over a single-mode fiber can
be found in many popular textbooks on that topic (see, e.g., [Agr02,Sei09,Agr10,Kam13,KD14]).
We briefly summarize these assumptions in the following paragraphs.

Plane Wave Approximation The plane wave approximation allows us to consider only the
longitudinal z-dependence of the optical field (no transversal field components into the z-
and y-direction, cf. [Men89]). The z-direction is the direction of propagation along the fiber,
depicted as a straight line/link from the transmitter at 2 = 0 to the receiver at z = L.

Slowly Varying Amplitude Approximation The slowly varying amplitude approximation, cf.
[Agr10, Eq. (2.4.5)], assumes that the envelope u(z,t) changes only slowly in time compared
to the order of the carrier period 1/ fo. In other words, the spectrum of the signal is narrow-
banded (compared to the carrier frequency) and we have Bypy < fo, where By is the full
spectral bandwidth of the signal under consideration (including co-propagating wavelength
channels, see Section 3.2 on WDM). E.g., at the typical communication wavelength \g = ¢/ fj
of 1550 nm, the ratio between the bandwidth B = R,(1 + p) of a single wavelength channel
and the carrier frequency f; = 193.4 THz is in the order of 1/2500 for Ry = 64 GBd and
p = 0.2. Hence, even when hundreds of such wavelength channels are included in the same
ECB signal, the approximation is still valid.

Quasi-monochromatic Approximation The quasi-monochromatic approximation, cf. [Agr10,
Eq. (2.4.4)], extends the former to the space- and frequency-dependent common propagation
constant 3(z,w), which is expanded into a Taylor series in the vicinity of the center frequency
wo. The real optical field u,(z,t) can then be separated into its (temporal and spatial) carrier
elw0t=if(zw0)z and the envelope u(z,t). The evolution of the optical field is solely described
by considering its envelope. Then, the evolution equation in the baseband description (i.e.,
the system description which will be used in this work) is solely determined by the Taylor
coefficients of 3(z,w) developed at wy.

The Taylor series expansion of the propagation constant (2, w) w.r.t. w (in the passband
domain) reads

1 1
B(z,w) = Po(2) + f1(2)(w —wo) + §ﬁg(z)(w —wo)? + 663(2)@) —wo)?+..., (32
with the partial derivatives represented by the coefficients [Agr10, Eq. (2.4.4)]

st 0"B(z,w)

Bul2) dwn

, neN. (3.3)

w=wq

We also introduce the following notation to denote path-average Taylor coefficients

Bn = Z /OL ﬁn(z) dz. (3.4)
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which will turn out to be practical when describing path-average quantities in the following
sections.
The zero'™-order coefficient is given by

Bo(2) = B(z,wo) , (3.5)

which measures the number of oscillation per unit length into the longitudinal direction. This
(frequency-independent) oscillation in z-direction by e #(*<0)# is removed from the optical
field envelope u(z,t) (i.e., the optical baseband signal) following the ansatz in (3.1).

The first-order Taylor coefficient reads

Bi(z) = Ewai:“) , (3.6)

w=wo

and has units s/m. The (path-average) first-order coefficient relates inversely to the (path-
average) group velocity at the center frequency wy given by [Agr10, Eq. (2.3.1)]

ef 1
Vg(wo) = B
1

As a result, a spectral component at w, propagates from the fiber input at z = 0 to the output

(3.7)

at z = L within L/v4(w) seconds.
The second-order Taylor coefficient is

_ 0?B(z,w)

Ow? ’
w=wo

B2(2) (3.8)

and quantifies the dependency of the group-velocity on the frequency deviation from wy.
This dependency gives rise to chromatic dispersion, and the Taylor coefficient is hence termed
group velocity dispersion (GVD) parameter. The (path-average) GVD parameter (3, has a zero-
crossing for typical standard single-mode fibers (SSMFs) at the zero dispersion wavelength
Azp ~ 1276 nm. The transmission regime for shorter wavelengths is termed normal dis-
persion regime with 3, > 0, and the transmission regime for longer wavelengths (i.e., also
at typical communication wavelengths) is termed anomalous dispersion regime with 3, < 0,
cf. [Agr10, P. 41].

The GVD parameter 35(z) has units of s?/m or s/Hz/m, however, for historical reasons
chromatic dispersion is often quantified in terms of wavelength separation instead of fre-
quency separation from wy. The corresponding (path-average) dispersion parameter in terms
of wavelength is [Agr10, Eq. (2.3.5)]

_ 2me =
DGVD = _vﬁl (3-9)
0

A typical value for the GVD parameter is 5, = —21.4 ps?/km at Ay = 1550 nm, which in turn
corresponds to Dgyp, = 16.8 ps /nm/km.
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The third-order Taylor coefficient reads

_ PB(z,w)

Ow3 ’
w=wo

Bs(2) (3.10)

and is known as the dispersion-slope parameter. Higher order terms of the Taylor expansion are
usually negligible and dispersion-slope only becomes relevant when (3(z) approaches zero,
i.e., close to the zero-dispersion wavelength. The implications of dispersion in fiber transmis-
sion systems will be discussed in detail in Section 3.3.

Example 3.2: Taylor series expansion of 3(z,w)

Transmission in the so-called C-band (conventional operation regime of erbium-doped fiber
amplifiers (EDFAs)) spans a wavelength range from 1530 to 1565 ni, i.e., a transmission window
of 35 nm, which is equivalent to a total bandwidth of 4.375 THz. This supports a total of
Na, = 87 wavelength channels each having a 50 GHz slot. The center frequency is fo ~
193.4 THz (Ag = 1550 nm) and the ratio between the total bandwidth and the carrier frequency
is approximately 1/50, i.e., the signal is still narrow-banded compared to its carrier frequency. In
that frequency region, 5(z,w) can be well approximated with only two Taylor coefficients 51 (z)
and fB2(z). The third Taylor coefficient 53(z) becomes only relevant if the center wavelength
Ao = ¢/wy is close to the zero dispersion wavelength \zp ~ 1276 nm where 53(z) — 0.

Retarded Time Frame To make the mathematical treatment of the 2- and ¢-dependent optical
field envelope u(z, t) in the upcoming sections more tractable, the accumulated (path-average)
timing delay z/v,(wy) of the optical field at the center frequency wy is canceled out by con-
sidering signal evolution in the so-termed retarded time frame.

The retarded time frame is defined as [Agr10, Eq. (2.4.8)]

def

t =t — z/vg(wo), (3.11)
where t' is the original, un-retarded time base of the real optical field. The retarded time frame
can be imagined as a reference time frame that moves at the path-average group velocity
Vg(wp) of the probe channel with increasing z (we assume that the probe channel is centered
atwyp). At fixed z, e.g., at the receiver with z = L, the end-to-end retardation of the probe signal
can be modeled (if required) as a linear contribution of the overall system’s phase response.

As a consequence, the average group delay of the probe signal is removed from the propa-
gation equation. This has, e.g., already been used in Figure 3.1 where no group delay is present
after propagation, i.e., the dispersed pulse at z = 4L is still centered around ¢ /7" = 0. Simi-
larly, the (linear) impulse response of the optical end-to-end system will be centered att /T = 0
since the (average) timing delay has been removed from the propagation equation, see Section
3.3.

All wavelength channels other than the probe channel experience a residual timing delay
after transmission relative to t/7" = 0 due to chromatic dispersion, see Section 3.3.2.
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Example 3.3: Group delay

A pulse centered at wy = 27 - 193.4 THz (i.e., \g = 1550 nm) propagating over a SSMF (e.g.,
according to the ITU recommendation G.652) with refractive index of 1.4682 at wy has a (path-
average) group velocity of

1 C

~
~

B 1.4682

Vg (wo) = ~ 204.190 m/us ,

and is delayed by 31 L ~ 489.73 us for L = 100 km. This average group delay at wy is canceled
in the signal’s baseband description by considering the retarded time frame.

If a second pulse centered at a different frequency wy + Aw is launched over the same fiber,
it is delayed by a different amount if vg(wp) # vg(wo + Aw), i.e., if any of the higher order
dispersion coefficients (3,,(z) is different form zero. This frequency-dependent delay is modeled
in baseband by considering higher-order dispersion coefficients.

E.g., in a SSMF according to G.652, the refractive index at 228 THz (i.e., 1310 nm) is 1.4677.
A pulse centered at this frequency is instead delayed by 489.57 ps. In the ECB model using
the retarded time frame, only the relative delay between the two pulses is considered. E.g., the
second pulse at the relatively higher frequency will be delayed w.r.t. the first pulse at wg by
T~ —0.16 ps.

Local Birefringence Coordinate Transformation Transmission of a dual-polarized signal over
a fiber is subject to birefringence, i.e., the local refractive index of the fiber core may vary for
the x- and the y-polarization. This is caused by the anisotropy of the core material or, e.g.,
mechanical stress applied to the fiber.

To ease the analysis, we treat the optical field envelope u(z,t) as a transformed signal
representation where the influence of the local, frequency-independent birefringence is can-
celed from the propagation equation using a suited (2-dependent) coordinate transformation,
see, e.g., [MMO06, Sec. B]. In doing so, only differential polarization rotations (what will be
introduced as first- and higher-order polarization-mode dispersion in the next section) are still
present.

The details of this coordinate transformation are discussed in the Appendix A.1.
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3.2  Wavelength-Division Multiplexing

One of the main constraints of fiber-optical transmission systems is the bandwidth of elec-
tronic devices which is orders of magnitude smaller than the available bandwidth of optical
fibers. It is hence routine to use wavelength-division multiplexing (WDM), where a number
of so-called wavelength channels are transmitted simultaneously over the same fiber. Each
wavelength signal is modulated on an individual laser operated at a certain wavelength (or
respectively at a certain frequency) such that neighboring signals do not share the same fre-
quency band when transmitted jointly over the same fiber medium.

We assume, that each wavelength channel comprises essentially the same transmit and
receive frond-end as discussed in Section 2.2 on the linear, point-to-point system model. We
continue to use the same nomenclature also for the following considerations, but add the
optical domain as part of the transmission channel.

The nonlinear property of the fiber-optical transmission medium is the source of nonlin-
ear interference within and between different wavelength channels, so-called signal-to-signal
nonlinear interference. To ease the analysis, the accumulated nonlinear distortion on a single
selected wavelength channel in the neighborhood of other wavelength channels is considered.
The channel under consideration is called probe channel, while co-propagating wavelength
channels are called interfering channel.

When modeling transmission of a WDM signal comprising multiple wavelength channels,
both signal and system description is done using the ECB domain introduced in the previous
section. The individual wavelength ECB signals are conceptionally combined into a single,
comb-shaped communication signal which is then used to model the joint transmission of all
wavelength signals at once.

Figure 3.2 shows the block diagram of a coherent optical transmission system exemplifying
the digital, analog, and optical domains of a probe wavelength channel in the neighborhood of
other wavelength channels. Both the digital and analog domain remain the same as compared

Figure 3.2: Equivalent complex baseband model of a point-to-point fiber-optical transmission system [FFF20].
The individual wavelength channels have a transmit and receive front-end similar to the previous chapter. At the
beginning of the optical transmission link, the optical probe signal u, (0, t) is combined with the co-propagating
wavelength signals u, (0, t) to be transmitted jointly over the transmission link. The link consists of Ny, spans,
each a cascade of fiber of length Lg, and optical amplifier (OA). On the receive-side at z = L, the probe signal
is selected via a suited channel selection filter, and post-processed in the analog and digital domain.
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to Section 2.2. We now focus on the optical domain.
The probe signal in the optical domain u,(z, t) is denoted by a subscript

pE{l,Q,...,NGh}, (3.12)
whereas interferer signals u, (z,t) are labeled by the channel index v with
ve{l,2,...,Na|v#p}, (3.13)

where N, is the total number of wavelength channels considered.

The electrical-to-optical (E/O) conversion is assumed to be ideal. This corresponds to a
lossless and frequency-flat dual-polarization (DP) inphase-quadrature (IQ) converter such that
the analog baseband signal is ideally mixed to its respective carrier frequency. Again, the
linear characteristics of the converter can be modeled as part of the analog frond-end of the
individual wavelength channels, if necessary.

ejAw,/t
b,k J(t u,, (0, 1)
Al T Hr,(w) L ®
A, C? C?
(]Jvupl =1
alk): sp(t) 3 up(0,t) ¥ u(0,t)
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Figure 3.3: Modulation of the probe’s electrical transmit signal s, (¢) to the optical field envelope u,(0,t) via
ideal (i.e., lossless and frequency-flat) DP-1Q conversion and mixing to the target carrier frequency. The probe’s
optical transmit signal is ideally combined with the modulated optical signals of the remaining N, —1 wave-
length channels to obtain the WDM signal u(0,¢). The joint operation is denoted as WDM in the equivalent
block diagram.

The transmitter front-end of the WDM communication signal is shown in Figure 3.3. The
two elements of the analog transmit signal s, (¢) are converted to the modulated optical signals
in the x- and y-polarization. The optical field envelope u,(z,t) of each wavelength channel is

u,(0,1) = s,(t) exp(jAw,t) (3.14)

modulated at Aw, relative to the center frequency such that the (passband) carrier frequency
is w, = wp + Aw,. The carrier frequency of the probe channel wj, typically coincides with w
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such that Aw, = 0 and u,(0,t) = s,(t). This also implies that the group delay of the probe
channel is already canceled from the propagation equation.

In this simplified view, all co-propagating wavelength channels are co-polarized and share
the same common phase at the input of the link. An additional phase term and birefringent
element can be used in (3.14) to invoke a random initial phase and polarization state for each
wavelength channel. Beyond that, laser phase noise (PN), both on the transmit and receive
end, is not considered at this point to focus only on deterministic effects; that is, nonlinear
signal-to-signal interference in the following chapter.

The N, wavelength signals u,, (0, ¢) at z = 0 are combined by an ideal optical multiplexer
to a single WDM signal. The optical field envelope of the signal comb is given by

Necn Necn

Zuy 0,) =Y s,(t) exp(jAw,t) (3.15)
v=1
f
f U, ( i Sy (w—Aw,), (3.16)

with the Fourier pairs s, (t) o S, (w) and u(0,t) oo U (0,w). Since Aw, = 0, we can write
the optical field also as

u(0,t) = WDM{ s, (t) } = s,(t) + > _ 8,(t) exp(jAw,t) . (3.17)
vF#p

In analogy to the spectral support of a single wavelength channel in its baseband B,,, see (2.81),
we define the WDM transmission band as

By = {W ‘ HT,V(W - AWV) # 0, VV} . (3.18)

The total bandwidth of the WDM signal By, is defined as the width of the closed interval

min max ] __ min max
[WWDM? wWDM] - {w S BWDM Wywbm S w < Wwpm (3-19)
i.e., we have
def  max min
Bwon = WwpMm — Wwpwm - (3.20)
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3.3 The Fundamental Evolution Equation

The propagation of the optical baseband signal u(z, t) is governed by the Manakov equation. It
is a coupled set of partial differential equations in time domain which combines the dominating
effects governing the propagation of the optical signal—chromatic dispersion, signal power (or
equivalently field amplitude) variation, and the nonlinear Kerr interaction.

The (noiseless) Manakov equation reads [MMO06, Eq. (64)]

gzu(z,t) zj&éz)gﬁu(z,t) + Wu(z,t) —j’y(z)g |w(z,0)]*w(zt) . (3.21)

chromatic dispersion signal gain/loss optical Kerr effect

The Manakov equation is formulated in the ECB as introduced in the previous section, i.e., the
coefficients 3y(z) and the 1(z), as well as the zero-order birefringence Afy(z) have already
been removed from the evolution of the optical field envelope. We also neglect the dispersion
slope (3(z), and drop the PMD term Af;(z) and higher-order terms. To that end, the non-
linearity coefficient (z) is weighted by the factor 8/9 to account for the reduced effective
nonlinear strength due to birefringence and PMD-induced polarization mixing, see e.g., the
discussion in [MMO06, Sec. B]. We also neglect the time- (and frequency-) dependency of the
attenuation, gain, and nonlinearity coefficient. At last, a (distributed, i.e., z-dependent) noise
term n(z, t) is also not considered in the Manakov equation as we will focus on signal-to-signal
nonlinear interference.
As before, we define the path-average coefficients as

. L . L 1oL

a2 o [Ca@dc, A= [H0d BEL [TRQA. 622
L Jo L Jo L Jo

In the following, we will discuss the individual terms and the involved quantities of the Man-

akov equation in more detail.

3.3.1 Power Profile and Amplification Noise

Despite the low attenuation of optical fibers, optical amplification (OA) is required to facilitate
reliable communication over hundreds of kilometers. E.g., a typical value for the path-average
attenuation coefficient' is 10log;,(e®) = 0.2 dB/km, i.e., the signal power P is reduced over
one span of length Ly, = 80 km by the amount of 10 log;,(e~%%*») = 16 dB. In deployed metro
or long-haul transmission systems, the optical signal is typically amplified every 50-100 km.

At the same time, signal amplification adds optical amplification noise to the signal which
is the basic limit on the performance of optical transmission systems (in the linear transmission
regime). Apparently, in the context of nonlinear signal propagation the power profile of the
transmission link plays a key role, because nonlinear interactions occur essentially in the fiber
segment where the signal power is high.

IFiber attenuation is typically specified in terms of a (relative) power loss (in logarithmic scale) per distance,
i.e., here in units of dB/km. In the literature, e.g., in [Pogl2], the attenuation coefficient «(z) is sometimes also
defined as field attenuation coefficient where the factor 1/2 in the gain/loss term of (3.21) is not present.
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We assume that thermal and shot noise is negligible compared to amplified spontaneous
emission (ASE) noise [Agr02, Ch. (6.1.3)], which is a reasonable assumption if we consider, e.g.,
an optically pre-amplified receiver (i.e., an optical receiver front-end which is preceded by an
optical amplifier to boost the optical signal power before coherent reception). It is important
to note, that due to coherent reception the statistics of noise phenomena in the optical domain
are fully preserved, meaning a noise process with a circularly symmetric complex Gaussian
distribution in the optical domain maintains its characteristics in the analog electrical domain.

Neglecting all terms in the Manakov equation from (3.21) except for the amplification and
attenuation (i.e., gain and loss) term, we yield

Mu(z’ t).

ﬁu(z, t) = 5

0z
To describe the power evolution of the signal, we introduce the normalized power profile P(z)
as a function that satisfies the equation [JK13, Eq. (7)] [Agr10, Eq. (7.1.7)]
dP(z)
dz

(3.23)

= (9(2) = a(2)) P(2), (3:24)

with boundary condition P(0) = P(L) = 1, i.e., the last optical amplifier resets the signal
power to the transmit power?. The z-dependence of (z) allows for varying attenuation co-
efficients over, e.g., different fiber segments or spans. We may also define the logarithmic
gain/loss profile as

5(2) = (P(2)) = [ (9(0) — al¢)) d. (3.29)

The last expression in (3.25) is obtained by solving (3.24) for P(z) = e9*). The boundary
conditions on P(z) immediately give the boundary condition §(0) = G(L) = 0.
The PDE in (3.23) is solved by

Ul(z,w) = U(0,w) exp (9(22)> , (3.26)

i.e., the optical field at position 2 is simply obtained by an appropriate scaling of the input
optical signal.
The effective length L.g of a transmission link of length L evaluates to

L
Leg & /0 P(¢)d¢, (3.27)

where L.g equals the length of a fictitious lossless fiber with the same integrated power (i.e.,
causing the same nonlinear impact) as the total fiber link with power/gain profile P(z). We
also define the effective length of a single span as

def Lsp —a
Ldiq,:lé e d¢ (3.28)
1 —e ks
- (3.29)
a

*This is a convenient, but not required assumption for the formulation of end-to-end channel models.
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Figure 3.4: The gain/loss profile P(z) (left) and the logarithmic gain/loss profile G(z) (right) of a lumped
and distributed optical amplification scheme for a 5 x 80 km link with path-invariant attenuation coefficient
10log;y(e®) = 0.2 dB/km, and neglecting signal gain depletion.

with path-average attenuation coefficient &. For a link with homogeneous spans and end-of-
span amplification we have Leg = Ngp Lo sp-
For a fictitious single-span link of infinite length and path-invariant attenuation, we find
that the effective length approaches its asymptotic length defined as
def

Leg,= lim L =
eff ,a Lop—00 eff,sp

(3.30)

Qrf =

For a lossless fiber span or for a very short fiber segment, we find that the effective length
is (by definition) equivalent to the span length, i.e.,

éz% Leff,sp = LE,%O Leﬁ,sp = Lsp . (331)

The quantities above will become relevant in the following Chapters when assesing the strength
and temporal scale of some (first-order) perturbative terms.

Lumped Amplification In the absence of any distributed amplification the normalized power
profile P(z) decreases exponentially between the lumped amplifier stages, see (3.26). A lumped
fiber amplifier gain can be modeled by a d-function in the local gain coefficient g(z) at the
position of each amplification stage along the link. Figure 3.4 shows the lumped amplification
scheme for a homogeneous 5 x 80 km link with end-of-span amplification.

Fiber amplifiers can be driven in either constant output power or constant gain mode. In
the constant power mode, the effective signal power is decreased gradually over a cascade of
amplifiers since at every amplifier stage ASE noise is added to the signal. The additional noise
itself is amplified at the subsequent amplifier stage. If the output power at each lumped fiber
amplifier is kept constant, then the signal experiences a reduced gain due to the amount of
ASE added in the previous stage. This phenomenon is called signal-gain depletion, cf. [GD91]
[Ghal7, Sec. II B.]. On the other hand, in constant gain mode, the overall power, i.e., the
joint signal and noise power, in the system increases over the number of amplifier stages. We
will neglect the effects of signal-gain depletion and only consider so-termed transparent spans
where noise does not reduce the effective signal gain. Alternatively, the effective loss of signal
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power can be incorporated into the model by introducing a so-called droop exponent into the
power profile P(z), cf. [BAL120].

Assuming end-of-span amplification and a path-invariant attenuation coefficient with av-
erage value @, the signal attenuation is fully compensated by a (power) gain e®/s» at the end
of each span resulting in a gain profile g(z) with

N'%p
9(2) =>_Gid(2 — z) (3.32)
=1 .
=aLly Y 8(z—iLy,), (3.33)
1=1

where (3.33) follows for homogeneous spans with equally-spaced amplifier stages at z; = i L,
and equal (logarithmic) power gain G; = oL, with¢ = 1,2, ..., Ngp,.

Amplification Noise Optical amplification inflicts the signal with ASE noise at each point
along the link where an optical amplifier is placed. This can be represented in the Manakov
equation by a (local) noise term n(z,t) = [ny(2,t),ny(2,t)]7, where the noise is assumed, in
accordance with the previous chapter, to be a zero-mean and complex circular Gaussian® in
each polarization and spatially independent for each amplifier position.

Beside signal-to-signal nonlinear interference, signal-to-noise nonlinear interference is par-
ticularly relevant for systems with in-line dispersion compensation, but is beyond the scope
of this work. We will consider only noiseless transmission of the signal and emulate, if nec-
essary, the in-line ASE noise due to fiber amplifiers by a lumped noise source located at the
end of the transmission link at 2 = L. The noise power of the equivalent noise source at the
receiver is equal to the power of the accumulated noise of the individual sources. In doing so,
signal-to-noise nonlinear interference is not considered.

The local noise autocorrelation function (ACF) of the lumped fiber amplifier at position z;
is defined as [Agr10, Eq. (7.1.5)]

G2, 7) S B{n(zi,t + T)n" (2, 1) } (3.34)
= ngps (€91 — Dhw 8(7) T, (3.35)

with the timing offset 7 € R in seconds. Here, (3.35) follows for white noise with indepen-
dent components in the x- and y-polarization centered at the passband frequency wy. The
Planck constant is defined as i = % and ngp, ; denotes the spontaneous emission factor [Agri0,
Sec. 7.2.3] of the i*" optical amplifier.

Similar to (2.88), the Fourier transform of the noise ACF w.r.t. T gives the local noise PSD
D, (2, w) = Ngp (eGi — 1)hwo I = const., Vw . (3.36)

The noise PSD is (by assumption) constant, i.e., white over all frequencies (in the vicinity
of wy, where the Taylor expansion and hence the Manakov equation is valid) and equally

3Note, that the transformation to the retarded time frame by ¢t = ¢’ — 3z, or unitary transformation to the
local birefringence coordinate system do not affect the Gaussianity or whiteness of the process and the following
considerations still hold.



60 3. Principles of Fiber-Optic Transmission

distributed over both polarizations. This noise model is justified because we assume that the
OA bandwidth is much larger than the bandwidth of a single wavelength channel and also
beyond the processing capabilities of any practical receiver. Note, however, that the noise
PSD depends on the center frequency wy which coincides with the carrier frequency of the
ECB model, and is strictly speaking not white over the full WDM bandwidth.

The noise PSD accumulated over a cascade of independent, lumped amplifier stages is

given by
Ngp
i=1
= IVgpTlsp (eG - 1>h¢00 I (338)
= Nasg I = const., Vw, (3.39)

where again (3.39) follows for homogeneous spans with equal logarithmic gain G = G, and
spontaneous emission factor ng, = ngp; Vi. Here, we also implicitly defined the PSD constant
Nasg for ASE noise (per polarization).

Given the previous assumptions to arrive at (3.39), the optical signal-to-noise ratio (OSNR)
of the probe signal centered at the carrier w, = wy is defined as [Kam13, Eq. (2.11)]

P, R
2]\[ASE Bref Bref

OSNR & SNR, (3.40)

which reflects the ratio between the probe’s signal power F, and the ASE noise power in both
polarizations within the resolution bandwidth (RBW). The latter is defined by convention as

2
Bes & %0 (0.1nm) = = (0.1 3.41
f (27T>2C ( nm) )\(2) ( nm) ( )
~125GHZ| (3.42)
0= nm

such that the ASE noise is always measured in a spectral bandwidth equivalent to 0.1 nm.
The relation between OSNR and SNR in (3.40) follows for a matched filter receiver, as
discussed in Section 2.2.3, with Ny = Nagg.
In Example 3.4, a simple approximation to estimate the received OSNR for a homogeneous
link is given.



3.3. The Fundamental Evolution Equation 61

Example 3.4: OSNR approximation

At the telecommunication wavelength of \g = 1550 nm, we can approximate the OSNR given
in dB at the end of a homogeneous transmission link as [ZNK97, (2.8)]

1010g15(OSNR) = 58 + 1010g1(Py) — 1010g19(Ipra) — 1010g1(e?) — 1010g1o(Np)
where we used that the shot noise limit at wy = 2mc/ Ao within the RBW of 12.5 GHz is

10log;(Awo Bref) ~= —58 dBm|)\0:1550nm'

We also assume that the amplifier gain €@ = e®Ls» >> 1 and approximate the noise figure of an

EDFA with
I'epra =~ 2ngp > 2,

i.e., the amplifier noise figure is at least 10log;(2) = 3 dB.

For an optical input power of 10 log(P,) = 0 dBm, an EDFA noise figure of 101og;((I'spra) =
6 dB, a total loss between two amplifier stages of 101log;,(e®*?) = 20 dB and Ny, = 10 spans,
one arrives at 10log;((OSNR) = 22 dB.

3.3.2  Chromatic Dispersion Profile

To derive the transfer function of chromatic dispersion (CD) we drop all terms in the Manakov
equation (3.21) that are not related to CD to obtain

0 Ba(2) 0
aZu(z, t)=j 5 6152“(2’ t) (3.43)
0 Pa(z)
aZU(z,w) —ieyw U(z,w), (3.44)
with the correspondence £ 0-e (jw)".

The result in (3.44) is a linear, homogeneous, first-order differential equation and can be
solved using the method of integrating factor [RE10, P. 449]. It yields

B
U(z,w) =U(0,w) exp (—jw2;2)> , (3.45)
where the accumulated dispersion B(z) is a function that satisfies [JK13, Eq. (8)]

dB(z)
dz

= [a(2). (3.46)

Here, B(z) can be used to express a z-dependency in the dispersion profile, e.g., lumped in-line
dispersion compensation or distinct fiber properties across a multi-span link. We obtain

B(z) = /0 Ba(¢)d¢ + By, (3.47)
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Figure 3.5: Chromatic dispersion transfer function in the equivalent complex baseband (left) and impulse re-
sponse (right) for Ry = 64 GBd, RRC pulse shape with roll-off p = 0.1, B2 = —21 ps?/km and L = 100 km.
Due to the phase unwrap of the transfer function (right) the phase remains constant for frequencies outside the
spectral support of the communication signal.

where By = B(0) is the amount of pre-dispersion (in units of squared seconds, typically given
in ps?) at the beginning of the transmission line. Electronic pre-dispersion, as a means of
pre-compensation, is a common method to mitigate distortions due to nonlinear interactions.
If we assume that the GVD parameter is invariant under z with path-average value (35, and
we discard pre-dispersion, i.e., By = 0, than we have the simple relation B(z) = Bz.
We define the transfer function and impulse response of CD as

Hep(z,w)  exp (—ijBéz)> (3.48)
!
hep(z,t) = <t2 L )
@ mm* " 2Bz

The transfer function Hcp(z,w) is an all-pass, i.e., (z,w)| = 1.

The phase response, arg{ Hcp(z,w) }, is shown in Figure 3.5 for the system parameters
By = —21 ps?/km, Ry = 64 GBd and L = 100 km. From the unwrapped phase response
(jumps between consecutive phase angles greater than 7 are corrected by adding appropriate
multiples of £27) the quadratic dependency of arg{ Hcp(z,w) } w.r.t. the angular frequency
w is observed. The cascade of Hcp(z,w) and the transmit pulse shape Hr(w) = Hgrgre(w) is
also shown which is the relevant part of the response for intra-channel effects of CD on the

(3.49)

probe channel in the baseband description.

The impulse response hcp(z,t) is complex valued, since Hop(z,w) does not satisfy the
symmetry condition of an odd phase. Moreover, from (3.49) it is apparent that hcp(z,t) has
an infinite impulse response. The real part Re{hcp(2,t)} is shown in Figure 3.5 (right). The
joint impulse response of the cascade hcp(z,t) * hrre(t) is also shown. The width of the
joint impulse response for this specific example spans approximately 64 symbol periods. In
the next paragraph, we will see that the length of the (intra-channel) CD impulse response
(and equivalently the CD compensation filter given a straightforward DSP implementation)
scales linearly in the transmission distance z and quadratical in the symbol rate Rj.
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Figure 3.6: Temporal width 7 (L, 27 B)/T in logarithmic scale of the chromatic dispersion impulse response
hcp(z,t) over the transmission distance L (for 5o = —21 ps?/km and RRC pulse-shape with B = (1 + p) R,
and p = 0.2). The red marker e coincides with the example in Figure 3.5.

Intra-channel Dispersion Response By introducing the retarded time in (3.11), the group de-
lay at the center frequency wy, i.e., the §;(2)-term in the Manakov equation is removed. How-
ever, all other frequencies experience a residual group delay relative to the reference frequency
(or in baseband, relative to the zero-frequency) due to GVD. In this paragraph, we investigate
the effect of GVD on a single wavelength channel.

To quantify the relative delay between two spectral components at wy and wy + v accu-
mulated over a transmission length L, we can use the Taylor expansion of the path-average
propagation constant 3(w) = + JE B(¢,w)dC. Since we focus on the intra-channel effect of
CD, we assume that the frequency deviation v is within the spectral support of the probe
channel, i.e, v € B. By definition we find the magnitude of the accumulated differential

propagation delay [KD14, Eq. (2.193)]

def z A
(1) £ abs (Vg e W) (3.50)
= abs ( zagg}) — agg}) ) (3.51)
w=wo+v w=wo
= abs (z v @;ﬁuf;u) ) = z|vfs|. (3.52)

Note, the reference frequency wy equals zero in the ECB representation and coincides with the
center frequency of the probe channel w,. The accumulated temporal walk-oftf between two
spectral components at wy and wy + v in terms of the local GVD coefficient is given by

v [0 (3.53)

™(z,0) =

We can now approximate the temporal length of the intra-channel CD impulse response at
z = L and v = 27 B, i.e., the delay spread of the frequency components within the probe’s
spectral support B at the receiver by [IK07, Eq. (30)] [Spil0, Eq. (9)]

(L, 27 B) = 27| B2| BL = 27| 3| Rs(1 + p) L, (3.54)
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Figure 3.7: Dispersion length Lp over symbol rate Ry (left) and walk-off length Ly, ,, over channel separation
Aw, /(27) (right) in logarithmic scale for 35 = —21 ps?/km. The dispersion length Lp for a single wavelength
channel with Ry = 64 GBd is about 1.85 km (indicated by e), which is equal to the walk-off length L, of two
64 GBd wavelength channels with RRC pulse-shape and p = 0, and Nyquist channel separation of Aw/(27) =
64 GHz (starting point of the red curve, right).

where the maximum frequency separation within the probe channel corresponds to the spec-
tral bandwidth of the probe B = Ry(1 + p). Normalized to the symbol period, the temporal
width of the impulse response scales with [Spi10, Eq. (9)]

TD(LL_FZWB) = 2| Bo| RZ(1 + p) L, (3.55)
which is also the approximate number of overlapping (intra-channel) basic pulses. In Figure
3.5, the normalized temporal extend 7, (L, 27 B) /T of about 64 symbol durations is shown by
the dashed arrow. Figure 3.7 shows the dependency of (L, 27 B)/T on the symbol rate R
and the transmission distance L in logarithmic scale.

We introduce the path-average dispersion length

it 1
27T|52|R§ ’

D (3.56)

which denotes the distance after which two spectral components spaced B = Ry Hertz apart,
experience a differential group delay of ' = 1/ Ry due to CD. Note, that in contrast to many
textbooks (e.g., [Agr10, Eq. (9.1.10)] or [KL02, Eq. (6.18)]) we include the scaling factor 1/(27).
This allows us to re-write the length of the impulse response from (3.55) as

(L, 21 B)

T =(1+ p)i (3.57)

Lp

The dispersion length Lp is also often used as a normalization constant to obtain a Manakov
equation with dimensionless variables, cf. [Agr10, Eq. (9.1.11)]. In Figure 3.7, the dependency
of the dispersion length w.r.t. the symbol rate R; is shown for 3, = —21 ps?/km.
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Example 3.5: Intra-channel dispersion after multiples of Lp

Figure 3.8 and 3.9 show how the probe’s optical transmit signal is dispersed after propagating
multiples of the dispersion length Lp.

In this simplified setting, we only consider the x-polarization modulated with symbols from the
set A ={0,1}, i.e, on-off keying. The basic pulse ht ,(t) has an RRC shape with roll-off factor
p=0.2.

The optical baseband transmit signal of the probe at z = 0 is given by

Uy (0,8) = sx(t) =T - > ax[k] hrp(t — kT) .
keZ

The optical signal subject to (3.44) is dispersed after propagation, mathematically expressed by
the convolution of the transmit signal with the impulse response hcp(z, t), i.e

ux(z,t) = hop(z,t) * ux(0,t)
= / hep(z,7) uy (0, — 7) dr

=T- Zax /hCDzr)th(t—T—kT)d
kEZ

=Y ax[k]T - hep(z,t — kT) = hy o(t — kT)

keZ

gr,0(2,t—kT)

where the order of summation and integration can be exchanged to obtain the now z-dependent,
dispersed transmit pulse g o(2,t). The optical signal ux(z,t) can be interpreted as a weighted
sum of the transmit symbols ay[k] and shifted (by integer multiples of T) dispersed basic pulse
J1,0(2,t) depending on the transmission distance z. This view will become relevant in under-
standing the so-termed pulse collision picture in the following chapter.

The dispersed signal is shown at z = { 2,3,4, 16 } Lp. The width of the effective transmit pulse
scales approximately with z/Lp.

Inter-channel Walk-off Similar to in-band (i.e., within the bandwidth of the probe signal)
dispersive effects due to CD in the previous paragraph, the out-of-band effect is studied, that
is, how CD affects propagation of multiple wavelength channels (see also Example 3.3). Similar
to (3.53), we define the accumulated temporal walk-off between the probe channel and a co-
propagating wavelength channel as

Two (2, Aw,) e Aw,B(z), (3.58)

where Aw, = w, — w, is equivalent to the channel spacing between the wavelength channel
and the probe. From (3.58) it is obvious that 7y, (2, Aw,) can take positive or negative val-
ues, e.g., in case of anomalous dispersion where 3, < 0 and assuming a frequency separation
between a wavelength channel and the probe Aw, > 0 (to higher frequencies), we have a rela-
tive group delay 7, < 0. We conclude that in the anomalous dispersion regime, a wavelength
channel with positive frequency offset (or smaller wavelength) w.r.t. the probe channel has a
reduced latency, and vice-versa a wavelength channel with negative frequency offset has an
increased latency w.r.t. the probe.
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Figure 3.8: Transmit-side optical field envelope u, (0, t) of a single channel (and single polarization) with modu-
lation ax € {0, 1} and basic pulse hA1(t) using a root-raised cosine (RRC) with roll-off p = 0.2.
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Figure 3.9: Dispersed optical field envelope uy(z,t) and dispersed basic pulses after z = {2,3,4,16 } Lp. The
ratio z/ Lp is a measure of the temporal width of hr(t) * hcp(z,t), and approximates the number of overlapping
pulses at each £ € N. Due to the linearity of CD, the dispersed optical envelope is the sum over all dispersed
(and shifted) basic pulses weighted with ay[k], i.e., convolution with hcp(2,t) and )~ can be exchanged.
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The (retarded) time of the *" wavelength channel relative to the probe channel (i.e., rela-
tive to the Taylor expansion of 3(z,w) at wy) is given by

t, =1t — Tyo(2, Aw,) =t — Aw,B(2), (3.59)

which provides another view on the channel walk-off. The v** wavelength channel has hence
a z-dependent time base at which the group delay is already canceled from the propagation
equation.

Yet another view on the relative retardation between wavelength channels can be obtained
by taking the inverse Fourier transform of the CD transfer function shifted to the baseband of
the 1! interferer, i.e., by the negative channel separation —Aw,.. We obtain

Bg))

Hep(z,w + Aw,) = exp (—j (w+ Aw,)? (3.60)

!

hCD(Z, t) eijAw”t = hCD(Z,t — AMV'B(Z)) eij(z)Awf s (3.61)

where we can recover the additional retardation by 7, (2, Aw, ) = Aw,B(z) in the argument of
the modified chromatic dispersion impulse response. We follow that an interfering wavelength
channel at relative frequency offset Aw, is subject to the (un-shifted) chromatic dispersion
impulse response hcp(z,t), is additionally retarded by 7., = Aw,B(z), and phase rotated by
the (time-independent) factor e IB()Aw]

We can now introduce the walk-offlength L, , which measures the distance a wavelength
channel at frequency w, must co-propagate with the probe channel at w, = wy to walk-off by
one symbol period (ie, by ' = 1/R;, assuming the same symbol rate in both wavelength

channels),
def 1

a |AWVBZ|RS .

The walk-off length L., , versus channel spacing Aw, is shown in Figure 3.7 for different

(3.62)

wo,V

symbol rates Rj.
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Example 3.6: Inter-channel walk-off at multiples of Ly,

The walk-off between the probe signal uy,(2,t) and a co-propagating wavelength signal
ux,1(2,t) is visualized in Figure 3.10 and 3.11.

Similar as in Example 3.5, the probe signal and the co-propagating wavelength signal are visu-
alized in their respective ECB representation. We assume that both signals are modulated with
symbol rate Ry and RRC pulse-shape with roll-off factor p = 0.2. To model the joint propaga-
tion, the co-propagating wavelength signal is mixed to its carrier frequency Aw; = 27 - 1.2R;
relative to the probe at

ux,1(0,1) = s¢1(t) exp(jAwit) =T - Z bu1[k] hr1(t — KT') exp(jAwt) .
kEZ

The dispersed signal uy 1(z, t) with relative frequency offset Aw; can be expressed as

Ux,1(2,1) = hep (2, 1) * uy,1(0,1)
= / hep(z,7) ux 1 (0,6 — 7) dr

=T- bel / hep(z, T)hra(t — 7 — ET) exp(jAw:i (t — 7)) dr
keZ
= b1k T exp(—jB(2)Aw?) - hep(z,t — kT — AwyB(2)) * hra(t — kT)
keZ

gr,1(z,t—kT)

X €xp (.] Awlt) ’

where we use (3.61) to explicitly express the temporal retardation within the argument of the
CD impulse response.

Similarly as in the previous example, we obtain the z-dependent, dispersed (baseband) transmit
pulse of the interferer gt 1(z,1), i.e., compared to the previous example, the interferer is affected
by a delayed basic pulse, and the time-independent exponential e IB()AWY,

Assuming B(z) = Baz, both probe and interferer signals are dispersed at z = 4Ly, 1, and

relatively delayed with respect to each other by
A B(4Lyo1) = Awi P 4Lywo1 = 4T .
E.g., for Ry = 64 GBd and 2 = —21 ps?/km, the walk-off length calculates to
Lyo1 = 1.54km.

Hence, in Figure 3.11, the temporal walk-off between the two signals after 4L, 1 is equivalent
to 4 symbol periods. Due to the anomalous dispersion (33 < 0) and the positive frequency offset
(Awy > 0), the signal w1 (z,t) has a reduced latency, i.e., travels faster over the dispersive fiber.
The group-delay free time base of the co-propagating wavelength signal ¢; (see top horizontal
axis) is shifted by 4T with respect to the time base of the probe signal ¢, see (3.59).

The intra-channel effect of the CD response on the interferer is exactly the same as for the
probe signal, i.e., the fundamental pulses, shown in blue, are subject to the same amount of
pulse spread (since we neglect the dispersion slope 33) but are relatively delayed with respect
to each other. This view is also in agreement with (3.60)-(3.61).
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Figure 3.10: Optical field envelope of the probe uy ,(0,t) and a co-propagating wavelength signal u, 1(0,t) =
5x,1(t) exp(jAwnt) at z = 0. Both signals are shown in their respective ECB, i.e., before multiplexing. The probe
channel is modulated with ay[k] at the reference frequency w, = wy, the interfering wavelength channel is
modulated with b, 1[k] and will be mixed relative to the probe with frequency separation Aw; = 27 - 1.2Ry in
baseband. In both cases, the basic pulse hr(t) has an RRC shape with roll-off p = 0.2.
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Figure 3.11: Dispersed optical field envelope and dispersed basic pulses after 2 = 4Ly 1. The ratio z/Lwo1
is a measure of the temporal walk-off between the probe channel and the interfering wavelength channel, and
quantifies the number of traversed pulses. Vice-versa, the (normalized) reference time frame of the interfering
wavelength channel t1 /T is retarded by Aw /T [ 82(¢)d¢ = z/Lyo w.rt. the time frame of the probe ¢/7.
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3.3.3 Linear Channel Transfer Function

We can now define the impulse response and transfer function of the linear channel—that is,
when the fiber nonlinearity coefficient is zero, i.e., v = 0 in (3.21). To that end, we define
the optical field envelope u,«(z,t) 0 Uyx(z,w) that propagates solely according to linear
effects with the boundary condition u,,x(0,?) = u(0, ) at the input of the transmission link.
The linear channel transfer function and impulse response is then given by

He(z,w) = exp <9(z) _;WQB(Z)> (3.63)
!
_ 1 1 §(2) +jt*/B(2)
ho(z,t) = Emexp ( 5 ) , (3.64)

which represents the joint effect of chromatic dispersion and the gain/loss variation along the
link.

We may also calculate the useful inverse of the channel transfer function and impulse
response as

HE (2, w) = exp(—9(2)) Ha(#, ) (3.65)
!
FYHHG (z,w)} = 27T|é(z)|hal(z,t) , (3.66)

where we use \/jB(z)\/—jB(z) = |B(z)| with B(z) € R. In analogy we find
hi(z,t) = hi(z,—t)o—e Hi(z,w) = Hi(z, —w), (3.67)

which will be used in the next chapter in the context of the first-order perturbation method.

3.3.4 Optimum Receive Filter for the Linear Fiber Channel

Now, that we defined the linear channel impulse response and transfer function, the optical
receiver front-end matched to the linear fiber-optical channel is derived.

Again, we assume ideal optical-to-electrical (O/E) and analog-to-digital (A/D) conversion.
The received continuous-time, optical signal w(L, t) is first matched filtered w.r.t. the linear
channel response and transmit pulse, and then sampled at the symbol period 7' to obtain
the discrete-time receive symbols y[k]. The receiver front-end is shown in Figure 3.12. It
compensates for any residual link loss and performs perfect CD compensation. Note, that
the analog front-end is usually realized using an oversampled digital representation. E.g.,
CD compensation is typically performed in the (oversampled) domain of receiver DSP. Here,
we prefer to conceptually incorporate it in the continuous-time domain since it significantly
simplifies derivation of the channel model.
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Figure 3.12: Receiver front-end matched to the linear optical channel transfer function Ha (L, w) and the trans-
mit basic pulse of the probe Hrp ,(w). Matching to the channel transfer function at z = L corresponds
to the compensation of residual accumulated chromatic dispersion, i.e, |[Hc(L,w)| = 1 and Hi(L,w) =
Hin(L,w) = Hgp(L,w). The pre-factor T/ Et , re-normalizes the (noiseless part of the) received sequence
y[k] to the variance of the signal constellation o>

a*

In accordance with the definition of the linear receiver front-end defined in (2.91)-(2.92),
the transfer function of the entire cascade of the receiver front-end is given by

def T * * 1
Hg(w) = B HE(L,w)Hy p(w) = o Gr(w) (3.68)
7p 7p
T ) 1
hr(t) = 7R he(L, —t) x hy o (—t) = o gr(t), (3.69)
7p 7p

with the (dimensionless) receiver pulse shape gr(t) > Gg(w). Due to P(L) = 1 and the
pre-factor 7'/ Er ,, the noiseless part of the received signal is scaled to the variance of the
constellation o2. Since we only consider 7T-spaced sampling any fractional sampling phase-
offset or timing synchronization? is already incorporated as suited delay in the receive filter
hgr(t), s.t. the transmitted and received sequence of the probe are perfectly aligned in time.

3.3.5 Fiber Nonlinearity

The nonlinear effect considered in this thesis is the optical Kerr effect [Agr06, Ch. 6]. The Kerr
effect is directly related to the real part of the material polarization (cf. [Agr06, Ch. 1.3, and
Ch. 10]) and results in a local refractive index change depending on the intensity of the electric
field in the fiber. On the other hand, the imaginary part of the material polarization is related
to stimulated Raman scattering, not considered in this work.

The Kerr effect is reflected by the last term in the Manakov equation (3.21). The expression
depends on the product

(e, ) w(z, ) = (Jux(2, O + Juy (2, )2 w(z, 1) (3.70)

and on the nonlinear coefficient

(2) = ;m, (3.71)

with the Kerr coefficient ny(2) (typically 3 x 1072°m? /W for silica fibers), and the effec-
tive fiber area A.s(2). A typical value for the (path-average) nonlinear coefficient is ¥ ~

*In particular, the group delay L /v4(wg) of the probe signal and any constant common phase rotation 3y (L)
has already been canceled from the propagation equation in the baseband model.
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1.1 W—'km ™! for SSMF. Note, that due to the normalization of the signal, the nonlinearity co-
efficient has strictly speaking units of m~! to be rigorous within the framework of our signal
definition, see discussion in Section 2.1.

The optical Kerr effect leads to a number of nonlinear effects, which were first classi-
fied in the framework of dispersion-managed transmission systems. In dispersion managed
transmission, the signal’s pulse shape is either maintained or (periodically) recovered during
transmission by means of dispersion-shifted or dispersion-compensating fibers. This leads to
highly deterministic nonlinear distortions giving rise to the (traditional, phenomenal) taxon-
omy of nonlinear effects, namely: self-phase modulation (SPM) [Agr06, Ch. 4], cross-phase
modulation (XPM) [Agr06, Ch. 7], cross-polarization modulation (XPolM), and classical four-
wave mixing (FWM) [Agr06, Ch. 10].

In the present work, we focus on (dispersion-) uncompensated (i.e., unmanaged) trans-
mission where the original transmit pulse is constantly changing during propagation due to
chromatic dispersion. In this situation, the nonlinear effects, see above, do not manifest them-
selves as clear phase distortions (i.e., phase modulation) after reception. Instead, depending
on the considered system scenario, those nonlinear effects can also have features similar to
additive noise with Gaussian-like distortions. We hence adopt the taxonomy introduced by
Poggiolini et al. [Pogl2, Sec. VI]. Herein, three different cases of nonlinear (signal-to-signal)
distortions are distinguished by its origin rather than its manifestation:

= self-channel interference (SCI), i.e., interference caused by the (probe) wavelength chan-
nel itself,

= cross-channel interference (XCI), i.e., interference between the probe channel and a sin-
gle interfering wavelength channel (aka. degenerate cross-channel interference), and

= multi-channel interference (MCI), i.e., interference between the probe channel and two
or three other interfering wavelength channels (aka. non-degenerate cross-channel in-
terference).

To provide a brief mathematical description of the three categories, we consider only the
nonlinear term in the Manakov equation without dispersion and attenuation. This approxi-
mation is, e.g., valid for very short fiber segments of length z < Lp and z < Leg , where the
dispersion- and loss-related terms can be dropped. The Manakov equation reduces to

0
& alent) = —inl=)g = Ol ulz 1) (.72

If we assume that the nonlinear coefficient does not depend on z, e.g., we only consider the
path-average 7, then the simple solution is obtained by

u(z,t) = u(0,t) exp (—ij ||u(0,t)||2,z) : (3.73)

i.e,, for the non-dispersive and attenuation-free setting, the signal at = = L is given by the input
signal (0, t) rotated by a fixed value in phase depending on the signal intensity ||u(0,t)|” at
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the input and the length of the link L. In this context, we define the (v-dependent) nonlinear
length [Agr06, Eq. (4.1.2)] as

(3.74)

where P, = Jﬁ;—’”ETJ,, see (2.77), is the optical launch power of the " wavelength channel. The
nonlinear length Ly, is equivalent to the propagation distance at which the (time-average)
phase rotation amounts to 8/9 rad assuming only a single wavelength channel with launch
power F,.

We continue to expand the nonlinear source term on the right-hand side of (3.72) into
expressions that result in self-, cross-, and multi-channel interference. It is defined as

def

w(z,t) € |luz, )P w(z,t) = u(z, )u(z, t) u(z,t) . (3.75)

The source term w(z, t) can be expanded at z = 0 using (3.14)—(3.15) to arrive at

Ncn Nen Nen
w(0,t) = > ul (0,8) > w,, (0,¢) > u,,(0,1) (3.76)
vo=1 vi=1 v3=1
Nch Nch Nch
= Y s (1) exp(—jAw,,t) D 8, (t) exp(jAw,,t) D 8, (t) exp(jAw,,t) . (3.77)
vo=1 vi=1 v3=1

The expansion at any other z is not exact due to z-dependency of the nonlinear term w(z, t) ac-
cording to (3.72), but generally the following considerations and the taxonomy derived thereof
still hold.

We are now interested in the nonlinear distortion generated in the support of the probe
channel. To that end, the following frequency constraint on the relative offsets in (3.77) must
be met

Awy = Aw,, — Aw,, + Aw,, | (3.78)

where, per assumption, the probe wavelength channel is located at Aw, = 0 in the ECB model.
The relevant source term (which has support in the probe’s spectral domain) can now be sorted
into groups by degeneracy,

2 2
w0 = [0 0] 0,1) + 3 s 0, )] 21,0, (579
sCl A
V1 =v2=V3=p XCI
V1=v2=V, V3=p
+ 3w, (0,8)ul (0, )ug(0,) + > D> " ufl (0, 6)u,, (0, £)u,, (0, ),
V£ V2, V3#£p
v1=v2+v3—p
XCI
vi=p, V2=V3=V MCI
where we used ul!(z, )u, (2, t)u,(2,t) = w, (2, t)ull(2,t)u,(z,t). Here, we also assumed

(without loss of generality) that the wavelength channels are arranged on a regular frequency
grid, i.e., spaced at integer multiples of a common channel separation Aw. Any other nonlinear
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contributions which do not manifest themselves within the bandwidth of the probe channel
B, are neglected in the expansion above.

The first term on the right-hand side of (3.79) is the source for SCI (aka. SPM using the
traditional taxonomy), and has a doubly-degenerate form (1 = 1, = 3 = p) since only the
probe channel itself contributes to the nonlinear interaction.

The second and third term on the right-hand side of (3.79) are both contributions due to
XCI and can be combined using (A.40) to rearrange

(2 YU (2, ) = ; (luw (= OIP T+ G (2,) - &) (3.80)

where we make use of a common notation in optical communication using the dot product of
a Stokes vector and Pauli vector to denote Hermitian matrices in C?>*2. The unfamiliar reader
may consult Appendix A.1 for an introduction on the Jones and Stokes formalism. We can use
(3.80) to obtain

w(0,1)

supp(W)CByp

= g 0,0) w5 0,1) + 3 (5 a0, O T+ 3, (0,0)- &) s (0,

sCI V7P

V1=Vr2=r3=0

XCI
V1=V2=V, V3=p

+ Z Z Z UEQ (0, ), (0, 1), (0,2) (3.81)

V2,V37#p
V1=v2+v3—p

MCI

where the XCI contribution is single-degenerate (1; = v, 3 = p). The first term in the paren-
thesis is, in traditional taxonomy, associated with XPM common in both x- and y-polarization.
If the co-propagating wavelength channels are not co-polarized but instead randomly polar-
ized w.r.t. the probe channel, the XPM term is in fact the average over all relative polarization
states of the probe and interfering channels. Similar to SPM, XPM induces a (both temporally
and spatially) local phase modulation of the optical signal u(z, ), see the propagation equa-
tion (3.72). These (local) phase distortions will be transformed into a mixture of phase and
amplitude distortions by chromatic dispersion.

The second term in the parenthesis is associated with XPolM (i.e., nonlinearly induced
birefringence) and relative, polarization-dependent XPM.

The last term on the right-hand side relates to MCL. We will see that typically MCI is
negligible for most relevant system scenarios using current technology. Whether MCI can be
neglected depends (to first order) on the channel separation, as the so-called FWM efficiency
decreases rapidly when the contributing wavelength channels are spaced far abart, see next
chapter.

3.3.6 The Sampled Manakov Equation

The split-step Fourier method (SSFM) [SHZMO03] is a numerical (approximate) solution to the
Manakov equation and the de-facto standard method to perform numerical simulations for
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Figure 3.13: Split-step Fourier method for solving the end-to-end optical channel. In the block diagram, a trans-
mission link is considered with lumped end-of-span amplification compensating for the exact span loss via the
amplifier (power) gain e“ = e®Lsr. The Manakov equation is solved numerically using an oversampled repre-
sentation of w[i, k] in small steps of Z; where linear propagation via Hc a[i, p] and the nonlinear phase rotation
are performed sequentially.
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optical transmission systems. The algorithmic implementation is depicted as a block diagram
in Figure 3.13. Here, the transmission link is divided into fiber spans (due to the amplification
scheme selected in this example), and each span itself is divided into small fiber sections of
length Z,, known as the step size of the split-step algorithm. This is essentially equivalent to
sampling the optical field envelope in the spatial domain at integer multiples of Z; (aka. con-
stant step-size method [SHZMO03]). Within each section the linear and the nonlinear effects are
treated separately (and sequentially). Accordingly, the SSFM is also termed sampled NLSE, or
alternatively, sampled Manakov equation in case of two polarization modes.

The numerical calculations are carried out on an oversampled representation (in both time
and space) of the ECB signal

uli, k] = w(iZ, kT,), (3.82)

with i € Nand k € Z. The (temporal) sampling frequency ws = 27f, = 27/T} is typi-
cally chosen much higher than the bandwidth By, see (3.20), of the optical field envelope.
Since the nonlinear Kerr effect is (to first approximation) a third-order nonlinear system, the
sampling frequency is commonly chosen three times the Nyquist frequency of the optical field
envelope [PBP97], i.e., ws = 3/2Bypy, assuming that the spectral support of the field envelope
is centered around zero. Then, (first-order) nonlinear mixing products fall outside the original
signal band By, without cyclic wrapping in frequency domain.

To efficiently carry out the numerical calculations of the linear propagation step, see
(3.63)—(3.64), the frequency-domain representation of (3.82) is also discretized. This allows
to solve the linear step in (discrete-) frequency domain by performing a point-wise multipli-
cation of the DFT transform w[i, k| o~® Ui, | with the sampled (differential) linear transfer
function. We define the (differential) linear transfer function between two consecutive dis-
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crete, spatial points (i.e., steps) as

Heali, p) & Ho((i 4 1) Ze, 1/ To) | Ho (i 26, 1/ To) (3.83)

where T is the period of the signal (aka. time window, or fundamental period of the sequence
in time domain) with M = T;, /T samples per period. In the subsequent step, the (differential)
nonlinear phase rotation, see (3.73), is applied by a (point-wise) multiplication in (discrete-)
time domain with the phasor

8.
exp (=it i, k) £ exp <—J79 i, k]| ZS> . (3.84)

The discretization in both time and frequency results in a 7j-periodic sequence in time, and a
1/T;-periodic sequence in frequency.

The numerical simulations performed in Chapter 5 are implemented via the symmetric
SSEM [SHZMO03] with adaptive step size Z4(z), i.e., instead of uniform spatial sampling, the
step size depends on z, particularly on the power profile P(z) such that the differential non-
linear phase-rotation per step (3.84) does not exceed a certain maximum value. By adjusting
the step-size, we require that the nonlinear phase rotation per step is, e.g., no larger than

. _8 . ! max
S ANGES 79 luli, k]|* Zs < ONIL.Z, - (3.85)

The numerical system simulations performed in Chapter 5 are carried out with the setting
ONI 7, = 3.5 X 10~* rad which will result in accurate solutions for the considered scenarios.
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4. The Continuous-Time Perturbation
Approach

The principle philosophy of fiber-optical channel models based on the perturbation method
is to assume that nonlinear distortions are weak compared to its source, i.e., the propagating
signal. With weak we mean that the power of the nonlinear distortion is considerably smaller
than the power of the signal (sometimes called pseudo-linear transmission regime). Starting
from this premise the well-known RP ansatz for the continuous-time, optical end-to-end chan-
nel is written as [VB02, Eq. (14)] [Wei06, Eq. (3)] [JK13, Eq. (2)]

u(z,t) = upn(2,t) + Au(z, t) (4.1

l

U(z,w) =Un(z,w) + AU (2,w), (4.2)

where uy(z,1) 0—® U (2, w) is the signal propagating according to only linear effects, i.e.,
according to (3.63), (3.64). In this context, the nonlinear distortion

Au(z,t) o AU (z,w) € C?,

aka. the perturbation is generated locally according to nonlinear signal-signal interaction and
is then propagated linearly and independently of the signal u,,y(z, ) to the end of the optical
channel at z = L. We assume that the optical perturbation at z = 0 is zero, i.e., Au(0,t) = 0.
The received signal u(L, t) is then given as the sum of the solution for the linearly propagating
signal and the perturbation representing the accumulated nonlinear effects, i.e.,

w(L,t) = u(0,t) x he(L,t) + Au(L,t) (4.3)

!

U(L,w)=U(0,w) Ho(L,w) + AU (L,w). (4.4)
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Figure 4.1: Block diagram and terminology used for the corresponding end-to-end perturbation models. The op-
tical end-to-end perturbation is denoted by Au(L, t), the (analog) baseband end-to-end perturbation is denoted
by As(t), and the discrete-time end-to-end perturbation is denoted by Aa/[k].

Likewise, end-to-end relations can be also formulated for the baseband end-to-end channel,
and the discrete-time end-to-end channel, see, e.g., Figure 1.1. The associated block diagram
and terminology used throughout this thesis is highlighted in Figure 4.1.

The ultimate objective of the current and the following chapter is to develop the input/output
relation of the equivalent discrete-time end-to-end channel in the form of

ylk] = alk] + Aalk] (4.5)
9
¢
Y (1) = A1) + AA(MT), (4.6)

where the total perturbation is concentrated in a single discrete-time term Aa[k] oo AA (7).

To that end, we start with the theory of first-order perturbation developed for the continuous-
time, optical end-to-end relation (i.e., the inner equivalent block diagram in Figure 4.1) and suc-
cessively embed the required functional blocks from the analog and discrete-time domain. In
this chapter, we focus on the continuous-time end-to-end description, i.e., from the baseband
transmit signal of the probe (with subscript p) and its interferers s, () to the received signal
r(t). The nonlinear impulse response and the nonlinear transfer function hyy,(7)0—e Hyy(w)
are introduced and their relation to the third-order Volterra kernel are discussed. The map
strength 81, < Leg/Lp (or equivalently the v-dependent 87, & Legt/ Lo,,,) will be shown to
be a measure of the temporal extent, i.e., the memory of the nonlinear interaction (relative to
the probe’s symbol rate).
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4.1 The First-Order Regular Solution in Frequency Domain

Inserting the ansatz from (4.2) into the Manakov equation (3.21) we obtain

gz(um(z, t) + Au(z,t)) = jﬁiz) gﬁ(um(z, £) + Aul(z, 1)) (4.7)
+ g(z);a(z)(umN(z,t) + Au(z, 1))

, 8
~in2)g (Nt (2,8) + Az, )1 (i (2, 1) + Au(z,1))) |
where the expansion of the nonlinear source term results in

(It (2, 1) + Az, )| (wian (2,1) + Aulz,1)) = [l (2,0 (2, 1) (4.8)
+ 2Re{ul! (2, 1)Au(z, t) (2, 1)
+ |Aw(z, t)||* wen (2, 1)
+ ||'u,LIN(z,t)||2Au(z,t)
+ 2Re{ul! (2, t)Au(z,t)}Au(z,t)
+ |Aw(z, t)||> Au(z, 1) .
The main approximation of the perturbation approach is to neglect all cross-products be-
tween the signal u,,\(z,t) and the perturbation Au(z,t) or the perturbation with itself, such

that only the leading nonlinear term |[w. (2, t)||” wo (2, t) is considered. This allows us to
split (4.7) into the following set of differential equations

0 02 —

St (z: 1) = jﬁQéz) (2, 1) - MuLIN(Z«, ) =0, (4.9)
and
0 0? — 8
9 e, t) 122 T e ) = I e 1y = i3(2) ot )P 21 ).

(4.10)
The first equation is a linear, homogeneous second-order PDE and describes the evolution of
the linear optical field envelope. The second equation is of the same form, but has an additional
inhomogeneous term on the right-hand side of the equation, i.e., the linearly propagating field
acts as the source of the local perturbation in the optical domain.

The solution of the first PDE in (4.9) has been derived in Section 3.3.3 using the linear
channel impulse response and transfer function hc(z,t) o Hq(z,w) representing the joint
effects of chromatic dispersion and the gain/loss variation along the link. We will use the
solution u, (2, t) on the right-hand side of (4.10).

The solution to the second PDE in (4.10) is obtained by first performing a signal trans-
formation on the optical perturbation such that the gain/loss profile is instead represented
by a re-scaled nonlinear source term. To that end, we define the (path-) normalized optical
perturbation Aw(z,t) to have constant average power over z with

Au(z,t) = Au(z,t)/\/P(2), (4.11)
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where P(z) = exp(9(z)) is the normalized power profile defined in (3.24)-(3.25). The same
normalization strategy is, e.g., also pursued to obtain the power-normalized nonlinear Schro-
dinger equation (or equivalently the normalized Manakov equation), see [Agr06].

Starting from (4.10), the chain rule of calculus applied to Au(z,t) \/7 Au(z,t), using
(4.11), yields

aaz( P(2) Aﬂ(z,t)) - g(z)2(),/33( Au(z,t) + \/7 A’u, (z,1) (4.12)

where we use the derivative of the power profile from (3.24). The expression can be substituted
in (4.10) and both sides are divided by /P (z) = e % to arrive at!

gAﬁ(z,t) alz) 0

0z HuLIN(Za t) H2 uLIN(z7 t) , (4.13)

)9 gz = n(2)

©| co

P(2)

where the gain/loss profile P(z) now effectively scales the strength of the nonlinear source
term on the right-hand side. For ease of notation, we assume that the local z-variation in
7(2) can be equivalently expressed in a variation of either a local gain g(z) or the local fiber
attenuation coefficient «(z). Hence, we only consider the path-average nonlinear coefficient
7 from (3.22) and capture the z-dependency of v(z) via P(z) in the following.

Fourier transforming equation (4.13), we obtain a first-order, linear, inhomogeneous ordi-
nary differential equation

P A ) = s e

2AU(Z w) + jw

0z (z, t) ||2 'U'LIN(Z, t) } , (4.14)

where we used the symbolic correspondence 2 at2 o—e —w?

The method of the integrating factor [RE10, P. 449] can be applied to solve the equation
(4.14) where the integrating factor is equal to

exp (ij; /0 ) ﬁQ(C)dC) = exp (jwﬁéz)) : (4.15)

We obtain the solution [ME12, Eq. (31)], [Joh12, Eq. (17)]

AU (z,0) = g 5 [(erits o (€O wn(C. 1)} C (416)
8 z
= _J;Yg HCD(ZaW) /0 Hél(C7W> -7:{ HuLIN(C7 t)Hz uLIN<C7t) } d¢, (4.17)

where we used the chromatic dispersion transfer function Hcp(2,w) from (3.48), and the in-
verse of the linear channel transfer function H¢(z,w) from (3.63).

A pictorial explanation of the equation is given in Figure 4.2 (cf. also the parallel fiber model
in [VSBO02, Sec. IV]). The optical signal at the input of the first fiber span u,,x (0, t) propagates
linearly to the (arbitrary, fixed) location d( where the local perturbation is generated according

The procedure via the normalized optical perturbation is equivalent to the method of integrating factor [RE10,
P. 449], which exploits the product and chain rule similarly.
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Figure 4.2: The parallel fiber-optical channel model [VSB02] derived from first-order regular perturbation. The
local perturbations from the parallel branches are summed over { each associated with a unique local position
along the transmission link. In the limit d¢ — 0, the summation becomes an integral as in (4.17).

@

to the double product of the local, linearly propagating signal, i.e., ||t (d¢, t)||* e (dC, 1).
The generated perturbation is then propagated back to the fiber input at z = 0 via the inverse
linear transfer function Hg'(d¢,w) and then summed with all remaining perturbations from
locations other than d(. The sum over all local perturbations is then jointly propagated to
the end of the transmission link at z = L by the dispersion transfer function Hop(L,w). In
the limit d¢ — 0, the branching and summation over the z-dimension in Figure 4.2 becomes
continuous. By definition, we have P(L) = 1, and it follows that Au(L,t) = Au(L, ).

The authors of [VSB02] call this channel model derived from first-order RP a parallel fiber
model, since, in contrast to the sequential SSFM, once a local perturbation is generated, it does
no longer interact nonlinearly during transmission. When second- (or higher-) order terms
are included into the RP approach, then local perturbations may act as nonlinear source, see
right-hand side of (4.8), for higher-order perturbations. In the limit, i.e., when the order of
the perturbation approach goes to infinity, the RP solution approaches the SSFM solution (for
which the step-size Az — 0), see also discussion in [VSB02, Sec. IV]. The term regular in RP
implies that the asymptotic solution approaches the true solution of the nonlinear system.

Note, that the accumulated chromatic dispersion is generally compensated by the receiver
(front-end) using bulk electronic dispersion compensation such that the system net dispersion
after the receiver front-end is zero, see Section 3.3.4. Then, the effective perturbation after
reception, i.e., after the channel matched filter, is the perturbation propagated back to the
fiber input at z = 0. We can hence cancel the dispersion operator Hop(L,w) at the channel
output in Figure 4.2 and only consider the system relevant end-to-end model (i.e., including
receiver-side chromatic dispersion compensation).

We now continue to modify the right-hand side of (4.17) by carrying out the Fourier trans-
form F{ -} to obtain

||uLIN(27t>H2uLIN(/ZJt) = (|uLIN,X(’ZJt>|2 + ’uLIN,y(Z7t)|2) uLIN(Z7t)

i (4.18)
(ULIN’X(Z, w) * Ul (2, —w) + Uriny (2,w) * Uf (2, —w)) *x Upn(z,w)

using U (2, 1) = [uwx(2, 1), Uniny (2, )] 7. We may write the relation using the short-hand
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notation ul (2, )y (2, ) (2, 1) -0 U (2, —w) % Uy (2, w) * Upin (2, w), see below.

We find that the (double) product of the time-domain optical signal turns into a (double)
convolution in frequency domain. The definition of the convolution, see (2.38), is used to
exemplarily show the result for the first (of the four) convolution cross products

ULIN,X<W) * ITIN,X(_W) * ULIN,X(W) = (/R ULIN,X(w1>U[T1N7X<w1 - w)dwl> * ULIN,X(W) (4.19)
= /R2 Univx (1)Ul (w1 — wy) Upiex(w — w) dwidusy
= /]R? ULIN,X(WI)U}:‘(H\LX (WQ)ULIN,X (W —wo + WQ) d*w

= /]RQ ULIN,x(W + UI)U;MX (W + v+ UQ)ULIN,x(W + U2) d*v )

where we omit the z-dependency of the optical signal for short notation. Similar expressions
are obtained for the three remaining x/y-cross products. In the literature, one may find also find
variations of the form in (4.19) depending on the exact definition of the convolution integral.

Uux(2,t) Ue(z,w)

* | oA
|
|

T2 V2 A
U | T |
{2l | | | 1 v |
S I

t w
el I
t t ot t3 w w3 Wi wo
(a) Time domain (b) Frequency domain

Figure 4.3: Definitions of the auxiliary (i.e., helper) time and frequency variables. Note, that both 71, 72 and v,
vy can take any value, positive and negative, in R. The gray curve drawn left and right is a fictitious signal to
indicate the spectral support in time- and frequency domain.

We typically use the common (absolute) frequency variables [w;, ws,ws]" and the common
(relative to w) auxiliary frequency variables [v1, 5] related by definition as

w1 Zw+ v (4.20)
Wy = w4 vy + Uy (4.21)
ng:dw—W1+WQ:w+U2, (4.22)

to express the optical signal U (z, -). Figure 4.3 summarizes the definitions of the time- and
frequency variables that are used throughout this text.
We can now write the optical perturbation U (z,w) at z = L with /P(L) = 1 using again
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the concise vectorial notation to obtain [VSB02, Eq. (9)]
8 1 L
AU(L,w) = = Fig =5 Hoo(Lyw) [ Hg!
( ,W) J79 (271_)2 CD( 7(“)) 0 C (Cuw)
X / ULIN(Ca w3 )UI_l,—:N(Cv(’UQ)ULIN(C?wl) d2w dC (4-23)
R? —~
wW3=w—w1+w2
The integral over R? in (4.23) can be equivalently performed w.r.t. [wi,ws]" or [vy, vs]T. We
recall from (3.63) that the linearly propagating optical signal Uy ;x((,w) can be expressed as
the product of the linear transfer function Hc((,w) and the optical signal at the input of the
transmission U, (0,w) = U (0, w).

U(va3)UH(Oaw2)U(0aw1) ULIN(C7W3)UEIN(C7WQ)ULIN(val) AU(wa) AU(va)
L AU w) — ]
He (¢, w1)HE (G wa)He (¢ ws ) [, dwndws fH H' (¢ w) Jy ¢ = Hep(L,w) f—
CQ I CQ CZ
—i75

Figure 4.4: Frequency-domain representation of the parallel fiber-optical channel model. The two-fold product
in time domain turns into a two-fold convolution in frequency domain over the auxiliary frequency variables
[w1,w2]T. In contrast to Fig. 4.2, the integration over both frequency and space is not explicitly illustrated by
the branches.

In Figure 4.4, we show the block diagram related to (4.23). The two-fold product of opti-
cal signals at the input of the fiber U (0, ws)U™ (0, wy)U (0, w; ) is weighted with the respective
two-fold product of linear channel transfer functions associated with position ¢ and frequency
w1, wa, w3]T. The third frequency ws is constrained with respect to the FWM selection rule
according to (4.22) such that the mixing between the optical signals generates the local per-
turbation at frequency w = w3 + w; — wy. The local perturbation at w is hence obtained by
integrating over all possible pairs of [wy, wo|T. The result, i.e., the local perturbation due to all
FWM combinations, is then propagated back to the fiber input at z = 0 via the inverse linear
transfer function Hg'((,w). The total (path-) accumulated perturbation is attained via inte-
gration of AU ((,w) over all positions , i.e., via summing the local perturbations generated
along the transmission link from z = 0 to z = L. The final dispersion operator Hcop (L, w)
transforms the accumulated perturbation to the receiver at z = L.

The linear transfer function from (3.63) is substituted into (4.23) and the order of integra-
tion is exchanged. We yield [VSB02, Eq. (12)] [Mecl1, Eq. (6.9)]

L

AU(L ) = = g s Hon(Low) [, [ HE" € ) HolC. o) HE(C o) (G o)

x U (0, s YUM(0,ws)U (0, w;) d¢ d*w (4.24)

w3=w—w1+ws2

-~ g rpen(Lo) [ U060 0.)U (0.1

x [ H (G ) (G, 00) HE(G ) Hel(G, 1) dC P, (4.25)

exp(9(0)—i 2 (—wHwi—wi+w?))
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U(0,ws)U™(0,w:)U(0,w1) AU (L,w)

I2 HC(§7W1)H8(Caw2)HC(C7w3) W H(_jl(caw) Llﬁ fOL dC __fRQ dwldw2 +%<>‘ HCD(L7W) I
C (C2

Hyr,(w) = Hyp (w1, w2, ws)

_j’_YSLeH

Figure 4.5: Frequency-domain representation of the parallel fiber-optical channel model where the inner inte-
gral over the spatial variable ( reflects the (path-) accumulated phasor (due to the linear propagation) for any
[w1,wa, oJ3]T tuple which is subsumed in the so-called nonlinear transfer function Hxy, (w2 — ws, wa — w1). The
outer (double) integral sums the accumulated phasors for all [wy,ws]T pairs.

where we can apply the useful equivalence

1
Uy = (W — w)(we — wy) = f(wQ — w% + wg —(w—wi + w2)2) , (4.26)
e 2 —
w2 —w3 w,

to arrive at the solution to the first-order RP method in frequency domain [VSB02, Eq. (12)],
[LHP'05, Eq. (2)], [Wei06, Eq. (4)], [LLH'12, Eq. (24)-(27)]

.8 1
AU (L,w) = — J7§Leﬂc(2T)2HCD(L, w) /1R2 U (0,w +v)U(0,w + v + 1)U (0, w + v1)
1 (L
X7 ), (S +juB(C)) d d*v (4.27)
Hyi, (v)=Hnr(v1,v2)
——'7§L LH (L w)/ U (0,w — wy + w)U(0,w)U (0, w1)
= ‘]'}/9 eff (27T)2 CD ) R2 ) 1 2 s W2 y W1
1 /L :
X7y P (S Hi(we — ws)(wr @) B(O)) A dPw. (4.28)

Hnp(w)=HnL(w1,w2,w3)

Equations (4.27)—(4.28) constitute the central result of the continuous-time first-order RP
method in frequency domain. It is remarkable, that, in this form, the integrand can be fac-
tored into a term that only depends on the optical signal at the input of the transmission
system U (0, w), and a term that only depends on the characteristics of the transmission link,
i.e,, the gain/loss and dispersion profile of the link. The latter is commonly referred to as non-
linear transfer function and either defined as a function of difference frequencies Hyp(v) =
Hni(v1, 1), see (4.27), or as a function of absolute frequencies Hyp,(w) = Hnp (w1, we, ws),
see (4.28). Section 4.1 provides an in-depth discussion on the characteristics of the nonlinear
transfer function.

Relation to the Third-Order Volterra Operator It is instructive to relate the solution of the
perturbation approach in (4.27)—(4.28) to the theory of Volterra series as introduced in Section
2.1.3.2. The first application of VSTF for solving the nonlinear Schrodinger equation were pub-
lished in [PBP97,XBP01]. In [VSB02], Vannucci et al. shows that the first-order perturbation
approach is equivalent to the third-order Volterra operator. This can be intuitively under-
stood considering the following: Figure 4.6 shows the basic (third-order) nonlinear system
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ULIN(C, t)

r——> HC(Q,w)

*r—> Hé(C,—w)

u(0,1) i uLIli(C7t)

0—>Hc,w
()I

M HC(C’M)HE(C7WQ)HC(QWS)HC_JI(QM—W2+W3) .

HlsIli)(Cu ‘-‘-’) = HIEI?(QWI,W%W?;)

Figure 4.6: Block diagram of the basic third-order Volterra system (compare with Figure 2.1) constituting a single
(spatial) branch of the parallel fiber model from Figure 4.2.

corresponding to a single (spatial) branch related to position ( of the parallel fiber model from
Figure 4.2. Here, the optical signal u((,t) and its Hermitian conjugate u™((, t) are explicitly
drawn in a direct correspondence to the basic third-order Volterra system in Figure 2.1. Us-
ing the relation from (2.66), one can immediately derive the frequency-domain, third-order
Volterra kernel of this particular ((-dependent) basic system as

HE (¢ w) = HE (¢ wi,ws,w3) = Ho(Cwn) HE(C, ws) Ho(C,ws) HGH(C wr — wa + ws)

w

Higiw)  Hipi(w)  HZ () Hizh(@)
(4.29)
where the Hermitian conjugation induces the sign swap of wy compared to (2.66). The kernel
is apparently partially symmetric, i.e.,

H (C w17w27w3) Hl(\IBI,J)(C7w3)w2)w1> ) (430)

due to the equivalence Hﬁ%}(w) = Hﬁ)l(w) = H¢(C,w).

We can now use the theory of parallel concatenated Volterra systems, see (2.69), to obtain
the (normalized) nonlinear transfer function as the integral over all spatial positions 0 < ( < L
in the limit d¢ — 0, and obtain

/ HE (¢, w) d¢
eﬂ

HC(Cawl)Hc(QM)HC(C,WS)Hc (¢, w1 —wy +ws3)d(, (4.31)

w

Hyp(w

Leff
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where we used the effective length of the link L.g to normalize the nonlinear transfer function
to Hxi,(0) = 1. The same result can be found in the derivation of the first-order perturbation
method, e.g., (4.24)-(4.25).

The Nonlinear Transfer-Function  We now formally define the (normalized) nonlinear transfer
function in terms of absolute frequencies as®

HNL(w) = HNL(W17W27W3>

= Llﬁ OL HC(C? wl)Hé(Ca w?)HC(Ca W3)HC_]1(C,CU1 — Wy + (JJg) dC (432)
L
- Llff | exp (5(0) +j(wz —ws)(wz —w1)B(C)) dC, (4.33)

such that the transfer function is normalized and dimensionless, i.e., with (3.27) with have

1 L
_Loﬁ" 0

Hx (0) exp (§(C)) dC = 1. (434)
The form of (4.32) is in direct correspondence with the definition of the Volterra operator in
its standard form, see (2.58), which explicitly recovers the dependence on the linear transfer
function H¢((,w) evaluated at the four involved frequencies and then path-averaged over the
transmission link, cf. Figure 4.6.

It is noteworthy, that the nonlinear transfer function contains all the relevant information
about the transmission link characterized by the dispersion profile B(z) (including CD pre-
compensation By, cf. (3.47)) and the gain/loss profile P(z).

Equivalently, the nonlinear transfer function can also be defined in terms of relative fre-
quencies (aka. difference frequencies) as

1 L

Hyi(v) = Hy(vi, v2) T Jo

exp (G(¢) +juivaB(¢) ) d¢, (4.35)

which reduces the dimension of its domain dom(Hyp,) by one due to the simple relation v; =
we — wg and vy = wy — wy such that

Hyi,(v1,v2) = Hyp(we — ws, we — wy) (4.36)

and the change of variables creates symmetry w.r.t. [vy, vo]", i.e., Hxp(v1, v2) = Hyy(va, v1).
The form in (4.35) already appears in, e.g., (4.27) and will be mainly used in the following,
since, as will be shown below, it relates via a 2D Fourier transform to the corresponding kernel
hni(T) = hnw(71, T2) of the third-order time-domain Volterra operator.

Similar to above, Hyy,(v1, v2) depends in fact on the product of (relative) frequencies

f dZEf V1Uy = (OJQ — UJ3)(W2 — UJl) (4.37)

2We will define the function Hyr,(-), where, depending on the (number of) arguments, one of the following
definitions in (4.33), (4.35), or (4.38) is to be used.
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which again reduces the dimension of dom(Hyy,) to finally one, and we define [Wei06, Eq. (5)]

def 1 L

Hxi(§) = exp (9(¢) +J€B(C)) d¢. (4.38)

Leff 0

The form in (4.38) is related via a one-dimensional (1D) Fourier transform w.r.t. £ to the
so-called power-weighted dispersion distribution [Wei06], which was used to, e.g., optimize
dispersion-managed systems. Equation (4.38) is also well-suited to visualize the nonlinear
transfer function w.r.t. the scalar variable &, or to investigate the poles and zeros of the non-
linear transfer function, as the image of Hyy(+), i.e., set of all output values, is apparently the
same for all three variants (4.32), (4.35), and (4.38).

The nonlinear transfer function can be interpreted as a measure of the so-termed phase
matching condition. The phase mismatch due to dispersion, i.e., the difference in the propa-
gation constant, see (3.3), between the four involved frequencies of the nonlinear mixing, is
given by [Agr10, Eq. (6.3.19)]

Blz,w) = Blz,w1) + B(z,w2) — B(z,ws) = (w? — W} +wj — (w)2) BQQ(Z)

= (w1 — w)(ws — w1)Ba(z) = v1vg Pa(z), (4.39)

where on the right-hand side of (4.39) only the second-order Taylor coefficient 35(z) is consid-
ered. This phase matching condition is present in the argument of the exponential in (4.35) in
terms of accumulated dispersion v;v, B(z). Phase matching is obtained when the nonlinear
transfer function is maximized; compare Figure 4.7. Simply speaking, the mixing is good, i.e.,
|Hni(v)] — 1, if the involved frequency components propagate pair-wise at approximately
the same (relative) velocity over a section of the link with relatively high signal power, i.e.,
9(z) — 0. This is achieved for low chromatic dispersion (2(2), i.e., close to the zero-dispersion
wavelength where (5(z) — 0, or either for v; — 0 or v — 0, which relates to the pair-
wise propagation of the two frequency components, cf. Figure 4.3. The squared magnitude
| Hxi(v)|? is also called the FWM efficiency [Agr10, (6.3.18)].

The spectral width of the nonlinear transfer function |Hyr,(§)] in relation to the probe’s
spectral extend, see (2.82), is a measure of intra-channel (i.e., SCI) nonlinear effects [FBP09,
Fis09]. Recall, e.g., from Figure 3.5 (right) and (3.57), that the length of the CD impulse response
(normalized to the symbol period) scales with (1 + p) L/Lp. Hence, the ratio (1 + p) Leg/Lp
is proportional to the number of overlapping pulses due to dispersion (within the probe chan-
nel) which interact nonlinearly over the link (i.e., where the signal power is effectively high).
It will turn out that the width of the nonlinear transfer function (over £/(27R,)?) scales in-
versely with the number of overlapping pulses within Lcg. This was first reported by Louchet
et al. [LHPT05] where the perception of a nonlinear diffusion bandwidth (i.e., a bandwidth
proportional to &/ 3, of an equivalent single-span model)® was developed.

3The notion of diffusion stems form an analogy with a diffusion process in which the diffusion length (here,
equivalent to the nonlinear diffusion bandwidth) is a measure of how far a concentration propagates, i.e. here, a
measure of the nonlinear interaction range of a given spectral component [Lou06, P. 33].
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Example 4.1: The single-span nonlinear transfer function

We consider the nonlinear transfer function Hyy,(v) of a single span with typical fiber param-
eters (cf. ITU recommendation G.652) and end-of-span, lumped amplification. Figure 4.7 shows
the squared-magnitude |Hyr,(v)|? in logarithmic scale.
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Figure 4.7: Squared-magnitude in logarithmic scale of the single-span nonlinear transfer function for
By = —21 ps?/km, By = 0 ps?, 10log;y e® = 0.2 dB/km and L = Ly, = 100 km over the difference
frequencies v; and vy normalized to Rs = 64 GBd [FFF20]. The red line denotes Hnr,, sp(£) which
only depends on the scalar £ = vy vs. (Part for v1 > v not shown).

For this example, we set the dispersion profile to
'B(Z) = Bgz,

i.e., unmanaged/no inline dispersion compensation with $y = —21 ps?/km, and the (logarith-

mic) power profile to
G(z) = —az + aLsp 8(2 — Lgp) ,

with 10log;ye® = 0.2 dB/km and L = Lg, = 100 km. For visualization, the difference
frequencies [vy, vo]T are normalized by the probe’s symbol rate 27 Ry = 27 - 64 GBd to relate
the spectral width of Hyp,(v) to the spectral width of the channel under consideration (or, more
precisely, to the spectral width of the probe’s Nyquist interval).

It can be observed that Hnp, (v, v2) has features of a hyperbolic function in two dimensions
(cf. the projected contour) as it depends on the product £ = vjv9, see also discussion in [Pog12,
VIII. A]. The bold red line drawn into the diagonal cross section in Figure 4.7 corresponds to
Hyxi(€/(2mRs)?) over the (normalized) scalar variable & = vy vs.

This insight has led to the definition of the map strength [AHB01, SBO07, BSO08]. The
map strength 8 is a measure of the temporal extend (i.e., the induced memory) of the system’s
response due to intra-channel nonlinear effects (assuming no in-line dispersion compensation).
It is defined as

8 = ByLen/(2m), (4.40)

and has units s? (squared seconds). Accordingly, the map strength normalized to the probe’s
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symbol rate Ry = 1/T is defined as
81, = (2R;)*8 = 2mR2 B2 Lot = sign(Ba) Legt/ Lo , (4.41)

which immediately recovers the ratio L.g/Lp, see (3.27), (3.56), and, hence, inversely relates
to the spectral width of the (normalized) nonlinear transfer function Hyr,(£/(27R;)?), see

discussion below.

Example 4.2: The spectral width of the nonlinear transfer function

T o T o
a E o 4 GBd
W —10 A o —10 {|——8cBd
2 | = 16 GBd
- n
2 _op | S o ||——32GBd
Z z —20 64 GBd
— = 128 GBd
b% —30 S —30 |
S 40 —rm— s w0l
—642 —322 322 642 —1 —0.5 0 0.5 1
¢/(2m)? [GHZ?] —» ¢/(2nR)* —

Figure 4.8: Squared-magnitude in logarithmic scale of the single-span nonlinear transfer function for
B2 = —21 ps? /km, By = 0 ps?, 10log;qe* = 0.2 dB/km and L = Ly, = 100 km over £ = vjvs.
The normalization by (27 R;)? relates Hyr,(€) to the probe’s spectral width [FFF20].

In Figure 4.8, the nonlinear transfer function |Hyy,(€)|? is shown in logarithmic scale over the
variable ¢ /(27)? in units of Hz? (squared Hertz), and over the normalized variable ¢ /(27 R;)?.
The corresponding segment of Hny, (&) is color-coded for the following set of symbol rates

Ry ={4,8,16,32,64,128 } GBd.

Apart from the symbol rate Rs used in the normalization of the axis, the same link param-
eters are used as in Example 4.1. We observe that the nonlinear transfer function has the
form an equivalent low-pass filter w.r.t. £, with a weak ripple superimposed. The width of
|Hw(€/(2mRs)?)|? is proportional to 1/87,, o< Lp/Lesr o< Ry, i.e., doubling Ry reduces the
spectral width by a factor of 4.

The trace with Ry = 64 GBd is identical to Figure 4.7. For this case, span length, the dispersion
length, and the effective length take the following values

L = Ly, =100 km, Lp =1.85km, Leg = 21.50 km ,
e.g., also see the red marker in Figure 3.7 (left). The normalized map strength takes the value
81 =—11.62.

The number of overlapping basic pulses subject to chromatic dispersion over the effective length
(14 p)Legr/Lp = (1 + p)|87,] is approximately 14 given p = 0.2. This is in the same order of
the system’s intra-channel nonlinear memory given the selected parameters.
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Closed-Form Single-Span Solutions  Closed-form analytical solutions to the nonlinear trans-
fer function in (4.35) can be obtained for single-span or homogeneous multi-span systems.

Considering only a single span and average link parameters (i.e., no z-dependency of the
link parameters «(z), g(2), B2(2)), the power and dispersion profile reduce to the simple ex-
pressions already given in Example 4.1. Then, the single-span nonlinear transfer function
Hyi,sp(v1,02) can be written in closed-form by

1 Lsp

Hyy,sp(v1,02) = 7)o exp (—07( +jU10262C) d¢ (4.42)
eff
11— exp (—aly + jorvsfhLe)
= — = ; (4.43)
Leg o — JU1U252

where Ly is the effective length of a single-span, i.e., Leg = Leg p, as defined in (3.29).

Asymptotic Limits — Lossless Transmission It is instructive to study the asymptotic limits of
Hyi,sp(v1,v2). We first study the case of lossless transmission with §(z) = 0 (equivalently
realized by a lossless fiber with «(z) — 0, or by ideal distributed amplification with ¢g(z) =
a(z)). We define the nonlinear transfer function of a lossless single-span link as [AHO02a, (6)]

1 1 —exp (jU1U252L3p>
Lsp —jU1U252

— Ly — L
= exp (jv1v2522p> si (vlvzﬁzp) ; (4.45)

HRo, (01, 02) < lim Hyp, gp(v1,02) = (4.44)

2

where we used that Ly, = lim,_,¢ Leg sp from (3.31). Similarly, the map strength §, as given in
(4.40), in the limit of a lossless transmission is defined as the zero-attenuation map strength

8o = lim 8 = ByLsp/ (27) (4.46)
810 = (21 R,)? lim 8 = 27 R23y L, = sign(Ba) Lep/ L - (4.47)

Since the (normalized) map strength is a measure of the number of nonlinear interacting pulses
over the effective length, in the limit of lossless transmission it simply becomes the ratio of
the span length and the dispersion length. The map strength & fully characterizes the nonlin-
ear transfer function for lossless transmission, and we obtain the concise expression [AHBO1,

Eq. (3)]

Hﬁi’gp(vl, Ug) = exp (jmuivg 8) sinc (v1v2 8) (4.48)
sin(27w8q viv 1 cos(2mSg vy v
_ ( 0 V1 2)+j i ( 0 U1Us2) (4.49)
271'80 V1V 27'('80 V1V2 271'80 V1V
sin(278g viv sin?(w8y v v
_ ( ot 2) +J ( 0v1 2) ’ (450)
27TS() V1V 7T80 V1U2

where we use the definition sinc(z) = si(rz) = sin(7z)/(7x).
The nonlinear transfer function can become a purely real-valued function if the exponen-
tial pre-factor in (4.45), (4.48) vanishes. This can be achieved if dispersion pre-compensation is
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taken into account with By = — Bg% = —78, i.e., the dispersion profile B(z) is symmetrized
when the signal is pre-dispersed with half the accumulated net dispersion, cf. sqrt-sqrt equal-
ization of linear dispersive channel [Fis02]. For (homogeneous) multi-span transmission the
value is multiplied by the number of spans N, which is equivalent to the straight-line rule—an
approximate rule to symmetrize the dispersion profile [FABH02,BSO08,BSB03].

In the context of soliton transmission, the nonlinear kernel Hﬁﬁgp(vl, vy) with a sym-
metrized dispersion profile has already been derived through the nonlocal dispersion-managed
NLSE in early publications by Ablowitz and coworkers in [AB98, AHB01, AH02a]. An equiva-
lent expression has been obtained by a similar approach—the path-averaged propagation model—

by Turitsyn and coworkers [GT96, TTMF00, TFS*00].

Asymptotic Limits — Infinite Span-length Given a transmission link with a single, asymp-
totically long fiber (i.e., Ls, — 00) or equivalently for Ly, >> Leg a, the single-span nonlinear
transfer function can be approximated to be independent of the length L, and only dependent
on the asymptotic length Leg ,, as defined in (3.30).
The nonlinear transfer function is then obtained as [LHP* 05, (9)] [SBO07, (31)] [BSO08,
(8)] [FBP09, (7)]
HLSp%oo

1
def .
NLsp  (U1,02) = L};QOO Hyisp(v1,02) = Lo

/Ooo exp(—a + juveBaC)d¢  (4.51)
1

1 —juisBoLega

(4.52)

where we use Leg < Jim Lop—soo Lef = 1/a. We can again take the limit Ly, — oo for the
map strength § and define the asymptotic map strength as

8. & leigoos = BoLefra/(27) (4.53)
S1a o (27TRS>2 Llirn S = sign(Bg) Lega/Lp , (4.54)
sp—>00

to rewrite equation (4.52) as a function of the (asymptotic) map strength, i.e.,

1
Hir () vg) = — 4.55
NL,sp ( 1 2) 1 — j27T/U1/U2Sa ( )
The expression in (4.55) is equivalent to a first-order low-pass w.r.t. . It has a (two-sided) 3-dB

bandwidth, i.e., a full-width half maximum, of |2/(278,)| cf. [LHP"05,FBP09]. The width over
the normalized frequency axis £/ (27 R)? is |2/(2787.)

, cf. Example 4.3.
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Example 4.3: Asymptotic limits of the nonlinear transfer function

In Figure 4.9, the magnitude (in logarithmic scale) and the real- and imaginary part (in linear
scale) of the single-span nonlinear transfer function Hxp,sp(€) are shown over £/(27 Rs)? ex-
emplarily for Ry = 32 GBd.

o

U — HNL,sp(E)
11— Hﬁﬁgp(ﬁ)

I
—
S)

10 logl() |HNL sp <£)|2 —
5

| |
—
>

Figure 4.9: Squared-magnitude in logarithmic scale (left) and real- and imaginary-part in linear scale
(right) of the single-span nonlinear transfer function for 3y = —21 ps? /km, By = 0ps?, 101log;, e® =
0.2 dB/km, Rs = 32GBd, and Lg, = 50 km over £/(2mR)? = viva/(2mRs)?. The asymptotic
limits of Hnr,sp(§) for @ — 0 and Lg, — oo are also shown. Here, Lp = 7.4km and Leg, =
21.71km.

We find the following length scales
L = Ly, = 50 km, Lp =740 km, Leg = 19.54 km Lega = 21.71 km,

given 101log;qe® = 0.2dB/km and By = —21 ps? /km.
Additionally, the asymptotic limits of the nonlinear transfer function Hﬁﬁgp(ﬁ) and Hﬁipszoo(f)
are also shown. The related map strengths compute to

1
0.148°

Srp = —2.64, 8= —6.76 = — 870 =—2.93 ~ —

7-0.10 "
For this set of system parameters an interesting feature of the nonlinear transfer function can
be observed. It can be seen that Hyry, ¢p(§) is not monotonically decreasing with &, i.e., there
are values of & = v1vy where the nonlinear coupling accumulates worse even though the phase
matching proportional to £ in (4.39) is better. In particular, those dips occur at integer multiples
of ) I

=2 =0.148.

870l Lsp
Those dips are identical with the zeros of the corresponding sinc-shaped transfer function
Hﬁi’gp(f) As a consequence, in spite of lossless transmission (i.e., strong nonlinear interac-
tion), there are combinations of v1 and vy for which the nonlinear distortion accumulates to

zero over the span length L, e.g.,

(27 - 12.31 GHz) (27 - 12.31 GHz)
(27 Rg)?

(27 - 8 GHz) (27 - 18.94 GHz)
(27 Rs)?

=0.148, or = 0.148.

On the other hand, the single-span nonlinear transfer function Hﬁi";m(ﬁ) has the charac-

teristics of a first-order low-pass and the full-width half maximum, given in normalized units
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¢/(27Rs)?, computes to
1 2Lp

= =0.10.
T|87al  27Lega

In Figure 4.10, the corresponding Nyquist plot of the nonlinear transfer function Hyr,sp(€) is
shown. Here, the gray curve shows the scatter plot of Hnr, ¢, (§) in Cartesian coordinates (i.e.,
z = Lisfixed, while £ = vivs is varied), while the color-coded traces show the accumulation of
the nonlinear perturbation over { at a particular point £ = vyvs (i.e., £ is fixed, and z is varied
form 0 to L). The colored bullet markers indicate the point 2 = Lg, and all lie on the gray

curve. E.g., the zero-crossings of HﬁL_’gp (&) are clearly visible—the first one occurring at around

Lsp—ro0

& = (27 - 12.31 GHz)?, see above. The scatter plot of Hy;;’ o (&) forms a perfect circle in the
Cartesian space.

1 4| — (27 - 0GHz)2 L 14
— (27 - 4 GHz)?
11— 2 - scHz)2
T 0.5 - (27 - 16 GHz)? L T 0.5 -
. — (27 - 32 GHz)? .
v (27 - 64 GHz)2 <
~— S~—
2 0 (27 - 128 GHz)? g o & 0
2 L2
T T
ooy ooy
& —051 Lep = 50 km g 051 Lep = 50 kih
10logyg e® = 0.2 dB/km | | 10logyge® — 0dB/km
B2 = —21 ps?/km B2 = —21ps®/km
—1 B():Olas2 r —1 B():Ops2
-1 —-0.5 0 0.5 1 -1 —-0.5 0 0.5 1
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—
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Figure 4.10: Nyquist plot or locus curve of Hyr, sp (&) and its asymptotic limits (o — 0 and L, — 00)
with the system parameters as in Example 4.3 and Figure 4.9. Additionally, the case for a homo-
geneous multi-span system with Ny, = 3 is shown, also see Figure 4.11. The grey curve shows
the nonlinear transfer function in Cartesian coordinates, while the color-coded traces show how the
value of Hny, (&) at a particular point £ = v1v, accumulates via the integral over ¢ in (4.42). The
bullet markers indicate the location z = Ny, Lsp, = L.
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Homogeneous Multi-Span Solution In accordance with the parallel channel model, see Fig-
ure 4.2, the perturbation generated at one local position ( is independent (and hence uncor-
related) of the perturbation generated at any other position ( # (y. In the framework of the
first-order RP method, this assumption clearly extends to perturbations generated in different
spans.

Under the assumption that all spans are identical (i.e., have the same dispersion profile
B(z), power profile §(z), and have the same length Ly,), the perturbation generated in differ-
ent spans differs only in the amount of accumulated dispersion, i.e., first the required accumu-
lated dispersion for the linear source term wu,x(z,t) to propagate to the respective span, and
then for the local perturbation to propagate back to the input of the transmission link. This is
expressed by an additional phase factor (accounting for the accumulated dispersion) added to
the nonlinear transfer function of a single span.

This observation enables to factor the integral in (4.35) into a term representing the ef-
fects of a single span Hyy, s (v1,v2), and a second term representing the sum of all phase
contributions. Again, assuming only path-average span parameters as in (4.42), we express
the nonlinear transfer function of the whole link as the product of the single-span transfer
function and the sum of all phasors

Hyy (v1,v9) = Hxpsp(v1, v2) (1 + olvabelen y Gi2urvafalep ej(NSp_l)mmBQLsp) ;
(4.56)
where the sum of phasors is a truncated geometric series and can be given as closed-form
analytic expression. This leads to the definition of the phased-array factor [LHP' 05, Eqn. (6)]
[PBCT12, Eqn. (92)] as

Nyp—1 B
Hppr(v1,02) = Y exp(jnvivefaLsp) (4.57)
n=0
_ 1 - eXp(jvleBQ{VspLsp) (4 58)
1-— eXP(jU1U252Lsp)
i SolV.
— exp(jmuimSe(Nyy — 1)) STz 80Nsp) (4.59)

sin(mvivg 8g)

In Figure 4.11, we follow up on the Example 4.3, where Hyy,(§) and Hpar(§) are shown for
Ny, = 3 and N, = 4 given the same single-span system parameters. The phase-array factor
is a periodic function w.r.t. £ = vyv, with a period of 1/|8,| and has Ny, — 1 zeros (again
w.r.t. £) over a single period. The number of sidelobes (within the considered frequency axis
in Figure 4.11) increases linearly with the span number. At the same time, the spectral width of
both the main- and the sidelobes is decreasing. The resulting steep slopes within the transfer
function will impose severe constraints on the required frequency resolution if the multi-span
transfer function should be sampled and numerical evaluated.

In Figure 4.10, the corresponding scatter plot for Ny, = 3 of the multi-span example is
also shown. The high dynamic range of the multi-span transfer function is also visible in the
scatter diagram.
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Figure 4.11: Magnitude in logarithmic scale of the multi-span nonlinear transfer function for 3y = —21 ps? /km,

By = 0 ps?, 10log;pe™ = 0.2 dB/km, Ry = 32GBd, Ls, = 50 km, Ny, = 3, and L = 150 km (left) and
Nsp = 4, and L = 200 km (right) over £/(2mRs)?. Additionally, the single-span transfer function Hxr, sp(€)
and the phase array factor Hp,p(€) are shown.

4.2 The First-Order Regular Solution in Time Domain

To derive the (analog) baseband end-to-end channel model and its time-domain equivalent, see
Figure 4.1, the channel matched filter H¢,(L, w) is subsequently applied to both U (L, w) and
AU (L,w) from (4.27). Note, that the following equivalence holds

H{(L,w) = Hip(L,w), (4.60)

due to the receive-side normalization with §(L) = 0, see also (3.63) and (3.48).
The perturbation AS(w), i.e., the perturbation in the analog domain following our termi-

nology, is hence obtained by
AS(w) = HY(L,w) AU (L,w), (4.61)

which cancels out the leading term Hep (L, w) in (4.27) since |Hep (L, w)|> = |He(L,w)|* = 1.
We find the expression of the electrical perturbation in both frequency and time domain as

8 1
AS(W) = —i7% Lo / U(0,w + 0) UM (0,0 + vy + 0)U (0,00 + v1) Har, (v1, v3) d20
9 (271')2 R2 H/—; N——— ——
wW3=w—w1+w2 w2 w1
(4.62)
8
As(t) = =iz Ler | w(0,t = 1)u"(0,t — 71 — 7)u(0,t — 1) haw (1, 72) &7, (4.63)
9 R t t tg=t—t1+t
1 2 3=t—1l1 2

which recovers the time-domain representation of the third-order Volterra operator, see, e.g.,
(2.63)—(2.64). The Fourier transform As(t) o—e AS(w) is carried out explicitly in Appendix
A2

The frequency matching with ws = w — w; + wy is translated to a temporal matching®

def

ts =t —t; + to, i.e, the selection rules of FWM apply both in time and frequency, cf. [AHO00].

*Not to be confused with the phase matching condition in (4.35), (4.39).
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In symmetry with (4.20)-(4.22), we define the absolute and relative time variables as

def

tLEt—7 -7 (4.65)
ts =t -ty +ty=1t—, (4.66)

see also Figure 4.3 (a).

The time-domain perturbation As(t) has the same form as its frequency-domain coun-
terpart, i.e., the integrand is constituted by the respective time-domain representations of the
optical signal at the input ©(0, ¢) weighted with the time-domain kernel iy, (71, 72), which we
will call the nonlinear impulse response of the continuous-time end-to-end channel, see Section
4.2.

In contrast to the standard form of the third-order Volterra operator in (2.48), the integral
in (4.63) is only two-fold and the time-domain kernel has only two degrees of freedom 7 =
(71, 72]" instead of three (cf. [AH02a, Wei06]). This is induced by the temporal matching, see
above, alternatively expressed as 73 = 71 + T using the notation of the Volterra theory. In the
Appendix A.3, we present an alternative derivation of the time-domain perturbation As(t)
based on the time-domain Volterra theory. Therein, we show how the temporal matching
constraint causes the three-fold integral from the Volterra ansatz to collapse into a two-fold
integral, and at the same time reduces the dimension of the kernel’s domain dom(hyy,) from
three to two. Importantly, the time- and frequency-domain kernel expressed in relative time
and frequency are now related via a 2D Fourier transform [BSO08, Eq. (6)]

HNL(’U> = .FUHT{ hNL<’T) } s (4.67)

see also Appendix A.2 for the full proof.

The Nonlinear Impulse Response The time-domain kernel iy, (71, 72) can be given by, e.g.,
carrying out the inverse 2D Fourier transform (cf. [AH02a, Appx.] and [BSO08, Eq. (6)]) or by
following the time-domain derivation in Appendix A.3. It is explicitly given as

) = Fodo ()} = 7 [ o (800 -5 Jac. ey
= = X — .

NL VT NL Leﬂ 0 27T|,B<<-)| p Jg(() ’

with the tuples 7 = [r,7]" and v = [v;,v5]". The time-domain kernel maintains its hy-

perbolic form and symmetry as it is a function of the product 7 7. Figure 4.12 shows the

corresponding single-span time-domain kernel Ay, ¢, (71, 72) from Example 4.1. Here, the ker-

nel itself has a singularity at 7375 = 0 due to the singularity of the integrand at { = 0.
Similar as in (4.32), we can also express hny,(7) in terms of absolute time variables, i.e.,

e (t) = bt ta) = - [ QWI;(CN o (9(0 i tf%)g)l -

L
= Ll hao(C 1) he (¢ ta)ho(C, t)he' (Gt — to 4 t3) dC
eff /0 —’_—t

) d¢ (4.69)

(4.70)
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Figure 4.12: Magnitude in linear scale of the single-span nonlinear impulse response for By = —21 ps?/km,

Bo = 0 ps?, 10log;ye® = 0.2 dB/km and L = Lg, = 100 km over the time differences 71 and T normalized
to Ry = 64 GBd. The red line denotes hnr,sp (1) which only depends on the scalar ¢y = 7. (Part for
71 > T2 not shown). The time-domain kernel hnt, sp(71,72) is also the inverse 2D Fourier transform of the
kernel HNL’SP(’Ul, v2) in frequency domain from Figure 4.7.
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Figure 4.13: Squared-magnitude in linear scale of the single-span nonlinear impulse response iy, (1) for fo =
—21 ps? /km, By = 0 ps?, 10log;,e* = 0.2 dB/km and Lg, = 100 km over ¢ = 7172. The normalization with
R? = 1/T? relates hnr (1) to the probe’s temporal width, i.e., symbol duration.

where we recover’ the explicit dependency on the linear channel impulse response hc(z, t).
Here we use again the equivalence from (4.26) applied to the time variables

= (=)t — b) = (ts — ta)( — t5) — ;@2 22—t b)), (@7
————

t3

Note the duality to (4.32), where in both representations the nonlinear transfer function can be
understood as the path-average (cf. [GT96]) over an expression related to the linear channel re-
sponse h¢(z,t) - He(z,w). Other than the general basic third-order system in (2.65)-(2.66),
the inner temporal convolution is not explicitly carried out due to the temporal matching con-
straint t3 = ¢ — t; + to, see Appendix A.3 for details.

In Figure 4.13, we show the time-domain kernel using the same parameters as in Exam-

ple 4.2 over the scalar variable
def

lp = T17T2, (472)
5We used the simple relations /j/j* = 1 and /B(C) /B(() = |B(C).
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Figure 4.14: Squared-magnitude in logarithmic scale (left) and real- and imaginary-part in linear scale (right)
of the single-span nonlinear impulse response hxr, (1) for B2 = —21 ps?/km, By = 0 ps?, 10log;oe® =
0.2 dB/km, Ry = 32 GBd, and L, = 50 km over ¢/T? = 7172/T?. The asymptotic limits of hnr,sp(?) for
a — 0 and Lg, — oo are also shown. See also the corresponding nonlinear transfer function Hyr, sp(§) in
Figure 4.9.

with and without normalization to the symbol rate R, = 1/7. The red traces (i.e, Ry =
64 GBd) in Figure 4.12 and Figure 4.13 are identical. The nonlinear memory (i.e., the tem-
poral width of the nonlinear impulse response relative to the symbol rate of the probe) is
proportional to the map strength 87, < R2, i.e., doubling R increases the temporal width of
|hxw(¢/T?)| by a factor of 4, see Figure 4.13 (right).

Asymptotic Limits — Lossless Transmission We now consider the asymptotic limit of the
single-span time-domain kernel hyy, ¢, (7) for lossless transmission, i.e., «(z) — 0. We assume

again only path-average span parameters and follow from (4.68) that [AHO02a]

1 Lep 1 .T1T2
R (1, 1) = ———— ~ exp (ﬂ—) dg, (4.73)
N7 = omm T )y ¢ %

which can be given by the analytic expression [AH02a]

1 T1T:
a—0 ’ — - E o 71 2 474
N7 72) = oL, ( 5Ly (479
1 . T1T2
= oo i (—Io o 4.75
2m)2[S] ( szso> (4.75)
1 ( TiT > . ( TiTo ) .W)
=———[Ci|—= +jSi|—= —j=1, (4.76)
QW’BQILSP < ( 62Lsp B2Lsp 2

where E;(-) is the exponential integral function®, and Ci(-) and Si(-) are the cosine and sine
integral functions (cf. also Nielsen spiral).

Figure 4.14 follows up on Example 4.3 and shows the single-span nonlinear impulse re-
sponse including its asymptotic limits. Additionally, in Figure 4.15, the related Nyquist plots
are shown. E.g., the first zero of Ci(-) is at 0.6165, and the first zero of Si(-) — 7/2 is at
1.9264. Those zero-crossing can also be seen in Figure 4.14 and 4.15, where, e.g., for the kernel

®Here, we assume E; (jz) with z > 0, i.e., in the anomalous dispersion regime with Ba < 0and 7172 > 0.
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h¥r 9, (1), the first zero-crossing of the real part occurs at 0.6165 [S7,|/(27)—again show-

ing how the temporal width of the nonlinear impulse response scales with the map strength
S87. The authors of [AB98] and [AHBO01] show that, by symmetrizing the dispersion profile
with By = — Bg L;" = —7m8, both frequency- and time-domain kernels become real-valued
functions (up to a constant term) with

Hl%_m (Ul, ’Ug) = sinc (U1U2 2 80) (477)

L,sym

1 TIT: T
a—0 . 172 .

T,7) =~ (Ci = —j= 4.78
NL,sym( 1 2) (2 )2|80| (Cl( 9 80) .]2> ) ( )

where the 2D Fourier transform is performed w.r.t. 7 <+ v.

Asymptotic Limits — Infinite Span-length  The single-span nonlinear transfer function in the
limit Ly, — oo can only be given by the integral expression

o 1 1 _ .T1T2
thp_> , — _ — — —_ 11— d R 4.79
NL,sp (7'1 72) QWIBQILefr,a 0 CeXP < ag J52C> ¢ ( )

which is solved numerically for the examples in Figure 4.14 and Figure 4.15.
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Figure 4.15: Nyquist plot or locus curve of hnr, sp (%) and its asymptotic limits (¢ — 0 and Lg, — 00) with the
system parameters as in Example 4.3 and Figure 4.10. The grey curve shows the nonlinear impulse response
in Cartesian coordinates, while the color-coded traces show how the value of Ay sp (1) at a particular point
1 = 7172 accumulates via the integral over ¢ in (4.68). The bullet markers indicate the location { = L.
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4.3 The (Analog) Baseband End-to-End Channel

We now continue to express the perturbation As(t) o-e AS(w) as a function of the electri-
cal baseband transmit signals s, () > S, (w). The general idea is to expand the optical field
envelope of the WDM signal u(0,t) o U (0,w), similarly as in (3.77), and in turn, shift the
nonlinear transfer function by the respective channel separation Aw, to align with the base-
band signals, see below.

We are again interested in the perturbation that is imposed on the probe channel, i.e., the
frequency-domain expression in (4.62) is evaluated for all w € B, in (4.62). Similar as in (3.79),
we will dissect the total perturbation As(t) > AS(w) into contributions originating from
SCI and XCI, whereas MCI will be neglected.

The reason for the latter is as follows. We notice from Figure 4.8 and Figure 4.11 that,
given R (and consequently the channel spacing between different wavelength channels) is
sufficiently large, the FWM efficiency |Hyr,(£/(27Rs)?)|? may become negligibly small for
&> (2w R;)?. In other words, the phase matching condition in (4.39), proportional to £ = v;vs,
is not properly met if both v; and v, are larger than 27 R. Conversely, if the nonlinear transfer
function (normalized to the probe’s symbol rate) is narrow-band, then we can factor the inte-
grand in (4.62), (4.63) into an SCI and XCI term, i.e., mixing terms that originate either from
within the probe channel (both v; < 27 Rg and vy < 27 R;) or from within the probe channel
and a single interfering wavelength channel (either v; < 27 R or vy < 27 R;). Mixing terms
originating from MCI are only relevant if R (and hence the channel separation Aw,) or the
dispersion coefficient J5(z) is small’. We hence neglect any FWM terms involving more than
two wavelength channels.

Considering only mixing terms falling into the spectral support of the probe channel w &
B,, we can expand the triple product in (4.62) as

U(0, w3 )UM0,wn)U(0,w1)| = U,(0,ws)U(0,w2) U (0, 1)
~— weBp
w—w1+w2 SCI
+ 3 (U(0,w)U7(0,w3)U 5 (0,01) + Up(0,03) U7 (0,w2) U, (0,1) ), (4.80)
v#p
XCI

where the XCI term has two contributions—the first results from an interaction where ws
and w, are from the ' interfering wavelength channel and w and w; are within the probe’s
support (see lower blue region in Figure 4.16 (left)). The second involves an interaction where
wy and wy are from the interfering wavelength channel, and w, w3 are from the probe channel
(see blue region on the right in Figure 4.16 (left)).

We can exploit the symmetry® of the nonlinear transfer function Hyp,(v1, v2) = Hyy(v2, v1)
to simplify the XCI expression in (4.80). We obtain the integrand of the Volterra operator in

’E.g., for a channel spacing smaller than 25 GHz and typical 85 = —21 ps?/km [FBP09, Fis09].
8Note, that the symmetry of the nonlinear transfer function is broken if dispersion slope 33(z) # 0 is con-
sidered [AFAKT18].
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Figure 4.16: Squared-magnitude of the un-shifted (left) and shifted (right) nonlinear transfer function
Hyi,(v1,v2) in logarithmic scale. On the left side, the shaded vertical, horizontal, and diagonal regions in red
show the spectral support of U(0,w1), U(0,ws), and U(0,ws) for w = 0 (i.e., wa = v1 + v2) given two wave-
length channels at Aw, and Aw; with bandwidth B, and B; = 0.5B,,. The intersections of those regions (blue
areas) are the integration domains that contribute to the XCI terms in (4.80). On the right side, the nonlinear
transfer function is aligned with the baseband signals. The shaded regions in red show the spectral support of
S, (w1), Sp(ws), and S, (w2) for w = 0. Only a single blue shaded area remains and must be considered as XCI
contribution in (4.81).

(4.62) using the definition of the baseband signal of each wavelength channel’

U(O, W3)UH(O,OJ2)U(O,O)1)HNL(WQ — W3, Wy — W1)‘w68p (4.81)
== Sp(wl)Sg(wQ)Sp(wg)HNL(wg —W1,Wy — u}3)

+ 3 (80(w1) S8 (w2) + 85 (w) S (wi)T) S (ws) Hy (w2 — ws +Aw,, wy — wy),

v#p V1 v2

which now corresponds to the case that w3 always lays in the support of the probe’, i.e.,
ws € B,. The signals of the interfering wavelength channels are now represented in their
respective ECB, see (3.15)—(3.16). In turn, the nonlinear transfer function Hyy,(v; + Aw,, vs) is
now shifted according to the relative frequency offset Aw, to align properly with the baseband
signal of the interferer, see Figure 4.16 (right).

The shifted argument of the nonlinear transfer function (given in terms of relative fre-
quencies [v1, 5] T) can be rewritten according to (4.26) as

1
(V1 + Aw, vy = = (W — (W1 +Aw,)? + (W +Aw,)? — (W — (w1 —Aw,) + (Wa+Aw,))?),
2~~~ ——— ————

eBy eB, eB, w3€Bp

(4.82)

9Since UMU , is a scalar, we have U pUEUV =U"U,U o- The 2 x 2 identity matrix I is required to factor
the XCI expression in a v- and p-dependent term.

10 An alternative formulation with wy in the support of the probe is obtained by exchanging the subscripts of
w1 and ws in frequency domain and t; and t3 in time domain.
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su(1) ha(C,t — Aw,B(C))
Heo(Cw+ Aw,y)
sh(t) | ha(Ct— Aw,B(Q) e (G t) AS(.C,t)
Hé(C7_w_AwV) Hal(C?w)
Sp(t) ho(C,t)
HC(Caw)

Figure 4.17: Block diagram of the basic third-order Volterra system (compare with Figure 2.1 and Figure 4.6)
constituting a single spatial branch of the parallel fiber model shifted to the baseband of the 1" wavelength
channel. The input signals are given by the analog baseband signals of the probe s, (t) and interferer s, (¢). The
linear channel transfer function acting on the interferer must be shifted in frequency by the relative channel
separation Aw,. This corresponds to a retardation of the impulse response h¢((,t) in time by the walk-off
Two = Aw,B(({) depending on the local amount of accumulated dispersion, see (3.60)-(3.61) and Figure 3.11,
where dispersion slope 83(z) is neglected.

i.e., the shifted (and now v-dependent) nonlinear transfer function is either expressed in rela-
tive frequencies and defined as

Hyi,(v) = Hyi(v1 + Awy, vg), (4.83)

or in terms of absolute frequencies, as in (4.32)—(4.33), by

: 1 (L
Hyio(w) = Hyi (w1 + Aw,y,, wa + Aw,, ws) =7 A He (¢, wr + Awy, ) HE(C, wa + Awy)
eff

X Hc<C,W3)Hc_1(C,u}1 — Wo +W3> dC . (484)

The corresponding block diagram of the basic third-order Volterra system of a single spatial
branch is shown in Figure 4.17. Here, the input signals to the nonlinear system are given by
the analog baseband signals s,(t) and s, (t). The relative frequency offset between the two
wavelength channels results in a frequency shift by Aw, of the linear channel transfer func-
tion Hc((,w) acting on the interfering wavelength channel. A frequency shift of the channel
transfer function corresponds to a retardation in time of the channel impulse response® by the
temporal channel walk-off 7, (2, Aw, ) defined in (3.58). The temporal walk-off scales linearly
with the channel separation Aw, and the accumulated chromatic dispersion B(z), and so does
the memory of the nonlinear system described by the kernel Hyy,, (w).

We define the v-dependent (normalized) map strength to measure inter-channel (i.e., XCI)
nonlinear memory using the definition of the walk-off length L, from (3.62) as

81 = Aw, (27 Ry) 8 = Aw, RyfBoLegr = sign(BoAw,) Lo/ Lo, V7P (4.85)

UHere, dispersion slope 33(z) is neglected. This approximation is valid for 27 Bypy Bd < Bg, e.g., Bwou <
20 THz for typical fiber parameter as in G.652 [AFAK™18]. If dispersion slope is present, a v-dependent GVD
parameter can be used to approximate the dispersion slope to first-order.
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where the temporal walk-off between the probe and the v'! interfering wavelength channels
is the relevant length scale. Here, the ratio Leg/ Ly, is equivalent to the number of traversed
pulses over the effective length (i.e., where nonlinear interaction is most relevant) between
the probe and the pth wavelength channel, see, e.g., Figure 3.11 with 2 = L.g.

The expansion of the time-domain integrand from (4.63) can be done similarly as for the
frequency-domain integrand. We have

’U,(O, t— Tl)uH (0, t— T — TQ)U(O, t— TQ)hNL(Tl, ’7'2) supp(AS)CB, (486)
:Sp(t_T)SH(t—ﬁ — T2)8p(t — T2)hnLp(71, T2) (4.87)
+ 3 (sult = m)si(t — m1 = ) + sH(t — 71 — m) s, (t — 7)T) 8p(t — 72)hw(71,72)
v#p
where we use the now v-dependent nonlinear impulse response given by
hnvy (T) = han (71, 72) exp(—jAw, 72) . (4.88)

which is related by a 2D inverse Fourier transform to the shifted nonlinear transfer function
from (4.83), i.e.,

HNL,V('U) = ~F[v1,v2}T<—>[7'2,7—1}T{ hNL’y (T) } . (4.89)

In symmetry with (4.84) and (4.70), the v-dependent nonlinear impulse response can also be
given as a function of t = [t;, t, t3]7 by

aiolt) = [ grahelCot = AwBO)BE(C b — A B(O)

X ho(Cots) ho' (Gt — to + t5) dC. (4.90)
t
where the temporal matching with t5 = ¢ — t; + t is still present.
In summary, the analog baseband end-to-end relation of the continuous-time third-order
nonlinear system can be given in both frequency and time domain by

AS(w)‘weBp = AS™(W) + AS* () (4.91)
= SLQH(Q;)Q /]R L So(w1) S5 (w2) Sp(ws) Hyrp(w) dw (4.92)
“Figherges 3 [, (Sue)Sien) + 82,
X S (ws) Hypp(w) d*w

!

As(t) pp(AS) B, = As™(t) + As™(t) (4.93)

= o L [, sp(t)s!H (1) () 1) (499

_”S eﬁz/ sH(ta) + 81 (t) 5, (t1)T) 8 (ts) e (1) dPt.

v#p
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At this point, considering (4.62) and (4.81), we formulated the relation between the pertur-
bation at the probe AS(w) after chromatic dispersion compensation and the transmit spectra
of the probe S,(w) and the interferers S, (w) in their respective baseband. The remaining
operation to arrive at a discrete-time end-to-end relation will be discussed in the following
chapter.
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5. The Discrete-Time Perturbation Approach

Within the preceding chapter we have looked at the continuous-time end-to-end relation be-
tween the transmit signals and the perturbation imposed on the probe signal. In the present
chapter, we take the solution from (4.92)—(4.94) to derive the discrete-time end-to-end relation
anticipated in (4.5)-(4.6). Our analysis in the previous chapter revealed that the perturbation
can be split into its self-channel interference (SCI) and cross-channel interference (XCI) con-
tribution. Applied to the discrete-time ansatz we have

Aalk] = Aa*“[k] + Aa*'[k] (5.1)

:

AA(T) = AAS(T) + AAX (T (5.2)

which will be used in the following to ease the derivation. Due to the underlying regular
perturbation method (truncated after the first-order term), the perturbation signal in (5.1)-(5.2)
is purely additive w.r.t. the transmit sequence a[k].

The time-domain formulation of the 7-spaced discrete-time end-to-end channel was al-
ready developed in [ME12] with a focus on cross-channel nonlinear interference, see discussion
in Section 1.1. The corresponding frequency-domain view connecting the 1/7-periodic spec-
trum of the transmit and receive symbol sequences via an adequate frequency-domain Volterra
kernel is one of the key results of the present work, see Section 1.2. The fundamental require-
ment for such a discrete-time Volterra system in frequency domain is that frequency compo-
nents that appear—due to aliasing—at the sampled output of the continuous-time system, must
also be produced by the discrete-time system which only operates within the Nyquist interval.

In the nonlinear transmission regime, a subset of the distortions can be attributed to pure
phase and polarization rotations. Large multiplicative distortions can, however, not be mod-
eled well using only the first-order terms in the series expansion of the perturbation approach.
This in turn motivates the extension of the original regular perturbation approach to a com-
bined so-called regular-logarithmic approach taking the multiplicative nature of certain dis-
tortions properly into account. In the context of the discrete-time RP method, the above con-
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siderations resulted in enhanced numerical implementations of the RP method including the
so-called pulse collision picture, see Section 1.1. The same considerations can also be applied
to discrete-time Volterra systems in 1/7-periodic frequency-domain. The result of that, pub-
lished in [FFF20], is no longer equivalent to, e.g., the pulse collision picture (since multiplica-
tion does not commute in time and frequency domain), but performs equally well in terms of
accuracy.

The last section of this chapter concerns with the numerical validation of the derived mod-
els. An algorithmic implementation using the sampled and periodic spectrum of the transmit
sequence and the frequency-domain kernel is presented.

5.1 The First-Order Regular Solution

We start with the solution of the electrical end-to-end model from (4.92) and (4.94). The
matched filter corresponding to the transmit filter of the probe signal i ,(—t) o H} ,(w) is
applied to the sum of the linearly propagating transmit signal s(¢) o S(w) and the pertur-
bation As(t) o—e AS(w), see Figure 4.1. We assume that the matched filter is ideally aligned
with the transmit filter (or pulse) of the probe signal. The end-to-end filter cascade from the
perspective of the probe signal

T Hpp(w)Ho(L,w) Ha(L,w) Hi (@), (5.3)

forms an overall Nyquist response cancelling out inter-symbol interference on the perturbation-
free part of the receive signal'. The matched filter is typically realized using an oversampled
representation of H¢(L,w)Hf ,(w) in the receiver-side DSP. In a second step, T-spaced sam-
pling, see (2.30), translates the continuous-time receive signal to the discrete-time domain
recovering the original transmit sequence a[k] superimposed with the sampled perturbation
Aalk]. Any additional noise source is neglected at this point.

In the following, we will only consider the additive perturbation Aa*“'[k] originating from
SCI (justified due to the linearity of the prior operations), and then generalize to XCI. The
sampling operation, see (2.30), in time domain (corresponding to the aliasing operation, see
(2.29), in frequency domain) acting on the continuous-time perturbation (after the matched
filter) results in

AASC (T — gALIAs o {AS (W) - Hy () ) (5.4)
T
!
T
Aa®'[k] = E—SAMPLE r{ As®(t) * hy ,(—1) }, (5.5)
T

i.e, in frequency domain any signal components outside the Nyquist interval will be folded
into the Nyquist interval T, (2.28), which results in the frequency-continuous, and now 1/7-
periodic spectrum A A% (7).

In practice, this condition is only approximately fulfilled by the receiver-side DSP which tries to optimize
between ISI compensation and noise amplification.
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The remaining objective is to relate the received discrete-time perturbation to its discrete-
time transmit sequence and spectrum of the probe a[k]o-® A(e)7), and to that of the v*!
interferer b, [k] o B, (¢)“T). The general idea is outlined in Figure 5.1, exemplarily for the
SCI contribution. The block diagram from Figure 4.2 is modified such that the transmit pulse 7"-
Hr,(w), here, for v = p, and the receive-side matched filter Hy(w) = %H@(L, w)Hr p(w)
are incorporated into the parallel, spatial branches. The block Hcp(L,w) at the output of
Figure 4.2 cancels with H: (L, w), as part of the matched filter, since

HE(L,w) Hop(L,w) = exp (S(L)/2) = 1, Voo, (56)

with §(L) = 0 by assumption in (3.25) and (3.63).
To that end, the dimensionless, dispersed and attenuated transmit pulse G, (z,w) is de-

fined as the concatenation of the transmit pulse shape and the linear channel transfer function.
We define?

Gr.(z,w) “T. Hr,(w) Ho(z,w + Aw,) (5.7)

!

gro(z,t) = T - exp(—B(2) Aw?) /_ O; hoo(T) ho(z,t — 7 — DwyB(2)) dr,  (5.8)

taking into account the transmit pulse shape (including the launch power via P, = iT’”ET,Z,)
and the relative channel offset Aw, of the 1" wavelength channel. The definition in (5.7)-
(5.8) is in line with Example 3.5 and Example 3.6, where we use the path-normalized (i.e.,
un-attenuated) pulse gr,(2,t). In Figure 5.1, the block diagram is drawn for the case of SCI,
where, with v = p, the relative channel offset Aw, vanishes in the linear channel transfer
function He(z,w).

Vice-versa, we have the adversary, z-dependent receive shape Gr(z,w) which is defined
as the concatenation of the channel inverse and the matched filter w.r.t. the transmit pulse
shape of the probe. It follows

Gr(z,0) 2 T - i () Hg' (2, ) = exp(~5(2)) Gip(2,0) 59)
!
ozt =7 [~ %lé(z)'h;p(f)hcl(z,t T r)dr = exp(=G(2)) g5 —1),  (5.10)

where the receive filter G (z, w) is always matched to the dispersed transmit pulse of the probe
Gt (2, w), hence, omitting the additional p-subscript.

Note, that in the original paper [DFMS16] and its predecessor [ME12] only the time-domain derivation of the
theory is provided. Therein, the z-dependent transmit/receive pulses are defined as the concatenation of hr(t)
with the impulse response of the chromatic dispersion hcp(z,t), whereas we use the linear channel transfer
function h¢(z,t) which is in the context of the Volterra theory presented in Section 2.1.3.2 and Appendix A.4 the
more natural notation. Beyond that, the authors of [DFMS16] use a different normalization of their signals and
systems, and present their derivations only in a reduced degree of detail.
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Figure 5.1: The modified parallel fiber-optical channel model, see also Figure 4.2, exemplarily for the SCI contri-
bution. The transmit pulse Hr o(w) and the receive-side matched filter H7. ,(w) are part of the parallel branches
and combined with the linear channel transfer function H¢ (¢, w) to the z- dependent transmit and receive pulses

GTvP (Cv w) and GR(C) W).

Using the definitions of G, (z,w) and Gg(z,w), the third-order kernel of the end-to-
end nonlinear system follows directly from the analysis in the last chapter, cf., e.g., (4.29)-
(4.31) and (4.84). We define the normalized nonlinear end-to-end transfer function H,(w) =
H, (w1, ws,ws) as [DFMSl5, Eq. (12)] [DW17, Eq. (14)]

o 1
Hu(w) = / GTZ/ C?wl) TV<C7w2)GT p(Caw?))GR(Cawl —WQ—FOJ?,) dC (5 11)
Leff ET VETp
T * T *
—— T-Hry,(w1) T-Hy, (w2) T+ Hr p(w3) ——H7 (w1 — wa + ws) Hp o (w)
ETV ET,p

where we use the pre-factor 7/Er, = 1/P, to normalize the end-to-end transfer function,
see below. The nonlinear end-to-end transfer function characterizes the nonlinear cross-talk
from the v*® wavelength channel to the probe channel taking the transmit and receive filter
into account. In particular, H,(w), i.e, with v = p, describes SCI and H,(w) with v # p
describes XCL

An alternative block diagram of the intra-channel end-to-end relation with emphasis on
the frequency-domain view is shown at the top of Figure 5.2. The block diagram is in direct
analogy to Figure 4.5. The nonlinear transfer function H,(w) relates the periodic spectrum of
the transmit symbol sequence to the received signal before sampling. The nonlinear end-to-end
transfer function in (5.11) depends on the characteristics of the transmission link, comprised by
the (shifted) nonlinear transfer function Hyy, , (w) from (4.84), taking the frequency offset Aw,,
between probe and interferer into account, and the characteristics of transmit pulses Hr ,(w)
and Hr ,(w) (assuming the matched filter receiver front-end).

We now consolidate the T-spaced sampling operation with the prior analysis by consid-
ering the periodic continuation, i.e., the aliased discrete-time equivalent of H,(w), see (2.29).

It is given by E
H, () = = A - =), (5.12)

meZ3
where the three-fold aliasing is done along each frequency dimension with w = [w, w, ws3]T
and m = [my, mq, m3]" € Z3.
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Figure 5.2: A block diagram representation of the frequency-domain continuous-time (single-channel, i.e., v = p)
perturbation model (top), and the deduced discrete-time end-to-end equivalent where T-spaced sampling is
included via the aliased kernel representation and integration bounds that coincide with the Nyquist interval
(bottom) [FFF20]. The end-to-end relation on top is the extension of Figure 4.5 including the transmit and receive
filter of the probe via G ,(¢,w) and Gr (¢, w).

The normalization® by T'/Et, = 1/P, in (5.11) is done such that H,(e/®7) = 1 and di-
mensionless. Conversely, the inverse Er, /T = P, is combined with the (path-average) non-
linearity coefficient 7 to the (inverse) nonlinear length 1/ Ly, from (3.74) and included in the

multiplicative factor —%L%ﬁ in the block diagram. We define the (v-dependent) nonlinear
phase shift as ,
def 8 Leff
, g2 , 5.13
ONLy = g Inty (5.13)

which depends via Lyi,, linearly on the launch power P, and essentially acts as a scaling
factor of the nonlinear distortion’s magnitude.

Figure 5.2 (bottom) shows the deduced discrete-time end-to-end model which now in-
cludes T-spaced sampling via the aliased frequency-domain kernel H,(¢/*7). The two-fold in-
tegration over [w;, wo| " is now performed over the Nyquist interval T? instead of R?. This rep-
resentation is in analogy with linear, dispersive channels as, e.g., in Figure 2.10 with z = e/“7
[Fis02, Fig. 2.3].

In summary, we can now relate the sampled perturbation Aa[k] o~ AA(e™7) to the trans-
mit sequence (here, again exemplarily for the SCI contribution) both in discrete-time and 1/7-

3Note, that by definition the optical launch power P, of the " wavelength channel is related to the pulse
energy of Hrp ,(w) in (2.76), (2.77).
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periodic frequency by

AAS (T = —j§ Lg T7? / A7) AR (&2T) A (T H, (4T d2w (5.14)
9 LNL o (271')2 T2 N—— P ’
H/_V/ w3:m0dqy{w—w1+w2} eT

@NL,p
2
SCI 8 Leff H
Aa®'k] = —j= > alk — rkia" [k — kalalk — k3]hy[K] . (5.15)

9 LNL?" KEZ3

The integration in (5.14) is two-fold over [w,ws|T € T? while the time-domain summation
in (5.15) is over three independent integer variables k = [k1, Ko, k3]' € Z>. This is a conse-
quence of the time-frequency relation between convolution and element-wise multiplication,
also compare with the continuous-time third-order Volterra operator in (2.63)—(2.64).

The temporal matching t5 = ¢ — t; 4 t,, present for the optical or analog baseband end-to-
end relation in (4.63), (4.94), is now canceled in (5.15) due to the convolution with the matched
filter h1.(—t), i.e., k3 does not depend on k; and ks in (5.15).

Note, that the frequency variable ws in (5.14) still complies with the frequency matching
W3 = W — wy + wy where the sum on the right-hand side may lie outside the Nyquist interval
T. Due to the 1/T-periodicity of the spectrum A(e™”) and kernel H,(e™”), any frequency
component outside T is effectively folded back into the Nyquist interval by addition of integer
multiples of 2wyy,. We define the related modulo function as

modr{w} = w — 27R, - [w/(27Ry)] , (5.16)

which reduces any frequency point w € R to the fundamental Nyquist region T using the
rounding operation [-|. This is used to calculate the reduced frequency

w3 =modr{w—w; +ws} €T, (5.17)

which can be interpreted as the FWM constraint (4.22) in the 1/7T-periodic frequency domain.
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Example 5.1: Obtaining the 1/T-periodic frequency-domain kernel

15 0dB 1.5
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S jwTy |2
o | ® 1010810 (| Hp (7)) [dB]
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Figure 5.3: Contour plot of a 2D cut (ws = 0) of the 3D (single-channel, i.e., v = p) frequency-
domain kernel H,(w) (left) [FFF20]. The parameters are the same as in Figure 4.7, and the basic
pulse has RRC shape with roll-off factor p = 0.2. The non-aliased kernel on the left exhibits the
well-known polygon-shape, compare, e.g., with [CBCJ14, Fig. 4] or [JA14, Fig. 2]. The projection of
the Nyquist cube T? into two dimensions is highlighted by the red boundaries. The discrete-time
end-to-end nonlinear transfer function H,(e/“T) (right) is obtained by aliasing the kernel H,(w)
into the Nyquist cube over all three dimensions [w1, w2, w3] . The three color-coded regions indicate
where the spectral components outside the Nyquist region appear after the aliasing operation. As
the notation implies, H, (/) has a 1/T-periodic structure into all three dimensions—shown here
by the transparent continuations in the w;-ws-plane.

In Figure 5.3, the contour plot of a 2D cut (i.e., a 2D slice with fixed ws3) from H,(w) before
aliasing, and the corresponding 2D cut from H,(e/T) after aliasing to the Nyquist interval is
shown. The same link parameters are used as in Example 4.1. The non-aliased kernel H,(w)
on the left-side exhibits the well-known polygon-shape of the SCI contribution for w3 = 0,
compare, e.g., with the integration islands displayed in Figure 4.16 (left) for the probe channel,
or [CBC]J14, Fig. 4] and [JA14, Fig. 2]. The portion of spectral support outside the Nyquist region
depends on the roll-off factor, given an RRC transmit shape with matched filter receiver, and
may extend to w; /(2w Rs) = +1 in all three dimensions i = 1,2, 3. In this example, a roll-off
factor of p = 0.2 is chosen.

The aliased kernel on the right-side is obtained by the operation defined in (5.12) and can be
visually understood as folding, see (5.16), the frequency components from outside the Nyquist
interval into the Nyquist interval (indicated by the red square in Figure 5.3). For illustration,
the color-coded regions display some selected locations of the spectral components before and
after aliasing.

The folded spectrum H,(e/*T) has a 1/T-periodic structure in all three dimensions
[w1, wa, wg]T, indicated in Figure 5.3 by the transparent continuations. Here, only the cutws = 0
is shown, but the periodicity also extends to the third dimension ws. This is visualized in Figure
5.4 on the following page where 2D cuts of the same kernel H,,(e™T) for varying ws are shown.
In particular, the cuts at the positive and negative Nyquist frequency w3 /(27 Rs) = 0.5 and
w3/(2mRs) = —0.5 are identical.

The kernel H,(e™7) is real-valued on the main-diagonal w; = ws, see (5.24), and has unity
magnitude except for the regions affected by aliasing, e.g., the yellow patch in Figure 5.4. The
kernel exhibits a similar signature for the case wy = ws, see Figure 5.4, which is a particular
property of the intra-channel kernel with v = p. The gradient of kernel depends mainly on the
symbol rate R; (for a fixed dispersion coefficient 32), see Figure 4.8, and is directly related to
the temporal width of the time-domain kernel, see Example 5.2.
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Figure 5.4: Contour plot of the 2D cut of the frequency-domain kernel 101log;,(|H,(e/“T)|?) for
varying ws. The cut with w3/(27Rs) = 0 coincides with the fundamental Nyquist region T? in
Figure 5.3 (right). Due to the periodicity into the ws-direction the cut for ws/(27Rs) = —0.5 and
ws /(2w Rs) = 0.5, i.e., the positive and negative Nyquist frequency in w3, are identical.
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The corresponding result to (5.15) for the discrete-time, inter-channel end-to-end relation
was published in the seminal paper by A. Mecozzi and R.-J. Essiambre in [ME12, Eq. (61), (62)]
and later used in [DFMSI13, Eq. (6), (7)]. A recent review of the time-domain perturbative
model is part of the book chapter in [BDS™20, Sec. 9.5]. The derivation provided in the liter-
ature [ME12] is based on reasoning connected to the time-domain perturbation theory. The
counterpart in frequency domain has not been considered before.

Based on the previous results in (4.92)—(4.94) and the considerations on the intra-channel
model, see above, the XCI complement to (5.14)-(5.15) follows as
8 Ly T2

AAX eij — 3 =
( ) ] l;) 9 LNL,y (27’(’)2

/m (By(eiwlT) Bl (e2T) 4 B!f(ej”?T)By(ejwlT)I)

x A(esT)H, (e*T) d%w (5.18)
e
@)
8 Leg

Aa*'k] = —=]) —
(K] J2%9Iwhy

Zg (bv{k — k1] [k — ko] 4 I [k — Kab, [k — 51]I>

x alk — k3)h,[K] . (5.19)

The time-domain description of the 7T-spaced channel model in (5.19) is equivalent to the pulse-
collision picture (cf. [DFMS16, Eq. (3-4)] and [Dar16, Eq. (3-4)]). Compared to the derivation
provided in [ME12], we arrive at the same result in (5.19) following a derivation in frequency-
domain. A detailed, alternative derivation for the end-to-end relation in (5.19) is presented
in Appendix A.4. Here, we take advantage of the theory on the time-domain Volterra se-
ries developed in Section 2.1.3.2. Due to the equivalence between the Volterra and perturba-
tion theory [VSB02], we again arrive at the same result in (5.19) under a somewhat different
premise. Some exemplary time- and frequency-domain, intra- and inter-channel kernels £, [k]
and H,(e/“T) are discussed in Example 5.1 and Example 5.2.

The time-domain and aliased frequency-domain kernel are related by a three-dimensional
(3D) DTFT according to

hulw] = Fbo{ Hu () }, (5.20)
where the time-domain kernel h,[k] = h,[k1, K2, k3] can be equivalently derived using the

Volterra theory from (2.65), see Appendix A.4, to obtain

1 T L roo
Br,Br, (G T = 0)gr, (G kT = 5.21
Legt ET,VET,p/O /_oo gr.0(C K1 0)91,,(C; K2 o) (5.21)

X g1,0(C, k3T — 0)gr (¢, 0) dod(

1 T L 00
:Leff m /0 eXp(—S(C)) [m gT’V(C’ K'lT - 0—)9:;‘,1/((7 52T - G) (522)

X g1,(C, 3T = 0)gr (¢, 0) dod( .

h,[k] =

Here, the additional integral, compared to the Volterra theory in (2.65), over { accounts for
the parallel, spatial branches, of which one is shown in Figure 5.5. The time-domain kernel is
effectively sampled at T = KT, hence the aliasing operation in (5.12). As in frequency domain,



116 5. The Discrete-Time Perturbation Approach

bV[k] gT,V(<7t)
GT,V(C7W)
b k] 97, (1) —gr((,t) a; "' (G, kT)
—> ;F’ ElT,p R M
Gt (Cw) Gr((,w) kT
a’[k] gT,P(Cat)
GT,O(Caw)

Figure 5.5: Block diagram of the basic third-order Volterra system (compare with Figure 2.1, Figure 4.6, and
Figure 4.17) constituting a single spatial branch of the discrete-time end-to-end model of the " wavelength
channel. The input signals are given by the discrete-time transmit sequences of the probe a[k] and interferer

b, [k]. The linear system acting on the interferer g1, (¢, t) o G, ((,w) already takes the relative channel
separation Aw, into account. This corresponds to a retardation of the dipsersed basic pulse in time by the
walk-off 7o = Aw, B(() depending on the local amount of accumulated dispersion, see, e.g., Example 3.6.

the kernel h,[k] is normalized using the same pre-factor %ﬁ% Note, that the exponen-
tial exp(—jB(z)Aw?) present in gr,(z,t) is canceled considering the product gr (¢, k1T —
0—>g”*1",1/<g7 kol — G) in (521)

Kernel Symmetry We now review the kernel properties of the aliased frequency-domain ker-
nel which can be deduced from (5.11), (5.12) and, e.g., based on the symmetric properties of the
basic third-order system shown in Figure 5.5 (top), where we assume the matched filter re-
ceiver front-end. We have

H,,(ej“’T) S R, if Wy =W & W3 =w (523)
H,(e*T) € R, ifw=w & wy=w (5.24)

V ws =w3 & w) =W,

where the two (doubly-degenerate*) cases wy = wy and wy = w3 (for v = p) result in a purely
real-valued kernel®. The first degenerate case with w; = w, corresponds to the diagonal of the
Nyquist region in Figure 5.3, shown here for w3 = 0, and in Figure 5.4. For the special case
that the transmit pulses hr,(¢) and hr,(t) have RRC shape with roll-off factor p = 0 (i.e.,
no spectral support outside the Nyquist region), we find that the folded kernel always takes
the value 1 on the diagonal—independent of ws. In general, the elements on the diagonal are
always real-valued and close to the value 1 (i.e., quasi frequency-flat on the w;-w,-diagonal),
and the flatness depends on the amount of spectral support which is folded into the Nyquist
region, cf. the yellow region in Figure 5.3. This approximation will be used later to simplify
the expression for the average phase- and polarization rotation, see next section.

40ut of the four interacting frequencies w, w1, wa, ws, two come as identical pairs due to (5.17).
>This corresponds to classical inter- and intra-channel XPM, i.e., with pure phase modulation, see analysis in
the following section
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We also find the following symmetry properties of the intra-channel kernel

H,y(el 1wzl Ty — [ (gl loswa]TT) (5.25)
Hy(el w2l Ty — ff (el mwn—we—wsl Ty (5.26)

and we can conclude form (5.25) that the cut of the kernel shown in Figure 5.3 is equivalent to
the cut with w; = 0, shown in the ws-ws-plane instead. Similarly, in Figure 5.4, w; and w3 can
be swapped without changing the picture.

We continue to review the kernel properties in discrete-time domain. Here, the properties
directly follow from (5.22), and the symmetry properties of the basic third-order system shown
in Figure 5.5 (bottom). We have

h,/[/fl, Ko, O] < R, if R9 =— K1 (527)
h,,[/il, K2, O] = h;{fig, K1, 0] eC if %) # K1, (528)

where the case in (5.27) is doubly-degenerate (i.e., k1 = k2 and k3 = 0 leads to two match-
ing pulses in (5.22), which is later termed two-pulse collision), and the kernel is real-valued®.
For the second case (5.28), the kernel is generally complex-valued but conjugate-symmetric
w.r.t. permutation of [k, k2]T. Due to the double sum over all [k, ko] (with the constraint
K1 # Ko and k3 = 0, later termed three-pulse collision) in (5.19) the overall perturbation from
this subset of [r1, rg]T € Z? is still real-valued.

Additionally, for intra-channel contributions (v = p) we find the following symmetry
properties of the kernel

hp[lil, K2, Ii3] = hp[lig, Ko, Iil] (529)

hp[’ih Ra, /{/3] [_Hla —Ra, _,{/3] 9 (530)

and we identify a second degenerate case corresponding to (5.27)—(5.28) but with x; = 0 for
the intra-channel case, cf., e.g., the symmetric form of (5.15) w.r.t. k; and k3.

The transmit pulse-shapes ht ,(t) and hr , (t) are assumed to be a real-valued (root) raised-cosine, and the
receiver uses the matched filter front-end.
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Example 5.2: Time- and frequency-domain, intra- and inter-channel kernels

This example follows up on Example 5.1. Here, we show a frequency-domain kernel that de-
scribes the nonlinear cross-talk between a single interfering wavelength channel (with channel
index v) and the probe channel (with channel index p). In this setting, we assume the same
system parameters as in Example 4.1. Additionally, the interferer has the same symbol rate
Ry = 64 GBd and RRC pulse-shape with p = 0.2 as the probe channel and is spaced at a
relative channel offset of Aw, /(27) = 80 GHz.

The contour plot in logarithmic scale of the aliased kernel H, (™) is shown in Figure 5.6.
Again, we can observe the periodic structure of the kernel within the 3D spectral support. Simi-
lar to the intra-channel, frequency-domain kernel in Figure 5.4, the main diagonal with w; = we
is real-valued, see (5.23), however, the second degenerate case with wy = ws is missing. The ker-
nel gradient is much steeper compared to the intra-channel kernel, suggesting that the corre-
sponding time-domain kernel has a greater temporal extent (i.e., the system is more dispersive).
With increasing channel separation the gradient will increase accordingly. This can be seen, e.g.,
in Figure 4.16, as the integration bounds of the shifted nonlinear transfer function Hxy, (v, v2)
move into regions of stronger slopes with increasing channel separation.

Next, we discuss the corresponding time-domain kernels related to Figure 5.4 and Figure 5.6. The
time-domain kernel h,[k] can be computed either via a two-fold integral over the spatial and
temporal domain ¢ and o, see (5.21)-(5.22), or via a 3D inverse DTFT, see the correspondence
in (5.20). Performing the numerical integration in either of the two former methods requires
proper sampling of the integrand. E.g., for the DTFT method, we effectively used a DFT with
512 equidistant samples per dimension to carry out the transform. This choice results in a good
match w.r.t. the two-fold integral over ( and ¢ using small step-sizes A( < L and Ac < T,
and finite integration bounds. Note, that using a DFT will inherently lead to cyclic artifacts if
the number of samples M per dimension is too small for the system memory specific to the
kernel. E.g., going to higher channel offsets Aw, /(27) > Rs and large L > Lp will make the
DFT method computationally challenging.

Considering Figure 5.7 and Figure 5.8, the time-domain kernels h,[k] and h,[k] also have a
symmetric structure, see (5.27)—(5.30), and are relatively sparse compared to the frequency-
domain kernels, i.e., much of the nonlinear interaction is captured by relatively few kernel
coefficients. E.g., many of the perturbation-based methods for intra-channel fiber nonlinear-
ity compensation in time domain only use the 2D cut with ko = k1 + K3 in Figure 5.7, see,
e.g., [GCK"14,0NO" 14,ZRB" 14]. In [FEST 18], an improved approach is presented which takes
all of the 2D cuts into account leading to better performance/complexity trade-offs.

We recap from Example 4.2 that the normalized map strength for R = 64 GBd and p = 0.2
calculates to (1 + p)|87,| ~ 14 which is in the same order as the interaction length of the
intra-channel, time-domain kernel hy[k] in Figure 5.7. Similarly, the interaction length of the
inter-channel, time-domain kernel h,[k] can be approximated by*

(1+ p)(I87p] + [870]) = (1 + p) Rs (27 Rs + |Awy || B2|Lest ~ 32,

i.e., the combined effect of intra-channel, nonlinear memory and inter-channel walk-off over
the effective length Lg.

“Note, that when comparing Figure 5.7 and Figure 5.8, the coefficients are normalized by their respective
center coefficient with a relative ratio of 10log;,(h[0]?/h,[0]?) ~ 10dB.
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Figure 5.6: Contour plot of the 2D cuts of the frequency-domain kernel 10 log;, (| H, (¢/“T)|?) of the
vl interferer with relative channel offset Aw, /(27) = 80 GHz. We assume the same link parameters
as in Figure 5.4, i.e., By = —21 ps?/km, By = 0 ps?, 10log;ye® = 0.2 dB/km and L = Ly, =
100 km, see also Example 4.1. The interferer has the same symbol rate, R = 64 GBd, and transmit

shape, RRC with roll-off p = 0.2, as the probe.
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Figure 5.7: Contour plot of the 2D cut of the time-domain kernel 10log;(|h,[%]|?) normalized to the
energy of the center coefficient |h,[0]|> ~ 20 for varying k2. The same link and signal parameters
are used as in Figure 5.4, i.e., the time-domain kernel h,[k] can be obtained by a 3D inverse DTFT
of Hp(ej“’T). In the literature, often only the cut with ko = k1 + k3 is shown, i.e., the case that
corresponds to the temporal matching constraint (which is not present anymore for the discrete-
time end-to-end model).
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Figure 5.8: Contour plot of the 2D cut of the time-domain kernel 10log;o(|h,[%]|?) of the vth
interferer with relative channel offset Aw, /(27) = 80 GHz, normalized to the center coefficient
|h,(0)]? ~ 2. Note, that compared to Figure 5.7 the x1-r3-axes scaling has changed. The time-
domain kernel h, [k] can be obtained by a 3D inverse DTFT of H,, (e)T) from Figure 5.6. The channel
walk-off of about 15 symbol periods between the probe and the interferer translates into a significant

temporal spread of the nonlinear response.




122 5. The Discrete-Time Perturbation Approach

5.1.1 Kernel Energy and Relation to the GN-Model

Parseval’s theorem applied to (5.20) yields the energy of the time- and frequency-domain co-
efficients of the discrete-time, third-order Volterra system

T\? . :
By £ Y (K] = <) |H, (T |? d*w £ By, , (5.31)
KEZ? 2 b
where the right-hand side of (5.31) is closely related to the GN-model [Pogl2], see discussion
in Section 1.1. In contrast to (5.31), the conventional GN-model performs the integration over
the un-aliased kernel |H,(w)|? instead, i.e.,

3
Ejry) & (;) /R H (W) dPw, (5.32)
where the integration is performed over [w;,ws,ws]" € R3. In doing so, the GN-model calcu-
lates the strength of the nonlinear perturbation before T-spaced sampling, on the basis of the
continuous-time end-to-end model (see, e.g., the comprehensive derivation of the GN-model
in [PBC"12], or the more recent review in the textbook [BDS™20]). When implemented for nu-
merical evaluation, the GN-model from equation (5.32) is essentially discretized, i.e., sampled
in frequency domain, and summed over the contribution from each wavelength channel’, see
the Sampled GN-model in Figure 1.1 (bottom). This sampling operation in frequency domain is
an implicit result of the signal model assumed in the derivation of the GN-model, where the
PSD of a communication signal U (w) is modeled as the sum of equidistant Dirac functions
d(w) shifted by some fixed delta in frequency, see [PBCT12, Eq. (13)] or [BDS'20, Eq. (9.9)].
The GN-model equation in its conventional form, see [Pogl2, Eq. (1)], is often only evalu-
ated at a single frequency w = w; — wy + ws, typically at the center-frequency of the probe.

This reduces the triple integral in (5.32) to a double integral over [wy,ws]T € R? where ws

§ Leff )2
9LnL,y/

not shown in (5.32), is included in the standard GN-model equation as it acts as a scaling

must comply to the FWM constraint (4.22). Beyond that, the common pre-factor (

factor to the power/variance of the nonlinear distortion.

There is a multitude of variations and approximations of the GN-model. A common ap-
proximation is done by, e.g., limiting the integration bounds in (5.32) to the spectral support of
the respective wavelength channel, cf. the integration islands in Figure 5.4 or [CBC]J14, Fig. 4].
More details on some common approximations can be found in, e.g., [PJ17,BDS*20].

The energies computed from the Discrete-Time GN-model, see (5.31) and Figure 1.1 (bottom),
are in general not equivalent to the conventional GN-model, since the latter takes the squared
magnitude before aliasing the kernel to the Nyquist interval, while the operations are reversed
for the former Discrete-Time GN-model. The deviation between the two models depends on
the pulse shapes of the involved wavelength channels, in particular, on the spectral support
outside the Nyquist interval. Both models obtain the same result for, e.g., RRC pulses with
roll-off factor p = 0. Then, the spectral support outside the Nyquist interval is zero, assuming

"To account for all SCI and XCI contributions in (5.32) summation over all v is required—the GN/EGN-model
in its standard form also includes MCL
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Algorithm 1: REG-PERT-FD for the SCI contribution
1 a,[k] = overlapSaveSplit({ a[k] ), M, K)
2 k?ﬂ?“h“? € {0717"'7M_ ]-}
s 271
3 Holp, pa, ps] = Hy[p] = Ho(e3H)
4 forall \ do
5| Ax[pl = DFT{a)[k] }
6 forall ;. do
7 p3 = modps (1 — p1 + po)

8 AAST (] = =B 5 Al AN 0] A ] Holpan, o, i3]
9 YT ] = Anfp] + AAST (4]

10 end

u | yY[k] = DFT { Y " [u] }

12 end

13 (y"PT[k]) =overlapSaveAppend (yy** k], M, K)

the matched filter on the receive-side, and no aliasing of frequency components occurs due to
T'-spaced sampling. This also facilitates the connection between the GN-model and the time-
domain perturbation models [ME12, DFMS16]. Due to Parseval’s theorem the kernel energies
in time-domain (i.e., the results formerly obtained by the time-domain perturbation models)
are identical to the kernel energies in frequency-domain when the aliased frequency-domain
kernel in (5.31) is considered.

5.1.2 Discrete-Frequency Algorithmic Implementation

The algorithmic implementation of the time-domain model from (5.15) and (5.19) is straight-
forward as far as the kernel coefficients are present. Here, we present an algorithmic imple-
mentation of the end-to-end model in 1/7T-periodic frequency domain from (5.14) and (5.18),
which requires discretization in frequency domain. To that end, the algorithm is exemplarily
derived for intra-channel (i.e., SCI) contributions corresponding to the continuous-frequency
relation in (5.14), and shown at the bottom of Figure 5.2.

In order to realize the frequency-domain processing, the periodic spectrum of the transmit
sequence A(e¢™7) and the frequency-domain kernel H,(¢)*T) are discretized, i.e., sampled in
the transform domain. Then, the (point-wise) multiplication in frequency-domain results in a
cyclic convolution in time domain, and we have to resort to block-wise processing using, e.g.,
the overlap-and-save method [Shy92].

Algorithm 1 realizes the regular perturbation (REG-PERT) procedure in 1/7-periodic dis-
crete frequency domain (rp). Here, the overlap-save algorithm is used to split the sequence
(alk]) into overlapping blocks a[k] o~® A,[u] of size M enumerated by the subindex A € N.
The block size is equal to the size of the DFT® and the overlap between successive blocks is K.

8The one-dimensional DFT is performed on each vector component of a[k] and always relates the whole
blocks of length M.
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The aliased frequency-domain kernel is discretized to obtain the coefficients
e ;27
Hy[pa, o, pia) = Holp] = Hy(e37H) (5.33)

where M is the number of discrete-frequency samples per dimension®.

The time- and frequency-domain picture of the regular perturbation approach are equiva-
lent due to the DTFT in (5.14), (5.15) which interrelates both representations. Algorithm 1repre-
sents a practical realization in discrete-frequency which produces the same (numerical) results
as the discrete-time model as long as M and K are chosen sufficiently large for a given system
scenario. Accordingly, the number of (frequency) samples M per 1/T-cycle (and per dimen-
sion) is critical as discretization in one domain produces aliasing (and hence periodicity) in the
other domain, i.e., here, the nonlinear impulse response obtained by h,[x] = DFT*{ H,[u] }
has potential cyclic artifacts if M is chosen too small. E.g., in Figure 5.4 to 5.8, one can expect
that the required number of samples M (i.e., the required frequency resolution) for the inter-
channel kernel H, (e™") is higher than for the intra-channel kernel H,(e™") as the gradient
of the kernel takes higher values for H, (e/“T). See, e.g., the w;-wy-diagonal in Figure 5.4 and
5.6 which drops off significantly faster to the edges for the inter-channel kernel compared to
the intra-channel kernel. In time domain, this is reflected by an impulse response h, k| with
an increased temporal extent compared to h,|[K].

The discrete-frequency indices x; and 5 are elements of the set

M={0,1,...,M—1}, (5.34)

whereas 13 must be (modulo) reduced, cf. Line 7, to the same number set. This is due to the
frequency matching constraint in (4.22). Due to the periodicity of both the discrete spectrum
A, [p] and the kernel H,[u], the frequency index p3 is folded back into the Nyquist interval
just like the modulo reduction in (5.17) for the continuous-frequency case.

Line 8 of the algorithm realizes Equation (5.14) where the (double) sum is performed over
all 1, o € M. After frequency-domain processing the blocks of perturbed receive symbols
Y P[] @0 Yy FRT[k] are transformed back to time domain where the M — K desired output
symbols of each block are appended to obtain the perturbed sequence ( y"™ " [k] ).

The number of coefficients can be controlled by pruning the kernel, similar to techniques
already applied to oversampled VSTF models [GP13].

In terms of computational efficiency a frequency-domain implementation can be superior
to the time-domain implementation, in particular, for cases where the number of nonlinear
interacting pulses is large. This is typically the case if the system memory is large, i.e., for
large map strengths 87, or 87, or large relative frequency offsets Aw,, or pulse shapes hr(t)
that extend over multiple symbol durations, e.g., a RRC shape with small roll-off factor p.
Then, the number of coefficients of the time-domain kernel 1, [k| exceeding a relevant energy
level grows very rapidly leading to a large number of multiplications and summations. Vice-
versa, we can conclude from Figure 4.8 and Figure 5.3 that for increasing system memory, the

Note, that the frequency discretization of the kernel must not necessarily coincide with the transformation
length M. Also, not all dimensions must be discretized with the same number of samples M.
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energy of the kernel coefficients is confined in a smaller volume within the Nyquist cube, i.e.,
more coefficients can be pruned. This is in analogy with linear systems, where a large-memory
system is represented by a narrow-banded transfer function. Moreover, the frequency-domain
picture comprises only a double sum per frequency index x instead of a triple sum for each
k in the time-domain model—this is again in analogy with linear systems where time-domain
convolution is dual to frequency-domain point-wise multiplication.

A thorough complexity analysis is, however, beyond the scope of this work, as it heavily
depends on the specific application and system scenario in mind. Section 5.3 will hence focus
on the validity and accuracy of the proposed model—deliberately using a very low pruning
level of the coefficients to provide a benchmark performance of the discussed schemes. To that
end, Section 5.3 will compare the regular discrete-time and -frequency model to the reference
channel model implemented via the SSFM.

In the next section, the regular model is extended to a combined regular-logarithmic model
where a subset of the perturbations are considered as multiplicative, i.e., perturbations that
cause a rotation in phase or in the state of polarization (SOP), see Appendix A.1.

5.2 The First-Order Regular-Logarithmic Solution

It was already noted in [XBP02] that the (first-order) regular VSTF approach (or the equivalent
RP method) in (4.1)-(4.2) reveals an energy-divergence problem if the optical launch power P,
is too high—or more precisely if the nonlinear phase shift ¢z, , is too large.

This issue was first addressed in the early 2000s for the analog baseband end-to-end RP
solutions [XBP01,VSB02] and years later revived in the context of intra-channel fiber nonlin-
earity mitigation. In [VSB02, Sec. VI], the RP method is derived in a reference system rotated
by the time-invariant nonlinear phase, called enhanced regular perturbation (eRP) method. It
was shown in [VSB02,5SB13,SB15], that the eRP model provides a significant improvement over
pure RP models. A similar correction formula was proposed for VSTF methods in [XBP02].
In [FS05,SF12,SFP13], a LP model is derived which is exact in the limit of zero-dispersion links.
On the other hand in DU links, as pointed out in [SB13], the LP method yields a log-normal dis-
tribution of the nonlinear distortion which is inconsistent with observations from simulations
and experiments.

In the additive-multiplicative (A-M) model derived in [FDT"12,TZF"14], it turned out that a
certain subset of symbol combinations in the time-domain RP model deterministically creates
a perturbation oriented into the —j-direction from the transmit symbol a[k|. Similarly, in
the pulse-collision picture [DFMS13, DFMS14,DFMS16] a subset of degenerate'® cross-channel
pulse collisions were properly associated to distortions exhibiting a multiplicative nature. In
the same series of contributions, these subsets of degenerate distortions were first termed
two- and three-pulse collisions, i.e., symbol combinations K € 73 in (5.19) with k3 = 0 in our
terminology. While the pulse collision picture covers mainly cross-channel effects, we will
extend the discussion on separating additive and multiplicative terms also to intra-channel

0In the sense that not all four interacting pulses are distinct.
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effects.
It is through using a first-order RP approach that a pure phase rotation is not modeled
well. It is approximated only by the first two terms of the exponents Taylor series, i.e.,

exp(—jop) = 1—jo. (5.35)

While multiplication with exp(—j¢) is an energy conserving transformation (i.e., the norm is
invariant under phase rotation), the RP approximation is not energy conserving (cf. also the
discussion in [TDY 11, Sec. I B.] and [DFMS16, Sec. VIII]). In the context of optical transmis-
sion, already a trivial (time-invariant) common phase rotation due to nonlinear interaction is
not well modeled by the RP method. E.g., using the discrete-time RP ansatz from (4.5) under a
time-invariant rotation ¢, we find

y[k] = a[k] exp(—j¢) ~ alk] —jo alk], (5.36)

i.e., the (additive) perturbation Aa|k] depends directly on the transmit symbol a|k], is oriented
into the —j-direction from the transmit symbol a[k] (i.e., in a 90° clock-wise rotation), and
scaled by the scalar factor ¢. The same argument can be made for polarization rotationsin C**?,
see Appendix A.l. The first-order approximation of a (time-invariant) polarization rotation
results in

ylk] = a[k]exp(—js- &) =~ alk] — j(§- &) alk]. (5.37)

where exp(+) denotes the matrix exponential from (2.11). We use the common notation §- & €
C?*2 from (A.39) to express Hermitian 2 x 2 matrices.

Comparing —j¢alk| from (5.36) to the result for the intra-channel perturbation Aa®“'[k]
in (5.15), we may identify certain conditions (depending on the selection of k = [k1, kg, k3]T
and the properties of the kernel h,|k]) for which Aa’“'[k] is deterministically proportional to
—ja[k] as in (5.36). The same analysis can be done for inter-channel perturbations a*“'[k], for
polarization rotations as in (5.37), and for the ansatz in frequency domain (4.6).

The strategy in what follows is to explicitly implement those cases, see above, by a multi-
plication via the exponent exp(-), and to exclude them from the additive term. The content and
much of the terminology in the next section is based on the pulse-collision picture [DFMS16].
We add to the discussion also a time-domain description of intra-channel XPolM, and extend
the approach in the following section to the derived frequency-domain view of the discrete-
time model.

5.2.1 Regular-Logarithmic Model in Time Domain

In the following, the original RP solution is modified such that perturbations originating from
certain (degenerate) mixing products are associated with a multiplicative perturbation. Sim-
ilar to [SFM09, TZF*14, DFMS16], we extend the previous RP model to a combined regular-
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logarithmic model. It takes the general form of'
y[k] = exp (jo[k] + js[k] - &) (a[k] + Aalk]) . (5.38)

In addition to the regular, additive perturbation Aa|k] we now also consider a phase rotation by
exp(jolk]), where ¢[k] is a diagonal matrix in R?*2, and a rotation in the state of polarization
by exp(js[k] - &), where S[k] - & is Hermitian in C**2.

All perturbative terms combine both SCI and XCI effects, i.e., the additive perturbation
Aalk] € C? in (5.38) is the sum of SCI and XCI contributions. The time-dependent phase
rotation is given by exp(j¢[k]) with the diagonal matrix ¢[k] € R**? defined as

B[k] = ¢°“[k] T+ ¢*'[K] T, (5.39)

i.e.,, we define a common phase term for both polarizations originating from intra- and inter-
channel] effects.

The combined effect of intra- and inter-channel XPolM is expressed by the Pauli matrix
expansion §[k|-&@ € C?*? using (A.39), with the notation adopted from [GK00] and [WBSP09].
The expansion defines a unitary rotation in Jones space of the perturbed vector a[k] + Aal[k]
around the time-dependent Stokes vector S[k] and is explained in more detail in the subsequent
paragraphs.

SCI Contribution To discuss the SCI contribution we first introduce the following symbol
sets, motivated by the symmetries of the time-domain kernel h,[k] in (5.27)-(5.30). We define

K5 = { [k, ko, k3] € Z | |ho[K]/hp[0]]* > I°"} (5.40)
K E {5 | k1 =0A ko #0N K3 #0} (5.41)
KO E{K5" | k3 =0Ary #0AK #0} (5.42)
;g;md:eficg?ulcg?u{mzo} (5.43)
Jeser & jesery (o (5.44)

where (5.40) defines the base set including all possible symbol combinations that exceed a
certain energy (clipping) level I™°°" normalized to the energy of the center tap at Kk = 0. In
(5.41), (5.42) the joint set of degenerate two- and three-pulse collisions for SCI are defined
which follow directly from the kernel properties in (5.27), (5.28) for k3 = 0, and (5.29), (5.30)
for iy = 0. The set of indices for multiplicative distortions K3 in (5.43) also includes the
singular case & = 0. Then, the additive set is simply the complementary set of K3™" w.r.t. the
base set K5

We start with the additive perturbation from the previous section in (5.15) which now reads

AGSTk) = —jpnre 3 alk — ri)al[k — kalalk — rs)hy[s], (5.45)

SCI
’CA

UNote, that the order, in which the additive and multiplicative perturbation is applied, matters. We chose the
same order as in the original additive-multiplicative (A-M) model from [TZF*14], but we have no proof that this
is the optimal order of how to combine the two operations.
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where the triple sum is now restricted to the set K3 excluding all combinations which result

in a multiplicative distortion, cf. (5.44).

To calculate the common phase ¢°°![k] and the intra-channel Stokes rotation vector §°“'[k]
we first analyze the expression a[k — k1]a™ [k — ko] a[k — k3] from the original equation in (5.15).
For the set IC(? with k1 = 0 the triple product factors into the respective transmit symbol a k]
and a scalar value a"'[k — koalk — r3]. After multiplication with /[0, ko, k3] and summation
ofall k € qu(? the perturbation is strictly imaginary-valued, cf. symmetry properties in (5.29),
(5.30).

On the other hand, for ICE;D with k3 = 0 we have to rearrange the triple product using the
matrix expansion from (A.40) to factor the expression accordingly as™

1
aaa = 3 (aHaI + (a"éa) - 5’) a, (5.46)

where a is an element of the discrete-time transmit symbol sequence ( a[k] ). The first term

a"a I contributes to a common phase rotation, whereas the second term (a"'da)-& € C**?is

a traceless and Hermitian matrix such that exp(j(a”&a)-&) is a unitary polarization rotation'.
The multiplicative perturbation exp(j¢°“'[k]) with ¢°°'[k] € R is then given by

O*"k] = — oL ZaH[k — Kolalk — k3] hol0, Ka, K]
IC®

@

— ;QbNL,p ZaH[kJ — Kolalk — K1) hy[k1, K2, 0]
K9
— ¢xLo [lalk]])* ho[0] (5.47)

3
= — i(bNL’p ZCLH[]{ — HQ](I[/iI — :‘il] hp[/ﬁll, Ko, 0]
@

— o llalK]||* hol0], (5.48)

where we used 1, [0, k2, k3] = hy|k1, K2, 0] from (5.29). Given a wide-sense stationary transmit
sequence (a[k]), the induced nonlinear phase shift has a time-average value ¢*°', around
which the instantaneous phase ¢°°'[k] may fluctuate (cf. also [SB15]).

The instantaneous rotation of the SOP due to the expression exp(js*“'[k] - &) € C?*?
causes intra-channel XPolM [MM12]. It is given by

1
§°k] - & = _§¢NL,p 2(2 alk — /ﬁ]aH[k — Ko
K9

—al[k — kolafk — /il]I) helk1, K2, 0], (5.49)

where we made use of the relation in (A.33), (A.40) to rewrite the second summand on the
right-hand side of (5.46) as

(a'Fa) - & = 2aa"™ — a"al. (5.50)

“Multiplication with h,[k] and summation over Kk € K3 are implied.
BSince the Pauli expansion 4 - & in (A.39) is Hermitian, the expression exp(j 4 - &) is unitary.
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The physical meaning of the transformation described in (5.49) is as follows: The perturbed
transmit vector (a[k] + Aal[k]) in (5.38) is transformed into the polarization eigenstate §°°'[k]
(i.e., into the basis defined by the eigenvectors of §°“'[k] - &). There, both vector components
receive equal but opposite phase shifts and the result is transformed back to the x /y-basis of the
transmit vector. In Stokes space, the operation can be understood as a precession of (alk] +
, see, e.g.,

Adl[k]) around the Stokes vector §°“'[k] by an angle equal to its length (|3 H $°

Example A.1. The intra-channel Stokes vector §°°'[k] depends via the nonhnear kernel holK]
on the transmit symbols within the neighborhood of a k], i.e., depending on the memory 8t
of the nonlinear interaction. Similar to the nonlinear phase shift—for a wide-sense stationary
input sequence—the Stokes vector §°“'[k] has a time-constant average value around which it
fluctuates over time.

XC| Contribution The same methodology is now applied to cross-channel effects. The sym-
bol set definitions for XCI follow from the considerations in the previous section. We find

3 = { [k, k2, 3] € Z° | |hy ] /Ry O] > T} (5.51)
3! S ks =0AKy #0AKR #0}

U{k=0) (5.52)
ICXCI def JoxeT\ /Cf;c,’j, (5.53)

where the subscript v indicates the channel number of the respective interfering channel.
For K3, only the degenerate case x3 = 0 has to be considered due to the kernel properties
of hy[k1, k2,0] in (5.27), (5.28). Similar to (5.46), the expression bb" + b"b1 from (5.19) is
rearranged to obtain
3 [beb;+byb; 0 ] 1[@@—@@ 2b.b;
2

2| 0 bbb ob;  bybi—byb | (5:54)

bHb1 2bbH —bHbI = (BHob)-G
where the argument and subscript v is omitted for concise notation. The multiplicative cross-
channel contribution is again split into a common phase shift in both polarizations, i.e., the
first summand in (5.54), and an equal but opposite phase shift in the basis given by the instan-
taneous Stokes vector of the ™" interferer, i.e., the second summand in (5.54).
We define the total, common phase shift due to cross-channel interference as

¢XCI Z ¢NL v Z b - Hl k - KZ] hu["ila Ra, O] ) (555)

v 2 K

which depends on the sum over all interfering channels and the sum of b'b, over [k1, rs]T.
The effective, instantaneous cross-channel Stokes vector 8 '[k] is given by

sk Z ¢NL > ( o[k — m1]by [k — ko)
V#p KXC!
= [k = walby ke L) ol iz, 0. (5.56)

Note, that the expressions in (5.55), (5.56) include both contributions from two- and three pulse
collisions (cf. [DFMS16, Eq. (10)-(13)]).
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Energy of Coefficients in Discrete-Time Domain The energy of the kernel coefficients is de-
fined for the subsets given in (5.40)—(5.44). We find for the different symbol sets

EFTE 5 (bl (5.57)

JCSCI

Epa = Y |holw]l? (5.58)

SCI
’CA

B = 3 [holw]l?, (5.59)

SCI
’C¢

with the clipping factor 1" in (5.40) equal to zero. The energy for cross-channel effects is
defined accordingly with the sets from (5.51)—(5.53). Since the subsets for additive and multi-
plicative effects are always disjoint we have E}" = E}‘A + Ej<.

5.2.2 Regular-Logarithmic Model in Frequency Domain

The frequency-domain model is now modified such that certain contributions will be associ-
ated with multiplicative distortions. Despite the multiplicative nature of phase and polariza-
tion rotations, time-invariant rotations, e.g., the time-average phase rotation ¢ = ¢ + ¢*,
can be straightforwardly incorporated into the frequency-domain model as they are both
treated as constant pre-factors in the time- and frequency-domain representation. We will
see in the next section that this already leads to significantly improved (numerical) results
compared to the regular model. Note that, in contrast to the regular models, the regular-
logarithmic model in time and frequency are no longer equivalent. The two approaches have
a similar form, compare with (5.38), but lead to different results.
The general form of the combined regular-logarithmic model in frequency is given by

Y (") = exp (jo +iS5 - &) (A(*") + AA () (5.60)

where the phase- and polarization-term take on a frequency -invariant value, i.e., independent
of 7 (indicated here by the lack of argument for ¢ and S). Following the same terminology
as before, we introduce the average multiplicative perturbation of the common phase term

q_s g &SCI I + éXCI I ’ (5.61)

as the sum of the intra-channel contribution ¢ € R and the inter-channel contribution
¢*" € R. Similarly, for the average polarization rotation we have

S %8 . 7+8 .4, (5.62)
where S - & is again Hermitian and traceless.

SCI Contribution The two degenerate frequency conditions in (5.24) are used in the expres-
sion (5.14) to obtain the average, intra-channel phase rotation. To that end, the triple product
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Algorithm 2: REGLOG-PERT-FD for the SCI contribution
a,[k] = overlapSaveSplit({ alk] ), M, K)
ko, e €{0,1,..., M —1}

Holpn, po, pia] = Holp] = Hp(e37#)

4 forall A\ do

-

[\

w

5| Ax[p] = DFT{ a\[k] }
o | BT =% v (1Al
~scr
78y F = =30 50, 24, ] AR ] — || Ax[pl|° T
8 forall ;1 do
9 p3 = modps (1 — py + fio)
10 U= { [, po]" | 2 # p A o # piz }
u AAY 1] = —i5p Yu Ay 1] A [12] A (s Holp, pra, pus]
z Y5 (] = exp(63"T+ S, - &) (Axlu] + AAT[u])
13 end
| ySk] = DFTH{ Y™ [u] }
15 end

16 (y"""'[k]) =overlapSaveAppend(yy** k], M, K)

AA" A in (5.14) is rearranged similar to (5.46). First, the general frequency-dependent expres-
sion is given by

. T . 2 . T
scr/ jwTy wo T [wywo,wa]' T
G R N Pk /T A (e ) duws
1 T . 2 .
- 2¢NL"’<27T)2/THA<6“T>H Hy(r ) duy (5.63)

where the first term on the right-hand side in (5.63) corresponds to the degeneracy wy = w3 <
w; = w and the second term corresponds to wy = wy < w3 = w. We simplify the expression
using the RRC p = () approximation (i.e., the kernel H,(¢/*T) on the wy-ws-diagonal and w; -wo-
diagonal is equal to 1) and the symmetry property in (5.25) to obtain the average, intra-channel
phase distortion

GO = _ 2¢NL7P(2;Z;)2/THA(@”T)H2 dw, (5.64)

which does no longer depend on the power or dispersion profile of the transmission link (given
a fixed Lg).

Similarly, the average intra-channel XPolM contribution can be simplified to

= SCI 1 T . . . )
§7 6 = —Somoy s [ (ZAE AN — AN AT . (565
¢ =~y [ (2AENANST) - AT A d. (565)
In Algorithm 2 the required modifications to the regular perturbation model (REG-PERT)
are highlighted to arrive at the regular-logarithmic perturbation model (REGLOG-PERT)—again
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exemplarily for the SCI contribution. Lines 6, 7 of Algorithm 2 translate (5.64), (5.65) to the
discrete-frequency domain where the integral over all w € T becomes a sum over all x of the
A processing block. The average values, here, are always associated to the average values of
the \*" block. In Lines 10, 11, the double sum to obtain A A5”'[] is restricted to all combinations
U of the discrete frequency pair [p, 12]" excluding the degenerate cases corresponding to
(5.24). The perturbed receive vector Y3 """ [y] is then calculated according to (5.60) before it
is transformed back to the discrete-time domain.

XCI Contribution The cross-channel contributions follow from the considerations in the pre-
vious sections, and we obtain for the degenerate case in (5.23) the total, average XCI phase
rotation

==y chLV / |Bu(e)]" dw. (5.66)

and analogously for the total, average XCI Stokes vector we find

—= XCI 1 T . .
S g =— > §¢>NLV / <2 B, (1) B ()
T

st 7 (2m)?
- B;'(ein)By(ejWT)I> dw. (5.67)

Algorithm 3 implements the cross-channel perturbation model in 1/7-periodic frequency do-
main. In contrast to the SCI implementation, see Line 10 in Algorithm 2, the double sum is
now performed over the set U/ which excludes the case ;1o = i1, see Line 12 in Algorithm 3,
corresponding to the degenerate case (5.23).

Energy of Coefficients in Discrete-Frequency Domain With the notation of the discrete-
frequency kernel from (5.33) we have according to Parseval’s theorem in (5.31) the following

definitions
def
B = M3 > [ Hylp (5.68)
USCI
def
Ef) = M3 > [ Hylp (5.69)
Z/{SCI
. 0o 2
SCI def Ve Z | 2 i~ e (5.70)
L{SCI

with the sets according to (5.24)

uSCI:{“’:[:ulalu%,u?)]-re{0717"'7M_1}3} (571)
U = {U | g # i A o # 13 } (5.72)
U™ = {U | 2= p1 V pio = i }- (5.73)

Note, that we have again E}" = Ejf) + Ejfy and due to Parseval’s theorem E;°t = B

for M — oo. The cardinalities of the sets are |USCI| = M3, US| = — M and U3 =

U5 — |[U3°"|. With the RRC pulse-shape and p = 0 we find again that H,(p) = 1 with

p € U, and with that the kernel energy is simplified to E5 = (2M — 1)/M?* ~ 2/M.
The cross-channel sets are defined according to (5.23) with only a single degeneracy.
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Algorithm 3: REGLOG-PERT-FD for the XCI contribution of the v'"" wavelength channel
a)[k] = overlapSaveSplit({ alk] ), M, K)

b,[k] = overlapSaveSplit({ b, [k] ), M, K)

ko, e €{0,1,..., M —1}

le[ljl; 2, /1/3} - HI/U” - HI/(C‘].%“)

N =

w

4
5 forall A do
6 A,[u] = DFT{ a\[k] }
7 ]?AM = DFT{ b,[k] }
s | B = =35 Tl Balull”
o8 G = 1Py 9B, BY ] — | Byl T
10 forall 1 do
1 w3 = modps (1 — py + fio)
12 U= {{, po]" | 2 # '}
13 AAX ] =
—j e 57 (B[] BY [p2] + BY (2] Bl 1) Ax [us] Hy [, pia, p13)]
14 Y] = exp(iGXOT +38, - &) (A ] + AAX 1)
15 end
6 | Y5 = DFT{ Y3
17 end

18 (y"P[k]) =overlapSaveAppend (yy** k], M, K)

5.3 Numerical Results

This section complements the theoretical considerations of the previous sections by numerical
simulations. To this end, we compare the simulated received symbol sequence ( y[k] ) obtained
by the perturbation-based (PERT) end-to-end channel models to the sequence obtained by nu-
merical evaluation via the SSFM (in the following indicated by the superscript ssrm).

Methodology The evaluated metric is the normalized MSE between the two 7T'-spaced output
sequences for a given input symbol sequence ( alk] ), i.e., we have

ot SRy - ), (.74)

where the expectation takes the form of a statistical average of the received sequence over the
discrete time index k. The MSE is already normalized due to the fixed variance o2 = 1 of the
symbol alphabet and the receiver-side re-normalization in (3.69), such that the perturbation-
free part of the received sequence has (approximately') the same fixed variance as the transmit
sequence.

The simulation parameters are summarized in Table 5.1. A total number of Ngy, = 2'¢
transmit symbols ( alk]) are randomly drawn from a PDM 64-ary QAM symbol alphabet A

“In the numerical simulation via SSFM signal depletion takes place due to an energy transfer from signal to
NLI. For simplicity and reproducibility of the results, this additional signal energy loss is not accounted for by
additional receiver-side re-normalization.
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Table 5.1: Simulation Parameters

a,be A PDM 64-QAM
M 4096 (= 64-QAM per polarization)
hr o (t), hru(t) hrrc(t) with roll-off factor p
o 1.1W1km™!
B —21ps?/km
Bo 0 ps?
B(z) Baz
10log;, e* 0 dB/km 0.2dB/km
Ly 21.71km 100 km
5(z) 0 —az + Ly S0 8(2 — iLgp)
Nayas 916
M max (21082 870142 | 64)
10log o I —60dB

with (4D) cardinality M = |A| = 4096, i.e., 64-QAM per polarization. The transmit pulse
shape of the probe hr ,(t) and interferer hr , (¢) have an RRC shape with roll-off factor p, and
energies B, and E, to vary the optical launch power” P, and P,.

Two different optical amplification schemes are considered: ideal distributed Raman am-
plification (i.e., lossless transmission) and transparent end-of-span lumped amplification (i.e.,
lumped amplification where the effect of signal-gain depletion [Ghal7, Sec. II B.] is neglected
in the derivation of the perturbation model). For lumped amplification we consider homoge-
neous spans of SSMF with path-invariant attenuation coefficient 10 log;, ¢® = 0.2 dB/km and
a span length of Ly, = 100 km. In case of lossless transmission we have 10 log;,e* = 0 dB/km
and span length Ly, = 21.71 km corresponding to the asymptotic effective length Leg , =1/a
of a fictitious fiber with infinite length and attenuation 101log;, ¢® = 0.2 dB/km. In doing so,
the nonlinear phase shift ¢, , from (5.13) remains approximately constant for both scenarios,
and the numerical results remain comparable.

The dispersion profile B(z) = (3, conforms with modern DU links, i.e., without optical in-
line dispersion compensation and bulk compensation at the receiver-side (typically performed
in the digital domain). Dispersion pre-compensation at the transmit-side can be incorporated
via By but is not considered here. The dispersion coefficient is 5, = —21 ps?/km and the
nonlinearity coefficient is ¥ = 1.1 W~'km ™", both invariant over z and w. Additive noise due
to ASE and laser PN are neglected since we only focus on deterministic signal-to-signal NLI.

The numerical reference simulation is a full-vectorial field simulation implemented via
the symmetric split-step Fourier method, see Section 3.3.6. The maximum nonlinear phase-
rotation per step is ¢y, = 3.5 X 10~* rad. The simulation bandwidth is By, = SR
for single-channel and 16 R, for dual-channel transmission. All filter operations in the SSFM

B As of yet, signals were always treated as dimensionless entities, but by convention we will still associate the
optical launch power P with units of Watt [W] and the nonlinearity coefficient v with [1/(Wm)], hence, e.g., the
normalization in the x-axis of Figure 5.9.
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Figure 5.9: Contour plot of the normalized mean-square error o2 = E{ [|y*"™ — y*®*7||2} in dB between the
perturbation-based (PERT) end-to-end model and the split-step Fourier method (ssFMm) [FFF20]. The results are
shown w.r.t. the symbol rate Ry and the optical launch power of the probe P, in dBm. Parameters as in Table
5.1 with roll-off factor p = 0.2, Ny, = 1, 10log;,e® = 0dB/km and Ly, = 21.71km. In (a) the regular (REG)
time-domain (TD) model is carried out as in (5.15) and in (b) the regular-logarithmic (REGLOG) model is carried
out as in (5.38).

reference simulation (i.e., pulse-shaping, linear step in the SSFM, linear channel matched filter)
are performed at the full simulation bandwidth via fast convolution and regarding periodic
boundary conditions.

Discussion of the Results In Figure 5.9 (a), we start our evaluation with the most simple

scenario, i.e., single-channel, single-span, and lossless transmission. The MSE is shown in

2
e

logarithmic scale 10log;,(c7) in dB over the symbol rate R and the launch power of the
probe 10log;,(FP,/mW) in dBm. The results are obtained from the regular (REG) perturbation-
based (PERT) end-to-end channel model in discrete time-domain (TD), corresponding to (5.15).
For the given effective length L.s and dispersion parameter 3, the range of the symbol rate
between 1 GBd and 100 GBd corresponds to a map strength 87, between 0.003 and 28.7.
This amounts to virtually no memory of the intra-channel nonlinear interaction for small
symbol rates (hence only very few coefficients h,[k] exceeding the minimum energy level
of 10log,, I"™*°" = —60 dB) to a very broad intra-channel nonlinear memory for high symbol
rates (with coefficients h, k] covering a large number of symbols). Likewise, the launch power
of the probe P, spans a nonlinear phase shift ¢ni, , from 0.02 to 0.34 rad. We can observe a
gradual increase in o2 of about 5 dB per 1.5 dBm launch power in the nonlinear transmission
regime. We deliberately consider a MSE 101log;, 02 > —30dB as a poor match between the
perturbation-based model and the full-field simulation, i.e., here for F, larger than 9 dBm
(= 0.168rad ~ 10° in terms of average nonlinear phase shift ¢nr, ;) independent of R.

In Figure 5.9 (b) the same system scenario is considered but instead of the regular model,
now, the regular-logarithmic (REGLOG) model is employed according to (5.38). The gradual in-
crease in o with increasing P, is now considerably relaxed to about 5 dB per 2.5 dBm launch
power. The region of poor model match with 101og,, 0> > —30dB is now only approached
for launch powers larger than 12 dBm. We can also observe that o2 improves with increasing
symbol rate Ry, in particular for rates ks > 40 GBd. This is explained by the fact that the
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Figure 5.10: Energy of the kernel coefficients in time domain Ej, (a) and in frequency domain Ef (b) over the
symbol rate Rq [FFF20]. The kernel coefficients are obtained from the regular-logarithmic (REGLOG) model for
a single-channel (p = 0.2) over a standard single-mode fiber (10log;,e* = 0.2dB/km and Ls, = 100km)
or a lossless fiber (10log;,e* = 0dB/km and Ly, = 21.71km). The subscript A denotes the subset of all
coefficients associated with additive perturbations and the subscript ¢ denotes the subset of all coefficients
with multiplicative perturbations.

kernel energy F3°" in (5.57) depends on the symbol rate R such that o2 is reduced for higher

symbol rates.

Figure 5.10 (a) shows the energy of the (time-domain) kernel coefficients E};" over R, for

a single-span SSMF with Ly, = 100 km and for a lossless fiber with Ly, = 21.71 km. Gener-
ally, we see that £}" is constant for small R and then curves into a transition region towards
smaller energies for increasing R;. For transmission over SSMF this transition region is shifted
to smaller R, e.g., E;°" drops from 0.7 to 0.6 around 33 GBd for lossless transmission and at

around 20 GBd for transmission over SSMF. We also present the kernel energies FE}3 asso-

ciated with additive perturbations, and Fj}/ associated with multiplicative perturbations. For

this single-span scenario, most of the energy is concentrated in £}, i.e., corresponding to the
degenerate symbol combinations with x; = 0 or k3 = 0 defined in (5.41)-(5.43). Interestingly,
while the total energy Ej;“' decreases monotonically with R, the additive contribution E}4
increases in the transition region and then decreases again for large R;. This behavior is also
visible in the results presented in Figure 5.9 (a) and (b).

Figure 5.10 (b) shows the energy of the kernel coefficients E7;" of the frequency-domain ap-
proach for the same system scenario as in (a). The total energies are the same, i.e., £;°" = E}/"
(cf. Parseval’s theorem), however, the majority of the energy is now contained in the regu-
lar (additive) subset of coefficients. The energy of the degenerate, i.e., multiplicative, subset
of coefficients 7, depends on the frequency discretization (which coincides here with the
transformation length M) and is approximately 2/M. The exact value (2M — 1)/M? would
be achieved for p = 0. For Ry > 75.1 GBd we have 87, > 16 and it can be seen that £}y
drops from 1/32 to 1/64 and K77, jumps up by an equal amount because )M increases from
64 to 128 (cf. the set of simulation parameters in Table 5.1). The rEGLOG frequency-domain
model is hence predominantly a regular model, where only the average multiplicative effects

are truly treated as such.
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Figure 5.11: Contour plot of the normalized mean-square error o2 in dB [FFF20]. The results are shown w.r.t. the
symbol rate Ry and the optical launch power of the probe P, in dBm. Parameters as in Table 5.1 with roll-off
factor p = 0.2, Ngp = 1, 10log;ye* = 0dB/km and Ly, = 21.71km. In (a) the regular (REG) frequency-
domain (FD) model is carried out as in Algorithm 1 and in (b) the regular-logarithmic (REGLOG) model is carried
out as in Algorithm 2.

2

In Figure 5.11 (a) and (b), the respective results on o

using the discrete frequency-domain
(rD) model according to Algorithm 1 and 2 are shown. We can confirm our previous state-
ment that the regular perturbation model in time and frequency are equivalent considering
that the results shown in Figure 5.9 (a) and Figure 5.11 (a) are (virtually) the same. We also
observe that the REGLOG-FD performs very similar to the corresponding Tp model despite the
fact that only average terms are considered as multiplicative distortions. We conclude that—in
the considered system scenario—REGLOG models benefit from the fact that the average phase
and polarization rotations are properly represented compared to pure REG models. The time-
variant phase and polarization rotations that fluctuate around the average can to some extent
also be represented by an additive perturbation without significant loss in performance. This
observation is in line with the eRP method introduced in [VSB02, Sec. VI]. In the eRP view, the
perturbation expansion is performed in a “SPM-rotated reference system” [SB13, SB15] where
the time-average phase rotation is a priori included or a posteriori removed from the regular
solution, cf. [SB13, Eq. (33)].

Figure 5.12 (a) shows o2 for a single-channel over standard single-mode fiber (Ly, =
100 km and 101og;,e* = 0.2 dB/km) and lumped end-of-span amplification. In the full-field
simulation, the lumped amplifier is operated in constant-gain mode compensating for the exact
span-loss of 20 dB. The results over a single-span in Figure 5.12 (a) are very similar in the low
symbol rate regime compared to the lossless case in Figure 5.9 (b). For R larger than 20 GBd,
the MSE starts to decrease at a higher rate compared to the lossless case. This is in line with
the energy of the kernel coefficients F;°" for the standard fiber shown in Figure 5.10 (a).

In Figure 5.12 (b), 02 is shown over the roll-off factor p and the number of spans N, for a
fixed symbol rate of R; = 64 GBd and a fixed launch power of 10log;,(P,/mW) = 3 dBm.
The black cross in Figure 5.12 (a) and (b) indicates the point with a common set of parameters.
We can see a dependency on the roll-off factor p which is due to a dependency of E;°" on p

(not shown here). With increasing p the kernel energy E3¢' decreases and hence does o2, too.
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Figure 5.12: Contour plot of the normalized mean-square error o2 in dB [FFF20]. The results are obtained from
the regular-logarithmic (REGLOG) time-domain (TD) model over a standard single-mode fiber (10log,,e® =
0.2dB/km and Lg, = 100km) with end-of-span lumped amplification. In (a) the symbol rate Rs and the
optical launch power P, are varied for single-span (Ns, = 1) transmission and fixed roll-off factor (p = 0.2).
In (b) the roll-off factor p and number of spans N, are varied with fixed symbol rate (R = 64 GBd) and fixed
launch power (101log; (P, /mW) = 3 dBm). The black marker indicates the joint reference point with the same
absolute value of 02 = —51.4dB but different gradient over the sweep parameter.

The scaling laws of 02 with N, are complemented in Figure 5.13 (a) by the energy of the

kernel coefficients ;" for the same system scenario as in Figure 5.12 (b) (with p = 0.2). It is

interesting to see that (for this particular system scenario) £;‘; and £} intersect at Ny, = 2.
We can conclude that after the second span more energy is comprised within the additive sub-
set of coefficients than in the multiplicative one. With increasing Ny, the relative contribution
of £ to the total energy F}“' is increasing. Note, while £} is actually monotonically de-
creasing with Ny, the common pre-factor ¢, , has to be factored in as it effectively scales
the nonlinear distortion. Since for heterogeneous spans we have ¢y, , X Leg ¢ Ny, the same
traces are shown scaled by Ns2p to illustrate how the energy of the total distortion accumulates
with increasing transmission length. In this respect, similar results can be obtained from the
presented channel model as from the GN/extended Gaussian-noise (EGN)-model (given proper
scaling with (;512%70 instead of just NSQP, and similarly taking all other wavelength channels into
account).

In particular, the model correctly predicts the strength of the nonlinear distortion when
the roll-off factor is larger than zero. Then, aliasing of frequency components from nonlinear
distortions is properly included; the GN/EGN-model does not take the aliasing into account.

Additionally, qualitative statements can be derived, e.g., whether the nonlinear distortion
is predominantly additive or multiplicative. From the energy spread of the kernel coefficients
one can also deduce the time scale over which nonlinear distortions are still correlated.

Figure 5.14 shows the o2 for dual-channel transmission using either the REGLOG time-
domain (a) or frequency-domain model (b). The transmit symbols of the interferer (b[k])
are drawn from the same symbol set A, i.e., 64-QAM per polarization. For both wavelength
channels, the symbol rate is fixed to Ry = 64 GBd and the roll-off factor of the RRC shape
is p = 0.2. The transmit power of the probe is set to 10log,,(P,/mW) = 0dBm while the
transmit power of the interferer P, with channel number v = 1 is varied together with the
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Figure 5.13: In (a), the energy of the kernel coefficients (black lines, bullet markers, left y-axis) in time domain
E}, is shown over Ny, spans of standard single-mode fiber (10log;,e® = 0.2dB/km and Lg, = 100km,
p = 0.2) [FFF20]. Additionally, the kernel energies are shown scaled with NSQp x ¢2NL7p (gray lines, cross
markers, right y-axis) to indicate the general growth of nonlinear distortions with increasing Ny, (similar to
the GN-model). In (b), kernel energies E}, are shown for cross-channel interference (XCI) imposed by a single
wavelength channel spaced at Aw; /(27) GHz over a single span of lossless fiber. Both probe and interferer have
Ry =64GBd and p = 0.2.

relative frequency offset Aw; /(27) ranging from 76.8 GHz (i.e., no guard interval with (1+p) x
64 GHz) to 200 GHz. In the numerical simulation via SSFM we use an ideal channel combiner
and both wavelength channels co-propagate at the full simulation bandwidth By, = 16R;.
In case of the end-to-end channel model both contributions from intra- and inter-channel
distortions are combined into a single perturbative term (cf. (5.38) and (5.60)). The baseline
error o2 is therefore approximately —55 dB considering the respective case with R, = 64 GBd
and P, = 0dBm in Figure 5.9 (b). It is seen that the time- and frequency-domain model
perform very similar.

The dependency on the channel spacing Aw is explained considering Figure 5.13 (b). Here,
the energy of the cross-channel coefficients /1 [k] is shown over Aw;. Generally, with increas-
ing Awq, E}“" decreases and additionally the relative contribution of the degeneracy at k3 = 0,
ie., £, is growing. Ultimately, the main distortion caused by an interferer spaced far away
from the probe channel is a distortion in phase and state of polarization.
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Figure 5.14: Contour plot of the normalized mean-square error o2 in dB. The results are obtained from two co-
propagating wavelength channels with PDM 64-QAM and a symbol rate of 64 GBd and roll-off factor p = 0.2
[FFF20]. The launch power of the probe is fixed at 10log; (P, /mW) = 0 dBm while the power of the interferer
Py and the relative frequency offset Aw; are varied. In (a) the regular-logarithmic (REGLOG) time-domain (TD)
model for both SCI and XCl is carried out as in (5.38) and in (b) the REGLOG frequency-domain (FD) model is

carried out as in Algorithm 2 and (5.60) for both SCI and XCI.
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6. Concluding Remarks

In this thesis, a comprehensive analysis of end-to-end channel models for fiber-optic trans-
mission based on a perturbation approach is presented. The existing view on continuous-
and discrete-time end-to-end channel models is described in a unified framework. A novel
frequency-domain perspective that incorporates the time-discretization via an aliased kernel
in frequency domain is presented. The relation between the time- and frequency-domain rep-
resentation for continuous- and discrete-time Volterra systems is elucidated and we show that
the kernel coefficients in both views are related by multi-dimensional (continuous or discrete-
time) Fourier transforms. The energy of the un-aliased kernel can be directly related to the
conventional GN-model. The energy of the aliased kernel also takes the T-spaced sampling
in the receiver into account, here referred to as Discrete-Time GN-model.

While the pulse collision picture addresses the importance of separating additive and mul-
tiplicative terms, particularly, for inter-channel nonlinear interactions, a generalization to in-
tra-channel nonlinear interactions is presented. An intra-channel phase distortion term and
an intra-channel XPolM term are introduced and both correspond to a subset of degenerate
intra-channel pulse collisions. In analogy to implementations of time-domain RP method, the
implementation of the frequency-domain model is modified to also treat certain degenerate
mixing products as multiplicative distortions. As a result, we have established a complete
formulation of strictly regular (i.e., additive) models, and regular-logarithmic (i.e., mixed ad-
ditive and multiplicative) models—both in time and in frequency domain, both for intra- and
inter-channel nonlinear interference.

Derived from the frequency-domain description, a novel class of algorithms is proposed
which effectively computes the end-to-end relation between transmit and receive sequences
over discrete frequencies from the Nyquist interval. One potential application of the frequency-
domain model can be in fiber nonlinearity compensation. Here, the model can be applied in
a reverse manner at the transmitter side before pulse-shaping or on the receiver side after
matched filtering. Moreover, while the time-domain implementation requires a triple sum-
mation per time-instance, the frequency-domain implementation involves only a double sum-
mation per frequency index. Similar as for linear systems, this characteristic may allow for
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an efficient implementation using the fast Fourier transform when the time-domain kernel
comprises many coefficients.

The derived algorithms were compared to the (oversampled and inherently sequential)
split-step Fourier method based on the mean-squared error between both output sequences.
We show that, in particular, the regular-logarithmic models have good agreement with the
split-step Fourier method over a wide range of system parameters. The presented results are
further supported by a qualitative analysis involving the kernel energies to quantify the rela-
tive contributions of either additive or multiplicative distortions.

We can identify three relevant system parameters that characterize the nonlinear response:
Firstly, the map strength 87, (or equivalently the v-dependent 81 ,) which is a measure of the
temporal extent, i.e., the memory of the nonlinear interaction. Secondly, the (r-dependent)
nonlinear phase shift ¢nr, , that depends via Ly, , linearly on the launch power P, and essen-
tially acts as a scaling factor to the nonlinear distortion Aa|k]. Finally, the total kernel energy
E}, , which characterizes the strength of the nonlinear interaction—independent of the launch
power.

Future work may address a thorough complexity analysis of the presented models which
has relevance for the application in efficient channel models or compensation algorithms.



143

A. Appendix

A.1 The Jones and Stokes Formalism

This appendix deals with the basics of the Jones and Stokes formalism which will be used to
describe the evolution of the optical signal and the signal’s state of polarization. We recap
the (special) notation often used in the optical community to describe phase- and polarization
rotations. The general concepts are mainly adapted from [GK00] and [Win09] and modified
to integrate well with our notation. In particular, the notation developed in this appendix will
be used to describe polarization rotations induced by nonlinear signal-to-signal interactions.
The spatial evolution of the optical baseband signal u(z,t) over a linear channel can gen-
erally be described by the linear, homogeneous, PDE in frequency domain given by [VB02,

Eq. (6)]

(gzU(z,w) =—jT(z,w)U(z,w), (A1)

with the Fourier pair u(z,t) o U(z,w) and the transmission matrix T'(z, w) € C?*? describ-
ing the optical transmission medium'.

For lossless transmission, we require that the transmission matrix 7T'(z,w) does not alter
the squared Euclidean norm of the signal, i.e., the energy of the signal must be preserved. In
this case, signal evolution is simply modeled by unitary rotations in Jones space (i.e., phase and
polarization rotations). As a consequence, the evolution equation in (A.1) must preserve the
squared norm of the optical field envelope. Mathematically, this is obtained by imposing the
following constraint to the propagation equation

2 Wwwi Lo, *2)
where we use the product rule of calculus %u”u = (
(TU)" = U"T" of the Hermitian conjugate to obtain

jU(z,w) (TH(z,w) — T(z,w)) U(z,w)=0. (A.3)

9
0z

uM)u + uM(Zw), and the property

'The matrix components of T'(z,w) have units m~!. We will relate T'(z,w) to the common propagation

constant 3(z,w) and the birefringence parameter A (z,w) which has not been formally introduced at this point.
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The result in (A.3) implies that
T(z,w) = TH(z,w), (A4)

i.e., the transmission matrix must hence be Hermitian for lossless transmission.
In this context, we introduce the set of Pauli matrices which is given by [GK00, Appx. A]

w10 w [l 0 w [0 1 w [0 =]
00[0 1‘|7 01[0 _1]7 02[1 0]7 03_[J O‘|7 (AS)

where each of the Pauli matrices is Hermitian.

The Pauli matrices form an orthogonal basis of the complex-valued 2 x 2 vector space
C?*2, ie., any complex-valued matrix can be represented as the linear combination of the
Pauli matrices with complex coefficients. Particularly, any Hermitian matrix can be expanded
in terms of Pauli matrices with only real-valued coefficients.

The Pauli matrices o; with ¢ = 1,2, 3 are traceless and have a negative one determinant,
ie., trace(o;) = 0 and det(o;) = —1. The zero™ order Pauli matrix oy = I has trace(o) = 2
and det(og) = 1, and will later be associated with a common (phase) rotation of both Jones
vector components—unaltering the relative orientation (i.e., the polarization) of the two vector
components.

The algebra generated by the Pauli matrices can be isomorphically expressed by the quater-
nion-valued algebra?, cf. [KP04]. It is well-known, that quaternions are well suited for calcula-
tion of rotations in 3D real-valued space. Here, the coefficients of a pure quaternion (one where
the real part is equal to zero) have a direct correspondence to the Stokes parameters [Sto51] (as-
sociated with o, o9, o3) of the birefringence vector which defines the polarization rotation
axis.

We will now use the Pauli matrix formalism applied to Hermitian matrices in C>*2 to
model polarization rotations, as common in optical communication [GK00]. For notational
convenience it is often good practice (in the physics and optics community) to arrange the
Pauli matrices into the, so-termed, Pauli vector (sometimes also spin vector) which is defined
as

&= 01,045,035 € C*2QR?, (A.6)
where each of the three “vector components” is a 2 x 2 Pauli matrix. Strictly speaking, the Pauli
vector is not a vector in the original sense but rather an operator which spans C?*? ® R? in
tensor space, such that a mapping (R?) - (C**? @ R3) — C?*? is induced by the dot product.
This is explained in the following.

Using the Pauli vector notation, we can express any Hermitian transmission matrix 7T'(z, w)
as a linear combination of Pauli matrices® [AWO05, Eq. (3.116)]

T(Zu (,U) = TO(Z7 w)UO + T1<Z7w)0-1 + T2<Z7w)a2 + T3<Z7w>0.3 (A7)
= Tp(z,w)I+T(z,w) - &, (A.8)

’In particular, the Pauli matrices jo,joz,jos (ie., multiplied by the imaginary unit to make them skew-
Hermitian) can be mapped (after reordering) to the imaginary units i, j, k of the Hamilton quaternions [CS99]
*In analogy, a Hamilton quaternion has also four real-valued coefficients, just like the expansion in (A.8).
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with four real-valued coefficients 7;(z,w) € R with i = 0,1, 2, 3, which fully parameterize
the (lossless) transmission medium. The second term on the right-hand side of (A.8) is termed
Pauli matrix decomposition. Here, the dot product should be interpreted as a point-wise mul-
tiplication of the three-element vector

—

T(z,w) = [T1(z,w), To(z,w), Ts(z,w)]" € R, (A.9)

with the Pauli vector & from (A.6). The vector T(z, w) is typically referred to as local and
frequency-dependent birefringence vector [VB02, Eq. (6)] represented in Stokes space.
The three unit basis vectors in Stokes space are defined as

S £ 1[1,0,0]",  Sy=1[0,1,0]",  S;=10,0,1]", (A.10)

where we use roman typesetting.
Using the expansion in (A.8), the transmission matrix T'(z,w) can be rewritten in terms
of Stokes parameters T'(z,w) and T(z,w) to obtain the explicit expression [GK00, Eq. (A.8)]

To(z,w) + Ti(z,w) To(z,w) —jT5(z,w)

T(z,w) = To(z,w) +JT5(z,w)  To(z,w) — Ti(z,w)

c C**2, (A.11)
In optical communication, the parameter Ty(z,w) will be associated to the local- and
frequency-dependent common propagation constant

B(z,w) = Ty(z,w) €R, (A.12)

which has no dependency on the polarization state (or more precisely, it characterizes the av-
erage propagation constant in both polarization states after transformation to the local bire-
fringence coordinate system, and considering that T'(z, w) is a random process w.r.t. z and w).
We now focus on polarization-dependent effects.

The norm of the birefringence vector | T'(z,w)]| is related to the local and frequency-
dependent birefringence parameter by

=

AB(z,w) = By (z,w) — B_(z,w) L ||T(2,w)| = det(T(z,w) - &)z € R, (A.13)

which quantifies the difference in the propagation constant between a locally fast (denoted
by the + subscript) and slow (denoted by the — subscript) propagating polarization state
(aka. eigenmode or eigenstate).

Similar to the common propagation constant 3(z, w), the birefringence parameter A3(z, w)
can be developed into a Taylor series w.r.t. w by*

AB(va) = ABO(Z) + Aﬂl(z) woote, (A~14)

N——— N——
local birefringence  local first-order PMD

*We assume that the local birefringence eigenstate has the same orientation as the frequency-dependent PMD
eigenstate, which is justified according to [Men99, P. 12].
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with the Taylor coefficients

wt O"AB(z,w
An(2) = a{,fn)lw

n e N. (A.15)
Note, that the Taylor series expansion is performed in the ECB around w = 0 since the U (2, w)
is already the baseband signal.

The frequency-independent contribution (i.e., zero'"-order term in the Taylor series) of
AB(z,w) w.rt. w is associated with the local birefringence. The first-order term (i.e., linear
frequency-dependency in the Taylor series) is related to the local first-order polarization-mode
dispersion (PMD). In the following, we will see that the first-order PMD term which depends
only linearly on w will result in a differential group delay (DGD) between the two polarization
eigenstates. The local birefringence coordinate transformation, discussed in Section 3.1, aims to
remove the zero'™-order term Af(z) from the propagation equation such that only first- and
higher-order PMD terms are considered in the baseband model.

If the Stokes vector T'(z,w) = [T1(z,w), Ts(z,w), T5(z,w)]T is normalized to unit length
such that | T'(z, w)|| = 1, it is termed state of polarization (SOP). We use the tilde to refer to
normalized Stokes vectors, i.e., the associated SOP of the birefringence vector T(z, w) is given
as

T(z,w) = [Ty(z,w), Ta(z,w), Ty(z,w)]T €L T(z,w)/|T(z,w)|] €R?, (A.16)

such that |T|| = det(T - &)z = /T? + T# + T2 = 1. An SOP is often visualized as a point
on a three-dimensional sphere, the so-called Poincaré sphere, spanned by the three unit Stokes
vectors in (A.10).

The expanded Jones matrix w.r.t. the normalized Stokes vector T'(z,w) - & defines the
local orientation of the fast and slow polarization states (aka. eigenmode structure) along the
transmission link. Due to the normalization, the birefringence matrix T'(z,w) - & is unitary. In

def

turn, the birefringence parameter A3(z,w) & ||T(z,w)|| quantifies the local amount of phase

mismatch accumulated per unit length between the fast and slow polarization axis.
The general, Hermitian transmission matrix in Jones space is now expressed in terms of
propagation constant, birefringence parameter, and (normalized) birefringence matrix via

T(z,w) = (z,w)I+ AB(z,w) T(z,w) - & € C>?, (A17)

Solution for Lumped Elements in Jones Space To simplify the analysis, we now assume dis-
crete optical elements with homogeneous properties in spatial direction.
If we assume T'(z, w) to be invariant under z, denoted by T';(w) to express a single short
fiber segment®, then the PDE in (A.1) simplifies to
0

&U(% w) = _j T[l] (w)U(z, UJ) ) (A~18)

> A bracketed sub- or superscript index denotes a (labeled/numbered) discrete fiber segment invariant under
z. The superscript is used for scalar variables to avoid confusion with vector elements or Taylor coefficients.
Notation borrowed from [Win09].
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which can be solved using the matrix exponential from (2.11) as [GK00, Eq. (A.12)]

U(z,w) =exp(—j Tp(w) 2) U(0,w) (A19)
— exp(—j BU(wW) T 2) exp(—jABY(w) Tiy(w) - & 2) UO,w),  (A20)
polarization-independent polarization-dependent
phase rotation phase rotation

where U (0,w) is the optical signal at the input of the short fiber segment. The linear channel
transfer function of a homogeneous fiber segment of length 2 is defined as

Hy(z,w) = exp(—j Ty (w) z) € C*2. (A.21)

Since T'}3j(w) is by assumption Hermitian, we find that H yj(z,w) is unitary [AWO05, Sec. 3.4].
The birefringence matrix exp(—j ABM(w)Ty)(w) - 62) belongs to the group of special®
unitary transformations, SU(2), and is isomorphic to the unit quaternion-valued algebra [KP04,
Hall5], i.e., quaternion-valued rotations with unit magnitude (aka. versors) maintaining the
norm during the transformation.
The retardation angle 01!z, w) of a single piece-wise constant fiber segment of length z is

defined as

9[1](2’,&)) def
72 =

Ty Lagtw) =gz + Aslwz +..., (A22)
N——

——
lumped birefringence  lumped first-order PMD

which measures the (frequency-dependent) differential phase shift applied to the signal in the
eigenstate of the birefringent element, see below. Here, the terminology lumped is used to
highlight that this type of birefringence and PMD is caused by a lumped (i.e., discrete) optical
element rather than a z-continuous medium. The transition to a continuous medium is done by
cascading lumped fiber segments and letting the length of each segment become infinitesimal
small, see discussion on the general solution below.

We can now use an extension of Euler’s formula’ [VB02, Eq. (1)] [Kar14, Eq. (8)] to give an
explicit expression for the polarization rotation matrix in Jones space as

(W) o 0w o ()
exp <—J (2) Ty(w) - a) = cos <<2)> I—jsin <<2)> Ty(w)-a.

(A.23)

Since the birefringence matrix T[l] (w) - & is Hermitian, it can also be diagonalized using the
similarity transform V"' = V! with

M (z,w) -~ - _ 00 (zw) 0
—j (2) T[l] (w) Lo = V[l] (w) [ J7 o5 ) VH] (w) ’ (A.24)

0

SThe set of all unitary transformations { M € C2*2 | M~! = M" } is given by the group U(2), the subset
with determinant det(M) = 41 is called special unitary group SU(2).
7 An equivalent expression of Euler’s formula can also be given for quaternions.
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where the eigenvalues +j 6!(2, w) /2 are the elements of the diagonal matrix, and the columns
of Vjj(w) are the corresponding eigenvectors. We can alternatively recover the rotation ma-
trix decomposed in terms of eigenvectors using the relation from (2.13) for diagonalizable
matrices. We find

O (2, w) 4 . exp (—j ) 0
exp | —j——— Ty(w) 7| = Viy(w) ( ? ) 011 (2,0) VH] (w)
2 0 exp (JT)
(A.25)

with the unitary matrix describing the eigenmode structure of the birefringent element

V[l] (CU) d:ef

1 [ 1+ T w) 1) — T3 (W)] (A.26)

2+ 20 ) + i) 1+ W)

where we used (A.11) with det(V 3(w)) 1.

The physical understanding of (A.25) is as follows. The optical field envelope U (0, w) is
transformed from the x-y polarization state into the polarization eigenstate defined by T[l] (w)
using the similarity transform VH] (w) = V[_l]l(w) There, both polarization states experience
equal but opposite phase shifts by £6!! (2, w) /2, after which the signal is transformed back into
the original x-y polarization state by V';j(w). The imposed differential phase shift 671 (z, w)
and the eigenmode structure V';j(w) are in general frequency-dependent.

If only the zero™™-order term in the Taylor expansion of AS!(w) is considered (e.g., a
birefringent device like a waveplate) and V' [;(w) is invariant under w, then the channel matrix
becomes periodic in z under the condition 9[”([4[01],@ /2 = A/B([]”L][j I'Z 27 Vw, where we
define the beat length of a lumped, birefringent element as

1] ar 27

Y

(A.27)

The beat length L][DH measures the distance after which the signal U (z, w) arrives at its original
polarization state after traveling in a z-invariant, frequency-flat birefringent fiber segment
with birefringence parameter AB([)”.

If instead the first-order PMD term is considered, i.e., 9[1}(2, w)/2 = Aﬁw wz, a linear
phase response proportional to the length of the segment 2 is applied on the diagonal matrix
in (A.25). The linear phase response with opposite signs in frequency domain corresponds to
a differential group delay in time domain between the polarization eigenstates. Hence, if first
or higher-order terms are considered in the Taylor expansion of AB!!(w), the polarization
eigenstates of a (single, discrete) fiber segment will disperse, which is known as polarization-
mode dispersion due to the frequency-dependency of the birefringent material.

A different type of PMD is caused by the longitudinal variation of the birefringence pa-
rameter. E.g., a cascade of discrete, birefringent segments with a random orientation of the
polarization eigenstates and (only) linear frequency-dependence of the birefringence param-
eter, will also result in dispersion of the polarization states.
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General Solution in Jones Space If T'(z,w) depends on z, i.e., it can not be treated as a dis-
crete element, the solution to the PDE in (A.1) is not straightforward. This is apparent since
concatenated piece-wise constant transformations T';)(w) with i = 1,2,3,... do not com-
mute (cf. discussion in [GK00, Sec. 7] and [Win09, Sec. 2.2.2]). The solution can only be given
by the symbolic expression [Fey51]

U(z,w) =exp ( / T((,w) dg) U(O,w), (A.28)

where the dependence of T'(z,w) on the spatial parameter z also indicates the order of the
operators, here T'((,w), under the integral [Fey51,Kor02].
We define the local birefringence coordinate transformation as

Hon(z) = exp (=i [ A5(Q) T(¢.0) -5 dc) (A.29)

which includes only the zero'"-order term in the Taylor expansion of A3(z,w). To model the
optical field envelope U (z,w) in the ECB domain, the transformation H''_(2) is applied to
the original signal in order to remove the (rapid) motion of the signal’s polarization state due
to pure (i.e., zero'"-order) birefringence. We say that the ECB signal is modeled in the local
birefringence coordinate system. The transformation does not alter the characteristics of, e.g.,
the optical noise process or the nonlinear signal-to-signal interference.

Similarly, also higher-order terms, e.g., PMD can be removed from the (linear) propagation
equation by an appropriate transformation of the coordinates. Then, the nonlinear source term
in the PDE must be scaled properly, see, e.g., [MMO06, Sec. I B].

System State of Polarization We summarize that, similar to the previous chapter, the base-
band signal at the input U (0,w) € C? is transformed using the (now z-dependent) channel
matrix H(z,w) € C**? when propagating over a linear channel. If not stated otherwise,
we assume that the transform H (z,w) maintains the norm of the signal, i.e., it is a unitary
transformation with H ™' (z,w) = H"(z,w).
The channel matrix is fully parameterized using the four independent real-valued coeffi-
cients
To(z,w) €R,  T(z,w) = [T1(zw), Ta(z,w), Ts(z,w)]" € R*. (A.30)

Here, the first coefficient 7(z,w) is equivalent to the propagation constant 5(z,w) and de-
scribes a common, frequency-dependent phase rotation imposed on both vector components
in Jones space. The latter one is the Stokes vector T(z, w) which defines the orientation of a
(local) eigenstate in Jones space via the Pauli matrix decomposition of the normalized vector
T(z,w) (ie., the system’s state of polarization). The magnitude of the differential phase rota-
tion #(z,w) is given by the birefringence parameter Af3(z,w) = ||T(z,w)|| and the length of
the birefringent element 2.

In the ECB model, we use the Taylor expansion of the propagation constant to remove the
zero'" and first-order common phase 3y(z) and 3;(z), as well as the zero'"-order differential
phase Af3y(z) from the propagation equation by a suited transformation of the coordinate
system.
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Signal State of Polarization Up to now, only the system was associated with a state of po-
larization. In order to develop a better understanding of polarization rotations, we will now
introduce the notion of the signal’s state of polarization.

The optical signal in Jones space u(z,t) = [ux(z,1),u,(z,t)]" can also be parameterized
via Stokes parameters. The associated signal polarization describes the partition of the sig-
nal’s energy (or equivalently intensity) in the x- and y-component and the phase difference
between the two vector components®. The information about the common (i.e., mean) phase
of the two vector components is lost in the Stokes space representation. The notion of po-
larization originates from observable states, i.e., measurable intensities [Sto51], proportional to
the squared magnitude of the electric field in the x- and y-component. The set of coefficients
parametrizing the signal polarization are collected in the signal’s Stokes vector

w(z,t) = [ug(2,1), ug(2, ), us(2,t)]" € R (A31)
:
Ul(z,w) = [Ui(z,w), Us(z,w), Us(z,w)]T € R?. (A.32)

The relation between Jones and Stokes space can be established by the concise (symbolic)
expression [Fan54]

H

u=1u ou, (A.33)

Ho,u for all Stokes vector components i = 1,2, 3.

to denote the element-wise operation u; = u
Here and in the following, the spatial and temporal dependency (z,t) is implied. The same
analysis also applies to the frequency-domain Stokes vector lj'(z, w).

Using (A.33), we recover with the zero™ order Pauli matrix o the squared norm ||u||* and

define the zero™ order Stokes parameter of the signal as

Hoou = ||ul® = Ju|® + |uy|? = wul + uu’ €R. (A.34)

“u
Uo = y Yy

The remaining Stokes parameters are given accordingly. The first Stokes parameter is given
by

H *

Uy def u'ou = uH l(l) _01] u = ‘ux|2 — ]uy|2 = uxui —u,u, € ]R, (A.35)

yoy

being a measure of whether the signal energy is concentrated more in the x- or in the y-
polarization. The second Stokes parameter is given by

s = ulosu = uM [(1) (1)1 u = uxu; + u;uy =2 Re{uxu;} eR, (A.36)
being a measure of +-45°- over —45°-polarized light, and the third Stokes parameter
us def uHagu — 1 [3) BJ] U — j(uxu; _ Uiuy) = _92 Im{uxu;} €ER, (A.37)

8The (time-resolved) Stokes parameter U(z,t) will be defined to be local and instantaneous, i.e., as a function of
z and t, in direct correspondence with the Jones vector u(z, t), i.e., without any averaging/expectation. Similarly,
the (frequency-resolved) signal Stokes parameter U (z,w) are given in terms of z and w.
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being a measure of right over left circularly-polarized light. We will again denote normalized
Stokes parameters by the tilde, i.e.,

@ = [liy, Uy, ]| <= up = ||@|| = |jul|” =1. (A.38)

The Stokes vector 4 can also be expanded to obtain the equivalent Jones matrix description
using the dot product with the Pauli vector. Then, the complex-valued 2 x 2 matrix is obtained
using the reciprocal relation w.r.t. (A.33) by

ﬁ‘&:U101+UQ02+U303: . (A39)

Uy Uy — juz| _ U ug—u Uy 2u,uy
us +jus  —ug 2ugu, Uy Uy — Uy Usg

In Section 3.3.5, we discuss a nonlinear process that causes a polarization rotation induced by
the state of the signal itself. We will, e.g., recover expressions similar to (A.39) in the Manakov
equation leading to rotations of the signal Stokes vector evaluated, e.g., at frequency U (z,wo)
around the signals Stokes vector at another frequency at, e.g., l_j(z, wi).

We also have the useful equality [GK00, Eq. (3.9)] [Fan54]

1 * *
uu = 5 (uHuI—l—ﬁ-E) = [ oo 4 , (A.40)
y

to relate the matrix uu" (aka. coherency matrix [Kar14, Eq. (52)]) to the signal intensity |Ju||* =

uHu and the Stokes parameters .

Polarization Rotations in Stokes Space Birefringence and PMD in Jones space can be best
understood by the eigenvalue decomposition of the rotation matrix in (A.25), where a differ-
ential phase shift is applied to the signal rotated to the eigenstate of the birefringent optical
element. In Stokes space, those effects have a direct geometrical interpretation, see below.
We will again use the simplified case of a lossless and discrete, optical element with ho-
mogeneous, spatial properties. In this case, the propagation equation takes the form

aaZU(z,w) = —]j Tm (w) U(z,w) (A.41)
(2, w) 4 .
= —] TT“] (w) e U(Z, Cd) 5 (A-42)

where we use the Pauli matrix decomposition of the rotation matrix T'yj(w).

We will now use the relation 4 = u"&'u from (A.33) to translate the propagation equation
of the signal in Jones space to the propagation equation of the corresponding Stokes vector.
The evolution of the Stokes vector is described by

imz,w) = U"(z,w) j (TH ()& — 6Ty(w)) U(zw) (A.43)
H ,9[1](2,(,0) T A= =T =
=U"(z,w) j—— (Tyw)-6)¢ - F(Tyw) - &) Uzw), (Ad4)

where we use the product rule of calculus 24 = (Lu")Fu + u"F(Lw), and the two prop-

erties (TU )" = UMT" and T = T of the Hermitian conjugate.
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We now define the cross-product operator’ [GK00, Eq. (4.8)]

) 0 - ]
Tx = Tij Q =T| = [Txn,m] eR™, n=1,23 m=12.3, (A.45)
=T, T 0

where the components 7 with i = 1,2, 3 are the elements of the normalized birefringence
vector T' = T'/||T’||. This allows us to formulate the spin vector rules [GK00, Egs. (A.3), (A.4),
and (A.13)] as

G(T-6)=TI+jTx & (A.46)
(T -8)¢=TI1—-jTx & (A.47)
UN (Txé)U=TxTU, (A.48)

which are required to relate the rotations in complex-valued Jones space to rotations in real-
valued Stokes space (both with three degrees of freedom). The spin vector rules are again sym-
bolic expressions which are interpreted element-wise w.r.t. the Pauli vector & = [0, 05, 03] 7.
E.g., the spin vector rule in (A.46) can be read as

oi(Tioy + Thoy + Tyo3) = T, T+ (Txm o1+ Txi,2 (o) +Txi,3 o3), (A.49)

with i = 1,2, 3. Here, the operator T'X induces a tensor multiplication (R3*3)(C**2 @ R?)
C**2@R? where each component of the resulting object is given by a sum of the Pauli matrices
weighted with the elements of the cross-product operator.

Using the spin vector rules, the Stokes space propagation equation of the signal SOP can
be written as [GKO00, Eq. (6.8)]

88217(2, w) = 0M(z,w) Ty (w) X U(z,w), (A.50)

and integration over z yields

— —

U(z,w) = exp (6[1](2, w) Tpy(w) X) UO,w). (A.51)

where exp(-) denotes the matrix exponential from (2.11). The geometrical interpretation of the
latter is as follows. The Stokes vector of the signal at the input Tj((), w) and the unit length
Stokes vector T[l] (w) are both pictured as vectors in Stokes space. In particular, a unit length
(i.e., normalized) Stokes vector is a point on the Poincaré sphere. The evolution of the signal’s
Stokes vector is described by a rotation on a circle around the birefringence vector T[l] (w),
while the arc length of the rotation is given by the angle 0!!/(z,w). An illustrative example is
given in the following.

9The notation T'X of the real-valued 3 x 3 operator is common in optics and kept here to be consistent with
the literature.
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Example A.1: Birefringence in Jones and Stokes space

In this academic example, we consider a discrete optical element with homogeneous properties
in the z-direction. In particular, we will consider a birefringent device, a so-termed half-wave
plate, which induces a differential phase shift of 8[( 2y, w) = 7 to the input signal U (0, w) after
it has been rotated to its eigenbasis characterized by the Stokes vector T[l] (w).

We start with the Stokes vector of the half waveplate, arbitrarily set to

Try(w) = [T (@), T (), T (W) = [1,2,3]T € R?, Vv,

which is frequency-flat for all w, i.e., we only consider lumped birefringence without any first-
or higher-order PMD terms (e.g., compare with (A.22)). The coefficients Tim (w) withi =1,2,3
have units m~!. We also assume that the propagation constant is equal to zero, i.e., T(gl] (w) =
Bl (w) = 0. The spatial extent of the half-wave plate is fixed to z; = 0.42m, which is required
to accumulate the differential phase shift of m, see below.

The norm off"[l] calculates to HT[H | = AB([]I] =v124+22+32m~! = y/14m~!. We calculate
the normalized Stokes parameter, i.e., the SOP, characterizing the orientation of the half-wave
plate as

Ty (w) = [T (w), T (W), T (w)] = [0.27,0.54,0.80]T € R?, Ve
The optical field envelope at the input z = 0 is arbitrarily set to
U(0,w) = [1 + exp(—jm/3), exp(jm/3)]" 8(w — w) € C2,

corresponding to a continuous wave (CW) with frequency wi = 27 f; modeled in the ECB. The
SOP of the optical field envelope at the input is obtained via (A.33) as

U(0,w) = [U1(0,w), U2(0,w), U3(0,w)] = [0.50,0,0.87]T §(w —w;) € R?,

where the polarization state of the signal is in a mixed state containing x-polarized light (into
the +8S; direction) and right-circular polarized light (into the +8S; direction). Both the SOP of
the birefringent half-wave plate and the SOP of the input signal are depicted on the Poincaré
sphere shown in Fig. A.1.

Using (A.22), we calculate the retardation angle to

0 (21, w) = 2| Ty (w)]| 21 = 7,  Vw,

which gives the 7 phase shift inherent to the half-wave plate.
The channel matrix represents the transmission characteristic of the half-wave plate (ignoring
attenuation and dispersion). It computes to

9[1] ) T —
H[l](zl,w) = exp (—J %Cd) T[l] (w) . 0’)

(1] (1] .

[ —0273  —0.80 — 0.54j
~ 10.80 — 0.54j 0.27i
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Figure A.1: Rotation of the input signal’s state of polarization U (0, w) around the birefringent optical
element defined by the Stokes vector T[l] (w). The evolution traces out a circle on the Poincaré sphere
with arc length equal to the retardation angle 8! (21, w) ~ 7. In Jones space, this angle is equivalent
to the differential phase applied to the signal rotated to the eigenstate of the polarizer, here, a half-
wave plate due to the 7 phase shift. In this particular case, the signal is misaligned w.r.t. the half-wave
plate by an angle of @ ~ 34.1°.

Using the singular value decomposition from (A.25), we can also express the channel matrix as

. 9[1](z1,w)
exp | —j —5+— 0
Vig(w) [ ( ? ) 9[1](21,w))] VH] (w)

0 exp (—l—j 5
0.80 —0.344-0.50j| [e737/2 0 0.80 0.34—0.50j
0.344-0.50j 0.80 0 et /2| | -0.34—0.50j 0.80 ’

where the eigenvalues, i.e., phase shifts with opposite signs are the components of the diagonal
matrix. The first column of the similarity transform V'[;(w) describes the eigenstate of the half-
wave plate in Jones space aligned with the slow axis (i.e., corresponding to the first eigenvalue),
while the second column describes the orthogonal eigenstate aligned with the fast axis of the
wave plate.

The signal’s Stokes parameter at the output calculates to

U (z1,w) = Hpyj(21,w)U(0,w) = [~0.06,0.89,0.46]" 8(w — w1)

which is also shown in Fig. A.1. It can be seen that the Stokes vector of the input signal U (0, w)
evolves on a circle in a right-hand rotation around T[l] (w). While propagation through the
half-wave plate the differential phase shift 0! (z,w) accumulates until at z; a phase shift of 7
is present.
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The misalignment angle between the Stokes vector of the signal and the birefringent element
is computed as

Ow) = acos(T[l] (w) - U(0,w)) = acos(T[l] (W) - Ul(z1,w)) ~ 34.1° 8(w — wy) .

Using the Stokes formalism, the rotation of the signal SOP around T[l} (w) can also be directly
performed in the 3D real-valued Stokes space. The cross-product operator from (A.45) is given

by

. 0 —0.80 0.54
Tyy(w)x = | 0.80 0 —-0.27|, Vw,
—-0.54 0.27 0
and the Stokes vector of the output signal follows by
U(21,w) = exp (08 (21,0) Ty (w)x) U(0,w)
—-0.86 0.29 0.43] 0.5 —0.06
=1029 -043 0.86 0 | d(w—wi)=1]089 | d(w—w1),
043 0.86 0.29| [0.87 0.46

where the same result is obtained as before using the Jones formalism.
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A.2 Proof of the Fourier Relation in (4.62), (4.63)

In this appendix we compute the Fourier transform of As(t) in (4.63) similar to Ablowitz et
al. in [AHO02a, Appx.].

We start our derivation by expressing the optical field envelope w(0,t) by its inverse
Fourier transform of U (0, w) to obtain™

8
As(t) = —jvgLen / hai(71,72) (A.52)
xu(Ot—i-ﬁ) (0, + 71 + T)u(t + 7o) &7

— / / drdr hAne (71, 72)
xﬁmmBU@wgmmwﬁn
X /_O:o dws U™ (0, ws) exp(—jwa (11 + 72))
X /_O:o dw; U (0, w) exp(jwi72)

X exp(j(ws — wa + wy)t) .

The Fourier transform of the former expression yields

AS(w) = — ﬁg Leﬂf@;)g /I :’O dt dryd7y I (71, 72)
< [ dws U (0,w5) expljosT)
% [ dun UM(0,) exp(—jea(m + )
X /o; dw; U (0, w1) exp(jwi o)

X exp(j(ws — we + wy — w)t) . (A.53)

We now use the identity [°7 exp(j(ws — we +wq —w)t) dt = 27 8(w3 — we + wy —w) which a
manifestation of the frequency matching constraint in (4.22). Applying the sifting property of
the dirac function / f()d(x —y)dy = f(z), we obtain

i

8

1 oo
AS(w) = _ﬁgLeﬁW //_ dmdry hnp(T1, 72)

X U(0,w —wy + ws) exp(j(w — wy + wo)7)
X / dws UH(O, wo) exp(—jwa (11 + 72))

X /Oo dw; U (0, wq) exp(jwiTa) - (A.54)

"Here, we switch to the prefix notation [ dz f(x) commonly used in physics.
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After re-arranging the order of integration, we have
AS(©) = — 7o Log— //+Ood d (A55)
w) =— j¥=Leg— widw .
Ty etame [l &1
x U(0,w — w; +wo) U0, ws)U (0, w;)
X /[ d7rdmo AN (71, T2) exp(jwiTo)
X exp(—jwa (11 + T2)) exp(j(w — wy + wo)T)
And finally a change of variables with v; = w; — w and vy = wy — wy yields
AS(w) = — 7> Lo //H’od d (A56)
w) = J'Yg eff (27'(')2 o Ul UQ .
x U(0,w + v)UM(0,w + v +02)U(0,w + vy)
X //_ drd7y Ang (71, T2) exp(—juiT — jueTs) ,
Hyp(v1,02)=F{ hnw(11,72) }
which is equivalent to the expression in (4.62). O
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A.3 Alternative Derivation of the (Analog) Baseband End-to-
End RP Method

In this appendix, we provide the solution to the received baseband perturbation As(t) in (4.63)
using an alternative derivation based on the Volterra theory in time domain, see Section 2.1.3.2.

We start from the parallel fiber model shown in Figure A.2 which is a modified version
of the known representation in Figure 4.2. Here, we assumed that the receiver performs
chromatic dispersion compensation using the channel matched filter H:(L,w) according to
the optical receiver frond-end such that the received perturbation in baseband is given by
AS(w) = HS(L,w)AU (L, w).

The parallel fiber model can be understood as a nonlinear system where the output As(t)
is given as the sum (in the limit { — 0, as the integral) of independent parallel branches, each
a realization of a basic third-order nonlinear system" [Sch80, Fig. 4.4-1]. We will first derive the
transfer characteristic of the basic third-order system which relates the optical signal at the
input u(0, t) to the perturbation u((, t) associated with the position ¢ along the link, i.e., one
particular branch realization. In a second step, the solution of a single basic block is generalized
to the continuum over all parallel branches.

We start with the output of the basic third-order system Au((, t), i.e., the perturbation in
the optical domain generated by the local nonlinear interaction <||UL1N(C DN w (€ t)) A
block diagram of the basic third-order system is shown in Figure A.3. We can express Au((, t)
as the output of the linear system using the relation Hg' (¢, w) -0 -2 hg'(¢,t) from (3.66).

27 B(C)]
We use the auxiliary variable o to express the convolution as

Au(C,t) = FH{HG (G w) b ([l (€] wis (1)) (A7)
- /—O:o 27T|£(C)’hcl(<’ G) uLIN(C’t - O—)UEIN(<7t - O—)uLIN(C;t - (T) do.

In the next step, the local signals at ( are expressed as the input signals convolved with the

UHere, we use the terminology frequently used in Volterra theory. The third-order Volterra kernel corresponds
to the first-order regular perturbation approach, cf. [VB02]

u(0,1) U (dC, 1) 2 _ h As(t)
| Ho(d,w) =SSP )= HSYACw) O (1)—“
J Ho@ace) @D o ot edc ) Ii D s

un(L—dg, t Au(L—dC,t
He(L—d¢,w) ol =06 )(||~||2')—> H'(L—d¢,w) i . il

Basic Third-order System

Figure A.2: The parallel fiber model consisting of basic third-order systems in each of the parallel branches. In the
limit, the sum over all branches (associated to a position ¢ along the link) converges to the continuous integral.
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uLII:I (Ca t)

y
utl (¢ 1) \%a T R

——>» HE(C7 —w) /_/
u(0, 1) Ho(C,w) uLIIj(Ca t)

Figure A.3: Block diagram of a basic third-order system—a memory-less 3"4-order nonlinearity, sandwiched be-
tween two linear, dispersive systems (here, the nonlinear function (||H2 -) in between the linear channel response
and its inverse).

«—> Hc(C,w)

channel impulse response using the auxiliary variables t;, t,, t5 for each of the inputs, cf. Fig-
ure A.3. We find

puct)= [ do i (G o) (A59)

27| B(¢)]
X /m ho(¢,t)u(0,t — o — ) dty
x [ Re(Ctau (0.t — 0 — 1) dty
x /OO ho(C, t)u(0,t — 0 — ty) dts,

where we used (x * y)* = 2* % y* and hi(z,t) 0 HE(z, —w). Then, we use the following
substitution of variables

o+t =7, dtl = dT1 (A59)
o+t = T2, dt2 = dT2 (A60)
0+ ty3 =13, dtg = d’7'3 , (Aﬁl)

and obtain using ha(z,t) = hc(z, —t) the following intermediate result

Au((,t) = /_ O:O do thl(g, ) (A.62)

x /‘” ho(¢,m — o)u(0,t — ) dry

— 00

x [ (G = )ut(0, — ) dry

X /°° ho(C, 7o — 0)u(0,t — 75) drs .

—00
The order of integration is re-arranged to isolate all terms independent of ¢, and we obtain the
following representation of the third-order Volterra system

Au(C,t) = /_O; /_O:O /_O:O drydmydrs w(0,t — 70 )ul (0, ¢ — 75)u(0, ¢ — 7) (A.63)
x /_O; ho(C,m — OVHE(C, s — 0)he(C, s — G)thl(g, o)do .

h3(T1,72,73)
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In the Volterra theory, the term h3(7) = h3(7, 72, 73) is the (time-invariant) basic third-order
Volterra kernel from (2.65). We recover the direct dependence of the kernel on the four involved
LTI systems according to Figure 2.1 and Figure A.3.

We will now show that hs (71, 72, 73) is equal to the time-domain kernel hny, (71, 72) and we
derive the temporal matching constraint 73 = 71+75. We use the definition of the linear channel
impulse response h¢(z,t) from (3.64) in the expression of the third-order kernel hs (7, 72, 73)
to arrive at

I mha(c L Ohe(Com1 — GG, — 0Vhe(Com — 0) do (A.64)

oo 1 1 9 ) ) )
:/WWWGXP<9<C)+JQB(O<_O— +<7'1—0') —(Tg—O') +(72—o') ))dO'

:/_O:O Wl(gmzexp (9(() +j231(<) <712 —2M0 — T3 + 2130+ 75 — 272(;)) do

1 . 1 2 2 2
~ @B P (9“) g (-7 TQ))

X /O:O exp (J(Bzo (=10 + 130 — TQG)) do,

where we used /] = (1/4/j)* and \/3(() : (\/B(C))* = |B({)].

Next, we use the identity of the dirac impulse together with the scaling and shifting prop-

erty of the transform to rewrite the integral over o as

oo 1 1
[m exp <JB(C) (13 — 71 — T2) 0‘) do=279 (B(O(Tg i 7'2)) (A.65)

=27|B(()| 8(m3 — 11 — T2).

Then, we use the sifting property / f()d(x —y)dy = f(x) of the dirac impulse to rewrite
R

hs(71, T2, T3) in terms of two variables 7 and 7. At the same time, the outer integral in (A.63)
over 73 collapses and we remain with a double integral over 7; and 75.
We find the 2D Volterra kernel belonging to the third-order basic system as

ha(71,72) = #exp (9(0 +j

27| B(Q)] (712 -7+ Tf)) 8(13 — 11 — T2) (A.66)

1
2B(¢)

1 1
= e (9<<>+L1213

(C) (7'12 — (7’1 —|-7'2)2 —|-7'22)>

2 B(0)
1 . T1T
= 5B P (9@ ”3(0) ’

which is a symmetric kernel in 7, and 75. Hence, the input/output relation of the basic system
can be expressed as

Au(C,t) = /o:o /O; drydm w(0,t — 7)u"(0,t — 71 — 12)u(0,t — 1) (A.67)

1 . T1To
* B0 P (9“) _JB«)) |
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In [Sch80], it is shown that the sum of M parallel basic third-order systems hém) (11, T2, T3)

withm € {1,2,..., M } can be expressed via a general third-order kernel as
M
hs(T1, T2, 73) = D h:(»,m)(7'177'2,7'3)- (A.68)
m=1

In our case, the sum over all (continuous) positions ¢ along the link converges to an integral
as ( — 0 and we recover the (normalized) nonlinear impulse response

L
() = [ mﬁ ] <9<c> - j;(g) . (A69)

where we used the effective length L.g as a normalization constant. Including the constant
multiplier — jﬁ%, cf. Figure A.2, we recover the end-to-end relation

8
As(t) = —j’s/gLeff ’U,(O,t — Tl)UH (O,t —T1 — TQ)U(O,t — 7'2) hNL(Th 7‘2) dz’T s (A.70)
R2

which is equivalent to (4.63). O
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A.4 Alternative Derivation of the Discrete-Time End-to-End RP
Method

In this appendix, we provide a time-domain derivation of the pulse-collision picture analogous
to the derivation in A.3, i.e., using the theory on time-domain Volterra series from Section
2.1.3.2. We first start with a derivation of the self-channel interference (SCI) term, and continue
in the second part with the cross-channel interference (XCI) term.

Intra-channel Ansatz In Figure A.4, the modified parallel fiber model is shown to establish
the end-to-end relation of the transmit sequence and received perturbation (exemplarily for
SCI effects, i.e., the nonlinear perturbation is generated by the linearly propagating probe
signal alone). The perturbation ansatz for SCI effects is based on the Manakov equation in
(3.81) considering only the probe signal u,(z, t) in the source term w(z, t), see (3.75).

The generation of the local nonlinear interference is nested between the now z-dependent
dispersed and attenuated transmit pulse G, (2, w) and receive-pulse G (z,w) from (5.7), (5.9),
see Figure A.4. This can be understood as the parallel fiber model used in the previous section,
cf. Figure A.2, however now, the transmitter and receiver frond-end are included into each of
the parallel branches using the linear property of the modulation and demodulation operation.
Also, for ease of notation, sampling at interval 7" is moved to the parallel branches and we
denote, by abuse of notation, the sampled discrete-time perturbation at { as Aa*“'((, k7).

a[k] lLIN,p(dC,t AaSCt [k‘]
T Hr,p(w)q Ho(d¢,w) (\RH2 -t Hg'(d¢,w) Hpis Hi (w) H— S ——(F
c? kT C?
GT,P(d<7w) E; pGR(d<7w) ._g
—J79
7 2d¢,t
G (2, 0) e AS D) )l Gr (24¢, ) @
WP kT
---------------- > e LR EE LY 2
o (L—dC, 1) Aa®(d¢, kT)
1o (L—d¢ w22 ([F* )~ Gr(L—dC,w) s
. kT
Basic Third-order System

Figure A.4: The discrete-time end-to-end parallel fiber model consisting of basic third-order systems in each of
the parallel branches. Here, the local generation of nonlinear interference is nested between the transmit pulse
G, (¢, w) with v = p and receive-pulse Gg((,w) associated with position (.

Note, that we can write the receive filter Gr(z,w) expressed via the complex conjugate
of the transmit pulse Gt ,(2,w) where we used that mhal(z, t) = exp(—G(2)) hi(z,t).

The pre-factor 1/Er , in the receiver frond-end is a scaling operation to set the (noiseless part

2

of the) receive sequence to unity variance of the transmit sequence o,

, 1.e., to undo the scaling
of the signal u(0, ) to a designated transmit power P,.

The basic third-order system for SCI effects is shown in Figure A.5. We start with the
output of the basic third-order system Aa®“'({, kT'), i.e., the sampled perturbation generated

in the optical domain by the local nonlinear interaction (HuLIN@(C )P o (C, t))
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a[k] GT@(C,M) uLIN,p((? t)
H H scr
a"[k] G:},p(ga W) uLIN.,p(C7 t) 2 E; ¢ w) — ~Aa* (¢, kT)
- kT
alk] Upin,p(C, 1)

Figure A.5: Block diagram of the basic third-order system corresponding to a single spatial branch at position ¢
of the intra-channel end-to-end system.

We can express Aa*“'((, kT') as the output of the sampler and the linear system G ((,w).
As in the previous derivations, we use the auxiliary variable o to express the convolution. We

yield

AGCH| = e O FG ) b ([t GO (D) | (AT

=k Erp

1
79(4)/
- ETp B ng(Ca )

X Upip(C 1 — )y (¢ — 0)ui (¢t — 0) do

t=kT

In the next step, the local signals at { are expressed as the input sequence a[k] convolved with
the channel impulse response using the auxiliary variables ki, Ky, K3 for each of the inputs,
cf. Figure A.3. We find

8 T) =% [~ do gy (. 0) (A72)
T,p
X > alki] gro(¢, kT — 0 — ki T)
K1EZ
XZ K2 ngCk’T—G—KQT)
Ko EZ
X > alks) gro(¢ kT — 0 — k3T).
K3EZ
Then, we use the substitution of variables
Ki=k— K (A.73)
Ko = k— K9 (A74)

K3 =k — K3, (A.75)
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and obtain the following result

Aa (¢, kT) =

~5(0) / “ do g;p(g, o) (A.76)

X > alk — k1] g1,o(C, ;T — 0)

K1EZ

X Z - /12 gT p(Ca KQT_ G)

Ko€Z

X > alk — k3] g1,0(C, k3T — 0).

K3EZL

The order of integration is re-arranged to isolate all terms independent of &, and we obtain
the following representation of the third-order Volterra system

SCI C k'T Z Z Z — /{1 k’ — I{Q]CLU’C — I{g} (A.77)

K1EZ ko €7 K3 cZ

1 oo . *
e~ 9(0) [ g1,0(C, kT — G)QT,p(C, kol — 0)gr,p(C, k3T — G)gTvp(Q o)do

ET,p

X

ho,3[Kk1,k2,K3]

The term hy, 3]K1, ka2, k3] is the discrete-time Volterra kernel of the (intra-channel) basic third-
order system [Sch80].

The sum over all (continuous) positions ¢ along the link converges to an integral as ( — 0
and we recover the normalized, intra-channel nonlinear impulse response

p+e P o

X gT(Ca H3T - G).Q%,p(Cv G) deC?

holK] =

where we use the pre-factor I, L.s as a normalization constant. Including the constant multi-
plier —j75, cf. Figure A.4, and using Lny,, = 1/(7F,), we recover the end-to-end relation
.8 Leff

Aas k] = —j=
(K] J9LNL,p

3" alk — ki]a" [k — kolalk — k3)hy[K], (A.79)

KEZ3

which is equivalent to (5.15). |

Inter-channel Ansatz The corresponding proof for inter-channel effects, i.e., cross-channel
interference (XCI), is similar as before. The relevant source term for the inter-channel per-
turbation ansatz is given by considering all XCI terms in (3.81). For this proof, we will only
consider the first XPM term in (3.81) and the extension of the proof to the second XPM and
XPolM term is straightforward.

The basic third-order system for SCI effects is shown in Figure A.6. We assume a path-
constant chromatic dispersion coefficient along the link, i.e., 35(2) = (. We use the retarded
time of the ' interferer defined in (3.59) as

ty =t — Two(2,Aw,) =t — Aw, a2, (A.80)
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LIN,V 7tl/
b, [k] o) Ui, (G )
H H o (ot A (C, kT
by [k] GEV(C, _w) uLIN,‘l/(C ) - E; GR(C’ (,u) | a (C )
P k-T
alk] Urin,p(¢,1)

o—> GT,p(va)

Figure A.6: Block diagram of the basic third-order system corresponding to a single spatial branch at position ¢
of the inter-channel end-to-end system.

given for the constant dispersion coefficient 3,.
We can now rewrite (A.72) to express the XCI perturbation of the basic third-order system
as

A (CKT) =2 —e O [~ g1 (C.0) [t (€.t = Ol inp (€.t = 0)do

ET P t=kT
ET " / do gT p(Ca )
X Z bl/ K2 gT,I/(C, KT — o — KQT)
K1EZL
x 3 bylki] g7, (G ET — 0 — 1 T)
Ko EZ
x Z K3 gr,p C kT — o — KgT) , (Agl)
K3EZ

where the dispersed transmit pulse g, ((,?) already includes the time-retardation given by
the walk-off 7, (2, Aw, ), see definition in (5.8).

Following the same steps as for SCI effects, we find after integrating the kernel over all
local positions ( as

L 1 L g5 (oo . .
S (€T = 0)gr,(C, T — A.82
) P,Lg Jo Et, /,OO 91.0(C; k1 U)QT, (> o) ( )

X gT,D(Ca /{3T - G).Q’?,p(Cv G) do—d§7

where we made again use of the normalization pre-factor P, L.g. The result recovers (5.21)
using gr (¢, t) = exp(—9(¢))gt (¢, t) similar as in the original source [DFMS16, (4)].

Taking into account the second XPM and XPolM term in (3.81), we have the
8 Leff

Ak = —i2
a,'[k] J9LNLV

) (by[k — k)b k — ko) + Bk — kol [k — m]I)a[kj — kg [K] .

(A.83)

which is equivalent to a single contribution v in (5.19). 0J
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B. Notation

B.1 Abbreviations

Acronym Meaning
1D one-dimensional
2D two-dimensional
3D three-dimensional
4D four-dimensional
A/D analog-to-digital
ACF autocorrelation function
ADC analog-to-digital converter
ASE amplified spontaneous emission
ASK amplitude-shift keying
AWGN additive white Gaussian noise
BER bit error ratio
BIBO bounded-input bounded-output
BICM bit-interleaved coded modulation
BRGC binary-reflected Gray code
BRGL binary-reflected Gray labeling
CDF cumulative distribution function
CSI channel state information
CD chromatic dispersion
CM coded modulation
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Acronym Meaning
CW continuous wave
D/A digital-to-analog
DAC digital-to-analog converter
DEC decoder
DFT discrete Fourier transform
DGD differential group delay
DP dual-polarization
DSP digital signal processing
DTFT discrete-time Fourier transform
DU dispersion-uncompensated
E/O electrical-to-optical
ECB equivalent complex baseband
EDFA erbium-doped fiber amplifier
EGN extended Gaussian-noise
ENC encoder
eRP enhanced regular perturbation
FEC forward error correction
FFT fast Fourier transform
FIR finite impulse response
FWM four-wave mixing
GN Gaussian-noise
GVD group velocity dispersion
IDRA ideal distributed Raman amplification
IIR infinite impulse response
LTI linear time-invariant
PAF phase array factor
PDL polarization dependent loss
IQ inphase-quadrature
ISI inter-symbol interference
LDPC low-density parity-check
LLR log likelihood ratio
LMS least mean square
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Acronym Meaning
LO local-oscillator
LP logarithmic perturbation
MCI multi-channel interference
MIMO multiple-input/multiple-output
MSE mean-squared error
NLIN nonlinear interference noise
NLC nonlinearity compensation
NLI nonlinear interference
NLPN nonlinear phase noise
NLSE nonlinear Schrodinger equation
NTI nonlinear time-invariant
O/E optical-to-electrical
OA optical amplification
ODE ordinary differential equation
OSNR optical signal-to-noise ratio
PAM pulse-amplitude modulation
PDE partial differential equation
PDF probability density function
PDM polarization-division multiplex
PMD polarization-mode dispersion
PMF probability mass function
PN phase noise
PRBS pseudo random bit sequence
PSD power spectral density
PWDD power-weighted dispersion distribution
QAM quadrature amplitude modulation
QPSK qarternary phase-shift keying
RBW resolution bandwidth
RC raised cosine
RP regular perturbation
RLP regular-logarithmic perturbation

root-raised cosine
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Acronym Meaning
RV random variable
SCI self-channel interference
SER symbol error ratio
SNR signal-to-noise ratio
SOP state of polarization
SPM self-phase modulation
SP set partitioning
SSFM split-step Fourier method
SSMF standard single-mode fiber
VSTF Volterra series transfer function
WDM wavelength-division multiplexing
XCI cross-channel interference
XPM cross-phase modulation
XPolM cross-polarization modulation
iXPM intra-channel cross-phase modulation
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B.2 Mathematical Operators

Operator Meaning
E{-} expectation
() complex conjugation
Ol transposition of a matrix/vector
()M conjugate transposition of matrix/vector
()7t inverse

|- | absolute value of a scalar

]|, p-norm of a vector x
(for p = 2, subscript is omitted)
sequence
o equal per definition
x(t) = y(t) linear convolution
arg{-} € (—m, 7 argument of a complex variable
X(w)=F{z(t)} Fourier transform
z(t)=F H{X(w)} inverse Fourier transform
o f(z,y) n'® partial derivative of f(z,y) w.rt. x
d"x £ daydx,y ... dz, multi-dimensional differential
Re{-} real part of a complex variable

Im{-} imaginary part of a complex variable
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B.3 Mathematical Symbols

Variables, vectors, matrices and sets.

Variable Unit Meaning
alk] € C discrete-time data symbol
alk] € C? column vector of discrete-time data symbols
Aalk] column vector of discrete-time (additive) perturbation
A(e*T) frequency-domain data symbol
A set of data symbols, i.e., signal constellation
a(z) m~! attenuation coefficient
o) m~! path-average attenuation coefficient
M set of bijective mappings
BER bit error ratio
B, Hz spectral bandwidth of the v*® wavelength signal
Bwou Hz spectral bandwidth of the full WDM signal
Bgiu Hz simulation bandwidth
B(z,w) m ! space- and frequency-dependent propagation constant
Bn(z) s"m n'™ partial derivative of 9"3(z, w) in the vicinity of wy
s s’m path-average dispersion coefficient
B(z) 52 dispersion profile, B(z) = [§ 52(¢)d¢
c m/s speed of light, ¢ = 299792458 m /s
C Shannon capacity
C code (set of codewords)
D dimensionality of the symbol alphabet, i.e., A C R”
(t) st Dirac function (in continuous time)
e Euler number
Ey s energy per information bit
E s energy per (4D) channel symbol
Er s energy of the basic pulse gr(t)
feRr Hz continuous frequency
fo(z) probability density function of a random variable x
g(2) m~! gain coefficient

gr(t)

transmit filter impulse shape
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Variable Unit Meaning
G(z) normalized logarithmic power profile
v(2) m~! fiber nonlinearity coefficient (normalized by 1-Watt)
h Js Planck’s constant, h = 6.62606896 x 1073 Js
h(t) s~ continuous-time impulse repsonse
H(w) transfer function
hr(t) st transmit filter impulse response
hr(t) 571 receive filter impulse response
hco(z,t) st linear channel impulse response
hep(z,t) s~ chromatic dispersion impulse response
hny (11, 72) 572 (continuous-time) nonlinear impulse repsonse
Hyxi(v1, v9) nonlinear transfer function
H,(eT) frequency-periodic nonlinear transfer function
j imaginary unit
kel index of discrete-time data symbols
kez" n-dimensional column vector of discrete-time indices
Kk € 7 (difference) index of discrete-time data symbols
KeEL" n-dimensional column vector of difference indices
K set of difference indices k
L m total transmission length of the link
Lg, m span length
L.g m effective length of the transmission link
L o m asymptotic effective length
Lt m nonlinear length
Lp m dispersion length
Lo m walk-off length, w.r.t. the v'" co-propagating channel
A=c/f m wavelength
Ao m center wavelength
m number of signal points, cardinality of A
M length of DFT processing blocks
1 discrete frequency index p € {0,...,M — 1}
u column vector of discrete frequency indices
U set of discrete frequency indices p
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Variable Unit Meaning
n(t) noise sample
Ny (one-sided) noise power spectral density (ECB signal)
Ngp number of spans
N number of wavelength channels
v wavelength channel index
p channel index of the probe channel, s.t. w, = wy
w=2nf Hz angular frequency
weR" Hz" n-dimensional angular frequency vector
wo Hz center frequency of the signaling regime of interest
w1, W, W3 Hz auxiliary frequency variable with w3 Ew— w4 ws
Aw, Hz frequency offset of the 1" interferer w.r.t. wy
WNyq Hz Nyquist frequency
P, signal power (per wavelength channel /)
P(z) normalized power profile, i.e., P(0) = P(L) =1
ONLy rad nonlinear phase shift (per wavelength channel v/)
q[K] binary source symbols (uncoded)
qlk] row vector of binary source symbols
q[x] estimate on binary source symbol
qlk] row vector of estimates §
Q2 Q2-factor, i.e., Q% = 20log,,(v/2erfc ' (2 BER))
r(t) € C electrical receive signal
r(t) € C? column vector of electrical receive signal
R(w) s frequency-domain electrical receive signal
R s~ symbol rate
R, number of bits per data symbol, i.e., rate of modulation
Re code rate
p roll-off factor of the transmit pulse shape
s(t) e C electrical transmit signal
s(t) € C? column vector of electrical transmit signal
S(w) s frequency-domain electrical transmit signal
Sy s? map strength w.r.t the probe channel

dimensionless map strength normalized by (27 R;)?
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Variable Unit Meaning
S dimensionless map strength w.r.t " wavelength channel
Oy variance of random variable x
o2 variance of the (4D) discrete data symbols
o2 variance of the (4D) noise process
01,09, O3 Pauli matrices
c Pauli vector
teR s continuous time (relative to the probe’s time base)
tecR" s™ n-dimensional continuous time vector
t1, 1o, t3 S auxiliary time variables with t; Et—t +ty
Ty, To S time difference variable with 7y = ¢ — t;, 75 = t; — 1y
T time duration for channel symbols
T time duration for information bit/binary source symbol
u(z,t) € C optical receive signal
U(z,w) S frequency-domain optical signal
u(z,t) column vector of optical signal u, and u, in Jones space
U (2, 1) linearly propagating optical signal
u(z,t) column vector of optical signal in Stokes space
Vg(wp) m/s group velocity at wy
V1, Vg Hz frequency difference with v, E o] —w, Vs &y — wy
£ Hz” frequency difference product & = v, v,
ylk] discrete-time receive symbol
ylk] column vector of receive symbols
zeR m spatial position in direction of propagation
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