
Summary and outlook

In the present work, pattern-formation phenomena in a planar dc gas-

discharge system with a high-ohmic electrode, operating in two different
regimes are investigated analytically and numerically on the basis of the suit-

able reaction-diffusion systems. In particular, front propagation into an unsta-
ble state as well as Turing patterns and solitary localized structures (dissipa-

tive solitons (DSs)) are investigated in details.

Reaction-diffusion systems are widely used to describe pattern-formation
phenomena in variety of biological, chemical as well as physical systems. A

brief review of such systems, their properties and solutions is presented in the
Chapter 1 of the thesis.

The experimental gas-discharge system in question also exhibits a large va-

riety of self-organized patterns and is a good candidate for a fundamental in-
vestigation of general properties of pattern formation in nonlinear spatially ex-

tended dissipative systems. The experimental set-up and typical patterns, aris-
ing in the system are discussed in the Chapter 2. In contrast to the good

qualitative understanding of experimentally observed patterns, the system with
the high-ohmic cathode has been never investigated quantitatively on the ba-

sis of gas-discharge specific microscopically-based transport equations. Such a
description is developed in the Part I of this thesis on the base of classical

drift-diffusion discharge model in the Townsend mode of the discharge opera-
tion.

The key problem is that the experimental phenomena are observed on a

macroscopic time scale (of the order of 10−3 s or longer), whereas the drift-
diffusion approximation is on the microscopic time scale. A direct numerical

solution of the full 3D drift-diffusion equations on macroscopical times is very
time consuming or even impossible and a reduction of the drift-diffusion model

is desirable. Such a reduction is developed in the Chapter 3 using the fact

that the axial dimension of the discharge cell in question is small as compared
to the radial dimension. Two-scale approach allows then to separate off the

axial and radial effects. The reduction is possible if the source voltage exceeds
the breakdown voltage to a small extent only.

The drift-diffusion equations are simplified to a two-component reaction-

diffusion system, that incorporates only radial coordinates and slow temporal
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dynamics. All numerical coefficients in this RD system can be quantitatively

calculated, that is, our predictions can be compared with experimental data.

The derived set of RD equations is much better suited for an analytical
and numerical investigation of the experimental systems than the full drift-

diffusion set of equations. In particular, in the obtained RD system the so-
lution in full three-dimensional space has to be implemented numerically only

for two space coordinates because the axial dependence is taken into account
analytically.

The most important nontrivial solutions of the two-component RD system

are those for nonlinear ionization fronts (transition waves), which propagate
along the discharge plane away from the point of ignition. Properties and pe-

culiarities of ionization fronts in one and two spatial dimensions are investi-
gated in Chapter 4.

Ionization fronts turn out to be transition waves between unstable and sta-

ble system states. The fronts propagate along the electrodes, their form de-
pends on system parameters but not on the seed fluctuation. Propagation of

such fronts is often referred to as a front propagation into unstable state. The
fronts of such a type are well known in the literature, where, however, typi-

cally one-component RD systems are discussed. It is known that for such front
propagation problems the propagating front always relaxes to a unique shape

and velocity, if the initial profile, arising e.g., trough a local initial perturba-
tion, is steep enough. Depending on nonlinearities, two regimes of front propa-

gation can be distinguished: To the first front type belongs behavior where the
velocity is determined by linearization about the unstable state. Such fronts

are called pulled or linear marginal stable. In the other type, the front prop-

agation is driven by nonlinearities. This regime is referred to as pushed or
nonlinear marginal stable.

The feature of our two-component system is the presence of both pulled
and pushed regimes. The transition between both propagation regimes de-

pending on the system parameters is investigated in details. Furthermore, ve-
locity selection problem is considered and the influence of initial conditions on

the asymptotic front velocity is discussed.

The present approach is a first step in the quantitative description of pat-
tern formation in planar DC gas-discharge systems. In the second step the

treatment has to be extended from the Townsend mode of operation to the
glow discharge mode where the patterns are actually observed. However, the

case of glow operation mode is much more complicated as this of Townsend
mode. At present it can be considered only in frames of a phenomenological

RD system. In this thesis, the phenomenological two- and three-component
RD systems are investigated in Part II. Both systems are an extension of

FitzHugh-Nagumo model and allow the qualitative understanding of a wide

variety of interesting experimentally observed phenomena in the gas-discharge
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system. This work is focused on stationary spatial Turing structures in both

systems, as well as on possible destabilizations of single DS in the three-

component model.

In Chapter 6 super- and sub-critical Turing instability is discussed for both

systems. Moreover, results, obtained from two-component RD system with an
integral term are compared with patterns, observed in an ac-driven barrier dis-

charge system (DBD), which also is known to produce a large amount of vary-
ing patterns. As the RD model is not specific for this type gas-discharge sys-

tem, we cannot draw any quantitative comparisons. However, a qualitative

comparison is possible.

The comparison of the observed patterns in the experiment and in the RD-

model agrees remarkably. The appearance of spots, bright ones as well as dark
ones, occurs via subcritical Turing bifurcation limited by integral inhibition.

The intermediate patterns in both cases consist of branched stripe-like pat-
terns with a spatial scale inherited from the spots.

Furthermore, considering the development of the amplitude patterns for the

experiment and for the RD-model one can see that in both cases, all bifur-
cations — from a homogeneous state to a structured one and vice versa —

are subcritical. In the course of the high-amplitude patterns the amplitude
changes continuously.

In the Chapter 7 stability of a single DS is investigated in details. A linear

stability analysis is performed and critical eigenfunctions, which could have an
influence on the dynamics of the stationary DS are found. Then the destabi-

lizations of the single DS, caused by these critical modes are discussed. The
influence of the mode leading to breathing DSs is discussed in the section 7.2.

These breathing solitons can be considered as a result of a Hopf bifurcation of
a single stationary DS if one gradually changes a control parameter, e.g., the

time constant of the second inhibitor. In this case the stationary DS bifurcates
to the oscillatory one either with a constant or increasing amplitude, in the

latter case the soliton collapses to a homogeneous stable state. This situation
was analyzed performing two-time-scale expansion in the vicinity of the bifur-

cation point and the corresponding amplitude equation, being a normal form
of the Hopf bifurcation, is derived. The information about the system behavior

in the vicinity of the bifurcation point is now contained in the complex coeffi-

cients of this equation. The latter are the functions of the stationary solution
and breathing eigenfunction and can be easily calculated from the original sys-

tem. Depending on the sign of the coefficients this equation shows the two
instability scenarios. We also have calculated the full system as well as the re-

duced amplitude equation numerically. The results show that both approaches
are in good agreement.

Notice that the derived amplitude equation is a well-known normal form

of Hopf bifurcation, studied in details for the steady-state solution of a set of
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ordinary differential equations. In our case, in contrast, the instability of non-

homogeneous stationary solution in two spatial dimension is discussed, what

makes the considered problem more complicated. Furthermore, the amplitude
equation being presented here was derived in a general form and therefore can

be applied to other equations of reaction-diffusion type where a breathing in-
stability takes place.

In the section 7.3 travelling DSs are studied. It was shown that the tran-
sition from stationary to moving state can occur due to a change of shape

of the DSs. This is tested on the basis of the model equations by varying a
parameter which can be related to the global supply voltage of the experimen-

tal system and afterwards solving the equations numerically. The results show
the linear dependance of the square of the filament velocity on the control pa-

rameter, together with a change of the shape of the DSs. These results are
compared with the experiments in a qualitative way.

The dynamics of current filaments in a planar dc gas-discharge system with

high ohmic semiconductor electrode is considered. As experimentally observed
DSs are subject to a strong influence of noise, the deterministic part of the

dynamics of the filaments cannot be measured directly. To overcome this
problem, methods of stochastic data analysis have been applied. As a result,

the deterministic and stochastic parts of the dynamics have been separated
and the intrinsic velocity of the filament has been obtained. The analysis

shows that a single filament can undergo a transition from a stationary, purely
noise driven state to a state with a finite intrinsic velocity due to a change

of the system parameters. We identify this scenario as a drift-bifurcation. In
the case discussed here, the drift-bifurcation is accompanied by a change of

the shape of the DSs, which is related to the chosen control parameter which
is the global voltage applied to the discharge cell. We have shown that be-

yond the bifurcation point the square of the velocity of the filament exhibits a
linear dependence on the control parameter.

The qualitative agreement of the experimental system and the theoretical

model is remarkable. One can conclude that the drift-bifurcation of DSs can
occur in rather general scenarios in which the destabilization is accompanied

or induced by a significant but continuous change of the shape of the DSs,
induced by varying an appropriate control parameter.

A more complicated situation, when two critical modes become unstable si-
multaneously is numerically studied in the section 7.4. It is shown that in the

vicinity of the codim=2 point, different combination of movement and breath-
ing can be observed depending on control parameters. In particular, a solution

in form of moving with a constant velocity and breathing with a constant am-
plitude DS is observed. To the best of our knowledge there is the first obser-

vation of such a phenomenon in two-dimensional RD system with cubic non-

linearity and is the interesting subject of further investigations.
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Finally, a long-time dynamics of the DS in the situation with several unsta-

ble modes is briefly discussed in section 7.5.

In summary, the current work concerns analytical and numerical studies of
pattern formation that are motivated the dc gas-discharge system but also can

be applied to other RD systems. Two different discharge regimes are consid-
ered on the base of two reaction-diffusion systems. Propagating fronts, sta-

tionary Turing patterns, spirals, moving and breathing DSs as well as their
combination are discussed in the work and compared qualitatively with the ex-

perimental findings. Notice that the most results, presented in this thesis are
derived in general form and can be applied to other RD systems, showing sim-

ilar instability scenarios. Furthermore, the two-component system, derived for
the low-current Townsend mode allows the direct comparison with the experi-

ment and is a first step in the quantitative description of pattern formation in
planar dc gas-discharge systems.



134 Summary and outlook



List of illustrations used in the

introduction

Figure Letter Source

Fig. 1 a Photographer: Marek Szymocha, downloaded from:

http://www.nordlicht.ch/aurora/gallery/bigpic/

60Marek/60.html

b see [Nettesheim et al., 1993]

c see [Jun et al., 2000]

d Photographer: Johnny Jensen, downloaded from:
http://www.jjphoto.dk/fish archive/aquarium salt/

pomacanthus imperator.htm

e see [Ouyang and Swinney, 1991]

f see [Ammelt et al., 1997]

g downloaded from: http://www.tcd.ie/Physics/Schools/what

/materials/foam/shapes.html

h see [Ouyang and Swinney, 1991]

i downloaded from: http://www.uni-muenster.de/Physik.AP/

Lange/Natrium.htm, see also [Ackemann and Lange, 2001]

j downloaded from: http://desert.bgu.ac.il/desert/bo/

contentnet/siteimgs/rings1 s.jpg, see also [Meron et al.,
2004]

k see [Vanag and Epstein, 2004]

l see [Astrov and Purwins, 2001]

135



136 List of illustrations used in the introduction



BIBLIOGRAPHY

Bibliography

[Ackemann and Firth, 2005] Ackemann, T. and Firth, W. J. (2005). Dissipa-

tive solitons in pattern-forming nonlinear optical systems: Cavity solitons
and feedback solitons. Lect. Notes. Phys., 661:55–100.

[Ackemann and Lange, 2001] Ackemann, T. and Lange, W. (2001). Optical

pattern formation in alkali metal vapors: Mechanisms, phenomena and use.
Applied Physics B, 72:21.

[Ahlers and Cannell, 1983] Ahlers, G. and Cannell, D. S. (1983). Vortex-front

propagation in rotating couette-taylor flow. Phys. Rev. Lett., 50:1583.

[Alonso et al., 2001] Alonso, S., Sendia-Nadal, I., Prez-Muuzuri, V., Sancho,

J. M., and Sagus, F. (2001). Regular wave propagation out of noise in
chemical active media. Phys. Rev. Lett., 87:078302.

[Amemiya et al., 1998] Amemiya, T., Kettunen, P., Kádár, S., Yamaguchi, T.,

and Showalter, K. (1998). Formation and evolution of scroll waves in photo-
sensitive excitable media. Chaos, 8(4):872–878.

[Amiranashvili et al., 2005] Amiranashvili, S., Gurevich, S. V., and Purwins,

H.-G. (2005). Ionization fronts in planar dc discharge systems with high-
ohmic elctrode. Physical Review E, 71:066404.

[Ammelt et al., 1997] Ammelt, E., Astrov, Y. A., and Purwins, H.-G. (1997).
Stripe turing structures in a two-dimensional gas discharge system. Physical

Review E, 55(6):6731–6740.

[Ammelt et al., 1998] Ammelt, E., Astrov, Y. A., and Purwins, H.-G. (1998).
Hexagon structures in a two-dimensional DC-driven gas discharge system.

Physical Review E, 58:7109–7117.

[Aranson et al., 1996] Aranson, I., Levine, H., and Tsimring, L. (1996). Spiral
competition in three component excitable media. Physical Review Letters,

76:1170–1173.

[Arecchi et al., 1999] Arecchi, F. T., Boccaletti, S., and Ramazza, P. (1999).

Pattern formation and competition in nonlinear optics. Physics Reports,

328(1–2):1–83.

137



138 BIBLIOGRAPHY

[Aronson and Weinberger, 1978] Aronson, D. G. and Weinberger, H. F. (1978).

Multidimensional nonlinear diffusion arising in population genetics. Ad-

vances in Mathematics, 30:33–76.

[Aronson et al., 1996] Aronson, I. S., Levine, H., and Tsimring, L. (1996).
Spiral competition in three-component excitable media. Phys. Rev. Lett.,

76:1170–1173.

[Ashby, 1947] Ashby, W. R. (1947). Principles of the self-organizing dynamics
systems. Journal of General Psychology, 37:125–128.

[Astrov et al., 1997] Astrov, Y. A., Ammelt, E., and Purwins, H.-G. (1997).

Experimental evidence for zigzag instability of solitary stripes in a gas dis-

charge system. Physical Review Letters, 78(16):3129–3132.

[Astrov et al., 1996] Astrov, Y. A., Ammelt, E., Teperick, S., and Purwins, H.-
G. (1996). Hexagon and stripe turing structures in a gas discharge system.

Physics Letters A, 211:184–190.

[Astrov and Logvin, 1997] Astrov, Y. A. and Logvin, Y. A. (1997). Formation
of clusters of localized states in a gas discharge system via a self-completion

scenario. Physical Review Letters, 79(16):2983–2986.

[Astrov et al., 1998] Astrov, Y. A., Müller, I., Ammelt, E., and Purwins, H.-
G. (1998). Zigzag destabilized spirals and targets. Physical Review Letters,

80:5341–5344.

[Astrov and Purwins, 2001] Astrov, Y. A. and Purwins, H.-G. (2001). Plasma

spots in a gas discharge system: Birth, scattering and formation of
molecules. Physics Letters A, 283:349–354.

[Bär et al., 1995] Bär, M., Gottschalk, N., Hildebrand, M., and Eiswirth, M.

(1995). Spirals and chemical turbulence in an excitable surface reaction.
Physica A, 213:173–180.

[Baurmann et al., 2003] Baurmann, M., Gross, T., and Feudel, U. (2003). In-

stabilities and pattern formation in simple ecosystem models. In Berichte -

Forshungszentrum Terramare, No. 12.

[Ben-Jacob et al., 1985] Ben-Jacob, E., Brand, H., Dee, G., Kramer, L., and
Langer, J. S. (1985). Pattern propagation in nonlinear dissipative systems.

Physica D, 14:348–364.

[Boardman et al., 2005] Boardman, A. D., Velasco, L., and Egan, P. (2005).
Dissipative magneto-optic solitons. Lect. Notes. Phys., 661:19–35.

[Boardman and Xie, 2001] Boardman, A. D. and Xie, M. (2001). Spatial soli-

tons in discontinuous magneto-optic waveguides. J. Opt. B: Quantum Semi-

class. Opt., 3:244–250.



BIBLIOGRAPHY 139

[Bode, 1993] Bode, M. (1993). Beschreibung strukturbildender Prozesse in

eindimensionalen Reaktions-Diffusions-Systemen durch Reduktion auf Ampli-

tudengleichungen und Elementarstrukturen. Dissertation, Institut für Ange-
wandte Physik, Westfälische Wilhelms-Universität Münster.

[Bode et al., 2002] Bode, M., Liehr, A. W., Schenk, C. P., and Purwins, H.-G.
(2002). Interaction of dissipative solitons: Particle-like behaviour of local-

ized structures in a three-component reaction-diffusion system. Physica D,

161:45–66.

[Bode and Purwins, 1995] Bode, M. and Purwins, H.-G. (1995). Pattern for-

mation in reaction-diffusion systems - dissipative solitons in physical sys-
tems. Physica D, 86:53–63.
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G. (1998). Interaction of self-organized quasiparticles in an two-dimensional
reaction-diffusion system: The formation of molecules. Physical Review E,

57:6480–6486.

[Schimansky-Geier et al., 1991] Schimansky-Geier, L., Zülicke, C., and Schöll,
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